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Abstract. We found that the set of regular circulate matrices of order n is a group, giving rise to n
dimensional circulate geometry. Some invariants are found. The question when Lorentz transformations
are valid in it is of particular interest. We found the following facts: if » = 2 there exist the Lorentz
transformations: if n = 4 there are double extended Lorentz transformations; if n = 6 there are triple
extended Lorentz transformations. If n =3 or n = 5 do not exist Lorentz transformations. The problem of
arbitrary is still opened.

In the paper set of regular circulate matrices of order four is proven a group.
The induced from this group geometry is called circulate geometry. We found
some invariant. The main result was the fundamental formulas of this geometry
preserving a pseudo-scalar product have double extended Lorenz transformations.
We apply the computer algebras system of Maple 9.5. Without this system was
impossible to investigate such problems.

1. Introduction

We use at first, the package with (Linear Algebra):
An arbitrary real circulate matrix of order four can be written in the form:

S: = Matrix ([[a, b, ¢, d], [d, a, b, ¢], [e¢, 4, a, b], [b, ¢, d,
all);
a b c
g d a b c
“le d oa
b ¢ d
If we write an other such matricesm: = eval(s, [a = x,b = y,c = z,d =
u]) ;
X y z u
u x y z
m =
zZ u x y
Yy z u Xx
M: = eval(S, [a =X, b=Y, ¢c=2, d =1U]);
X Y Z
U X Y Z
M =
7 U X Y
Y Z U X

For the product s.m we have
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[ax+bu+cz+dy,ay+bx+cu+dz,az+by+cx+du,
au+bz+cy+dx]
[au+bz+cy+dx,ax+bu+cz+dy,ay+bx+cu+dz,
az+by+cx+du]
[az+by+cx+du,au+bz+cy+dx,ax+bu+cz+dy,

ay+bx+cu+dz]
[ay+bx+cu+dz,az+by+cx+du,au+bz+cy+dx,
ax+bu+cz+dy]

Denoting X:=(S.m) [1,1];Y:=(S.m) [1,2];Z:=(S.m) [1,3];U:=(S.m) [1,4];
X=ax+bu+cz+dy

(1) Y=ay+bx+cu+d:z
Z=az+by+cx+du

U=au+bz+cy+dx

We get immediately simplify (S. m — M) ;

= el eol=
[= el o=
[= el e-
[= el o=

So, we established the product of two arbitrary circulate matrices is such matrix.
For the next assertion is useful to know the following factor (Determinant
(M) ;

~(X+U+Y+2)(X+Y-Z+U)(X*-2XZ+72-2YU+U*+ V)

Now we treat the inverse matrix of S: i: = Matrix Inverse(S);
[ =

[(@’-2adb-c*a+d’c+cb?) /(a*—4a*db-2a° ¢
tdach’+4ad c+2d*b*—4cPdb-d* +ct-b*), —(
ba’-b*d-2dca+d +c*b) /(a*-4a*db-2a" > +4ach’
tdadc+2d*b*—4ctdb-d +ct-bY), —(
caz—dza—abz—c3+2cdb)/ka4—4a2db—2azdﬁ+4acb2
tdadc+2d*b*—4ctdb-d +ct-bY), —(
da*-d*b-2cba+c*d+b*) /(a*-4a*db-2a’c*+4ach’
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+dadc+2d*b*—4c2db—d*+c* - bY)]
[-(da*-d°b-2cba+c*d+b’) /(a*—4a’db-2a° ¢
+dach*+4ad c+2d*b*—4c*db-d* +ct-bY),(
a-2adb-c’a+d c+cb®) /(a*-4a*db-2a’c*+4ach’
t4ad c+2d*b*—4cdb-d +ct -bY),—(
ba’-b’d-2dca+d+c*b) /(a*-4a°db-2da"c*+4ach’
+dad c+2d* b’ -4cPdb-d' +ct-bY), —(
caz—dza—abz—c3+2cdb)/(a4—4azdb—2azcz+4acb2
tdad*c+2d*b*—4ctdb-d* +ct-bY))]
[—(caz—dza—abz—c3+2ca’b)/(cz4—4azdb—Zazc2
tdach’+4ad c+2d*b*—4ctdb-d*+c-b*), —(
da*-d*b-2cba+c*d+b*) /(a*-4a*db-2a’c*+4ach’
+dad c+2d* b’ -4ctdb-d' +ct-bY),(
a3—2adb—02a+a’2c+cb2)/(a4—4aza’b—2azc2+4acb2
t4ad c+2d*b*—4cdb-d +ct-bY),—(
ba’-b*d-2dca+d +c*b) /(a*-4a*db-2a’c*+4ach’
+dad*c+2d*b*-4ctdb-d*+ct - bY)]
[-(ba*-b*’d-2dca+d +c*b) /(a*—4a’db-2a° ¢
+dachb*+dad*c+2d*b*-4ctdb-d*+ct-bY),—(
ca’—d*a—ab’-c*+2cdb) /(a*-4a’°db-2a’c*+4ach’
tdad c+2d*b*-4cPdb-d +ct-bY),—(
da*-d*b-2cba+c*d+b*) /(a*-4a*db-2a’c*+4ach’
+dadc+2d*b*—4cFdb-d +ct-bY),(
a3—2adb—c2a+a’2c+c172)/(614—4azdb—2azcz+4acb2
+4dad c+2d*b*—4c2db-d* + - bY)]
Denoting: a0:=i[1,1];b0:=i[1,2];c0:=i[1,3];d0:=i[1,4];
aO:=(a3—2adb—cza+d2c+c192)/(a4—4azdb—Zazc2
+dach*+dad*c+2d*b*-4ctdb-d*+ct-bY)
b0=—(ba’-b’d-2dca+d’+c*b) /(a*-4a’°db-2a"’
tdacb*+dad c+2d*b*-4c*db-d* +c*—b*)
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c0=—(ca’-~d*a—ab’-c*+2cdb) /(a*-4a*db-2a"
+dacb’+dad c+2d* b —4ctdb-d*+c* - bY)

d):=-(da*~d*b-2cba+c*d+b’) /(a*-4a*db-2a"c’
+dacb*+dad c+2d* b —4ctdb-d*+ct-bY)

Introducing the circulate matrix s0:= eval (S, [a=a0, b=b0, c=c0, d=d0]) ;

a0 b0 c0 do
d0 a0 b0 c0
S0= c0 d0 a0 bo

b0 cO dO a0

We get immediately simplify (i-s0);

0 0
0
0

oS O O O
S O O O

0
0
0 0

Which shows the inverse matrix of any regular matrix of order 4 is such matrix.
Thus, we have proved the following

Theorem 1 The set of regular circulate matrices of order 4 is a group. This group

will be denoted by GC (4, R). The induced Klein geometry will be denoted by I'C
(4, R). Its transformation formulas are (1). Using these formulas, we get easy:

factor (X+U+Y+2) ;
(x+u+y+z)(c+a+b+d)
factor (X-Y+2Z-0) ;
~(~x+y-z+u)(c+a-b-d)
factor (X*2-2*X*Z+Z42-2*Y*U+U"*2+Y*2) ;
(P +2 4+ +y* = 2xz-2yu) (B +c*+d*—2ca+a’>-2bd)

Thus, we can formulate the following
Theorem 2 The following expressions are invariant:

gl = X+U+Y+Z  x+uty+z
S XI+UI+YI+ZI xI+ul +yl +zI
72 X-Y+Z-U X—y+z—u

T XI-YI+27I-Ul  xI -yl +z1—ul
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X -2XZ+7"-2YU+U*+Y B
XI?-2XIZI+ZI*-2YI Ul + U+ YI*
X2 -2xz+2-2yu+y*+u’
x1?=2xlzl +zI* =2zl ul +ul*+yl*

J3 =

Of any two vectors (n, y, z, u), (X;, ¥;» Z;5 U).

2. Lorentz Transformations We introduce the pseudo-scalar product:
f:=x1*x2+yl*y2+K* (z1*z2+ul*u2) ;

f=xIx2+yly2+K(zIz2+ul u)
For the corresponding vectors, we have F: =X1*X2+Y1*Y24K* (Z1*Z24+U1*U2) ;

F=XIX2+YIY2+K(Z1 Z2+ Ul U2)

Then we state the question when this product is invariant. We apply the
transformation formulas (1) for both vectors:

(x5 152 u,), (X, y,mz, ,u, )

For some special vectors we calculate: 1.
l.eval (f, [x1=1,x2=1,y1=0,y2=0,2z1=0,2z2=0,ul=0,u2=0]) ;
1
eval (F, [x1=1,x2=1,y1=0,y2=0,2z1=0,2z2=0,ul=0,u2=0]) ;
A+ b +K(c*+d?)
2.eval (f, [x1=0,x2=0,y1l=1,y2=1,21=0,2z2=0,ul=0,u2=0]) ;
eval (F, [x1=0,x2=0,y1=1,y2=1,2z1=0,2z2=0,ul=0,u2=0]) ;
1
d*+a*+K(b*+c?)
3.eval (f, [x1=0,x2=0,y1=0,y2=0,z1=1,2z2=1,ul=0,u2=0]) ;
eval (F, [x1=0,x2=0,y1=0,y2=0,z1=1,z2=1,ul=0,u2=0]) ;
K
A +d*+K(a*+b?)
4. eval (f, [¥1=0,x2=0,y1=0,y2=0,2z1=0,2z2=0,ul=1,u2=1]) ;
eval (F, [x1=0,x2=0,y1=0,y2=0,2z1=0,2z2=0,ul=1,u2=1]) ;
K
b*+c*+K(d*+a*)
S5.eval (f, [x1=0,x2=-1,y1=0,y2=0,21=0,2z2=0,ul=1,u2=1]) ;
eval (F, [x1=0,x2=-1,y1=0,y2=0,2z1=0,2z2=0,ul=1,u2=1]) ;
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K
b(-a+b)+c(-b+c)+K(d(—c+d)+a(a—-4d))
6.eval (f, [x1=0,x2=0,y1=0,y2=1,2z1=0,2z2=0,ul=1,u2=0]) ;
eval (F, [x1=0,x2=0,y1=0,y2=1,2z1=0,2z2=0,ul=1,u2=0]) ;
0
bd+ca+K(bd+ca)
7.eval (£, [x1=0,x2=1,yl1=-1,y2=1,21=0,2z2=-1,ul=0,u2=0]) ;
eval (F, [x1=0,x2=1,yl1=-1,y2=1,21=0,z2=-1,ul=0,u2=0]) ;
-1
—d(a-c+d)—a(a+b—-d)+K(-b(-a+b+c)—c(-b+c+d))
We solve the system:
solve ({K*d"*2+a*2+b*2+K*c*2=1 ,K*b*2+a*2+d*2+K*c*2=1,
K*b*2+K*a*2+c*2+d”2=K,K*d*2-b*a+K*a*2-K*d*c-K*a*d-
c*b+b*2+c”2=K, c*a+tb*d+K*b*d+K*c*a=0,-K*b*2-b*at+d*c+K*b*a-K*d*c-
a*2-d*2-K*c*2=-1},{a,b,c,d,K});
{d=RootOf( Z*+c+c*),K=1,a=-1—-c, b=-RootOf(_Z> + ¢ + c?),
c=c},{K=1,a=1-c,d=RootOf(_Z*—c + c?),
b=-RootOf( Z*—c+c*),c=c}, {b=—d -1,
a=-RootOf(d* +d+ _Z*),K=1,c=RootOf(d* +d + _Z*),d=d},
{b=—-d+1,K=1,a=-RootOf(d* —d + 7%),

c:RootOf(dz—d+_Zz),d=d},{c:;,b:;,K:I,d:;,az-zl},
{c:;,Kzl,dzé,a—;,bz_zl},
{b—;,K:I,a:_zl,dzzl,c—_zl}, {c=;,b:;,K=1,a:;,d=_2l,
{K:l,a—z,d='21,b='2l,c—'21}, {c—;,K:I,azz,dz_zl,b—_zl},
{b—;K:LdZ;a:;c:;L
{K=1,d=;,a:-2l,b:_2l,c _21},
{b=0,d=0,K=K,c=0,a=1},
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{b=0,a=-1,d=0,K=K,c=0},
{b=0,a=RootOf(-1 + Z*—¢*),K=-1,d=0,c=c}

We see, two types of these solutions are interested: One solution — the last one:

d =0, a = RootOf(-1+_Z*2-¢c*2), K= -1, b =0, c =c¢c
Denote: dl:=0; bl:=0; al:=sqrt (1+c*2); Kl:=-1;
dl =0
bl :=0
a]F?JT:zz
Kl =-1

We calculate Sl:=eval(S, [a=al, b=bl, d=dl]);

J1+c2 0 c 0
G| 0 J1+c2 0 c
c 0  Ji+ed 0
0 c 0 1+
Is Orthogonal (S1); false

Simplify (eval (F,

Second solution:

[a=al, b=bl, d=dl, K=-1]));

xI x2+yly2—zI1z2—-ul u2

1, d = RootOf (_Z*2-c+c”*2),

b = -RootOf(_Z"*2-c+c*2), a = -c+l, c
Weput:  d2:=sqgrt(c-c*2); a2:=l-c; b2:=-d2;
d2 =.c—c?
a2=1-c

b2 :=—/c-c?

And calculate s2:=eval (s, [a=a2, d=d2, b=b2]);

[ 1-¢ ﬁﬁiij c c—c? |
2| o= Llme o= e
c c—c? l-c ﬂﬁ:;z
_ﬂﬁiif c c—c? l-c |
Is Orthogonal (S2); true
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Simplify (eval (F, [a=a2, d=d2, b=b2, K=1]));
z1z24+yl y2 +x1 x2 +ul u2
Now we investigate the formulas (1) under the matrix S;:
X0:=eval (X, [a=al,b=bl,d=dl]) ;Y0:=eval (Y, [a=al,b=bl,d=dl]) ;Z0:=ev
al(Z, [a=al,b=bl,d=d1l]) ;U0:=eval (U, [a=al,b=bl,d=d1l]) ;

X0=J1+c*x+cz

YO:=\/1+c*y+cu

Z0:=J1+c*z+cx

U0:=J1+c*u+cy

We put and calculate: c¢: =sinh (t); simplify (al);
c :=sinh(¢)
csgn(cosh(¢)) cosh(t)
Then we get X:=cosh (t) *x+sinh (t) *z;Z:=sinh (t) *x+cosh (t) *z;
X :=cosh(t) x + sinh(?) z
Z :=sinh(t) x + cosh(¢) z
Y: =cosh(t) *y+sinh(t)*u; U:=sinh(t) *y+cosh(t) *u;
Y :=cosh(t) y + sinh(¢) u
U = sinh(¢) y + cosh(?) u
Thus, we prove the following

Theorem 3 The circulate transformations (1) preserve the pseudo-scalar product if
they are

S
!

:=cosh(?) x + sinh(¢) z
Z :=sinh(t) x + cosh(?) z
Y :=cosh(t)y+sinh(¢) u
U :=sinh(¢) y + cosh(?) u
- The double extended Lorentz transformations.

Remark: These investigations are supported by Contract 192 with Fund for Scientific Research
of the Sofia University “St Kliment Ohridski” in 2011 — 2012.
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