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Preface

The series “Light Scattering in Solids” was launched in 1975 with the eighth
volume of the Springer Collection “Topics in Applied Physics.” That volume
dealt mainly with Raman and Brillouin spectroscopy of low-frequency ele-
mentary excitations (phonons, electronic excitations including plasmons and,
magnetic excitations such as magnons) The advent of the laser around 1960,
its commercial availability a few years later, and concomitant developments in
light-dispersion and -detection systems have positioned light-scattering spec-
troscopy among the most powerful techniques for the investigation and char-
acterization of condensed matter, particularly solids. To date, a wide range
of material systems, including bulk semiconductor (crystalline and amor-
phous), semiconductor nanostructures (e.g., superlattices), fullerites, nano-
tubes, high-Tc superconductors and, very recently, more conventional super-
conductors (boron-doped diamond, magnesium diboride), have been success-
fully investigated using light-scattering techniques.

The first volume of the series was meant to be a “one-shot affair”. How-
ever, due to the scarcity of literature in the field it soon ran out of print
and a new edition was called for. It appeared in 1983 under the title Light
Scattering in Solids I, thus signaling the beginning of a series. Volume I (LSS
I) contains eight articles covering the fundamentals of several applications of
light-scattering spectroscopy, both spontaneous and stimulated, to the inves-
tigation and characterization of solids. Both editions together have been cited
a total of 1050 times in “source journals” (see Chap. 1) as of June 25, 2006.
Light Scattering in Solids II appeared in 1982. It contains three articles deal-
ing with resonant scattering, multichannel detection and nonlinear scattering
techniques. These topics reflect advances in experimental equipment that fol-
lowed the introduction of lasers in the field. LSS II has been cited about
1000 times. Series volumes III, IV, V, and VI cover mostly investigations of
novel materials, such as intercalated graphite, superionic conductors, doped
semiconductors, molecules on rough metallic surfaces (SERS), superlattices
and high-Tc semiconductors LSS VII covers crystal-field d and f electron ex-
citations and magnetic excitations. LSS VIII covers fullerenes, surfaces, and
a novel technique: time-domain spectroscopy using coherent phonons.

In the earlier volumes (I–VIII), it was repeatedly emphasized that laser-
Raman spectroscopy only reveals, in crystals, excitations with wavevector
q = 0. It cannot beat, in this respect, inelastic neutron scattering (INS) that
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Fig. 1. Courtesy of Werner Marx

can access the whole Brillouin zone (BZ) of usual crystals. However, super-
lattices, with a supercell and a mini-BZ, can give access to wavevectors over
the full mini-BZ (see LSS V). Standard crystals, with primitive-cell dimen-
sions of the order of 5 Å, have more recently been investigated by means of
inelastic X-ray scattering (IXS), using highly monochromatized synchrotron
radiation. Chapters 5 and 6 of the present volume (LSS IX) discuss recent
results involving, respectively, spontaneous and time-domain coherent IXS.
Chapter 2 summarizes work on scattering enhanced by means of electromag-
netic and acoustic resonances in superlattices. Chapter 3 discusses carbon
nanotubes. Scattering by acoustic phonons in quantum dots is presented in
Chap. 4.

Since the appearance of LSS VIII, bibliometric techniques and, in par-
ticular citation analysis, have become available as a research tool to most
light-scattering researchers. The most common platform is the Web of Sci-
ence (WoS), based on the citations index. These techniques can be used for
literature searches and for impact studies of publications and authors. While
details are given in Chap. 1, some results have already been mentioned above.
We would like to conclude this preface with an analysis of the citations re-
ceived by Sir C.V. Raman and by L.N. Brillouin. The citation history of
Raman’s publications is shown in Fig. 1. It displays a clear peak in the year
1928 (the Raman effect was discovered early that year). It then drops to an
average of ≈ 10/year, to take off again at the end of World War II. From 1965
till now it oscillates about 40/year, a surprising fact in view of the already
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mentioned increase in Raman spectroscopy studies after the advent of the
laser. The reason is easy to surmise. When a technique, theory or material
becomes a household word associated with a particular person (in our case
either Raman or Brillouin) future scientists replace mentioning the original
(formal) reference and simply give the name of the item together with that
of its author, i.e., Raman spectroscopy, Brillouin scattering, etc. The WoS
enables the study of such “informal” references by entering the name of the
author in question as a topic in the General Search Mode. The history of the
informal citations of Raman so obtained is also shown in Fig. 1. These infor-
mal citations, limited to the titles of source articles, (if abstract and keywords
were included we would get about three times as many informal citations)
overtake the formal ones after 1928, the year of Raman’s discovery. The total
number of formal citations in Fig. 1 is 2270, that of informal ones 52 700 (≈
150 000 if abstracts and keywords mentioning Raman are included).

For comparison we display in Fig. 2 a similar citation history for Leon N.
Brillouin. In this case the number of informal citations per year (a total of
4350, titles only) catches up with the formal ones around 1980. If abstracts
and keywords were included, the informal citations would catch up with the
formal ones around 1968, about the time of the development of Sandercock’s
multiple-pass spectrometers.
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Figures 1 and 2 illustrate the tremendous growth of Raman and Brillouin
spectroscopy that has taken place since 1965, putting these scientists in the
category of the few authors cited mainly informally. With this volume we
hope to contribute to that growth.

Stuttgart and Ann Arbor Manuel Cardona
July 2006 Roberto Merlin
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Dios (he dado en pensar) pone un empeño
en toda esa inasible arquitectura
que edifica la luz con la tersura

del cristal y la sombra con el sueño.

God (I’ve come to think) has left his mark
in all this unfathomable architecture

built up by light through the perfection
of the crystal and by darkness through dreams.

Jorge Luis Borges
Los Espejos, in El Hacedor

(Emecé, Buenos Aires, 1960)

Abstract. We briefly review the contents of this as well as previous volumes of
the series Light Scattering in Solids, and present a chronological account of the
International Conference on Raman spectroscopy (ICORS).

A bibliometric study of early publications on the Raman effect is also presented
together with a succint historical outline of the discovery of the effect and informa-
tion recently made available about the Nobel Prize awarded to Sir Chandrasekhar
Venkata Raman in 1930.

1 General Considerations and Contents
of Previous Volumes

This is the ninth volume of a series devoted to light scattering in solids, with
special emphasis on semiconductors and superconductors. Volume I of the
series was first published in 1975, followed by a second edition in 1982 [1].

The editor of Vol. I had in mind writing an introduction to light scattering
in solids at a time when highly sophisticated equipment had become commer-
cially available at affordable prices and the spreading of light-scattering spec-
troscopy (usually called Raman spectroscopy, although the term combination
spectroscopy is common in the Russian literature. We must also include here
Brillouin spectroscopy) for basic studies as well as for the characterization
M. Cardona, R. Merlin (Eds.): Light Scattering in Solid IX,
Topics Appl. Physics 108, 1–14 (2007)
© Springer-Verlag Berlin Heidelberg 2007
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of solids could already be predicted. The main fact that contributed to con-
verting light scattering from a highly specialized tool, available only in a few
laboratories around the world, into a widely available spectroscopic tech-
nique was the replacement of incoherent light sources (sunlight in the first
of Raman’s publications on the matter [2], followed by gas-discharge lamps
already in his second publication [3] and, later, the so-called Toronto arc [4])
to coherent laser sources in the 1960s [5]. The editor of Vol. I, overwhelmed
by the growth of the field and the wide acceptance of the 1975 volume (it
soon went out of print), relabeled its new edition (1982) as Light Scattering
in Solids I and thus converted it, with the help of Springer Verlag, into the
first of a series of which the present volume is the ninth. Gernot Güntherodt
joined Manuel Cardona as series editor for Vols. II–VIII.

A second volume was published in 1982. It deals with what was then cur-
rent advances in the field, including electronic resonance phenomena (tunable
cw lasers had become commercially available), multichannel detection and de-
velopments in the field of nonlinear light-scattering spectroscopy (coherent
Raman and hyper-Raman techniques). Volumes I and II have been translated
into Russian by Mir (Moscow) in 1979 and 1983, respectively.

A listing of the contents of Vols. I to V is given at the end of Vol. VI.
We shall avoid here the repetition of this list and make only a few remarks
about the contents of Vols. VII and VIII, especially in view of the fact that
the Introduction Chapter of Vol. VII also includes a detailed description of
the contents of Vols. I to VI.

Volume VII includes a chapter about crystal-field excitations in materials
containing transition and rare earth metals. Such excitations take place ei-
ther from d-like to d-like states or from f-like to f-like states, respectively, and
have therefore even parity in isolated atoms or in crystal atoms placed at cen-
ters of inversion. Consequently, they are rather weak in infrared spectroscopy
and relatively strong (allowed) in Raman spectroscopy. Thus, Raman spec-
troscopy has become a powerful tool for their investigation, in particular in
high-Tc superconductors and related oxides. The last chapter in Vol. VII is
devoted to Brillouin scattering in layered magnetic structures. This research
represents a continuation of work presented in Vols. III and V that incorpo-
rates advances in instrumentation and materials preparation.

Volume VIII discusses vibrational spectroscopy of fullerenes and is thus
an excellent introduction to the work on nanotubes presented in Chap. 3 of
the present volume. It also discusses scattering by coherent phonons mea-
sured in the time domain using femtosecond laser pulses. This work has been
extended in the present volume to recent advances achieved with ultrafast
X-ray pulses (Chap. 6). Volume VIII also discusses Raman scattering by sur-
face phonons. Advances in instrumentation (multichannel detection, extreme
resonant conditions) had made possible the investigation of single atomic lay-
ers, and thus to detect, by Raman spectroscopy, vibrations associated with
semiconductor surfaces.
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2 The International Conferences on Raman
Spectroscopy (ICORS)

Our Light Scattering in Solids series is probably the most comprehensive se-
ries available covering Raman and Brillouin spectroscopy of solids. The reader
may also find it interesting to consult the proceedings of the International
Conferences on Raman Spectroscopy (ICORS) now being held biennially. It
will be held in August of this year (2006) in Yokohama, Japan. The first
conferences were devoted mainly to molecular spectroscopy and also to in-
strumentation. New subjects were added as the realm of applications of light
scattering broadened. Among them we mention biology, medical applications
and, since the 1984 X-ICORS, condensed matter physics and chemistry. The
ICORS proceedings constitute an excellent historical record of the develop-
ment of the field; some of the volumes, however, are difficult to find. Hence,
we decided to list in what follows all the 29 ICORS, their venues, and where
the proceedings were published.

The first ICORS was held in Ottawa (Canada) in 1969 and the second in
Oxford (England) the following year, 1970 (the only exception to the biennial
frequency). Unfortunately, for these first two conferences no proceedings were
published and, thus, the program and the booklet with the abstracts are
rather difficult to find.

The third ICORS (III-ICORS) was held in Reims (France) in 1972. It was
the first one for which proceedings were published [6]. The next conference
(IV- ICORS, 1974) was held in Bowdoin College, Brunswick, Maine (USA), an
idyllic New England setting. It was the last ICORS for which no proceedings
were published.

The fifth ICORS (1976) was held in another idyllic setting, the Black
Forest, in the town of Freiburg im Breisgau (Germany). The proceedings were
published by Schulz Verlag [7]. It was followed by VI-ICORS (1978), held in
Bangalore, India. Raman had made Bangalore the center of his activities
after being appointed director of the Indian Institute of Science in 1933.
Having passed away in 1970, he was no longer present to appreciate the
colossal development of his initial discovery made 50 years earlier, in 1928.
The venue was chosen to commemorate this anniversary. The proceedings
were published by Heyden [8].

The VII-ICORS returned to Ottawa (Carleton University) in 1980 and
the proceedings were published by North-Holland (Amsterdam).

The VIII-ICORS was held in Bordeaux (France). The proceedings were
published by Wiley [9], a pattern that has continued almost uninterrupted
(except for the IX-ICORS, see below) till the present day.

The IX-ICORS was held in Tokyo in 1984. The proceedings were published
by the Chemical Society of Japan in the same year. They list as editors the
Organizing Committee of the IX-ICPS.

The X-ICPS was held at the University of Oregon (Eugene, Oregon, USA)
in 1986. From now on, by contractual agreement, Wiley took over the publi-
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cation of the proceedings. It was stipulated that the corresponding volume,
containing two-page extended abstracts, would be available at the Confer-
ence [10].

The XI-ICORS (1988) moved back to Europe, being held in London [11].
The XII-ICORS (1990) was held in Columbia, the capital of South Car-

olina in the so-called Deep South of the United States. It required some
stamina to resist the heat and the humidity in the open spaces in the middle
of the summer. Fortunately, the excellent conference facilities were well air
conditioned. Proceedings were again by Wiley [12].

The XIII-ICORS (1992) was held at the University of Würzburg, the
capital of Franconia in Germany, and a jewel of baroque architecture. It is
also at the center of the region producing some of the best German wines,
a fact that the participants had the opportunity to enjoy. The University
has had for quite some time several prominent groups working on Raman
spectroscopy. For the proceedings, see [13].

The XIV-ICORS (1994) was held in Hong Kong, at the then newly
founded and rather impressive Hong Kong University of Science and Tech-
nology (HKUST). Proceedings were again by Wiley [14].

The XV-ICORS (1996) went back to the United States (Pittsburgh). (See
proceedings [15].)

The XVI-ICORS (1998) moved, for the first time, to the southern hemi-
sphere. It was held in Cape Town, South Africa, being hosted by the Uni-
versity of Cape Town, an institution undergoing at the time profound social
changes. The proceedings were edited by a South African Raman expert, A.
M. Heyns, from the University of Pretoria [16].

The next conference, the XVII-ICORS, was held in Beijing in the year
2000, to coincide with the 80th birthday of Kun Huang, one of the interna-
tionally best-known Chinese condensed-matter physicists (his book the “Dy-
namical Theory of Crystal Lattices (University Press, Oxford, 1954)”, written
with M. Born, has been cited over 6000 times). (See proceedings [17].)

Back to Europe, the XVIII-ICORS was held in Budapest (Hungary)
in 2002. (For proceedings, see [18].)

Finally, the XIX-ICORS moved back to down under. It was held in Gold
Coast, Queensland, Australia in 2004 [19].

At the time of writing this introduction, we are looking forward to the
XX-ICORS, to be held in Yokohama (Japan) on August 20–25 of 2006.

3 Bibliometric Considerations Concerning
the Raman Effect

In this section we present a few remarks on the impact of inelastic light-
scattering publications as measured by the number of citations that appeared
in the literature. The most complete citation data banks are based on the
Citations Index, provided by ISI-Thomson (Philadelphia) in particular in the
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form of the Web of Science (WoS). These data banks have been extended in
the year 2005 to cover publications in so-called source journals1 all the way
back to the year 1900. They can also reveal citations of nonsource publications
provided the citations have appeared in source journals.

A discovery as important as the Raman effect is seldom made in a vacuum.
It nurtures on a number of prior discoveries, some of which will be analyzed
next.

The basis of light scatering is already found in Einstein’s Nobel Prize
winning quantum hypothesis of light, which he published in the annus
mirabilis 1905 [20]. It has been cited up to January 2006 (the date of the
searches in this section) 410 times, a number that seems rather low, espe-
cially for a Nobel Prize winning publication. The reason for the low number
of citations is twofold.

1. In those early days researchers cited very little. For instance, in [20] Ein-
stein only cited two colleagues, whereas in the special relativity article
he cited none.

2. The second reason is more subtle. When a physical theory or effect, or its
author, becomes very important, it becomes a household word. A formal
citation to its original literature site is no longer given. One simply refers
to it informally (e.g., Einstein’s equation, the Raman effect, Brillouin
scattering). We shall discuss this point again in connection with Raman’s
discovery.

The main thrust of [20] concerned the explanation of the photoelectric
effect on the basis of the quantization of the electromagnetic energy content
of light.2 Once this is done, Einstein discusses the Stokes shifts observed in
photoluminescence (fluorescence) as due to some loss of energy before the
excitation recombines to re-emit a photon. This photon will then contain
less energy than the incident one, i.e., it will be redshifted. Einstein even
goes beyond that and realizes that the material on which the excited light
impinges may already be excited, e.g., because its temperature may not be
zero. In this case the emitted photon will increase its energy with respect to
the incident one and anti-Stokes emission will result. In this manner, Einstein
had qualitatively predicted inelastic light scattering.

The next important step in the field of inelastic light scattering was taken
by L. Brillouin [22, 23]. In a short note [22] he theoretically predicted the
inelastic light scattering by acoustic waves (phonons) that now bears his
name. Brillouin was then drafted into the French Army on account of the
war. Upon returning after five years he completed his doctoral thesis, and
successfully submitted it to the University of Paris. He then wrote a longer
1 These are about 6000 journals selected by ISI-Thomson, from about 100 000, as

being relevant to the progress of science.
2 The term photon did not appear in the literature till the mid-1920s. It seems to

have been coined by Lewis [21].
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article with the details of his calculation [23]. Reference [22] has been cited
34 times, whereas [23] has been cited about 360 times. Among the reasons
mentioned above for the low number of citations, we must add the fact that
these articles were written in French. In the early days this did not much
matter but nowadays it is easier to mention “Brillouin scattering” than to go
and search for the appropriate reference in French: Brillouin scattering has
become a household word.

The search software available with the WoS can also be used to find
out how many times a given concept or “household word” is mentioned in
the titles of source journal articles (after 1990 one can also include in the
search abstract and keywords). Concerning “Brillouin scattering” we find by
this procedure that it has been cited in such an informal way 4200 times.
Querying Google for “Brillouin scattering” one finds 576 000 entries!!

At this point we must mention that in the Russian literature Brillouin
scattering is referred to as Mandelstam–Brillouin scattering although the first
formal publication by Mandelstam is found in 1926 [24], in an article that has
been cited 52 times3. The term Mandelstam–Brillouin appears as informal
citation in the WoS 107 times and in Google 73 times. The overwhelming
majority of the authors using this term are Russian.

We do not know the basis for the priority given to Mandelstam by Russian
authors. In a recent article, Ginzburg and Fabelinskii [25] mention that:

“the splitting of the Rayleigh scattering had been predicted by Man-
delstam in 1918 . . . ”

Without giving any reference – neither formal not informal – to support this
claim (see also [26]). We must therefore conclude that priority should be given
to Brillouin’s 1914 article [22]. Inside information or possible internal reports
do not suffice to set priorities.

The first observation of Brillouin scattering was, however, performed in
Leningrad (now St. Petersburg) by E. Gross using a low-pressure mercury arc
as a light source [27,28]. The two Nature articles in [27] have been cited a to-
tal of 192 times. The reader of [26] will notice another controversy involving
priorities, this time between two Russian groups, Gross (Leningrad, now St.
Petersburg) and the Mandelstam–Landsberg team (Moscow). Fabelinskii [26]
suggests that the former did not play completely fair with the Moscow col-
leagues with whom he was in close contact. He rushed into publication as
a single author while there were still some dubious points about the exper-
imental results. The Moscow authors were extremely careful and refused to
join him, thus losing any claims to joint priority with Gross. A similar pat-
tern will become evident when we discuss the priority question concerning
Raman scattering.
3 Including several variations of the transliteration of Mandeltam’s name, such as

Mandelshtam.
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For the history of the early days of Brillouin scattering, see the reviews
by two early pioneers from both sides of the Atlantic, Fabelinski [26] and
Rank [29].

After this brief review of the history of Brillouin scattering, we move on to
Raman scattering. An Austrian physicist by the name of Adolf Smekal is often
credited with having worked out first the theory of inelastic scattering by
optical phonons in 1923 [30]. Not unexpectedly, in the Austro-German world
an (unsuccessful) attempt was made to refer to the effect as the Smekal–
Raman effect. Reference [30] has been cited 103 times, whereas the term
Smekal–Raman has appeared 9 times as “informal reference” having been
used mostly by German and Austrian authors. The question of priorities
concerning Smekal and Raman seems to be clear, Smekal being responsible
for the theoretical development, worked out full five years prior to Raman’s
experimental discovery. Smekal’s work was not mentioned in the original work
of Raman [2, 3, 31]4 who was probably not aware of it. The term Smekal–
Raman is found as a topic 9 times in the WoS, the first time, surprisingly,
appears in the Physical Review [32]. The authors worked in the United States,
at Berkeley and the University of St. Louis. The article appeared in 1929,
before the award of the Nobel Prize to Raman. Of these 9 informal citations,
5 were by K. W. F. Kohlrausch, an Austrian physicist. Smekal succeeded
Kohlrausch in 1953 as president of the Austrian Physical Society. The most
recent mention of the Smekal–Raman term in a source journal took place
in 1999 [33]. Using Google one finds the term Smekal–Raman 194 times.

There is, however considerable acrimony and confusion concerning the
discovery by Raman and a seemingly independent discovery by Landsberg
and Mandelstam. The first report of the observations by Raman is found
in [2]. This article was submitted to Nature on Feb. 16, 1928 and appeared
on March 31 of that year. At face value, the date of submittal takes precedence
over the earliest date of observation, February 21, 1928 reported by Lands-
berg and Mandelstam [25, 26]. According to [25], Landsberg and Mandelstam
did not submit their manuscript for rather dramatic reasons: a relative of
Mandelstam had been arrested and sentenced to be shot. Mandelstam had
to devote most of his time to try to commute that sentence at the time he
should have been writing the manuscript. He lost editorial priority but was
successful in saving his relative’s life.

The advocates of the Russian authors also argue that the first of Raman’s
publications ([2], coauthored with K. S. Krishnan) is rather vague, a point
we have to agree with. Not enough details of the experiment are given that
would allow its reproduction without additional information. It is mentioned
that the Sun was used as a light source, but neither quantitative data (nor
figures) are presented. The details of the two glass filters used are not given

4 This article was based on a lecture delivered on March 16, 1928 at the South
India Science Association in Bangalore. He submitted the article on March 22
immediately on his return to Calcutta. See [31].
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nor is it mentioned which liquids were measured. It is mentioned in passing
that “spectroscopic confirmation is also available” without any details about
its nature. However, this is the article that is usually mentioned to buttress
the discovery. It has been cited 192 times.

In the second publication of Raman on the effect ([3], single author) more
details are given. It is mentioned that the Sun, as a light source, was re-
placed by a mercury arc with sharp spectral lines that allowed the obser-
vation of discrete Raman lines. But again no figures or numbers are given.
Much more detailed information is found in [31], a rather long article sub-
mitted in March 22, 1928, where the date of Raman’s first observation is
given as Feb. 28, 1928. According to Raman “publicity was given the follow-
ing day”. Thus, if the date given in [25] for the observation of line spectra
by the Russian team stands (February 21, 1928), their observation would
precede that of Raman by only one week. However, for whatever reason, the
Russian workers delayed submission of their manuscript ([24]) till May 6 and
thus lost formal priority. The original Russian manuscript has been cited
75 times. In spite of the clear formal priority of Raman, Russian colleagues
refer to Raman scattering as combination scattering, a rather clumsy term
that probably refers to the presence of combined rotational–vibrational lines
in the molecular spectra.

The comprehensive article by Raman [31] displays one figure with the
inelastic scattering spectrum observed by him for benzene. The quality of
figures available in old publications is rather poor, especially concerning re-
productions of photographic raw data. We have therefore contacted the Ra-
man institute in Bangalore and have obtained a scanning of a rather good
photographic plate available to them. We reproduce it in Fig. 1. A similar
figure can be found in [34].

Fortunately, an original photographic plate exposed on February 23–24
for 15 h – by Landsberg and Mandelstam – has been reproduced in [35,
36] (Fig. 2). A microdensitometer trace of the photographed spectrum of
quartz taken with the incident 2536 Å line of mercury, made by A. A. Sy-
chev, is also shown in [31]. We have reproduced it in our Fig. 2. The upper
trace represents the spectrum of the incident light. The lower trace has two
peaks: the stronger one is the Rayleigh scattering, the weaker one the Ra-
man satellite shifted by ∼ 470 cm−1. The Russian authors checked that the
frequency shift was the same for 3 different incident mercury lines.

The reader may be surprised by the small number of citations received
by these pioneering papers. As already mentioned, the most cited of them is
that by Raman and Krishnan [2] (162 citations) whereas its Russian counter-
part [37] has been cited only 80 times. This is mainly due to Raman scattering
having become a household word. Querying the WoS for “Raman scattering”
as a topic (as contained in article titles and, since 1990, also abstracts and
keywords) we find an overwhelming number of 25 900 “informal citations”.
Raman alone is mentioned 97 000 times.
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Fig. 1. Spectrum of a mercury arc lamp (left) and spectrum emitted by the illu-
minated benzene (right). The additional lines not present in the spectrum on the
left are inelastic (Raman) scattered lines. The two lines in the extreme bottom are
probably anti-Stokes lines. We are thankful to G. Madhavar and K. Krishnama
Raju, of the Raman Research Institute for providing a print and a scanning of the
original plate taken by Raman [31]

Fig. 2. (a) Photographic plate trace showing a line of a mercury arc (2536 Å) used
to obtain the scattering spectrum of a quartz sample (b). The satellite to the left
in (b) represents inelastic (combination according to the Russian nomenclature)
scattering. Taken during February 23–24, 1938 by Landsberg and Mandelstam [35,
36]
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4 The Nobel Prize

Information about nominations for the prize, as well as the deliberations
of the various committees, are kept highly secret, at least for fifty years.
Extensive information about nominators and nominees, covering the 1901–
1950 period is now available [38]. The “Raman” case has required especial
attention from the part of the Nobel foundation in view of the question of
priorities (involving next to Raman, Smekal, Landsberg and Mandelstam, and
possibly even Brillouin). Smekal and Brillouin were actually never nominated.
Hence, according to the rules of the Nobel Foundation, they did not qualify for
the prize. This, however, should not affect the question of priorities, for which
they were not fully recognized, especially Smekal.5 The official comments of
the Foundation are reproduced in [38].

We first mention that Raman was nominated for the 1930 prize by 10
of the world’s most famous physicists (E. Bloch, N. Bohr, L. de Broglie, M.
de Broglie, J. B. Perrin, R. Pfeiffer, E. Rutherford, J. Stark, C. T.R. Wilson,
and a Russian colleague, O. Khvol’son). He had already been nominated
twice for the 1929 prize (by Fabry and Bohr). Landsberg and Mandesltam
were nominated in 1929 by two Russians, N. Papaleski and O. Khvol’son
(the latter had also nominated Raman). Mandelstam was also nominated
by Papaleksi who explicitly excluded Landsberg. Khvol’son had proposed
that half of the prize should go to Raman, the other half to Landsberg and
Mandelstam. The reader can nowadays follow the acrimony concerning the
exclusion of Mandelstam and Landsberg by the Nobel Foundation as a result
of the release of records (see [25] and [34]). The authors of [25] and [34]
criticize the weak evidence presented in the two Nature papers by Raman
([2] and [3]). The authors of [25] go as far as to say

“. . . more detailed analysis . . . shows that in the visual observations
conducted in Ref. 30, the discovery of such radiation is scarcely pos-
sible. Raman and Krishnan assumed that there is some frequency-
reduced radiation and that this is what they had seen.”

As already mentioned, the second publication [3] is more credible, while [32]
contains considerable detail, including the date of the first photographic ob-
servation of a line spectrum by Raman (our Fig. 1): “the lines of the spectrum
of the new radiation were first observed on February 28, 1928”, a week later
than that claimed for the observation of Landsberg and Mandelstam (our
Fig. 1 is a scanning of the photographic plates obtained for benzene).

Immediately after submitting [3] Raman made the discovery public (his
own words). According to Ginzburg and Fabelinskii (Ref. [25]), he obtained
2000 reprints of his manuscript on March 22 “and sent them to all eminent
physicists, including those working on light scattering in France, Germany,
5 The reader may want to look at the biography of Alfred Smekal using Google,

in particular his connections with the Third Reich.
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Russia, Canada and the United States, as well as to scientific institutions all
over the world, thereby consolidating his priority” (see [33] where the source
of this statement is cited). According to [33], one of Raman students nar-
rates that he (Raman) approached Rutherford, Siegbahn and Bohr concern-
ing support for the Nobel award. He was very concerned about the question
of priority after the work of Landsberg and Maldestam was published, but
considered the matter settled in his favor after the German physicist Pring-
sheim [39] reproduced Raman’s experiments and coined the term “Raman
effect” [40].

The critics of the Nobel decision recognize the right of the foundation (not
necessarily its wisdom) in setting the rules to establish priority on the basis of
submittal dates and dates of publication. On the basis of these rules, Raman
certainly wins. However, the critics are particularly chagrined (see [25]) by
the following statement from the foundation: “Mandelstam and Landsberg
cannot argue to have obtained their results independently.” The authors of [25]
interpret this statement as a frontal accusation of plagiarism against their
colleagues and countrymen, Mandelstam and Landsberg, whom they consider
to be highly competent and top notch, extremely honest human beings. We
must admit that the statement of the foundation is tactless, to say the least.

The authors of [25] proceed to analyze the reasons for the failure of the
Foundation to include their Russian colleagues among the 1930 winners. The
poor performance of Russian scientists as international prize winners has
been scrutinized, during the past few years, by Vitaly L. Ginzburg, a No-
bel laureate himself (2003) [41]. The authors of [25] emphasize the impor-
tance of international contacts and nominations that were rather difficult
(and probably dangerous) to entertain within the communist system. More-
over, Russian scientists did not seem to be very keen on lobbying for their
deserving colleagues, let alone nominating them when entitled. Again, this
may be a dangerous enterprise if the nominee is not to the taste of present or
future rulers. Moreover, the physics prize has never been awarded jointly to
more than three scientists, up to 1956 (Bardeen, Brattain and Shockley for
the transistor) to more than two. Hence, in 1930 the Committee either had
to change the rules (or the practice) or choose one among the three nominees
for inelastic light scattering. Even if they had changed the rules, the question
would have remained concerning Brillouin, Smekal, and Krishnan who could
have been excluded because they had not been nominated but, would that
have been fair? In any case, the question remains as to why Brillouin and
Smekal had not been nominated at least by their countrymen (some of whom
later on tried to change the name of the effect to include Smekal’s). After
all, the problem of lack of readiness to nominate colleagues may not only be
a Russian problem. Is it a European one? And, why did Raman not include
Krishnan in his lobbying although he had coauthored his first publication on
the subject? Notice that, at the end of [31] Raman says “I owe much to the
valuable cooperation in this research of Mr. K. S. Krishnan . . . ”.
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As a prize winner Raman was entitled to nominate candidates for the
Prize. He nominated O. Stern in 1934. Stern was awarded the Nobel Prize
in 1944 after he had received about 80 nominations. Raman also nominated
Fermi in 1938 and Lawrence in 1939. Both were awarded the Prize the year
of their nomination; none of his nominees failed. This proves that Raman
kept well in touch with the top developments in physics. Leon Brillouin was
asked at least once to submit nominations by the Nobel Foundation. He
nominated Pauli and Goudsmit in 1935 (Pauli received the Prize in 1945).
Brillouin’s father, Marcel, seems to have been asked at least three times. He
submitted a total of 19 nominations in 1910, 1916 and 1922. Only two of them
were successful: Einstein’s and Perrin’s. With the exception of Einstein, all of
Marcel Brillouin’s nominees were French. Till 1950 there were 51 nominations
in physics from Russia and the USSR. However, all the 10 USSR-Russia
laureates received the prize after 1950.

5 Contents of the Present Volume

The present volume reviews recent developments concerning mainly semicon-
ductor nanostructures and inelastic X-ray scattering. Raman studies of res-
onant cavities is the subject of Chap. 2, by A. Fainstein and B. Jusserand,
which also includes a substantial discussion of resonant enhancement and
acoustic cavities. In a broad sense, this Chapter is an extension of the Chap-
ter by C. Weisbuch and R. G. Ulbricht in Vol. III of this series, where light
scattering by bulk exciton polaritons is discussed. Spontaneous emission and,
more generally, the quantum behavior of the radiation field in confined ge-
ometries is a topic of much current interest. The properties of the coupled
exciton–photon system in semiconductor structures can resemble those of an
atom in an optical cavity, and this analogy leads to the possibility of exploring
such an interaction in a regime of parameters that is normally not accessible
to atomic experiments.

Chapter 3, by C. Thomsen and S. Reich, centers on one-dimensional car-
bon nanotubes. Previously, Raman scattering by graphite intercalation com-
pounds and fullerenes were covered, respectively, in Vol. III of this series
by M. S. Dresselhaus and G. Dresselhaus and in Vol. VIII by J. Menendez
and J. B. Page. This Chapter provides an extensive discussion of the elec-
tronic and optical properties of semiconducting and metallic nanotubes, and
it reviews the crucial role Raman scattering plays in their identification.

Raman scattering by acoustic phonons in quantum dots is discussed in
Chap. 4 by A. Mlayah and J. Groenen. Here, the focus is the interplay be-
tween the atomic-like structure of the electronic spectrum and the classical
behavior of the acoustic modes. This review includes both, spontaneous Ra-
man and time-resolved optical experiments.

Inelastic X-ray scattering by phonons is discussed in Chap. 5, by M. Krisch
and F. Sette. Unlike conventional (visible and UV) Raman methods, which
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probe primarily excitations at the center of the Brillouin zone, inelastic X-ray
scattering allows one to explore the whole phonon dispersion. The remark-
able capabilities of this technique manifest themselves in the case studies pre-
sented by the authors, particularly those on semiconductors such as SiC and
correlated electron systems. This Chapter provides also an overview of the
technical requirements, its implementation in third-generation synchrotron
radiation sources, and a detailed comparison between X-ray and inelastic
neutron scattering.

Chapter 6, by D. Reis and A. Lindenberg, discusses very recent develop-
ments in time-domain X-ray methods. Following a review of ultrafast X-ray
sources, this Chapter provides an extensive discussion of recent work on stim-
ulated X-ray scattering by acoustic modes and coherent optical phonons gen-
erated by subpicosecond optical pulses. The Chapter closes with an overview
of studies at higher excitation intensities involving phase transformations
and, in particular, the so-called nonthermal melting transition.
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Abstract. The modification of the optical properties of matter due to photon
confinement in optical microcavities has been an active field of research in the last
ten years. This review addresses the problem of Raman scattering in these optically
confining structures. Two completely different regimes exist and will be discussed
here. Firstly, a situation in which the action of the microcavity is basically to
enhance, and to spatially and spectrally confine, the photon field, but otherwise
the light–matter interaction process remains unaltered. This is the case when the
laser and scattered photon energies are well below those of the excitonic transitions
in the structure, or when the coupling between the latter and the cavity mode can
be treated in a “weak coupling” approximation. This regime will be labeled here
as “optical resonant Raman scattering”. And secondly, a “strong-coupling” regime
in which exciton and cavity-photon modes cannot be treated separately, leading to
coupled excitations, so-called cavity polaritons. In this second case, when the laser
or scattered photons are tuned to the excitonic energies, and thus an electronic
resonant Raman-scattering process is achieved, the Raman-scattering process has
to be described in a fundamentally different way. This regime will be labeled as
“cavity-polariton-mediated Raman scattering”.

The Chapter will begin, after a brief historical introduction, with a review of
the fundamental properties of optical microcavities, and of the different strategies
implemented to achieve double optical resonant Raman scattering in planar mi-
crocavities. A section will be then devoted to experimental results that highlight
the different characteristics and potentialities of Raman scattering under optical
confinement, including, in some detail, an analysis of the performance of these
structures for Raman amplification. A subsequent section will present a series of
research efforts devoted to the study of nanostructure phonon physics that rely
on microcavities for Raman enhancement. In particular, emphasis will be given to
recent investigations on acoustic cavities that parallel their optical counterparts
but that, instead, confine hypersound in the GHz–THz range. The Chapter will
then turn to a quite different topic, that of cavity-polariton-mediated scattering.
The theory developed in the 1970s for bulk materials will be briefly introduced,
and its modifications to account for photon confinement in planar structures will
be addressed. Finally, a series of experiments that demonstrate the involvement of
polaritons in the inelastic scattering of light in strongly coupled cavities will be
reviewed. The Chapter will end with some conclusions and prospects for future
developments on this subject.

M. Cardona, R. Merlin (Eds.): Light Scattering in Solid IX,
Topics Appl. Physics 108, 17–109 (2007)
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1 Motivation

Raman scattering is a powerful spectroscopic technique that has found ap-
plications in such diverse fields as basic and applied physics, chemistry, and
biology, medicine, sensing, and forensic sciences. It can be used to study
a broad spectrum of molecular and condensed-matter excitations, including
molecular vibrations, phonons, plasmons, inter- and intraband electronic ex-
citations, crystal-field transitions, magnons and other spin excitations. One
of its major weaknesses, however, is related to the usually small cross section
of inelastic scattering processes. This limitation has been partially overcome
by the access to lasers in a broad spectral range, and the use of very effi-
cient spectrometers and detectors. However, it remains a source of concern
when small scattering volumes are to be studied (as, e.g., in the domain of
nanoscience or single-molecule sensing), or when other more intense emission
sources are present in the same spectral range.

Basically, two techniques have been developed to deal with this problem,
namely, “resonant Raman scattering (RRS)” [1–5], and “surface-enhanced
Raman scattering (SERS)” [6–8]. RRS is related to the amplification of the
Raman-scattering amplitude when the laser or scattered-field energies are
tuned to electronic interband transitions of the molecule or solid. Raman
amplifications using RRS can go typically up to ∼ 105. From a macroscopic
point of view, this amplification is related to the resonant critical points of
the dielectric function or optical response of the system, which are modulated
by the excitation under study to give the inelastically scattered wave. In a mi-
croscopic quantum-mechanical picture, on the other hand, these resonances
appear as zeros of denominators of scattering probabilities calculated from
third-order perturbation theory (second order in light–matter and first order
in electron-excitation interactions).1 Besides being used to amplify Raman
cross sections, RRS is also a powerful instrument to study interband optical
transitions, and electron-excitation interactions. No technique is, however,
universal and RRS is no exception. Firstly, only excitations that are related
to (that is, that modulate) the resonant electronic optical transition are selec-
tively amplified. Secondly, since these electronic transitions need to be dipo-
lar allowed to be strongly resonant, in many cases they are also accompanied
by strong optical emission that competes with, and can obscure, the Ra-
man-scattered peak. And thirdly, laser lines tuned to the material electronic
transitions are required, something that is not always readily accessible.

SERS, on the other hand, exploits the huge enhancement of the electro-
magnetic field in the near-field of specifically designed metallic (typically Au
and Ag) nanostructures, when their plasmon excitations are resonantly ex-
cited. Different strategies have been pursued to tailor these nanostructures,
1 These applies to phonon Raman scattering, which will be the main subject of

this Chapter. Inelastic scattering by electronic excitations, on the other hand,
follows from second-order perturbation theory [1].
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including chemically roughened surfaces, nanoparticle colloids, e-beam lithog-
raphy, and self-assembled nanoparticle and metallic cavity structures. The
main mechanism by which SERS accomplishes its task is the amplification of
the field sensed by the molecule under study (the so-called “electromagnetic
effect”), but the role played by the electronic coupling between plasmons and
molecular electronic excitations (the so-called “chemical effect”) is also rele-
vant [9]. The nanostructures have typical sizes in the range 2–50 nm, and the
lasers required for resonant excitation fall, e.g., in the green for Ag and in the
red for Au. Until quite recently it was believed that the SERS amplification
also attained values of the order of 105. However, it has been realized quite
recently that in many cases most of the scattered signal comes from very few
selected “hot-spots” for which the enhancement can go as high as 1015 [10,11]!
This has opened the way to single-molecule Raman spectroscopy and ultra-
sensitive molecular identification, an area of research of enormous potential
and present activity. The most important issues that attract considerable
work these days are related to the understanding of hot-spots, the fabri-
cation of SERS substrates with controllable properties, and the differential
response of different molecules. Once these difficulties are overcome, probably
the most important limitation of SERS will be the fact that the system un-
der study has to be put in close contact with a metallic specifically prepared
substrate. This can be a difficult task for the study of some molecules, but it
is usually not applicable for the study of solid-state matter.

In this Chapter we will address an alternative approach to Raman am-
plification. Namely, Raman enhancement by optical confinement in resonant
cavities. Or in short, “optical resonant Raman scattering”. We will describe
monolithic planar structures based in distributed Bragg reflectors (DBRs)
and constituted by semiconductor materials grown using molecular beam
epitaxy (MBE) techniques. The concepts, however, can and have been ex-
tended to other kinds of mirrors and materials. After giving a brief historical
survey in Sect. 2, we will introduce in Sect. 3 the fundamentals of optical
cavities and we will discuss the main ingredients and strategies for Raman
efficiency amplification in these structures. The most important character-
istics of Raman amplification by light confinement will then be illustrated
with experiments in Sect. 4. The Chapter will then continue in Sect. 5 with
a series of examples of applications of optical microcavities for the study of
phonons in nanostructures. A special emphasis will be given to nanocavities
that are conceptually similar to their optical counterparts, but that confine
instead acoustic waves in the GHz–THz range. Section 6 will then be de-
voted to Raman scattering in “strongly coupled” microcavities, structures in
which the cavity modes are not optical but a mixture of photon and exciton
states (the so-called “cavity polaritons”). Besides the added enhancement
related to the exciton resonance in the Raman process, these structures are
very interesting from a fundamental point of view for the understanding of
polariton-mediated Raman scattering in solids. At the end some conclusions
and prospects for future work will be given.
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2 Historical Background

It has been realized for some time that fundamental atomic properties such
as light emission lifetime and Lamb-shift are not intrinsic characteristics of
an atom but of the coupled atom-vacuum-field system [12–15]. In fact, the
radiation characteristics of an emitter can be altered by modifying the vac-
uum-field fluctuations in its vicinity, e.g., by placing it near a surface [16,17],
within a microcavity [14, 18–21], or in a photonic bandgap material [22].
These modifications of the electric fields can be exploited in both first or-
der in light–matter interaction processes: absorption and emission. Concern-
ing the absorption of an emitter, a physical way to picture the effect of a
nearby reflecting surface is to realize that the reflected light self-interferes,
changing the excitation field pattern (spatial distribution and amplitude).
Similarly, the field emitted by the dipole (direct plus reflected) at the dipole
position drives it determining its decay rate [6, 7, 23–27]. An equivalent way
to present the problem is by realizing that the interfaces modify the density
of optical modes at the dipole position and hence, through Fermi’s golden
rule, also its emission and absorption characteristics [17]. In particular, the
decay of an excited atom into a definite photon mode can be strongly en-
hanced/inhibited by placing it in maxima/minima of the photon field spatial
distribution [28]. Similarly, the spontaneous and stimulated emission can be
increased by an enhancement of the light field at the excitation energy using,
e.g., a cavity [29]. The consequent modifications of the spectroscopic prop-
erties (luminescence and absorption) of dipoles close to a metallic surface
have been at length discussed in the past and studies have been performed as
a function of dipole–interface distance [23–27] and surface morphology and
excitations [6,7]. Recently, these topics have acquired renewed interest in the
context of near-field optical microscopy with metallic tips.

Absorption and emission are complementary first order in light–matter
interaction process.2 Raman scattering, on the other hand, involves two light–
matter interactions: laser excitation and emission of the (inelastically) scat-
tered photon. Thus, extending the above ideas to higher-order processes a
strong enhancement/inhibition of the Raman cross section of an active ma-
terial embedded in a cavity may be envisaged through the modification of
one or two of the intervening light–matter vertices. A first proposal to use
the positive interference of laser and inelastically scattered light to enhance
the Raman spectra of a thin film dates to some 25 years ago [30, 31]. In this
work Nemanich and coworkers [30, 31] deposited the thin film on a trans-
parent dielectric film that itself rested on a metallic reflector. The thickness
2 Here, as in the discussion of Raman scattering, we are referring to the order

required to evaluate amplitudes. Absorption and emission are first order in am-
plitude, second order in cross section. Similarly, electronic Raman scattering is
second order in amplitude, fourth order in cross section. And last, for phonon,
plasmon and other boson scattering, Raman is third order in amplitude and sixth
order in cross section.
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of the thin film and dielectric spacer were chosen so that the reflectance of
the trilayer be zero, and thus most of the light would be absorbed at the
thin film. Furthermore, the interference condition for the scattered radiation
was such that inphase addition of the forward and backscattered compo-
nents occurred. With such a scheme, Raman amplifications of up to 20 were
demonstrated for a thin film of polycrystalline tellurium [30,31]. The method,
termed “interference-enhanced Raman scattering” (IERS), can be basically
understood as based on a low-Q half-cavity, limited below by a single bottom
metallic mirror and above by air. Cavities with giant Q-factors, on the other
hand, have been demonstrated in the context of Raman scattering in liquid
micrometer-size droplets [32–35]. By total internal reflection at the liquid air
interface, the microdroplets lead to “morphology-dependent resonances” pro-
vided by whispering-gallery modes with Q-factors larger than 108. Through
these resonances stimulated Raman scattering with high-order Stokes peaks
both with pulsed [32, 33] and continuous-wave [34, 35] excitation have been
demonstrated. The use of purposely designed planar cavities in the search
for quantum electrodynamical effects in light scattering has been pioneered
by the group of De Martini [29, 36]. Field-confinement effects at the Stokes
energy, including scattering enhancement, inhibition, and directionality have
been observed for liquid benzene in a piezoelectrically controlled microcav-
ity [36–38].

Parallel to the above developments, research on semiconductor micro-
cavities and photonic bandgap structures found great impulse after the ini-
tial proposal by Yablonovitch [22] that light emission could be controlled in
solid-state devices by appropriate engineering of the optical modes. The last
15 years have seen enormous developments in the design and construction of
photonic bandgap materials at optical wavelengths, and on the study of fun-
damental and applied concepts that involve planar and nanostructured micro-
cavities [15, 18–22]. The highest-quality microcavities are grown using semi-
conductors by different kinds of epitaxial techniques. Typically, mirrors and
sample are grown monolithically, and reflecting metallic surfaces are replaced
by lossless distributed Bragg reflectors (DBRs). By using these DBRs, optical
microcavities with Q-factors in the 103–104 range have been constructed dis-
playing increased emission (and thus reduced laser thresholds) [15,18,19] and
novel optical phenomena [15, 20, 21]. These include the observation of cav-
ity polaritons in strongly coupled cavities, parametric amplification involv-
ing polaritons, possibly “boser” emission [39, 40], single-photon quantum dot
emission, etc. [15, 20, 21]. Concerning Raman-scattering, different strategies
have been conceived to use such planar microcavities for single [41] and dou-
ble [42,43] optical resonant Raman-scattering enhancement. Raman efficiency
amplifications in excess of 105 have been demonstrated [44, 45]. Besides this
major trend, Raman scattering in cavities has also been reported on struc-
tures made of organic molecules using mixed dielectric–metal mirrors [46],
and with electrochemically grown porous silicon [47]. Raman scattering in
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microcavities has been used to study nanostructure phonon [42, 43, 48–50]
and electronic excitations [51].

As commented above, high-quality semiconductor cavities display the so-
called “strong-coupling” regime, characterized by coupled exciton–photon
normal modes. These mixed optical excitations have been termed “cavity-
polaritons” and have led to strong and fruitful research activity [15, 20, 21].
In a Raman-scattering process when the laser or scattered energies are tuned
to excitonic energies in addition to the cavity optical resonances, a completely
different regime that involves the participation of polaritons is observed. The
fundamental problem of polariton-mediated inelastic light scattering in bulk
materials has been investigated for a long time [52–58]. In fact, proof of the
involvement of polaritons in first-order Raman scattering by optical phonons
has been sought for several decades [52–54, 56, 57, 59, 60]. However, only in
planar microcavities has the real need to take into account polaritons as an in-
termediate step of inelastic scattering found definitive demonstration [61–64].
Besides being an interesting issue in its own right, polariton-mediated Raman
scattering has been shown to provide valuable information on cavity–polari-
ton physics, e.g., to disclose the intervening dephasing mechanisms [62–64].

3 Fundamentals of Optical Resonant Raman Scattering

After the brief summary on the main historical developments relevant to
optical resonant Raman scattering presented in the previous section, we will
address here the fundamentals of resonant Raman scattering in optically con-
fined structures. We will first describe the DBRs and cavity design and prop-
erties. The basic equations required to understand RRS in microcavities and
the concept of single and double optical resonances will then be addressed,
followed by a discussion of the actual strategies used for double-resonant opti-
cal enhancement in planar structures. Namely, the angle tuning of the photon
dispersion in single-mode structures, and the two-mode double resonators for
near-backscattering resonant geometries. A model will then be presented to
describe the amplification of Raman scattering in cavities that treats sepa-
rately and on different grounds the processes of excitation and emission. The
consequences of using optical standing waves in the kinematics of the Raman
process will then be briefly addressed.

3.1 Basics of Optical Microcavities

While the quantization of electromagnetic waves in microwave cavities has
been known for a long time, it is only recently that it has been transposed
in optical wavelength-scale structures. The field of atomic physics has been a
pioneer in such effects based on very high finesse confocal vacuum microcav-
ities (for a review see, for instance, [65]). We are interested here in a more
recent device, the semiconductor planar microcavity. This device is based on
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the fabrication by molecular beam epitaxy of well-controlled, atomically flat
semiconductor layers at the nanometer scale. The basic ingredient to obtain
high-finesse planar microcavities is the high reflectivity distributed Bragg re-
flector (DBR), the optical properties of which we will first describe before
considering planar microcavities.

3.1.1 Distributed Bragg Reflectors

The distributed Bragg reflector is a well-known optical device [66, 67]. Con-
trary to metallic mirrors, DBRs only contain nonabsorbing dielectric materi-
als and their performance fully relies on the optimization of light interferences
inside the reflector layers. The full structure is not absorbing, the reflectivity
being “distributed” across several interfaces over micrometers in the struc-
ture, and all the nonreflected intensity is finally transmitted on the other side
of the mirror. Also contrasting with metals, DBRs usually reflect light only
inside some specific wavelength ranges but very high reflectivities at almost
arbitrary wavelengths can be achieved by a proper choice of the building
materials and layer sequence. Moreover, this wavelength depends on the an-
gle of incidence and thus DBRs can be viewed as dispersive mirrors. These
DBRs have been more recently included in new structures devoted to the
confinement of light at the wavelength scale, giving rise to the famous optical
microcavities [68]. We present in this section some basic properties of opti-
cal DBRs and microcavities that play an essential role in the Raman optical
resonances described in Sects. 4 and 5 of this Chapter.

Moreover, based on the analogy between the propagation equation for
light and sound in solids, it has been previously suggested that the well-
known concept of optical DBRs could be easily transposed to design acoustic
DBRs [69]. We demonstrated recently [50] that acoustic microcavities are
also realistic, powerful devices to manipulate acoustic waves at the acoustic
wavelength scale, i.e., at the nanometer range for THz ultrasound. The second
aim of this subsection is thus to recall some well-known properties of optical
DBRs and microcavities in a form that emphasize analogies with the acoustic
superlattices and microcavities [4].

The most common DBR is a periodic multilayer quarter-wavelength stack
made of the periodic alternance of two dielectric compounds with contrast-
ing refractive index and working at normal incidence. It is well known that
the largest stop band around a given wavelength λ is then obtained when the
width of each building layer equals λ/4. The main parameter governing the
performance of a DBR is the refractive index contrast between the individual
layer refractive indexes n1 and n2 (n1 > n2). The width of the stop band and
the corresponding reflectivity approximately equal:

∆λ

λ
= 2

n1 − n2

π
√

n1n2
, (1)
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Fig. 1. Reflectivity of Bragg reflectors centered at 1 µm with (λ/4, λ/4) (A) and
(3λ/4, λ/4) (B1) stacks, respectively

and:

R = 1 − 4
next

ns

(
n2

n1

)2N

, (2)

where next and ns are the refractive indices at the top and the bottom of the
DBR, respectively. The number of periods N is assumed to be large enough

such that
(

n2
n1

)N

� 1. For GaAs/AlAs DBRs, the typical values for n1

and n2 are 3.6 and 3.0 in the near infrared (λ ∼ 0.9 µm) and the relative stop
bandwidth amounts to 0.116. Assuming a DBR grown epitaxially on a GaAs
substrate, typical reflectivities are 0.97 for N = 10 and 0.999 for N = 20.
The reflectivity of a DBR with 10.5 (λ/4, λ/4) periods sandwiched between
semi-infinite GaAs layers on both sides is shown in Fig. 1. In this figure
and other illustrations of Sect. 3.1, we choose because of practical interest a
reference wavelength of 1 µm. However, since the structure is also defined in
terms of λ, the plots are basically in dimensionless units and thus the same
picture applies for any choice of the reference wavelength.

The quarter-wavelength stack actually is one particular example of DBR.
An illuminating method to describe the properties of a given DBR at any
wavelength is to solve the propagation equation of light in an infinite superlat-
tice. The corresponding light dispersion ω(q) satisfies the following equation:

cos(qd) = cos(q1d1) cos(q2d2) −
1
2

(
n1

n2
+

n2

n2

)
sin(q1d1) sin(q2d2) , (3)

in which d = d1 + d2 is the period of the superlattice, and q1 = ωn1/c
and q2ωn2/c are the local wavevectors at frequency ω in the constituting
layers 1 and 2, respectively. Note that (3) gives directly q as a function of ω,
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Fig. 2. (a) Photon dispersion in a (λ/4, λ/4) DBR showing the gaps at 1/λ =
1 and 3, as shown in curve A of Fig. 1. (b) Variation of the stop bandwidths,
normalized to center energies, as a function of the relative thickness x = d2/(d1 +
d2) of the constituting layers. The labels A, B1 and B2 correspond to (λ/4, λ/4),
(3λ/4, λ/4) and (λ/4, 3λ/4) stacks, respectively. The solid, dashed, dotted and dash-
dotted curves correspond to p = 1, 2, 3 and 4, respectively

not ω vs. q. For acoustic phonons one gets a similar equation, given by Equa-
tion (3.5) of [4]. The dispersion curve corresponding to (3) is shown in Fig. 2a
in the extended Brillouin zone scheme for a specific choice of the layer thick-
nesses. Bandgaps appear at any integer multiple p of the lowest gap:

ωp =
pπc

n1d1 + n2d2
, (4)

or

λp =
2(n1d1 + n2d2)

p
. (5)

These gaps are the stop bands obtained in the above optical description.
Assuming a small amplitude of refractive index modulation, an approximate
expression for the bandgaps can be derived analytically:

∆ωp

ωp
= 2

n2 − n1

pπ
√

n1n2
sin

(
pπ

(1 − x)n1

(1 − x)n1 + xn2

)
, (6)

where x = d2/(d1 + d2). The variation of ∆ωp/ωp on x is shown in Fig. 2b
for p = 1–4.

For p = 1 (solid curve in Fig. 2b), we recover the well-known result that
the widest stop band (A) is obtained when (1−x)n1 = xn2, i.e., for quarter-
wavelength layers. For p = 2 (dashed curve), there are two optimum values
for x (B1 and B2), corresponding to (λ/4, 3λ/4) and (3λ/4, λ/4) stacks, re-
spectively. Note that for quarter-wavelength layers the gaps with even index
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(shown for p = 2 and p = 4 in Fig. 2b) vanish exactly. This can also be
verified from curve A in Fig. 1, where only one of every two reflectivity stop
bands appear. The DBR reflectivity in the case B1, also shown in Fig. 1,
displays the p = 1–3 gaps but is zero for p = 4 (as expected from the p = 4
dot-dashed curve in Fig. 2b).

In a real DBR structure with a finite number of periods, the residual
transmission across the device can be understood as a tunneling effect across
the corresponding bandgap of the infinite structure and the magnitude of the
transmission T (or the reflectivity R = 1−T ) directly reflects the magnitude
of the evanescent wavevector within the gap. At the center of the p = 1 gap,
and assuming an optimized stack, this evanescent wavevector is maximum
and can be obtained from the following relation:

cos(qd) = −1
2

(
n1

n2
+

n2

n1

)
< −1 . (7)

The amplitude of the optical field at the Bragg energy thus decays in the
Bragg reflector over a finite number of periods Nd equal to:

Nd = 1/ ln(
n1

n2
) , (8)

i.e., ∼ 5.5 for the GaAs/AlAs structure. The reflectivity for a finite structure
then reads:

R = 1 − exp(−2N/Nd) = 1 −
(

n2

n1

)2N

. (9)

Another very important property of Bragg mirrors is the angular depen-
dence of the reflectivity, which leads to two different phenomena: firstly, the
wavelength at the stop-band center varies as a function of the angle of inci-
dence, and secondly the reflectivity at a given wavelength can only be large
within a finite acceptance angle. These two properties reflect the fact that
the quantity ω cos θ that satisfies the condition for Bragg reflection remains
a constant in the material when the external angle θ0 is varied. This gives
the following angular dispersion for the Bragg modes:

ωp(θ0) =
ωp(0)

cos(θ0n0/neff)
, (10)

where n0 is the outside refractive index, and neff is an effective index for
the multilayer. For the specific case of a (λ/4, λ/4) stacking we note that
neff =

√
n1n2.

Taking into account the energy width of the stop band, this expression
leads to the following acceptance angle at the Bragg energy ωp:

cos(θ0n0/
√

n1n2) > 1 − n1 − n2

pπ
√

n1n2
. (11)
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With GaAs/AlAs parameters, this corresponds to an angular acceptance
of 20◦ for p = 1 and n0 =

√
n1n2. On the other hand, using a reasonable

angle of incidence of 50◦ in vacuum allows an increase in the energy of the
resonance by 3.6 %, i.e., 50 meV at 1.4 eV.

3.1.2 Fabry–Perot Resonators

A planar microcavity consists of a thin layer of semiconductor inserted be-
tween two DBRs, leading to a monolithic single-mode, or few-modes, high-fi-
nesse Fabry–Perot (FP) resonator. This is a particular case of the more gen-
eral problem of an impurity mode in a one-dimensional periodic system [70].
If we insert a layer with a different thickness and/or a different refractive
index inside a DBR, local modes are expected to appear in the stop bands.
Considering again the case of GaAs/AlAs DBRs with a GaAs layer of differ-
ent thickness, it can be easily shown that such local modes move across the
stop bands when the defect thickness is varied [70].

A very particular situation appears when the defect thickness equals mλ/2,
with m an integer number. This is the only case where the standing wave as-
sociated to the local mode satisfies the boundary conditions for a Fabry–Perot
resonance for any interface in the structure, leading to a maximum enhance-
ment of the light field confined in the defect layer. This new situation is
described as a microcavity, even though there is no fundamental difference
from a standard Fabry–Perot resonator, except in the use of optimized Bragg
reflectors instead of normal mirrors. Structures with thicknesses slightly off
this optimum situation actually do not display qualitative changes in their
optical properties but only some decrease of their performance.

Before describing the specific properties of semiconductor microcavities,
let us first recall some basic results for standard planar Fabry–Perot struc-
tures. Confocal FP resonators with concave mirrors also exist, which provide
a three-dimensional confinement of light. As we are not aware of correspond-
ing constructs in the context of photons or phonons in semiconductors, we
only consider here a FP with one-dimensional confinement properties made
of a thin layer of thickness d and refractive index n surrounded by planar
mirrors of high reflectivity R. R is taken independent of the wavelength λ
and the angle of incidence θ. For simplicity we also assume the same reflectiv-
ity on each side of the structure. Optical modes are confined in the cavity at
wavelengths λp = 2nd cos θ/p. The reflectivity pattern of a FP cavity, shown
in Fig. 3 is then given by the Airy function A [71]:

R(λ, θ) = 1 − A(α) = 1 − 1
1 + µ sin(2α)

=
µ sin(2α)

1 + µ sin(2α)
, (12)

with µ = 4R/(1 − R)2 and α(λ, θ) = 2πnd cos θ/λ.
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This reflectivity pattern displays narrow dips at the confined energies.
A fundamental number to describe a cavity is the finesse F that relates the
separation between successive modes and the width of the dips:

F =
π
√

R

1 − R
. (13)

This quantity describes the performance of the FP as a passive optical de-
vice, i.e., when one is only interested in optical fields outside the cavity. It
gives the wavelength resolution λ/∆λ when the FP is used as a high-resolu-
tion spectrometer. It also gives the angular acceptance of a mode at a given
wavelength.

A second important property of a Fabry–Perot resonator is the strong
enhancement of the optical field inside the cavity and the strong modification
of the light emission by a dipole located inside the cavity [72]. The field inside
the cavity can be obtained in the same way as that used for the derivation of
the Airy function for the reflectivity. The maximum intensity enhancement
is given by:

Q =
4
√

R

1 − R
, (14)

which defines the “quality factor” of the structure. The average enhance-
ment inside the whole cavity then equals Q/2. For the typical reflectivities
considered previously (0.97 and 0.999), the corresponding enhancement of the
optical intensities at the antinodes in the FP cavity then reach 133 and 4000,
respectively. One should also note that at antiresonance, when the wave-
length is between two FP modes, the intensity inside the cavity becomes, on
the contrary, very strongly depressed. It reduces to 4

√
R(1 − R)/(1 − R)2,

that is, 0.03 and 0.001 for the previous cases.
The same modification applies to the radiation pattern of an emitter

located inside the FP cavity. If we consider the simple case of an emitter
located at the central plane of the cavity, the modification of the intensity is
given by [67]:

I/I0 =
4
√

R

1 − R
A(α) . (15)

At the maximum of the Airy function, the emitted intensity is enhanced by
the same factor Q as the incident radiation is amplified inside the cavity.
This is an illustration of the reversibility principle. The angular radiation
pattern is strongly affected by the cavity, with narrow emission lobes around
well-defined emission angles defined by the Airy function.

Another interesting parameter to introduce is the finite lifetime of the
photon inside the cavity due to the finite transmission of the mirrors. This



Raman Scattering in Resonant Cavities 29

lifetime can be viewed as the average number of oscillations of the photon in
the cavity before it escapes, times the period of such oscillations:

τc =
nd

c(1 − R)
. (16)

3.1.3 Semiconductor Microcavities

All the above-described FP properties qualitatively apply to semiconductors
with distributed Bragg reflectors with only moderate modifications. This is
particularly true for the enhancement of the incident field intensity and of
the radiation pattern in the cavity that are amplified by the same factor Q.
The main differences concern the specific reflection properties of the Bragg
mirrors: 1. the reflectivity is only high in some wavelength bands, the stop
bands, at a given angle and conversely in some angular sectors at a given
wavelength, 2. the reflectivity is distributed and the optical field penetrates
into the mirrors over several periods, and 3. different refractive indices in the
different constitutive layers have to be considered.

The third point leads to several technical complications because the differ-
ent optical modes experience different refractive index patterns due to their
finite spatial extension. Because the quantity n cos θ does not display the
same variation from layer to layer, a microcavity optimized at a given angle,
e.g., at normal incidence, is no longer a perfect quarter-wavelength micro-
cavity at other angles. However, these complications can be neglected to a
good approximation when the refractive indices of the different materials in
the device are not too different. One then uses a single effective refractive
index neff for the cavity modes, which is usually defined from the angular
variation of the energies deduced from exact calculations.

The effect of using Bragg reflectors is illustrated in Fig. 3 in which we com-
pare the reflectivity from a microcavity with that of a Fabry–Perot resonator
with the same cavity thickness d and the same mirror power reflectivity R.
We used a refractive index n1 = 3.6 for the cavity (GaAs), and n1 = 3.6
and n2 = 3.0 (AlAs) for the mirrors. We also chose for simplicity all the
thicknesses so as to achieve the lowest-energy cavity mode at 1.0 µm. The
effect of the limited stop bands of Bragg reflectors is very clear in the fig-
ure: the reflectivity is only high around some of the FP modes, the modes
with even index being absent because the corresponding Fourier components
of the modulation are vanishing in (λ/4, λ/4) stacks (see Fig. 2). A more
striking effect appears close to the cavity dips. The linewidth of the modes is
significantly smaller in microcavities as compared to FP resonators, with a
value of finesse of the order of 250 instead of 43, though the power reflectivity
is exactly the same. The origin of this difference is more subtle and reflects
the fact that the Bragg mirrors are distributed mirrors. As a consequence,
the phase of the reflection at the cavity boundaries displays significant varia-
tions around the cavity-mode energy [71] where it vanishes for a well-designed
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Fig. 3. Reflectivity of a (λ/4, λ/4) Bragg microcavity centered at 1 µm (thick solid
curve), compared to a Fabry–Perot with standard mirrors with the same reflectivity
(thinner curve). The right panel is a detail of the left one around 1µm−1

structure with coincident cavity and DBR energies. This phase varies linearly
around this energy with a slope proportional to the penetration depth in the
mirror LDBR. The width of the microcavity mode in wave numbers (1/λ) is
reduced accordingly and can be written as:

δ =
(1 − R)

2πnc(d + LDBR)
. (17)

When compared to the mode separation, an effective finesse is obtained
that equals the FP finesse times the ratio (d + LDBR)/d. The latter is of the
order of 5 in the structure being considered. We recall that, in a FP resonator,
the finesse (13) and the intensity enhancement (14) only differ by a numerical
factor and display the same dependence with the physical parameters. This
is no longer true in a DBR cavity, due to the penetration of the field in the
distributed mirrors [71].

We show in Fig. 4 the spatial variation of the optical intensity of the
lowest-energy mode in the same cavity. This mode extends over a finite width
well outside the cavity and the enhancement at the maximum amounts to 50,
corresponding to the quality factor of the structure. This property has deep
implications in the context of “strong coupling”, where one cannot neglect
the modification of the internal emitter properties due to the cavity, as we
have assumed in the previous subsection. Such alteration takes place when
the optical-mode density becomes sufficiently large at the emitter location.
In a DBR microcavity, the effective size of the mode Leff cannot be reduced
arbitrarily, giving rise to some limitations in the strong coupling performance
of such devices. In this subsection, we mainly focus on the enhancement
of the Raman-scattering efficiency due to the modification of the optical
properties and we are not concerned with strong coupling, which will be
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Fig. 4. Variations along the stack axis of the intensity of the optical field confined
in a microcavity. The corresponding variations of the refractive index are shown
with solid thin lines

treated in Sect. 6. The main impact of the distributed reflectivity in this
context is to reduce the ultimate enhancement at the center of the cavity
and the spatial selectivity of this enhancement. The volume of the sample
in which the enhancement is significant not only contains the material at
the center of the cavity but includes several periods of the mirrors as well.
Moreover, the spatial optical field pattern displays an interesting specific
feature depending on whether the cavity refractive index is higher or lower
than that in the first layer of each DBR. Assuming again the simple case
of a device made of only two materials, GaAs and AlAs, the displacement
pattern displays either minima or maxima at the cavity edge. In the usual
case, where a large optical field is requested at the center of the cavity, λ/2
cavities satisfy well this requirement with small-index cavities (e.g., AlAs),
but λ cavities have to be considered if the spacer material (e.g., GaAs) is the
larger-index material [73].

Let us finally mention that DBR microcavities display strong limitations
when multimode cavities are needed. Bragg reflectors indeed are excellent
mirrors in some very limited energy ranges and it is usually impossible to
realize a good cavity at two different arbitrary wavelengths. Some alternative
strategies have been developed. The first idea was to take advantage of the
stop-band edge minima, at which the optical field displays some modifications
as well [74]. It has been suggested that such edge minima could be used,
beside the cavity modes, to enhance the optical signal in some devices as,
e.g., for second-harmonic generation. We verified that this idea is not effective
in the context of optically enhanced Raman scattering and that these side
minima can even lead to experimental errors when determining the optimum
resonance condition. The second idea is to use mirrors with more complex
multilayer stacks instead of two quarter-wavelength layers and to design them
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Fig. 5. Same as Fig. 4 with a double-cavity structure

to display high reflectance in broader bands or at two completely different
arbitrary wavelengths [75]. The third solution is to couple several cavities
through intermediate low-reflection mirrors [76]. We will now describe the
properties of these latter coupled microcavity devices.

3.1.4 Coupled Microcavities

The confined optical mode in a microcavity can be considered as the build-
ing block for multiple microcavities as confined electron levels in quantum
wells can be used to build double quantum wells or superlattices. The only
difference lies in the fact that photon barriers are obtained from Bragg mir-
rors, while tunnel barriers from a compound with a larger bandgap are used
in the context of electrons. When two identical photon cavities become cou-
pled through an intermediate mirror with a finite reflectivity Rint, two coupled
modes appear with either a symmetric or an antisymmetric optical pattern.
The spatial distribution of the optical intensity in a double cavity based
on the parameters of the microcavity shown in Fig. 4 and a central mirror
with Nint = 5 GaAs/AlAs layers is shown in Fig. 5.

The separation between these two modes (in wave numbers) is given by:

∆ =
√

1 − Rint

2πnc(d + LDBR)
, (18)

which depends on the transmission through the central mirror and the effec-
tive width of the confined mode in the single cavity d+LDBR. The reflectivity
pattern around the first cavity doublet is shown in Fig. 6 for Nint = 5 as well
as variations of this quantity with the number of periods in the central mirror.

The extension of such ideas to multiple coupled cavities has been re-
cently introduced to build one-dimensional photonic crystals, and coupled
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Fig. 6. Left Reflectivity of a double cavity around the doublet mode. Right : vari-
ation of the doublet splitting as a function of the central mirror design

cavities with shifted confined energies have been suggested to mimic electron
Bloch oscillation with photons [77–79]. Similar ideas in the context of acous-
tic phonons have been discussed in [80]. To summarize, optical microcavities
are a very powerful and versatile tool to manipulate optical fields in semi-
conductors. We will now focus on the methods to take advantage of these
properties in the context of Raman scattering.

3.2 Basics of Raman Amplification by Optical Confinement

Raman scattering is one of the dominant processes for the interaction of light
with matter. Contrary to absorption or emission where one single photon
is created or annihilated in exchange of a quantum of vibration or of any
other dipole-allowed excitation in the sample, Raman scattering involves two
photons with two different energies. During the Raman process, the incident
photon with energy Ei is annihilated and a new photon with a different
energy Es is created. Depending on whether Es is smaller or larger than Ei,
this corresponds to the creation (Stokes process) or annihilation (anti-Stokes)
of a quantum of energy in the sample. As Stokes and anti-Stokes processes are
basically similar, we will continue the discussion assuming a Stokes process.
The latter does not require that the system be in an excited state before
the inelastic scattering, and is also usually more intense. The fundamentals
of light scattering have been described at length in previous volumes of this
series [1–3]. Let us recall here that Raman scattering is a second-order process
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in the light–matter interaction and is governed by squared matrix elements
in the form of:

σ ∝
∣∣∣∣∣
∑

b

〈f |HEL| b〉〈b |HEL| i〉
Eb − Ei − �ωi

∣∣∣∣∣
2

, (19)

where |i〉, |b〉, and |f〉 are initial, intermediate and final states of the scat-
tering process, respectively, with energies Ei, Eb, and Ef , and the sum is
performed over all possible intermediate states. These are many-body states
of the material system, including for instance both electronic and vibrational
degrees of freedom. As in any second-order process, the intermediate state
is a virtual state and the energy is only conserved between the initial and
final state. Wavevector, on the other hand, is conserved at any step as it is
an intrinsic property of the matrix elements in a system with translational
invariance (i.e., a crystal). HEL is the Hamiltonian of the light–matter inter-
action that is treated as a perturbation within the dipolar approximation.
Note that the above expression relies on the existence of a weak coupling
between light and matter, an approximation that is no longer valid in some
specific situations in which the concept of a polariton must be introduced.
These are strongly coupled excitations described as a mixed entity involving
both light and matter. We will discuss in Sect. 6 the impact of polaritonic
strong coupling in the context of Raman scattering. In this introductory part
we restrict ourselves to the perturbative approximation.

A second step in the treatment of (19) is to separate the electronic and
vibrational coordinates in the above expression. This is done by using the
adiabatic approximation and the Raman-scattering process is then obtained
from a new perturbative expression as:

σ ∝

∣∣∣∣∣∣
∑
a,b

〈f |HEL| b〉〈b, n + 1 |HEP| a, n〉〈a |HEL| i〉
(Ea − Ei − �ωi) (Ef − Eb − �ωs)

∣∣∣∣∣∣
2

. (20)

Here HEP is the electron–phonon interaction Hamiltonian. |a, n〉 and |b, n + 1〉
are the weakly coupled virtual intermediate electron–phonon states in which a
and b describe the electronic part and n and n + 1 represent the number of
phonons. We have not included the phonon numbers in the external (light–
matter) matrix elements as they are not affected, in this approximation,
by these steps of the scattering process in a crystal. The denominator now
contains two energy factors involving the incident and scattered photon ener-
gies, respectively. This general expression is the basic tool for discussing the
Raman-scattering process. Based on (20), Raman scattering is usually de-
scribed as a process that involves the destruction of an incident photon and
creation of an exciton (〈a |HEL| i〉), the subsequent scattering of this exciton
to another state with emission of a phonon (〈b, n + 1 |HEP| a, n〉), and finally
the recombination of the latter with emission of the (Stokes-shifted) photon
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(〈f |HEL| b〉) [3]. One has to keep in mind that all the steps involved in the
above sum are virtual processes and that neither the incident nor the scat-
tered photons have to coincide with a real transition in the material. They
can be, and often are, below the bandgap. Moreover, there is no need, and
usually no possibility, for the phonon in the intermediate step to fulfill both
energy and wavevector conservation required for the transition of the exciton
from state |a, n〉 to |b, n + 1〉. Finally, in a virtual process, time ordering of
the intermediate events is arbitrary as causality does not apply to the inter-
mediate states. The process schematically described actually illustrates an
exceptional situation that can lead to a double resonance when both the in-
cident and scattered photons coincide with real electronic transitions [81,82].
In this case, the two denominators in the Raman-scattering tensor exactly
vanish when finite broadening of the states are not included and this single
term completely dominates in the sum over intermediate states. This exam-
ple is an extreme situation of a more general one in which one of the photons
coincides with a dipole-active real transition. This situation is described as
“resonant Raman scattering” (RRS) and has been, and continues to be, an
extensively active field of research [3].

We are concerned in this Chapter with a completely different mechanism
of resonance: that is, optical resonant Raman scattering. Such resonance only
modifies the external matrix elements of the Raman tensor, involving the
light–matter interaction (e.g., 〈f |HEL| b〉 in (20)). In the dipolar approxima-
tion, these matrix elements are proportional either to the incident or scattered
light-field amplitude. Thus, the mechanisms of spatial amplification of light
in microcavities can be used to enhance the Raman-scattering amplitude
through the modification of these matrix elements. In the adiabatic approx-
imation, this modification is completely independent of the electron–phonon
interaction included in the central matrix element, i.e., standard (electronic)
resonant Raman scattering and optical resonant Raman scattering can be
treated separately. Moreover, the dipole matrix elements can be assumed to
remain unaffected by the confinement of light and only reflect the local am-
plitude of the light-field as in the absence of confinement. Based on all these
properties, the scattered amplitude can be locally described as the product
of a microscopic factor, independent of the field amplitude, but reflecting the
Raman mechanisms involved, and of two other factors reflecting the ampli-
tude of the incident and scattered optical field, respectively. We have seen in
Sect. 3.1 that the microcavity confinement modifies both the amplitude of
an optical field incident on the device and the emission pattern of an emitter
located inside the cavity. We have also seen that the two effects are governed
by the same figure of merit, because of the reversibility principle. In fact, the
same amplification Q-factor (given for a FP resonator by (14)) applies for
the intensity of the incident field when measured at the center of the cavity,
and for the emission intensity rate, when detected at the optimum collection
direction. Thus, as follows from (20), the maximum scattering efficiency am-
plification in a perfect double optical resonance process (DOR, i.e., a process
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in which both incident and scattered photons are tuned to an optical cavity
mode) equals Q2. Or, equivalently, it is proportional to the fourth power of
the light-field cavity enhancement. Consequently, if an experimental configu-
ration can be realized where the amplification of the incident field is combined
with the amplification of the scattered emission, very large enhancement can
be expected for the external Raman efficiency.

The amplification power of a microcavity can be tested by the simultane-
ous measurement of the efficiency in the absence and in the presence of cav-
ity enhancement. Such tests involve the comparison of separate experiments
and samples, and thus uncertainties are unavoidable. They have, however,
been performed and will be described in Sect. 4.3. On the other hand, what
one can easily analyze, both experimentally and theoretically, is how the en-
hancement is modified as a function of the detuning of the microcavity close
to the double optical resonance condition. Such detuning can be done either
by changing the photon energy in a tunable laser or by displacing the spot
position in a tapered sample. However, we recall that in a Raman-scattering
process photons at two different energies are involved: the incident energy Ei

and the scattered energy Es are separated by the energy of an internal ex-
citation of the sample. Thus, in order to perform double optical resonance
experiments a configuration is required in which two confined modes with
a tunable separation exist in the same microcavity. This has been done in
two different ways, namely by angle tuning in a single-mode cavity, and by
specifically designing double cavities. These two strategies will be described,
respectively, in Sects. 3.4 and 3.5 below.

3.3 Samples and Their Characterization

The microcavity samples used for the different experiments reviewed in this
Chapter will be described in the corresponding sections. However, we would
like at this introductory stage to give some general remarks that will be useful
for the discussion to follow.

The microcavities we will be talking about are grown using semiconductor
materials with standard epitaxial techniques such as, e.g., molecular beam
epitaxy (MBE). Typically these consist of a spacer, with the “active” mate-
rial embedded in it, and surrounded by DBRs made also of semiconductor
materials that are MBE compatible (i.e., lattice matched) with the active
part. Probably the best-quality samples, in terms of growth, have been made
of III–V semiconductors, involving GaAs, AlAs, Ga1−xAlxAs alloys, and also
Ga1−xInxAs. However, also very good samples are available from II–VI ma-
terials, typically CdTe and its solid solutions with Mg and Mn, Cd1−xMnxTe
and Cd1−xMgxTe. The growth of the latter are usually not as well under
control as their III–V counterparts, and sometimes the cavities display local-
ized exciton states that can complicate the interpretation of the experiments.
Notwithstanding this limitation, II–VI materials have relatively larger oscil-
lator strengths (something relevant to the “strong-coupling” regime) and also
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display larger optical-phonon Raman efficiencies. In general, the choice of the
materials making the DBRs and spacer has to be made such that they are
transparent in the energy range where the active part needs to be studied.
For example, in samples in which the spacer is GaAs, and where the “ac-
tive” part consists of Ga0.85In0.15As quantum wells, the DBRs are made of
GaAs/AlAs multilayers or, if the spacer as a whole is to be investigated,
e.g., with Ga0.8Al0.2As/AlAs. Another obvious but important criterion for
the choice of material, when phonon Raman scattering is to be performed,
is to select the DBRs materials so that their vibrations do not overlap with
those of the active part.

It is also usually the case that the “active” material embedded in the
spacer possesses dipole-active optical transitions in the energy range where
the cavity mode falls. These correspond, e.g., to the lower energy gap related
exciton states of a quantum well (QW), or a multiple quantum well (MQW),
or the spacer as a whole. The domain of “strong coupling” describes the situa-
tion in which exciton and cavity modes are degenerate, or close to degeneracy.
In this case, due to continuous absorption and re-emission before tunneling
out of the cavity, exciton and photon cannot be distinguished leading to cou-
pled excitations called “cavity-polaritons”. On the other hand, most of the
Raman experiments we will describe here were performed with the cavity
modes well below any excitonic transition in the spacer. In this latter case,
the cavity mode is considered to be “purely optical” (i.e., with no exciton
component).

For the purpose of evidencing the coupling between cavity-photons and
excitons, or to adjust the energy of the cavity modes with the available lasers
for resonant excitation in a Raman experiment, a mechanism of tunability
of one or various of the involved energies is required. One way to tune the
energy of the cavity modes with respect to the exciton states is by varying
the temperature. The exciton energy usually increases as the temperature is
lowered. Concomitant with this increase, the index of refraction at a given
energy decreases because the resonant gaps move farther away. Since the cav-
ity-resonance condition is given by d = mλ/2n, with d the spacer thickness,
n the spacer refractive index, and m an integer number, it turns out that the
resonant wavelength decreases as the temperature is lowered. Consequently,
the cavity-mode energy increases as the temperature is reduced, i.e., it shifts
in the same direction as the exciton energy does. However, cavity-mode and
exciton energies do not vary in the same way, and consequently some tun-
ability is possible by controlling the temperature. In any case, this is not the
most convenient way to control the energies involved, since relevant physical
processes depend on temperature, and thus the ideal situation is to keep this
as a free parameter. Another possibility is to change the angle, exploiting
the different dispersion of the exciton and cavity-mode energies with the in
plane wavevector k‖. However, it is in many cases convenient to study the
inplane dispersion of the polaritons, or of the excitations probed by Raman
scattering, and thus an alternative way to set the energy of the cavity mode,
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independently of k‖, is also desirable. The alternative, most extended and
convenient way to change the energies involved is to grow the sample with a
small taper, so that the layer thicknesses change with position in the wafer.
This is quite easily done by exploiting the typical nonuniformity of the ma-
terial deposition in an MBE chamber. In the most general case, all layers are
tapered. Thus, by moving the laser spot on the sample surface the DBRs stop
band and the cavity-mode energy move rigidly following the cavity thickness
as λ = 2nd/m (i.e., its energy increases with decreasing d). On the other
hand, the exciton state of the QWs only depends slightly on d because of
the related minor change in confinement energy. Typically, within a 2-inch
wafer, cavity modes set at around 1.5 eV can be tuned as much as 100 meV
by displacing the laser spot on the wafer surface without significant reduction
of quality of the samples due to inhomogeneous broadening. In this case, the
laser energy, temperature, and k‖, remain as free parameters that can be set
as required for the specific experiment.

In order to perform an experiment, a “cartography” of the cavity and
exciton states on the wafer is required so as to be able to tune the laser with
respect to the cavity mode and to define clearly what is the situation concern-
ing the exciton energies involved. This is done in one of two ways, reflectivity
or photoluminescence measurements. By photoluminescence experiments one
detects the light that is emitted from the microcavity, and reaches the exterior
through the cavity modes or through optical stop-band side oscillations. This
emission is originated on the exciton states or on residual below-gap emis-
sion. For this experiment the excitation is typically done above the stop-band
energy, but below the gaps of the materials making the DBRs. In Raman ex-
periments performed in the transparency region of the spacer materials, the
laser used for Raman excitation is not very efficient in generating photolu-
minescence. In these cases it is sometimes convenient to clearly define the
energy of the cavity mode for resonant excitation, to excite at the same spot
with a second above-gap laser. For example, in experiments performed using
a Ti-sapphire laser on a GaAs cavity with Ga0.8Al0.2As/AlAs DBRs, a HeNe
laser can be used to evidence the spectral position of the cavity mode. Pho-
toluminescence is indeed quite convenient as a characterization tool, because
basically it comes with no cost together with the Raman spectra. However, it
has two limitations that can be sometimes of concern. On the one hand, only
the lowest-energy states can be probed by photoluminescence. On the other
hand, the detected amplitude of these states is strongly influenced by the
carrier population that is not necessarily thermalized and thus complicates
the interpretation of the experiments. In these cases, reflectivity measure-
ments that can be performed, e.g., with a conventional light source and a
spectrometer, a Fourier transform infrared spectrometer or with a tunable
laser, are the preferred choice.
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3.4 Angle Tuning in One-Mode Cavities

As discussed above, high-finesse cavities, as required for maximum field en-
hancement, are obtained by the use of almost total reflectivity mirrors. Al-
though this implies no limitation for luminescence studies, in which the exci-
tation is made at energies above the cavity stop band, it poses a problem for
Raman experiments where photons differing by the energy of the excitation
under study must get into, or leave, the microcavity. The experiments re-
ported by Cairo and coworkers using a piezoelectrically controlled cavity [36],
commented on in Sect. 2, relied on a cavity-single-resonance condition: while
the bottom mirror of the cavity was reflecting at both excitation and Stokes
energies, the top mirror only confined the Stokes radiation. The mentioned
stimulated Raman scattering studies on droplets [32–35], on the other hand,
made use of relatively large cavity diameters (10–30 µm) and thus the high
mode densities enabled the tuning of the laser frequency (or the droplet size)
so that cavity double resonance was possible.

Typical planar semiconductor microcavities as the one depicted in Fig. 3,
have only one cavity vertical mode within the stop band. Figure 3 displays
the cavity reflectivity while the corresponding electric field distribution at
normal incidence tuned to the cavity mode for that specific cavity is shown
in Fig. 4. The aim is to exploit these spectrally dependent modifications of the
photon-field amplitude and spatial distribution to produce enhanced Raman
signals. In Raman-scattering experiments performed on the face normal to the
growth z-axis of such a structure, both the incoming and outgoing photons
(separated by the energy of the excitation under study, e.g., 36 meV for a
GaAs optical phonon) must resonate with optical modes of the cavity in order
to get into, or leave, the structure. For a planar semiconductor microcavity
with a single vertical mode within each stop band, such as that depicted in
Fig. 3, this can be accomplished by taking advantage of the continuum of
inplane optical modes [42]. In fact, if ω0 is the frequency of the cavity mode
along z, and k‖ the photon inplane wavevector, the mode dispersion is given
by

ω(k‖) =
√

ω2
0 + (ck‖/neff)2 . (21)

This is the k-space equivalent of the angular dependence of the DBR ener-
gies ωp given by (10). An optical double resonance can hence be achieved by
tuning the angle (with respect to z) between incoming and scattered rays [42].
For example, if light is collected along z, the required incidence angle θ0 (mea-
sured in air) for Stokes scattering of an excitation of frequency ωph will be
given approximately by

θ0 ≈ neff arccos
(

ω0

ω0 + ωph

)
. (22)

Here, neff is an effective refractive index for the cavity.
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Fig. 7. Scheme of the double optical resonant angle tuning geometry in single
optical-mode cavities. Left : Optical reflectivity for different angles with respect to
the heterostructure’s normal z. Ei and Es indicate the incoming and scattered
fields, respectively. Right : scheme of the cavity-mode inplane dispersion and of the
relevant energies and wavevectors. ω0, ωph and k0 label the 0◦ cavity-mode energy,
the phonon energy, and the laser inplane wavevector, respectively

These concepts are illustrated in Fig. 7. In the example shown light is in-
cident at an angle defined by the inplane photon dispersion and the energy of
the studied excitation (ωph), and the scattered radiation is collected along z.
The left panel shows how the optical reflectivity depends on the angle with
respect to z, and how this can be exploited to tune the incoming (Ei) and
scattered (Es) fields with optically confined modes. The right panel, on the
other hand, represents the same idea but in k-space. The cavity-mode inplane
dispersion given by (21) is shown, together with the energies and wavevectors
relevant for a double optical resonant Raman process. Note that both Stokes
and anti-Stokes (i.e., emission or absorption of an excitation by the incom-
ing photon, respectively) configurations are feasible, depending on whether
the excitation or the scattered light angle is the largest. The example shown
corresponds to a Stokes process. For anti-Stokes scattering the roles of Ei

and Es have simply to be interchanged.

3.5 Two-Mode Cavities

We have shown in the previous section that cavity-enhanced Raman scat-
tering can be obtained through double optical resonances in standard mi-
crocavities designed with only one confined optical mode [42]. In such situ-
ations, the tuning of both laser and Stokes (nondegenerate) photons can be
accomplished by tuning the incidence and scattered angles with respect to
the growth axis (z). This scattering geometry is appropriate for the study
of small-energy excitations, but becomes cumbersome above ∼ 35 meV (e.g.,
for optical phonons) where incidence angles typically larger than ∼ 50◦ have
to be used. On the other hand, note that in principle both the excitation and
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Fig. 8. Scheme of the double cavity consisting of two λ/2 spacers made by 10.5-
period GaAs(8.5 nm)/AlAs(4.4 nm) MQWs, with 20 DBR Ga0.8Al0.2As/AlAs pairs
on the bottom, 16 on top, and 8.5 in between

collection directions may be varied according to (21). This opens up the pos-
sibility to measure the inplane dispersion of the excitations by changing both
angles together. However, for the study of optical phonons or other high-en-
ergy excitations, in the single-mode cavity scheme discussed up to now the
large angle required between incoming and scattered fields implies a strong
limit for the range of inplane wavevectors that can be probed. We are thus
going to describe here an alternative strategy for DOR Raman-scattering
enhancement designed for almost exact backscattering geometries.

The idea relies on a double-cavity structure, as described conceptually
in Sect. 3.1, specifically designed for optical-phonon DOR Raman-scatter-
ing experiments in a backscattering geometry. Double microcavities were
originally proposed for dual-wavelength laser emission [83]. A coupled dou-
ble cavity consists of two identical λ/2 spacers enclosed by top and bot-
tom DBRs, and separated by a lower-reflectivity mirror. In Fig. 8 a scheme
of a double cavity designed for the study of optical phonons in finite-
size superlattices is presented. It has two λ/2 spacers made by 10.5-period
GaAs(8.5 nm)/AlAs(4.4 nm) MQWs, with 20 DBR Ga0.8Al0.2As/AlAs pairs
on the bottom, 16 on top, and 8.5 in between. The choice of the alloy in
the DBRs is defined, on the one hand, so that the DBRs are transparent at
the MQWs exciton energy, and on the other hand because the longitudinal
optical (LO) GaAs-like phonons of Ga0.8Al0.2As are spectrally well separated
from the MQWs confined GaAs-like vibrations. Like the simpler structure de-
scribed in the previous section, these double cavities can be purposely grown
with a slight taper so as to tune the cavity modes by displacing the spot
position on the wafer.

In Fig. 9 the measured cavity modes of the structure depicted in Fig. 8 are
shown. In the inset we display a typical reflectivity spectrum clearly show-
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Fig. 9. Luminescence measurements at 77 K. X, 1, and 2 label the MQWs exciton,
and the upper and lower cavity modes, respectively. The DOR Raman scattering
by an LO phonon is also schematically shown. Inset : Room-temperature reflectivity
displaying the two confined optical modes within the DBRs stop band

ing the two cavity modes. We also present in the main panel the variation
of the energy of the cavity modes when displacing the laser spot position
in the surface of the tapered structure. These positions have been deduced
from luminescence measurements as explained above. Note how the two ini-
tially degenerate optical modes of the identical cavities are split by the mu-
tual coupling. The splitting across the structure is almost constant, around
32–33 meV. The average energy, on the other hand, can be tuned over a large
range. The square modulus of the field distribution (which is the same for the
two modes if the two cavities are identical) displays maxima in the two cav-
ity spacers, as illustrated in Fig. 10a. The structure constitutes a “photonic
molecule” in the same sense as used for atoms. In fact, the two split cav-
ity modes are completely equivalent to the bonding and antibonding states
of, e.g., a hydrogen molecule. As for a H2 molecule, the two modes differ in
their parity (symmetric and antisymmetric) with respect to the center of the
structure [84]. This is shown in Fig. 10b, where the physical reason for the
difference in energy between the two cavity modes can also be understood: E1

and E2 distribute their amplitudes differently in the two materials. Thus, the
mode with amplitude larger in the material with higher refractive index will
be blueshifted with respect to that concentrated in the lower-index regions.

The splitting of the bonding and antibonding states of H2 can be varied by
changing the overlap of the electronic clouds corresponding to the individual
atoms. Equivalently, the splitting between photonic states can be tuned by
changing the cavity-mode field penetration in the neighboring cavity. This is
accomplished by reducing or augmenting the reflectivity of the intermediate
mirror, as shown in Fig. 6 (right). In such a way, the mode splitting can be
tuned to the energy of the excitation under study. For the structure described
here the splitting was set to be slightly smaller than the optical-phonon en-
ergy of the spacer MQWs. As schematized in Fig. 9, the Stokes-scattering
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Fig. 10. Field distribution in the doublex-cavity structure. In (a) the square mod-
ulus of the fields (which is identical for the two confined modes) is shown. In (b) a
detail of field amplitude at the double cavity and intermediate DBR region is shown.
Note the different parity of the modes with respect to the center (mirror plane) of
the structure, and the different distribution of amplitudes in the two DBR materials

DOR is attained by exciting and collecting the scattered light at the upper
and lower cavity modes, respectively, using an almost backscattering geom-
etry where incident and scattered photons are collinear [85]. A small-angle
tuning can be used in addition to selectively amplify different regions of the
spectra, in the same way as explained for the single-mode cavities. Moreover,
an anti-Stokes experiment can also be performed by simply reversing the role
of Ei and Es in the scheme. Note that it is important that the two cavities
be identical for achieving a DOR. Only in such a case are the two optical
eigenmodes distributed equivalently in the two cavities, giving the necessary
overlap between the laser and Stokes fields.

3.6 Models of Optical Resonant Amplification

In the previous sections we have described the main characteristics of opti-
cal resonant Raman scattering in microcavities, and we have presented two
alternative strategies to attain such a condition in planar structures. In this
section we will provide a more quantitative discussion of the Raman efficiency
introducing a model to describe the modifications due to optical confinement
in a planar microcavity. The model considers the two photon vertices of the
Raman process as independent, that is, takes into account the presence of
the cavity through its added effect on the excitation and emission steps.
As discussed in Sect. 3.1, the enhancement of excitation and emission in a
cavity are given by the same factor Q. Thus, it is in principle possible to
evaluate the amplification of a Raman process because of coupling through
a cavity mode in a cavity simply by evaluating one of these quantities. Be-
cause of simplicity, this is typically done by calculating the enhancement of
the excitation-laser field at the position in the cavity where the scatterer re-
sides [44]. However, in this section we will present a description that considers
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the excitation and emission separately. This picture provides a more complete
perspective on optical properties of DBR cavities that is important to fully
grasp the implications of using interference mirrors for light confinement. For
this purpose, we will discuss the spectroscopical properties of dipoles in DBR
cavities, i.e., their emission pattern and excitation-field spatial distribution.
They are shown to strongly depend on photon frequency leading either to
enhancement (for resonance conditions) or inhibition. This discussion is the
equivalent, for a layered semiconductor system, of the analysis performed in
Sect. 3.1 for Fabry–Perot resonators. A transfer-matrix formalism is used to
evaluate the exciting field at the cavity spacer. Since this is a standard pro-
cedure, we refer the readers to the reference list for further details [66, 67].
The emission step of the scattering process, on the other hand, is modeled
in terms of dipoles modified by the presence of the cavity. As we will briefly
review in what follows, this is done by evaluating the electric field (direct plus
reflected by the Bragg mirror) at the site of the emitting dipole [24–27, 73].
Standard methods of classical antenna theory based on a TE and a TM plane
and evanescent-mode decomposition of the dipole emission are used to obtain
these fields [86].

The basis for this theory was developed very early by Sommerfeld and oth-
ers [87–89] in order to describe the radiation from an antenna in the presence
of a partially conducting earth. It was later extended to treat the problem
of spontaneous emission lifetime modifications by Chance and coworkers, in-
cluding the problem of a molecule emitting near a partially reflecting surface
and between two parallel mirrors [25–27]. A more recent analysis of single-
mode and planar cavities, and the problem of spontaneous emission lifetime
and strong coupling in cavities was given by Abram and Oudar [90]. The
basic ideas can be understood starting from the classical equation of motion
of a dipole (assumed to be a harmonically bound charge) [25–27]:

µ̈ + Ω2µ = (e2/m)ER − γ0µ̇ , (23)

where Ω is the dipole oscillation frequency in the absence of damping, m
and e are the effective mass and charge of the dipole, respectively, ER is the
electric field produced by the dipole and reflected back to the dipole, and γ0 is
the damping constant (inverse lifetime) for the dipole in an infinite medium.
ER oscillates at the same frequency as µ. Using the ansatz µ = µ0eiωt, it is
straightforward to see that

ω = −iγ0/2 + Ω(1 − γ2
0/4Ω2 − e2ER/µ0mΩ2)1/2 . (24)

Assuming that the interference-induced corrections to the dipole oscilla-
tion are small, it follows from (24) that both the decay rate γ0 and the real
part of ER contribute to a shift of the emission frequency, while the imagi-
nary part of ER modifies the decay rate in the presence of self-interference:

γ = γ0 + (e2/µ0mΩ)Im(ER) . (25)
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In the process of spontaneous emission, the electric field that is reflected
back to the dipole (ER) drives it and modifies its decay rate. Thus, the mod-
ifications of the emission introduced by the cavity walls can be taken into
account through a relatively simple calculation of the spatial distribution of
the field of a dipole in stratified media, a problem that is treated in many
textbooks on electromagnetic theory [86]. This is done by writing the solu-
tions to the wave equation in each medium in terms of superposition of TE
and TM wave components (the boundary conditions at each interface lead to
the well-known Fresnel reflection coefficients), and using the so-called Som-
merfeld identity that expresses the spherical waves generated by the dipole
in terms of cylindrical coordinates appropriate for the geometry of the lay-
ered system [86]. It is important in this procedure to consider both plane
and evanescent waves. For the latter the wavevector is imaginary, defining a
penetration depth. Thus, in homogeneous media these do not contribute to
the far field. However, if close to the source there is another medium with
a refractive index larger than that where the dipole resides, the evanescent
waves that reach the boundary can later propagate freely as plane waves.
These contributions are essential to treat the so-called leaky waves in strat-
ified dielectrics that we will show below characterize the emission of dipoles
in DBR structures at intermediate angles [45, 73].

Theoretical results using this dipole-emission model are illustrated with
the example of a low-finesse asymmetric microcavity consisting of a 3λ/2
GaAs/AlAs MQW grown on a single AlGaAs/AlAs DBR. The structure con-
sists of a 36-period GaAs/AlAs (70 Å/30 Å) MQW deposited on 28 periods
of quarter-wavelength Al0.33Ga0.67As/AlAs (617 Å/707 Å) layers acting as
the DBR [41]. The sample is limited above by air, and below by GaAs. The
total thickness of the MQW is 3λ/2. We begin by describing the emission
characteristics of dipoles located at different positions of the spacer MQWs,
and emitting at an energy corresponding to the cavity mode along z (i.e.,
with wavelength λ). Figure 11a shows the calculated emission intensity as a
function of azimuthal angle θ (with respect to the growth axis, z) for dipoles
oriented parallel to the layers and located at a distance d0 = λ/2 (top trace)
and d0 = λ/4 (bottom curve) from the MQW–DBR interface. The total emis-
sion integrated over the MQW thickness is also shown (thicker solid curve).
All curves are normalized to the dipole emission in an infinite medium of equal
refractive index. Note that in calculating the average emission the emitted
intensities have been summed and not the complex fields, that is, incoherent
radiation is assumed. This assumption is equivalent to considering that the
oscillator phases are uncorrelated, and models a system in which intermediate
phonon vibrations add an additional source of phase incoherence, even if the
excitation of all dipoles at different layers is done coherently. Three regions
can be distinguished in Fig. 11a: Along z and up to θ ≈ 16◦, the radiation
leaves the sample towards air. Between 16◦ and ≈ 65◦, total internal reflec-
tion inhibits the latter, but energy leaks to the DBR and GaAs substrate.
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Fig. 11. (a) Calculated radiation pattern as a function of azimuthal angle for
horizontal dipoles located at d0 = λ/2 (top curve) and d0 = λ/4 (bottom) from
a DBR. The thicker solid curve corresponds to the emission integrated through
the 3λ/2 thickness of the MQW. (b) Normal incidence DBR reflectivity (dashed)
and MQW-integrated z-axis emission intensity as a function of photon energy. The
curves are given relative to the emission of a similar dipole in an infinite medium
of equal refractive index

Finally, above ≈ 65◦ radiation can no longer leave the sample except through
guided modes (peaks at ≈ 76◦).

We are interested here mainly in the emission along and close to z
(θ ∼ 0◦), where light is collected by the optics. According to Fig. 11a, this
emission in the half-cavity can be enhanced up to a factor ≈ 6 or inhib-
ited down to ≈ 0.01 depending on whether the dipole is located at a dis-
tance d0 = λ/2 (antinode) or d0 = λ/4 (node) from the DBR, respectively.
Since there is no phase change on reflection at the MQW/DBR and MQW/air
interfaces, these distances correspond to constructive or destructive inter-
ference, respectively, of the direct and reflected emitted light at the dipole
location. We note that the factor of 6 enhancement is due to the presence
of both MQW/DBR and MQW/ air interfaces. In fact, a dipole at a dis-
tance d0 = λ/2 of the same DBR mirror but located on an infinite half-space
only enhances its z-axis emission by a factor 2. The z-axis emission integrated
over the whole MQW, on the other hand, is enhanced by a factor of ≈ 3.
However, these values are critically dependent on frequency, as we show in
Fig. 11b. There, the integrated z-axis emission is presented for several pho-
ton wavelengths around λ. The DBRs reflectivity, evaluated by the standard
method of transfer matrices [66, 67] is also shown for comparison. The emis-
sion enhancement drops rapidly away from λ, leading to relative inhibition
out of resonance.

The cavity-induced self-interference of the laser excitation is based on the
same physical principle as the above-discussed emission and thus displays
a qualitatively similar frequency behavior. As we have discussed above, in a
Raman-scattering experiment the excitation is performed at an energy differ-
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Fig. 12. (a) Calculated optical-field amplitude at the MQW and DBR for several
photon wavelengths around λ for a plane wave of amplitude 1 incident from air
at θ0 = 52◦. (b) Normal-incidence DBR reflectivity and MQW-averaged 52◦ in-
cidence excitation intensity as a function of photon energy. The curves are given
relative to the normal incidence field intensity in a MQW without DBR

ent from that of the emission (higher or lower depending on whether Stokes
or anti-Stokes processes are studied [1–3]). Thus, Fig. 11b indicates that for
normal incidence (exact backscattering) the excitation would be inhibited. As
we have argued in Sect. 3.4, this problem can be circumvented by tuning the
incidence angle [42]. Figure 12a presents the optical electric-field amplitude
within the MQW and DBR for a wave incident at an angle θ0 = 52◦. These
curves, correspond to three different wavelengths close to λ. Standing-wave
patterns with constructive and destructive interferences, depending on the
photon energy, are formed. They decay exponentially within the DBR. Con-
trary to a MQW without DBR, where the transmission factor of the surface
reduces the excitation by ≈ 2, the insertion of a DBR leads to an enhance-
ment by a factor 2. In Fig. 12b we show the intensity of the incident field
averaged in the MQW region as a function of photon frequency, relative to
the field intensity in a MQW without DBR (i.e., grown as is standard on
GaAs, and limited above by air). A relative excitation enhancement of up to
a factor 10 may be attained for the described low-Q cavity, which drops as
the photon frequency is varied. Note that the maximum of the curve is no
longer centered at the normal incidence stop band, also shown on the figure.
It is actually centered at the 52◦ one. In this example (θ0 = 52◦), the shift be-
tween the excitation and emission enhancement curves (35 meV) corresponds
to the frequency of a GaAs optical phonon.

A phonon Raman-scattering process may be separated into three steps,
consisting of the (virtual) creation of an exciton, followed by the emission
of a vibration by that exciton, and finally by the recombination of the (also
virtual) final state exciton. The two described mechanisms of excitation and
emission enhancement thus contribute to such a process if the incidence angle



48 Alejandro Fainstein and Bernard Jusserand

is appropriately tuned. This leads, for the analyzed half-cavity and consid-
ering Figs. 11b and 12b, to a double-resonance excitation–emission enhance-
ment of ≈ 30 (with respect to a MQW without DBR). Moreover, an even
larger enhancement exists if there is spatial coherence between excitation and
emission, as is the case in a Raman process. In this case, calculated by mul-
tiplying the excitation and emission enhancements before averaging through
the MQW, the overall amplification is 50 % larger, i.e., it could attain a factor
of ≈ 50 for such a low-Q cavity. In Sect. 4.3 these concepts will be used to
describe the experimental amplification capabilities of both low- and high-Q
cavities, and enhancements in excess of 105 will be demonstrated.

In ending this section we note that if the emission in all directions needs
to be calculated (e.g., for the evaluation of emission lifetimes) [73, 90], or
if the total Raman cross section is required, a model such as the one pre-
sented above that accounts for the cavity-modified emission in all directions
is needed. On the other hand, if only the amplification on the scattered light–
matter interaction vertex along one direction defined by the cavity mode is
evaluated (e.g., z) then, as argued in the beginning of this section following
the discussion on Sect. 3.1, it is sufficient to calculate the enhancement of
the electric field with respect to the nonconfined situation for this particu-
lar direction. In such a case, the Raman amplification for a double optical
resonant experiment is essentially given by the fourth power of the field en-
hancement in the structure [44, 49, 51]. This simpler approach will be used
in Sect. 5.4 to describe the Raman amplification in photon–acoustic-phonon
double resonators.

3.7 Raman Scattering with Confined Photons

Thus far we have discussed various features of Raman scattering in micro-
cavities related to the involvement of optically confined states. Namely, the
spectral discretization of photon states, the mode spatial confinement and
amplification, and the angular patterns of the mode, as evidenced both in
excitation and emission. Another important aspect of Raman scattering un-
der optical confinement is related to the fact that the incident and scattered
photons are no longer plane waves (or cannot be reasonably well described as
plane waves), as in typical Raman-scattering experiments. In fact, the Raman
efficiency in a cavity can be written as [43]:

σ ∝
∣∣∣∣
∫ (

eikiz + e−ikiz
)∗

φph

(
eiksz + e−iksz

)∣∣∣∣
2

, (26)

where the first and third terms in the r.h.s. describe the incident and scat-
tered fields, respectively, and φph is the displacement pattern associated with
a specific phonon. Note that the photon fields are themselves optical standing
waves set up by the incident and reflected components. By construction, for
the cavity optical modes ki = ks = π/D [42]. Thus, (26) can be separated into
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two scattering components σb ∝
∣∣∣2 ∫

cos(2πz/D)φb
ph

∣∣∣2 and σf ∝
∣∣∣2 ∫

φf
ph

∣∣∣2,
respectively. Here, b and f stand for backscattering and forward scatter-
ing, respectively. That is, besides the backscattering component (transferred
wavevector kz = 2ki = 2π/D) expected for the considered scattering ge-
ometry, the fact that photons in a cavity are standing waves leads to the
observation, in addition, to a forward-scattering contribution (transferred
wavevector kz = 0). In a photon picture this can be simply understood con-
sidering that both laser and scattered photons are reflected back and forth in
a cavity due to reflection at the mirrors, and finally escape by tunneling. In
such a picture, light collected for both positive and negative z is equivalent.
We note that forward-scattering experiments in semiconductor heterostruc-
tures are seldom performed because they imply the complete removal of the
substrate [91, 92]. As will become clear in Sect. 5, this feature of microcav-
ities will find great application in the study of phonons in semiconductor
nanostructures.

4 Experimental Results on Raman Amplification
by Optical Confinement

We review in this section a series of experimental results on Raman scatter-
ing in semiconductor microcavities that evidence the consequences of optical
confinement discussed in the previous section. We begin with the first re-
ported example of double optical resonances in a cavity that highlights the
amplification potential of the structure and the power for spectrally select-
ing specific phonon features. We then illustrate the angular dependence of
excitation and emission in high-Q cavities and we end the section by describ-
ing a series of single- and double-resonance experiments conceived to test
quantitatively the amplification power of planar semiconductor resonators.

4.1 Spectral Selectivity and Amplification

In order to illustrate the concept of optical amplification of Raman scattering
in cavities we start with Raman spectra obtained in a microcavity consist-
ing of a half-wave AlAs spacer enclosed by GaAs/AlAs quarter-wave layers
(13.5 pairs above, 20 below) acting as distributed Bragg reflectors (DBRs),
grown by molecular beam epitaxy on a GaAs wafer [42, 73]. Two 12 nm wide
strained In0.14Ga0.86As quantum wells are located at the center of the AlAs
cavity, each enclosed by 1 nm wide layers of GaAs. A finesse of 300 was esti-
mated from reflectivity curves for this structure [73]. A slight taper exists in
all layers thus enabling the tuning of the cavity mode by displacing radially
the spot under examination. For comparison, a second sample similar to the
first but with its growth stopped just after the AlAs cavity (i.e., without the
top DBR) was also studied [45].



50 Alejandro Fainstein and Bernard Jusserand

Figure 13 shows the Raman spectra of both the cavity (top panel) and
test samples (bottom panel), taken for the crossed z′(x, y)z configuration at
1.37 eV (below the QW gap ≈ 1.385 eV). x(y) indicates incident (scattered)
light polarized along the crystal axis (100)[(010)], and z a scattered photon
propagating along z. z′ indicates light incident, for this case, at 54◦ (exter-
nal) with respect to z. For the 20.62 mm spectrum (highlighted with a thicker
curve), θ0 and the spot under observation are such that both Stokes and ex-
citation photons are simultaneously resonant to the cavity mode and differ in
energy by the longitudinal optical phonon of GaAs (LO ≈ 295 cm−1). Com-
pare this spectrum with that taken from the test (no top DBR) sample, shown
in Fig. 13 (bottom). Note in particular the difference in amplitude: enormous
scattering enhancement with respect to the test sample is obtained by cav-
ity optical confinement. We postpone a quantitative analysis of this cavity
enhancement to Sect. 4.3, remaining qualitative here with the purpose of
highlighting the main characteristics of optically confined Raman scattering.
One may selectively enhance different parts of the spectrum by collecting
data from different spot positions (i.e., the cavity mode resonant with dif-
ferent Stokes energies) but leaving the angle fixed. By doing this we slightly
detune the laser photons, but taking advantage of the width of the geomet-
rical resonance almost double resonance is preserved. Note in Fig. 13 how
all the secondary structures are selectively amplified by displacing the cav-
ity mode through the Stokes region, from ≈ 304 cm−1 in the lower spectrum
to ≈ 278 cm−1 in the upper one. In fact, at least eight Raman peaks, some
with doublets, can be clearly identified within the LO (≈ 295 cm−1) and TO
(transverse optic phonon, ≈ 272 cm−1) range. It is possible to relate these
modes to specific regions in the heterostructure, i.e., the surfaces limiting the
DBRs, the DBRs themselves, or the central QWs. They reflect an interesting
problem of interface-like DBR modes discretized by finite-size effects that has
been treated in detail in [42] and [41] and will be the subject of Sect. 5.1.

4.2 Angular Selectivity

According to (10) and (21), the Raman enhancement in a planar microcavity
should depend critically on the incidence angle, θ0. This is in fact the case,
as is shown in Fig. 14 where we present the scattering intensity as a function
of θ0 for a fixed laser energy and with the cavity mode along z in resonance
with the LO-phonon Stokes frequency (a) or with a lower-energy interface
phonon mode (b) [42]. Note that in (a) maximum intensity is obtained for θ0

set to 54◦, corresponding to a DOR at the LO-phonon energy, while in (b)
the maximum is at θ0 ∼ 52◦, tuned for DOR at the lower-energy interface
mode. These two panels demonstrate that for highlighting specific peaks, one
has simply to tune the cavity mode with the desired Stokes energy and vary
the angle for double resonance. In fact, by doing this, peaks that appear
secondary on Fig. 14a can be made even larger than the LO peak (as in
Fig. 14b). Note that more than two orders of magnitude variations of the
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Fig. 13. Raman spectra taken with z′(x, y)z configuration for both the cavity
(top) and a test QW sample, i.e., without top DBR (bottom panel). z′ corresponds
to the laser incident at 54◦ with respect to z (external to the sample). The laser
energy was 1.37 eV, below the QW’s exciton. In the top panel Raman-scattering
spectra collected for different positions in the wafer are shown, that is, with selective
enhancement of different parts of the Stokes region. The incident angle was held
fixed, for exact double resonance slightly below the LO phonon

Raman peak intensity are observed by rotating the incident angle less than
four degrees, thus going from double to single (outgoing) resonance. The
angular dependence half-width at half maximum (HWHM) is of the order
of 1◦, which is consistent with the finesse of the measured reflectivity optical
mode in the same structure (0.3 nm) [73].

Another important aspect of light scattering in microcavities, also directly
related to the confined photon angular dispersion given by (10) and (21), is
the angular directionality of the emitted light [41]. This can be seen in Fig. 15,
where the Raman intensity as a function of emission angle is shown. With
the sample at the focus (80 mm) of the f/2 aperture collecting lens used
in the experiments, the scattered light propagates parallel as a 40 mm cross
section beam up to the spectrometer, where it is once more focused to the
entrance slit. Thus, within the small angular interval spanned by the collect-
ing lens, the angular distribution of the scattered light can be determined by
radially collimating the beam. The cavity mode was tuned (along z) to the
lower-energy peak (i.e., larger Raman shift). It is evident that the emission
is highly concentrated along a direction determined by the outgoing reso-
nance condition, along z for the lower-energy mode, and at a finite angle for
the higher-energy peak (i.e., lower Raman shift). We note that, for a low-Q
half-cavity and within the collection aperture used in the experiments, the
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Fig. 14. Dependence of the Raman peak intensity on θ0 (measured external to
the sample), and normalized to the test sample (full dots). In (a) the cavity is
tuned along z to the LO Stokes energy, while for (b) the mode was set to one
interface mode at lower Raman shifts. The dotted lines are a guide to the eye
joining the experimental points. Raman spectra are shown at a few different angles
for illustration, shifted so that the most intense peak (LO or interface phonon)
coincides with the respective angle. The inset shows the scattering configuration

emission pattern was observed to be isotropic. The calculated angular depen-
dence of the emitted radiation, presented in Sect. 3.6 can be used to evaluate
the emission patterns of dipoles in a cavity. As an example, this is done for
the Stokes energies of the Raman peaks labeled with solid and empty circles
in Fig. 15, and displayed by solid curves in the right panel [41].

4.3 Cavity Performance

In order to test the theoretical model presented in Sect. 3.6 and the actual
performance of real cavities for Raman amplification, single and double op-
tical resonance experiments in both high-Q and low-Q type cavities will be
discussed [41, 45]. The relative scattering enhancement for the four possible
configurations is determined and compared with calculations of the respec-
tive cavity-induced Raman-efficiency modifications. Two cavities are studied:
one complete (high-Q), the other without top DBR but otherwise identical
(low-Q), both grown on GaAs substrates. The structures consist of a 28-pair
AlAs/Al0.33Ga0.67As bottom DBR followed by the active spacer layer made of
a 3λ/2 total thickness (36 period) 70 Å/30 Å GaAs/AlAs MQW, terminated,
in the case of the complete cavity, with a 25-period AlAs/Al0.33Ga0.67As top
DBR. The complete and half-cavities differ in their Q-factors, the latter hav-
ing a finesse about 50 times smaller than the former. The MQWs optical and
folded-acoustic phonons provide specific and well-localized probes. In addi-
tion, the signals are much larger than for single-QW structures, enabling a
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Fig. 15. Left : Cavity optical phonon Raman spectra as a function of collection
angle. Right : Angular pattern of the emission intensity corresponding to the peaks
labeled in (a), respectively, with solid and open circles. Full curves are calculated
(see text). The dotted curve is a guide to the eye joining the experimental points.
The dashed straight lines denote the collection aperture limits

clear determination of the cavity effects also for low-Q structures. The Al con-
centration on the alloy making the DBRs is chosen to be the smallest possible
for growth-quality reasons, compatible with two requirements: transparency
at the MQWs exciton energy and, at the same time, an average refractive
index smaller than that of the MQWs so that light propagating along the
MQW layers is waveguided. The latter condition is meant to enable single
optical resonance experiments, as will be explained below.

The excitation (at 1.53 eV and focused to a circular spot of ≈ 50 µm di-
ameter with standard f = 10 cm optics) was performed at 77 K, well below
the MQWs fundamental gap (1.6 eV), that is, under optical but not excitonic
resonance conditions [3]. Different Stokes signals specific to the MQWs are
monitored: the GaAs-like optical vibrations, longitudinal (LO ≈ 295 cm−1)
and transverse (TO ≈ 272 cm−1), and the first pair of folded acoustic phonons
(FA ≈ 15 cm−1). For the single optical resonance experiments a right-angle
geometry was used: the excitation is done parallel to the cavity axis (z), close
to a freshly cleaved edge to reduce absorption of the scattered (waveguided)
light that is collected along the MQW layers from the side of the sample.
Thus, only the incoming photon is resonant with a vertical cavity mode. On
the other hand, for the double-resonance geometry the angle-tuning config-
uration described in Sect. 3.4 was used. The scattered light was collected
along z, while the incident angle θ0 was tuned for resonance depending on
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the phonon under study (θ0 ∼ 50◦ for the optic phonons, while θ0 ∼ 20◦ for
the folded acoustic vibrations).

Figure 16 (bottom) presents the full-cavity single-resonance Raman in-
tensity due to LO, TO and FA phonons, as a function of ω0, the frequency of
the cavity mode along z (varied by shifting the spot position in the tapered
cavity). For comparison, the reflectivity (monitored at the same time as the
Raman signals) is also presented (top). Various features of the data should
be noted: first, all three phonon resonance scans coincide and, as evidenced
by the reflectivity curve, their maxima correspond to ω0 being tuned to the
laser energy (we recall that the excitation here takes place along z). The lack
of dependence of the Raman resonance scans on the energy of the Stokes
photon (which is different for the three vibrations), reflects the fact that only
the incoming photon resonates. Second, largely amplified signals are seen
in resonance and extinction (below the noise level) on detuning ω0. Third,
the FWHM of the curves on Fig. 16 (≈ 0.7 meV) reflect the cavity finesse
(≈ 2000). The half-cavity single-resonance data (not shown in the figure),
on the other hand, is qualitatively similar, with a FWHM ≈ 32 meV (i.e., a
finesse ≈ 45), and a maximum signal about 20 times smaller. Note the clear
asymmetry of both the Raman resonance scan and the reflectivity, which dis-
play a larger tail towards lower cavity-mode energies. This asymmetry arises
from the fact that the laser light is focused, and thus it impinges on the cavity
with a distribution of angles around θ0 = 0. Consequently, when the cavity
mode along z is set to a value smaller than the laser energy, because of the
mode angular dispersion given by (10) and (21), part of the excitation light
can still enter the cavity through an angle different from zero.

We now turn to the double-resonance results. In Fig. 17 we present the LO
and FA phonon Raman-scattering intensity, obtained under optical double-
resonance conditions, as a function of ω0. θ0 equals ∼ 52◦ and ∼ 20◦ for the
LO and FA resonance scans, respectively. Data for both the complete (circles)
and half (squares) cavities are shown. The maxima of the curves occur in this
case when ω0 coincides with the Stokes energy of each vibration, as expected
for light collected along z. Note the observed dynamical range larger than 105

for the complete cavity, leading to huge signals under exact double resonance
and extinction (as for the single resonance above) for detunings of about
3–4 FWHM. On the contrary, for the low-Q half-structures the dynamical
range falls to values lower than 102, and no complete suppression is observed.
The overlapping of the low-Q cavity LO and FA curves implies that signals
are observed even if the cavity is completely detuned. This fact was used
in [41] to evidence the added effect of the incoming and outgoing resonances
in the scattering process.

A quantitative comparative analysis of the Raman intensities for the four
different configurations, single and double optical resonances, in both high-
and low-Q cavities, is possible since the active media leading to the Raman
signals, i.e., the MQWs, are the same. Only the photon density of the incom-
ing and/or outgoing channels at the MQWs location is varied in a controlled
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Fig. 16. Bottom: Raman intensity single-resonance scans obtained by monitoring
different phonon (LO, TO and FA) signals as a function of the cavity-mode energy.
Top: Reflectivity curve showing that the resonance maxima correspond to the laser
energy being tuned to ω0

Fig. 17. Raman intensity LO and
FA phonon double-resonance scans
on both the high-Q (circles) and low-
Q (squares) cavities. Note that the
scans for the LO and FA phonons are
obtained with different incident laser
angles, tuned for the respective dou-
ble resonance (52◦ and 20◦, respec-
tively)
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Fig. 18. Experimental (solid symbols) and theoretical (curves) LO-phonon dou-
ble (a) and single (b) resonance scans, given with respect to the Raman efficiency
calculated for a MQW without any optical confinement. The only adjusting pa-
rameter for the four experimental configurations is the maximum of the half-cavity
single resonance scan, labeled with a larger red solid square in (b)

way [45]. Hence, the Raman efficiency of three of the structures can be calcu-
lated, parameter-free, in terms of the fourth, of which the scattering intensity
at a given ω0 is adjusted to fit the experiment. In this process it is assumed
that, for the single-resonance configurations, no enhancement exists on the
outgoing channel. In Fig. 18 the calculated Raman-scattering optical reso-
nance scans for the four reported configurations are presented and compared
with the LO-phonon experimental data. The scattering efficiencies are given
with respect to that of a similar MQW directly grown on a GaAs substrate.
Unfortunately, this is just a theoretical value because no detectable signal
could be observed from LO phonons in a conventional optically unconfined
MQW under the same experimental conditions (below-gap excitation). There
is a single adjusting parameter for all experimental curves, which was chosen
to be the maximum of the half-cavity single-resonance scan (labeled with a
larger solid red square in Fig. 18b). There is an overall excellent agreement
between theory and experiment, particularly in the spectral position and
width of all resonance scans, and also on the magnitude of the half-cavity
double-resonant enhancement. However, the quantitative agreement is not
perfect for the performance of the high-Q cavity. We will address this point
next.

To obtain the curves in Fig. 18 an angular average of the emission within
the aperture defined by the collecting lens was performed (see Fig. 15) [45].
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In addition, a spatial average of the scattering efficiency through the MQWs
3λ/2 thickness was done. Theoretically, scattering enhancements larger than
106 (with respect to the optically unconfined situation) can be attained in
such a cavity for a spatially localized scattering object (such as, e.g., a QW, a
layer of quantum wires, dots, or a single interface). However, both the spatial
extension of the active medium and the finite collection aperture contribute to
reduce the relative amplifying power of the high-Q cavity. In fact, nodes and
antinodes of both excitation and emission light fields exist for different posi-
tions within the spacer. On the other hand, the effect of the angle integration
is clear from Fig. 15: due to the highly directional emission, further increas-
ing the collection aperture in a high-Q cavity does not lead to larger signals.
Even allowing for the uncertainty of Raman-intensity measurements (espe-
cially when different samples and scattering configurations were compared),
the results suggest that a limiting factor not considered in the calculations
is acting on the full-cavity efficiency. This conclusion is further supported by
the good quantitative agreement of theory and experiment observed for the
half-cavity. The smaller full-cavity single- and double-resonance efficiency as
compared with theory (a factor of 5 and 20, respectively) can be attributed
to the acceptance angle on the excitation channel given by (11). This angular
selectivity is related to the finesse by the relation ∆λ

λo
= sin θ0

∆θ
θ0

. This implies
that although increasing the finesse further confines the optical field within
the cavity, and thus enhances the theoretical Raman efficiency, an intrin-
sic limitation arises due to the correspondingly reduced angular acceptance
(∆θ) of the structures. This implies that an optimized cavity design must be
used if large energy densities need to be applied, as, e.g., with a microscope
objective.

5 Research on Phonons of Nanostructures
Using Optical Microcavities

Having discussed in the previous section the characteristics and potentialities
of Raman scattering in microcavities, we will review in this section research
performed using optical confinement. Besides being interesting examples of
nanostructure phonon physics, they serve to illustrate the different features
that are characteristic of optically confined Raman spectroscopy. The section
begins with the description of the interface phonons of the layered media
constituting the DBRs and eventually embedded quantum wells [42, 48]. The
use of microcavities is highlighted here by the selective enhancement through
angle tuning in a single-mode cavity of finite-size discretized vibrations char-
acteristic of different sections of the structure [42, 48]. We then proceed to
describe standing optical vibrations in MQWs made by just a few periods and
limited by a material where the optic phonons cannot propagate [43]. In this
case a double cavity is used that, besides providing a 105 Raman-efficiency
enhancement [85], enables through the use of almost exact backscattering
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geometries the study of the inplane dispersion of the vibrations [43]. While
in many cases optical phonons cannot propagate from one semiconductor to
the other, leading to confined optical modes and to the standing optical vi-
brations described here, the acoustic dispersion relations overlap and these
waves can propagate from one material to the other. However, even in this
case the existence of a new periodicity introduced by a MQW leads to the
different characteristic behavior evidenced by the folding of the phonon dis-
persion and the opening of Brillouin zone-center and zone-edge minigaps,
similar to those in Fig. 2a [4]. Microcavities have enabled, in this case, the
study of MQWs of only a few periods, evidencing interesting finite-size effects
that need to be fully taken into account both in the photoelastic description
of the Raman process as in the model of the intervening acoustic modes [93].
Acoustic vibrations are described by wave equations similar to those appli-
cable to photons when the index of refraction is replaced by the acoustic
impedance Z = ρv (here ρ is the material density and v its sound velocity).
Thus, many of the concepts used in the optics of confined structures can be
translated to acoustics in order to design cavities that confine sound. The
section ends with a review of the properties of these acoustic cavities, and
their study using double resonators that confine both light and sound [44,50].

5.1 Optical Phonons of Distributed Bragg Reflectors

We begin by describing the optical vibrations of the layered structure con-
sisting of the microcavity and, eventually, some QWs embedded at its
core [42, 48]. The spectra observed in the optical-phonon-frequency region,
as illustrated in Fig. 13, consists of a complex series of peaks related to the
interface-like optical-phonon modes of the finite-size layered media. In this
section we will briefly review the main characteristics of these spectra. The
observed interface modes are always present in a semiconductor cavity, in-
dependently of the specific active medium embedded at its core, and thus
their detailed understanding is a key issue for using Raman spectroscopy to
study weakly scattering objects in cavity geometries. In addition, a quantita-
tive analysis of the spectra can serve to monitor the field distribution within
these photonic structures [42, 48].

The collective excitations of layered polar dielectric materials, both elec-
tronic and vibrational, have been extensively discussed in the past [4,94–107].
In particular, simple dielectric continuum models [94], modified dielectric con-
tinuum models that take into account mechanical boundary conditions be-
sides the electrostatic ones [95, 96], and microscopic calculations [97, 98] have
been reported for the description of the optical vibrations. References [4, 94–
98] describe periodic infinite structures. In addition, single slabs [99, 100],
finite (but otherwise periodic) structures [101–103] and light scattering by
plasmons in the latter [104–107], have been also discussed within the simpler
dielectric continuum models. Finite-size effects basically manifest themselves
in the appearance of “surface modes” at the limiting surfaces of the sample,
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and in a discretization of the wavevector along the heterostructure symmetry
axis. Also, a relaxation of the wavevector conservation along the growth axis
is expected in a scattering process. In fact, such effects have been observed
in the case of plasmons by Pinczuk et al. [107]. On the other hand, experi-
ments in single layers have been reported that demonstrated the existence of
“surface vibrations” [99, 100].

The evaluation of the optical phonon modes in a microcavity is compara-
tively more complicated in that it is a nonperiodic massive layered structure
and thus no simple analytic expressions for the phonon-dispersion relations
are obtainable. The optical-phonon modes have been calculated extending
the usual dielectric continuum model [101] by the use of a matrix method
closely related to that used to describe the propagation of light in layered
media [66, 67]. This method, especially suitable for heterostructures with an
arbitrary sequence of layers, is described in [41]. We note here that this sim-
plified model does not take into account the mechanical boundary conditions
at the interfaces, which are known to be important to correctly describe the
coupling of “interface” and confined phonon modes in thin QWs [95, 96].
In fact, strictly speaking the distinction between “confined” and “interface”
modes does not apply when more elaborate models are used. However, the
layers making the cavity DBRs are usually relatively thick and hence phonon-
confinement effects are not expected to be important. The interface modes
described by the simple dielectric continuum model correspond to the first-
order confined vibrations that, due to their larger macroscopic electric field,
display a marked anisotropy as a function of propagation angle (for a discus-
sion on confined and the so-called interface phonons see the clarifying work
of Shields et al. [108] and references therein).

Lattice motions create an electric field that may be expressed (in the
absence of retardation) in terms of a scalar potential φ. For a layered system,
with z its axis and isotropic in the xy-plane, this potential should be of the
form φ(r) = φ(z) exp(iq‖.r‖) and satisfy [101]:

ε(ω)
[
∂2φ(z)

∂z
− q2

‖

]
= 0 , (27)

where ε(ω) is the dielectric function of the medium (different for each layer),
and q‖ is an inplane wavevector. As usual, the dielectric function of each ma-
terial is taken as εj = ε∞j

(
ω2

Lj − ω2
)
/

(
ω2

Tj − ω2
)
, with ωLj and ωTj the LO

(longitudinal optical) and TO (transverse optical) frequencies, respectively,
and ε∞j the high-frequency dielectric constant of material j. For the frequen-
cies that correspond to zeros of ε(ω), the modes are bulk-like and confined to
each layer [101]. More interesting here are those modes for which ε(ω) �= 0,
which are extended modes specific of the layered system. These vibrations
are conventionally termed “interface modes” [4].

We thus consider the problem of finding solutions to (27), in an arbitrary
layered material, subject to the boundary conditions that require continuity
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of φ and of the normal component of the field displacement at the interfaces.
In addition, the localization of φ in space is required, i.e., the potential should
be zero at ±∞. The electrostatic potential within layer n, defined by zn ≤
z ≤ zn+1, takes the general form:

φ(z) = an exp q‖(z − zn) + bn exp−q‖(z − zn) . (28)

The coefficients an and bn in layer n, expressed as a two-component vector,
can be related with those in layer n+1 by multiplication of the latter by the
following “transfer” matrix derived by application of the boundary conditions
to (28):

Tn,n+1 =
1
2

⎛
⎝

(
1 + εn+1

εn

)
exp−q‖dn

(
1 − εn+1

εn

)
exp−q‖dn(

1 − εn+1
εn

)
expq‖dn

(
1 + εn+1

εn

)
expq‖dn

⎞
⎠ , (29)

where εn is the dielectric function of layer n and dn its thickness.
The coefficients of the first (0, e.g., air) and last (N , e.g., substrate) layers

can hence be related by the closed relation
(

a0

b0

)
= T

(
aN

bN

)
, (30)

where T is simply the matrix product of the N − 1 transfer matrices (29)
defined by the structure. By further noting that, due to the localization of
the potential, aN and b0 must be zero, the implicit equation:

T22 = 0 (31)

follows. Equation (31) is solvable numerically for the eigenfrequencies of the
interface-like modes of the structure. Once the eigenfrequencies are obtained,
the potential at each layer can be calculated in terms of the normalization
constant bN by using (28) with the respective coefficients obtained by suc-
cessive application of the transfer matrix (29). Finally, the normalization
coefficient may be determined from energy considerations once the potential
has been evaluated.

The study of these interface phonons of layered media will be illustrated
with the example of the AlAs cavity described in Sect. 4.1 [42, 73]. It has a
half-wave AlAs spacer with two 12 nm wide strained In0.14Ga0.86As quantum
wells at the center of the AlAs cavity, which is enclosed by GaAs/AlAs DBRs.
This structure is schematized in the inset of Fig. 19. For comparison, a second
“test AlAs” sample identical to the AlAs cavity but with its growth stopped
just after the AlAs spacer (i.e., without the top DBR) is also discussed. The
spectra of these cavities with selective enhancement of different peaks was
shown in Fig. 13.

In Fig. 19 we show two selected Raman spectra of the cavity sample, to-
gether with that of the test (half-cavity) sample. These were obtained for the
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Fig. 19. GaAs-like optical-phonon Raman spectra taken with z′(x, y)z configura-
tion for both the AlAs-cavity and test (without top DBR) samples. The laser energy
was 1.35 eV, incident at 54◦ with respect to z (external to the sample). Stokes pho-
tons are collected along z. θ0 was tuned for cavity optical double resonance slightly
below the LO peak ≈ 295 cm−1. The two AlAs-cavity spectra (top curves) corre-
spond to the selective enhancement of different Stokes regions. The same symbols
used to label the peaks are shown as experimental points in Fig. 20. The amplitudes
of the spectra are normalized. A sketch of the cavity sample is shown in the inset

crossed z′(x, y)z configuration with an excitation energy of 1.35 eV (well be-
low the QWs gap ≈ 1.385 eV). z′ describes the propagation direction of light
incident not normal to the cavity but, for this case, at 54◦ (external) with
respect to z. The spectra in Fig. 19 were taken with the incident angle tuned
for optical double-resonant Stokes scattering by phonons of frequency slightly
below that of the longitudinal optical phonon of GaAs (LO ≈ 295 cm−1). For
the two full-cavity spectra different regions of the spectra were selectively
amplified. The latter enables a precise determination of the peak frequencies.
The test-sample spectrum was taken under exactly the same experimental
conditions but, due to the reduced scattering efficiency [42], much longer
integration times were required (600 s, compared with 1 s for the cavity spec-
tra).

The cavity spectra shown in Fig. 19 display a complex series of peaks,
whose relative amplitudes can be varied by different enhancement condi-
tions. These appear between the LO and TO (∼ 272 cm−1) frequencies of
bulk GaAs. Two bands can be identified according to their intensity, one
very strong and delimited above by the LO phonon and below by a second
peak at ∼ 284 cm−1 (see the solid circles and squares, respectively, on the
upper spectrum of Fig. 19), the other much weaker between the latter and
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the TO frequency (peaks labeled with open triangles). Note that the most
intense peaks occur at the LO phonon and at ∼ 284 cm−1, several smaller
ones (labeled with full triangles) appearing between them. The test sample
spectrum, on the other hand, also displays a main peak located at the bulk-
GaAs longitudinal optical-phonon frequency with, in addition, some smaller
features at lower energies ranging from ∼ 286 cm−1 to the LO energy. Note,
however, that the Raman shifts of these secondary peaks are not exactly the
same for the two samples. Most notably, the lower-frequency peak in the test
sample spectrum (labeled with a solid square) appears at an energy clearly
above that of the respective peak in the cavity structure.

The calculated phonon dispersion in the GaAs optical phonon range and
as a function of the inplane wavevector q‖ (small dots) for the full-cavity
structure is displayed in Fig. 20. One mode is observed for each interface,
contributing to two almost continuous bands plus other clearly separated
branches [101]. It is possible to relate these modes to specific regions in the
heterostructure, i.e., the surfaces limiting the DBRs, the DBRs themselves,
or the central QWs, by evaluating their associated electrostatic potential [48].
This assignment (shown for identification purposes in Fig. 20) is essentially
correct for large inplane wavevectors. In a Raman-scattering experiment with
infrared light and for the geometry being discussed, q‖ ≤ 6 × 10−4 cm−1.
For this relatively small value, the vibrations are not completely localized
but tend to be extended throughout the structure. The so-called “finite-size”
effects are apparent in the phonon dispersion in Fig. 20. Besides the existence
of separate modes related to surface states, each discrete curve in the DBR
bands corresponds to a different quantized wavevector along z: if D and d
are the total size of the structure and the DBRs period, respectively, for the
upper DBR band qz ranges from the smallest value (π/D) at the bottom
to the largest possible one (π/d) at the top. Note, for comparison, that in
an infinite layered structure the interface modes form two continuous bands
corresponding to 0 < qz < π/d [4]. These bands, characteristic of layered
media, reflect the strong anisotropy introduced by the boundary conditions
on the Coulomb polarization fields.

The position of the experimental peaks are displayed in Fig. 20 on top of
the dispersion curves with the same labels to facilitate their identification.
There is essentially no fitting parameter: the calculated dispersion curves
depend only on the layer’s thickness (nominal values were used) and the TO-
and LO-phonon frequencies [4]. Note that the transferred inplane wavevector,
shown with a vertical dashed line in Fig. 20, is uniquely determined by the
scattering configuration (i.e., the incidence and collection angles).

The main experimental peaks can be assigned to scattering by the QWs,
DBR/AIR surface and upper DBR-band modes. The observation of intense
peaks originating mostly from the upper DBR-band and QW modes can
be simply understood from symmetry considerations. The modes in the up-
per(lower) half of Fig. 20 are mainly polarized along z(q‖). Thus, the observa-
tion of intense scattering only between the bulk LO frequency and≈ 285 cm−1
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Fig. 20. Interface–phonon dispersion (small dots) as a function of inplane wavevec-
tor q‖ calculated for the AlAs λ/2 cavity. The structure is limited above by air and
below by the GaAs substrate. The vertical dashed line denotes the experimental
transferred q‖. Symbols correspond to the experimental points. The short solid lines
indicate the modes that are allowed to scatter due to parity

follows from the Raman selection rules for deformation-potential-mediated
scattering in crystals belonging to the D2d point group that, for z′(x, y)z con-
figuration, correspond to z-polarized B2(z) symmetry phonons [3]. It is well
established, in fact, that deformation-potential-scattering dominates in off
resonance light-scattering experiments [109]. The observation of the weaker
peaks labeled with open triangles in Figs. 19 and 20 can be understood from
the fact that for q‖ �= 0 a small z-component exists also for the displacements
corresponding to modes in the lower DBR band [42, 48].

The experimental peaks within the DBR-band (full triangles) are rea-
sonably well accounted for by theory (to within 1 cm−1) if one of every two
modes scatter in the AlAs cavity, a requirement not present for the test sam-
ple. This is a consequence of a parity selection rule that derives from the
optical field and phonon-mode symmetry. Since the light-field distribution is
approximately even with respect to the center of the microcavity, parity for-
bids deformation-potential-mediated scattering by modes with odd displace-
ment distributions (along z). In fact, consecutive values of qz correspond to
modes of alternating parity [41]. A similar analysis enables the assignment of
the doublet of the cavity LO-like peak (solid circles on the upper spectrum
in Fig. 19) to the lower QW vibration and to the DBR–air-surface mode [48].

Besides the existence of a DBR–air-surface mode, and the discretization of
the DBR spectra due to qz quantization, finite-size effects provide a straight-
forward explanation for the relative shift of the lowest mode in the upper DBR
band of the two samples (labeled by a solid square in Fig. 19). These modes
correspond to the smallest quantized qz, which we recall is given by π/D,
with D the total thickness of the cavity. For the full cavity D is larger,



64 Alejandro Fainstein and Bernard Jusserand

hence the minimum qz smaller, and thus the corresponding mode frequency
is lower [41]. As discussed in [48], this shift is precisely accounted for by
the dielectric continuum model discussed here. Note that these modes, which
propagate almost normal to z (i.e., inplane), are usually not observable in
a backscattering configuration. However, in the full-cavity spectra the lat-
ter is as intense as the signal at the bulk-like LO frequency. As will become
clear next, this is due to the fact that in a microcavity, photons are multiply
reflected due to the DBRs, leading to forward scattering (see Sect. 3).

Although the z wavevector component is not strictly conserved because
of the lack of full periodicity, partial conservation [107] may be expected. The
transferred qz, under this latter assumption, depends on whether the process
of excitations is through forward or backward scattering. For the former, q
is mainly perpendicular to z (i.e., qz ≈ 0), while for the latter it is mostly
along z [3]. The Raman signal can thus be separated into two contributions
coming from forward and backward scattering, respectively. Both couple to
the QWs modes, which are independent of qz , leading to scattering close to
the bulk LO frequency (≈ 295 cm−1). Concerning the DBRs, forward-scatter-
ing couples to the lowest branch of the upper band (≈ 285 cm−1, full square
in Fig. 20), which corresponds to a discretized qz ≈ 0. The backscattering
contribution, on the other hand, may only be derived after some guess re-
garding the magnitude of qz is made. If the scattering proceeds for GaAs-like
vibrations mainly at the GaAs layers, then qz ≈ 2πnGaAs/λ, where nGaAs is
the GaAs refractive index and λ the laser wavelength in vacuum. This should
occur for deformation-potential-mediated scattering if the displacements are
confined to the GaAs layers. In this case, coupling should be more intense for
those modes with discretized qz closest to qz ≈ 2πnGaAs/λ [107]. To decide
which modes these are, one simply has to calculate the interface-phonon dis-
persion for an infinite DBR corresponding to that qz . This curve crosses the
experimental q‖ at ≈ 289 cm−1, where the most intense secondary peaks are
indeed observed [41].

5.2 Standing Optical Phonons in Finite SLs

In the previous subsection, we relied on a single value of the inplane wavevec-
tor to identify the phonon modes of the structure and to discuss the effect
of the inplane wavevector in the Raman spectra. We will describe here a
phonon Raman study that profits from the use of a double-cavity structure
as a means to attain large scattering intensities, to access forward-scattered
modes, and to follow the inplane dispersion of the excitations [43]. The cav-
ity is used to study the phonon spectra of a finite GaAs/AlAs superlattice.
“Standing optical vibrations” are demonstrated that involve the GaAs con-
fined phonons with a standing-wave envelope determined by the superlattice
thickness.

The double cavity under consideration (modes shown in Fig. 9) has two
identical λ/2 spacers made by 10.5-period GaAs (8.5 nm)/AlAs (4.4 nm)
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MQWs, with 20 Ga0.8Al0.2As/AlAs DBR pairs at the bottom, 16 at the top,
and 8.5 in between. Note that, in contrast to the structure described in the
previous section, the mirrors are made of materials different from those mak-
ing the MQWs to spectrally resolve their contribution to the Raman signal.
In fact, the longitudinal optical GaAs-like phonons of Ga0.8Al0.2As are spec-
trally well separated from the MQWs confined GaAs-like vibrations [110].
On the other hand, in GaAs/AlAs-based materials the optical phonons form
narrow bands that do not overlap and thus the vibrations propagate in one of
the constituents and not in the other (where they become evanescent waves).
Consequently, the optical modes in GaAs/AlAs MQWs are confined to in-
dividual layers, this confinement being characterized by the integer mode
order m [4, 109]. In addition, and contrary to standard MQWs grown on
GaAs, in the structure under study the MQWs are limited by an AlGaAs
alloy where the GaAs-like optical modes cannot propagate. It will be this
confinement to the full thickness of the finite MQWs that results in standing
optical vibrations [43].

The reported DOR Raman-scattering experiments were performed well
within the transparency region (∼ 80 meV below the MQWs exciton en-
ergy X) [43]. The amplification of specific features in the spectral region
of the GaAs-like optical phonons (34–36 meV) was accomplished by slightly
adjusting the incidence angle (θ0 ∼ 2–5◦) [42]. Once the DOR is attained, the
inplane dispersion of the excitations can be followed by turning the sample
with respect to the incidence (and collection) angle, and slightly displacing
the laser spot on the sample for retuning. Due to the backscattering geometry
and the huge DOR enhancement (which for this cavity is ∼ 105, independent
of angle) the spectra can be followed without any difficulty up to θ0 ∼ 80◦.

Spectra for varying sample angle (that is, the transferred inplane wavevec-
tor q‖) are displayed in Fig. 21. For the smallest q‖ (topmost spectrum)
basically one split Raman peak is observed at the bulk LO energy of GaAs
(∼ 295 cm−1), plus a broad and asymmetric feature at ∼ 286.5 cm−1. As q‖ in-
creases, the large GaAs-like mode splitting develops into two separate peaks.
One intense component remains basically unaltered, while the second, also
intense, displays a strongly dispersive behavior. As a function of increasing
q‖ the dispersive component decreases in energy and generates a complex
anticrossing behavior with a series of smaller peaks appearing at lower en-
ergies. As follows from their energy, these weaker peaks are related to the
odd-parity m-order GaAs-like confined modes [4, 109]. The transfer of inten-
sity between the peaks involved is a clear signature of mode coupling. The
energies of the peaks are shown in Fig. 22.

Dielectric continuum model calculations of the interface modes, as dis-
cussed in Sect. 5.1 [4, 94, 99, 101], were used to understand the measured gi-
ant dispersion and anticrossings [43]. We recall that these calculations do not
take into account the mechanical boundary conditions, and thus cannot pre-
dict the existence of the split m-order confined modes [95,96]. They basically
include the macroscopic electric polarization effects on the m = 1 vibration.
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Fig. 21. Raman phonon spectra taken un-
der DOR conditions for varying q‖. The solid
lines are guides to the eye following the shift
of the Raman peaks. The numbers 3 to 11 in-
dicate the energy of the m confined phonons

Fig. 22. Position of Raman peaks of Fig. 21 vs. q‖. Dashed lines indicate the
calculated energy of the m confined phonons. Solid lines correspond to the dielectric
continuum model. Nm labels the order of standing wave N , confined mode m [43]

The calculated double-cavity q‖-dispersion is displayed in Fig. 23. This figure
also shows the displacement along z for some selected vibrations. For presen-
tation clarity, the patterns shown were obtained for a simplified double cavity
with the same number of QWs but reduced DBR layers. The DBRs GaAs-like
vibrations of the alloy constitute the dense discretized modes occupying the
spectral region between 272 and 287 cm−1. In the spectral region correspond-
ing to GaAs-like LO MQWs phonons, on the other hand, several modes are
observed that have been labeled with the integer number N = 1, 2, 3, and
as air/DBR and sub/DBR. As follows from the associated displacement, the
latter correspond to vibrations localized at the air/DBR and DBR/substrate
interfaces. The cavity-mode field in these regions is small, and thus no siz-
able scattering from such modes is to be expected [43]. On the other hand, N
labels the order of “standing optical phonons”, vibrations characterized by
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Fig. 23. Left : Double-cavity optical phonon dispersion calculated with a dielec-
tric continuum model. The numbers correspond to the labels in the right panel.
Right : Standing optical phonon N = 1, 2 and 3 displacement pattern in the cen-
tral region of the double cavity. The gray zones correspond to the MQWs spacers.
The white region in between represents a 5-layer DBR. The thick solid line in 1(3)
indicates the wavevector-conserving (modulating) photon-field distributions

a standing-wave envelope of displacements that are spatially limited to the
GaAs regions of the MQWs. The first-order N = 1 mode is the one that car-
ries the largest macroscopic polarization and thus displays the strongest q‖
dispersion.

Within the framework given by the dielectric model, most of the exper-
imental results in Figs. 21 and 22 can be understood. In fact, the q‖ dis-
persion of the N = 1 and N = 3 standing optical modes is well accounted
for by the model (see the solid curves in Fig. 22). In addition, though not
contemplated by the dielectric continuum model, the anticrossings with the
odd-parity confined m modes are expected from symmetry grounds and in
correspondence with the results on confined optical vibrations in standard
MQWs [95, 96, 108, 111]. The expected spectral position of the m-order con-
fined vibrations are indicated in Figs. 21 and 22. Note that the q‖ where
the anticrossings occur is nicely reproduced by the calculations. The broad
asymmetric feature below ∼ 287 cm−1, on the other hand, is clearly due to
the GaAs-like DBR alloy vibrations described in Sect. 5.1. However, an im-
portant issue remains to be addressed, namely why are the N = 1 and N = 3
modes (and only these standing-wave modes) observed with such strong in-
tensity. The explanation for this observation relies again on the fact that
both, forward and backscattering components, are observed in Raman exper-
iments in cavities. It follows from (26) that the phonon-displacement pattern
of the N = 3 mode overlaps exactly with the field distributions associated
with the wavevector-modulated (backscattering) component (cos(2πz/D)).
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The N = 1 dispersive mode, on the other hand, presents an almost uniform
displacement that corresponds with the constant wavevector-conserving (for-
ward) scattering-field distribution (see Fig. 23). From these same arguments
it follows that the scattering by all other “standing waves” should not be
observed [43].

5.3 Acoustic Phonons of SLs: Finite-Size Effects

We have shown above that optical phonon confinement in (GaAs/AlAs)-
based materials leads to interesting phenomena that include the phonon
quantization, the existence of a phonon standing-wave envelope determined
by the MQWs full thickness, and strong anisotropies that arise from the
layering-induced modification of the long-range electrostatic fields. On the
contrary, due to the spectral overlap and small elastic impedance mismatch,
the acoustic-phonon branches in an ideal superlattice (SL) made of a periodic
sequence of semiconductor layers can propagate throughout the structure [4].
The resulting spectra can be described by backfolding the phonon dispersion
of an average bulk solid and opening of small minigaps at the zone center
and reduced new Brillouin-zone edge [4]. However, in a Raman process per-
formed in an infinite ideal SL in the transparency region crystal momentum
is conserved. For a backscattering geometry along the growth direction this
implies that the wavevector transferred is qz = kL +kS, with kL(kS) the laser
(scattered) wave number. Thus, in a Raman-scattering experiment involving
longitudinal acoustic (LA) phonons, characteristic doublets are observed that
reflect the folding of the phonon dispersion [4].

The above picture changes in finite SLs made by only a few periods,
for which Brillouin-zone schemes and crystal-momentum conservation do not
hold [93, 112, 113]. As originally demonstrated by Lockwood and coworkers
for Si/Ge SLs, finite-size effects result in a broadening of the folded phonon
peaks and in the appearance of side oscillations [112]. These features are con-
ceptually similar to a diffraction pattern, where the peak widths depend on
the number of illuminated grooves and the satellites correspond to the side
maxima. More recently, Giehler and coworkers [113] have reported a study
of “mirror-like” SLs that, besides these effects, demonstrate that dips in the
spectra can appear due to interferences in the Raman-scattered light. We
present next an investigation of finite-size effects for Raman scattering by
acoustic phonons in GaAs/AlAs SLs that relies on an optical microcavity to
enhance the Raman efficiency and to access the qz = 0 forward-scattering
contribution [93]. The results are analyzed using a photoelastic model for
the Raman efficiency that takes into account the superlattice’s finite size,
the cavity-confined optical field, and the acoustical phonon displacements in-
cluding the elastic modulation. Issues concerning the SLs limited number of
periods and the implication of photon confinement in the Raman-scattering
process are addressed. The studied structure consists of a 10.5-period (21 lay-
ers) GaAs/AlAs SLs of 85 Å/44 Å nominal width that acts as the spacer of
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a microcavity enclosed by Ga0.8Al0.2As/AlAs DBR mirrors. Since the acous-
tic-folded phonon excitations are in the range 10–30 cm−1 (i.e., ∼ 1–4 meV),
the angular tuning of the double optical resonance using a single-mode cav-
ity [41, 42, 45] is straightforward. Both Stokes and anti-Stokes acoustic pho-
non spectra have been collected using microcavity geometries. For the Stokes
(anti-Stokes) spectra the collection (excitation) was set along z, while the
excitation (collection) angle was adjusted around ∼ 15◦ for double optical
resonant enhancement.

Figure 24 presents typical Stokes and anti-Stokes spectra obtained at 80 K
with 850 nm excitation using the cavity mode for Raman amplification. The
excitation was performed below the gaps of both the SL and the GaAs sub-
strate to avoid residual luminescence. The cavity-mode linewidth, determined
mainly by the collection solid angle and the laser-spot diameter, was around
10–12 cm−1. This implies that no peak is selectively amplified, and thus that
the relative intensity of the different spectral features is intrinsic [42, 51].
Note that for the optical-phonon spectra described in Sect. 4 and for the
study of two-dimensional electron gases in [51] the opposite limit was used.
For the latter, the mode width was much smaller than the spectral region
covered by the excitations under study, so that by appropriate angle tuning
specific parts could be selectively enhanced. Coming back to Fig. 24, note that
three main peaks (and not two as in standard backscattering folded acous-
tic-phonon experiments in SLs) are observed at ∼ 10.9 cm−1, ∼ 12.4 cm−1,
and ∼ 14.5 cm−1, respectively. These have been labeled with thick down-
pointing arrows in Fig. 24. Besides the main peaks, weaker equally spaced
oscillations are well resolved, mainly towards low energies (indicated with
up arrows in Fig. 24). The peaks in the spectra are relatively broad. The
linewidths are intrinsic, as verified by increasing the spectral resolution with
no noticeable change in the spectral shape [93].

The acoustic-phonon Raman spectrum of the finite-size SL has been mod-
eled using a photoelastic description of the Raman efficiency [93]. Within this
model the efficiency for scattering by longitudinal acoustic phonons is given
by [4]:

I(ωqz ) ∝
∣∣∣∣
∫

dzELE∗
Sp(z)

∂Φ(z)
∂z

∣∣∣∣
2

, (32)

where EL(ES) is the laser(scattered) field, p(z) is the spatially varying
photoelastic constant, and Φ describes the (normalized) phonon displace-
ment [4, 113, 114]. Note that p(z) is, above gaps or excitons, a complex
number. In the case we are discussing, where the laser frequency was tuned
below the fundamental gap of the SLs, p(z) was taken as a real quantity.
Equation (32) basically reflects the coherent sum of the light scattered from
the different layers due to a modulation of the dielectric function by the
acoustic phonons through a photoelastic mechanism. For an infinite peri-
odic SL the wavevector qz is a good quantum number. Thus, for a stan-
dard Raman-scattering geometry, with laser and scattered fields given by
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Fig. 24. Stokes and anti-Stokes spectra in the energy region corresponding to the
first folded acoustic phonons, obtained with 850 nm excitation using a cavity mode
for Raman amplification. The anti-Stokes spectrum has been collected with the
amplification slightly tuned towards smaller Raman shifts thus amplifying prefer-
entially the low-energy oscillations

plane waves (ELE∗
S = ei(kL−kS)z), I(ωqz) leads to the usual phonon doublets

with transferred wave number given by the conservation law qz = kL − kS.
For the case we are discussing, however, qz is only partially conserved due
to the finite size of the structure [93, 112, 113]. In addition, as in (26) EL

and ES correspond to the cavity-confined photons EL = ES = eikzz + e−ikzz

where, by construction, kz = π/D with D the spacer width [42]. Conse-
quently, ELE∗

S ∝ 2+2 cos (2πz/D). Thus, both a wavevector-conserving (the
term 2) and a wavevector-modulating contribution (2 cos (2πz/D)) are co-
herently added to the Raman efficiency I(ωqz ).

For the evaluation of the acoustic phonons in the layered structure a
standard elastic continuum description of the sound waves as originally pro-
posed by Rytov [115] is used [4]. This model can be implemented using a
matrix method, appropriate for nonperiodic elastic multilayers as described
next [116]. A solution in the form um(z) = ameiqmz + bme−imqmz is proposed
for each layer m. Here qm is the local wavevector given by qm = ω/vm. The
sound velocity is vm =

√
Cm/ρm, with Cm and ρm the elastic constant and

density of layer m, respectively. Imposing as boundary conditions at each
interface the continuity of the displacement and strain,

um(dm) = um+1(0) , (33)

Cm
dum(dm)

dz
= Cm+1

dum(0)
dz

, (34)
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with dm the thickness of layer m, a recursive relation for the coefficients am

and bm can be obtained:
(

am+1

bm+1

)
= Tm

(
am

bm

)
. (35)

In (35), the transfer matrix Tm is given by,

Tm =
1
2

(
(1 + Zm)eiqmdm (1 − Zm)e−iqmdm

(1 − Zm)eiqmdm (1 + Zm)e−iqmdm

)
, (36)

where Zm = ρmvm

ρm+1vm+1
represents the acoustic impedance mismatch between

two successive layers.
To derive the displacement pattern as a function of the phonon energy

used as input for the evaluation of the Raman efficiency, (32) one has to define,
for each particular problem, what are the appropriate boundary conditions.
For example, a semiconductor-air surface can be modeled as a free boundary,
that is, du(0)/ dz = 0. From this condition it follows that a0 = b0 = u0. With
this initial value fixed, all other coefficients can be expressed as a function
of u0 using (35). u0, in turn, can be obtained through the energy normaliza-
tion [116]:

∫
ρ(z)ω2|u(z)|2 dz ∝ �ωn(ω) Bose Einstein population factor . (37)

With the above model one can also obtain the transmission and reflection
of acoustic waves in the structure. For this purpose the appropriate boundary
conditions at the first and last (substrate) layers are, respectively, a0 = 1
and bsubs = 0. (asubs,bsubs) can be expressed in terms of (a0,b0) through
successive iterations of (35):

(
asubs

bsubs

)
= T

(
a0

b0

)
, T = TNTN−1 . . . T0 . (38)

From these equations it follows that:

R = |r|2 =
∣∣∣∣ b0

a0

∣∣∣∣
2

=
∣∣∣∣T21

T22

∣∣∣∣
2

, (39)

and

T = |t|2 =
∣∣∣∣asubs

a0

∣∣∣∣
2

=
∣∣∣∣ 1
T22

∣∣∣∣
2

. (40)

The described matrix method is equivalent to that used for the calcula-
tion of the cavity-photon field also required in (32) [66, 67]. For the latter,
the transfer matrix is basically the same as (36), with Z replaced by the
refractive-index mismatch Z = nm/nm+1. The finite size of the SL leads to
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Fig. 25. From top to bottom: 1. a calculated spectrum corresponding to an “infi-
nite” SL made by 100 periods and a backscattering standard configuration (SL200),
2. spectrum of a single SL in a microcavity calculated considering the linear aver-
age media acoustic-phonon dispersion (SLC

21(bulk)), 3. a typical experimental curve
(Exp.), and 4. the full calculation for a microcavity embedded SL with phonon
modes derived including the acoustic modulation (SLC

21). In all cases λ = 850 nm.
FS labels the forward-scattering contribution

modifications both on the phonons of the structure and on the way that ra-
diation couples to these modes and leads to the scattered light. In order to
discern these effects, the Raman efficiency using a simplified average medium
description of the phonon spectra will also be presented. Within this latter
description the phonon-displacement pattern is taken to be Φ(z) = cos(qzz),
with the dispersion relation given by ωq = |qz | vac with vac the average sound
velocity [4, 113].

We now proceed to compare the experimental Raman spectra of the finite
SL structure embedded in a cavity with the photoelastic model calculations.
For this purpose, Fig. 25 shows from top to bottom: 1. a calculated spec-
trum corresponding to an “infinite” SL made by 100 periods and a standard
backscattering configuration. 2. A SL in a microcavity calculated considering
the (bulk-like) linear average media acoustic-phonon dispersion. 3. A typical
experimental curve and, 4. the full calculation for a microcavity embedded
SL with phonon modes derived including the acoustic modulation.

The “infinite” SL curve (SL200) defines the standard spectrum with two
narrow doublet peaks separated by ∼ 2.8 cm−1. For an infinite SL and qz = 0
the two phonon modes corresponding to the center-zone doublets differ in
their parity with respect to the center of the layers [4]. This leads, follow-
ing (32), to one of these modes being Raman forbidden. Reminiscent of
this qz = 0 selection rule, for the finite but small wavevector correspond-
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ing to the backscattering spectra the (−1) component at ∼ 13.5 cm−1 in
Fig. 25 is observed to be slightly stronger [4]. Note that weak oscillations
are discernible close to the major peaks, much like in a diffraction grating
pattern. These oscillations are, however, usually below the detection limit of
Raman spectrometers. The cavity spectrum calculated with average “bulk”-
like phonons (SLC

21(bulk)), on the other hand, helps to identify those fea-
tures that derive solely from the interferences in the Raman cross section
due to the SLs finite size, and from the cavity-photon confinement (effects
due to the real phonon structure only appear when the acoustic modulation
is fully taken into account and will be discussed below). Firstly, the peaks
are broader as expected from a diffraction-like pattern with fewer source lay-
ers. Concomitant with this, oscillations appear at the low-energy side, as in
the experimental spectra. In addition, the backscattering maxima are shifted
with respect to the infinite SL-doublet position as in the experimental data,
although a quantitative agreement for the peak positions is not obtained.
This lineshift is a consequence of the finite-size-related oscillatory modula-
tion of the doublet-like broad peaks [93, 113]. Finally, a peak is observed
between the backscattering doublet. This peak can be identified with a for-
ward-scattering contribution arising from the standing-wave character of the
cavity-mode field and corresponding to a transferred wavevector qz = 0. Note
that there is a single peak centered with respect to the doublet because the
“bulk-like” phonon dispersion does not include the minigaps induced by in
the acoustic modulation. In fact, such a linear dispersion is strictly valid only
away from the reduced Brillouin-zone edges. This contrasts with the experi-
mental curve, where clearly an asymmetric noncentered peak is observed. In
any case, the simplified model with the bulk-like phonons accounts for many
of the experimental results, including the presence of three main peaks, the
broadening of the peaks, the increase of the doublet separation, and the ex-
istence of low-energy oscillations. We note that these low-energy oscillations
add coherently for the backwards- and forward-scattering contributions, thus
explaining their strong intensity in the experimental spectra.

The asymmetry and shift of the central forward-scattering contribution
is an important point that requires further discussion. In fact, this feature
can be fully accounted for with a proper description of the phonon spectra
(that is, including the acoustical modulation). Such a calculation is displayed
as the lowest spectrum in Fig. 25 (curve SLC

21). As commented above for an
infinite superlattice and due to a parity-selection rule the qz = 0 spectra
display only one component of the center-zone doublet. For qz �= 0, on the
other hand, this selection rule is partially relaxed and the two components of
the doublet are observed, their splitting and relative intensity varying with
the transferred wavevector [4]. Consequently, in a finite-size SL, partial non-
conservation of qz leads to the observation of the “forbidden” component of
the doublet in the forward-scattering (qz = 0) contribution. This explains the
observed asymmetry of the main peak at ∼ 14.5 cm−1. For the backscattering
part, on the other hand, wavevector nonconservation basically leads only to



74 Alejandro Fainstein and Bernard Jusserand

a line broadening. Note in Fig. 25 that for the full calculation, including the
acoustic modulation, the agreement with the experiment is remarkable with-
out any adjustable parameter. This includes the features described above for
the simpler average media model, but also almost every other detail of the
experimental results: the existence of three main peaks, the asymmetry of
the forward-scattering contribution, the appearance of oscillations and their
period, the spectral position and relative intensity of all peaks (including the
weak peak at ∼ 18 cm−1), and the linewidths. The agreement with the pho-
toelastic calculations is so good, and the understanding of the phenomena
is such, that complex phonon devices can be designed and their properties
predicted with great confidence [75].

The observation of forward scattering due to the cavity confinement de-
serves a brief comment. In fact, although it is customary to assume for Raman
scattering in bulk materials that the transferred wavevector is almost zero in
comparison to the bulk Brillouin-zone edge (4π/λ � π/a, with λ the laser
wavelength and a the lattice parameter), it is non-negligible in terms of the
reduced SL Brillouin zone. Consequently, the observed Raman doublets typi-
cally reflect the bulk-dispersion folding but are not influenced by the opening
of the minigaps. In order to probe the minigaps two strategies have been
pursued in the literature. On the one hand, the zone edge can be sensed by
a proper design of the SL structures [114, 117]. On the other hand, forward-
scattering geometries have been used [91]. The cavity geometry discussed
here provides direct access to forward-scattering (qz = 0) excitations. This
implies that zone-center minigap modes are accessible to Raman scattering
in cavity geometries. This will prove, in the next section, to be essential for
the observation of confined acoustic vibrations in phonon cavities [93].

5.4 Acoustic Nanocavities

Resonant cavities are the basis of numerous physical processes and devices. In
the domain of optics, this includes, e.g., lasers, amplifiers, engineering of pho-
ton spectral and spatial densities, and control of light–matter interaction [15].
All these fundamental concepts can be extended to the domain of phonon
physics. In fact, phonon amplification [118] and “lasing” [119] have been
investigated for many years and, recently, phonon engineering has been pro-
posed as a means to control phonon lifetimes [120] and the electron–phonon
interaction [121]. It is thus of interest to develop cavities for acoustic waves,
and resonators where both light and sound are confined and their interaction
enhanced. We will discuss in this section the fundamentals of acoustic cavities
and present, in some detail, experimental results on cavity-confined acoustic
phonons obtained using cavity-confined Raman scattering. The section pro-
vides a comprehensive illustration of many of the different features of Raman
scattering in cavities discussed in previous sections, namely, double optical
amplification, a simplified model that accounts for the observed 105 efficiency
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enhancement, the observation of qz = 0 modes based on the standing-wave
character of the participating confined photons, and finite-size effects.

5.4.1 Phonon-Cavity Design

Phonon cavities are meant to provide space for wave propagation within
reflective walls, supporting a standing wave resonant with a particular wave-
length. For such a device to be useful, the mirrors must let sound tunnel in
and out of the device. As discussed in Sect. 3.1, such mirrors, based on the
destructive interference of waves, can be made using multilayers. As shown in
Figs. 1 and 3, a planar periodic stack of two materials with different refrac-
tive indices and optical thickness λ/4 reflects photons propagating normal
to the layers within a stop band around λ [15]. Similarly, a periodic stack of
materials with contrasting acoustic impedances reflects sound [69, 122, 123].
A phonon cavity can be thus constructed by enclosing between two super-
lattices (SLs) a spacer of thickness dc = mλc/2, where λc is the acousti-
cal phonon wavelength at the center of the phonon minigap [50, 124]. The
first k = 0 folded phonon minigap in a SL is maximum for a layer thickness
(d) to velocity (v) ratio given by d1/v1 = d2/3v2 (see Fig. 2 (right), and
Equation (3.14) and Fig. (3.8) in [4]). The relevant parameter in the design
of this mirror is the acoustic impedance mismatch, defined as Z = v1ρ1/v2ρ2.
vj and ρj are, respectively, the sound speed and density of material j. For the
acoustic cavity mode to be centered at the phonon minigap, dc must satisfy
dc = 2vcd1/v1 = 2vcd2/3v2 (m = 1) [44,50]. In Fig. 26 a scheme of a phonon-
cavity structure is presented on shaded gray tones, based in semiconductor
GaAs and AlAs materials. The phonon DBRs consist of 11-period 74 Å/38 Å
GaAs/AlAs SLs, and enclose a 50 Å Al0.8Ga0.2As spacer.

The phonon mirror reflectivity at the center of the minigap is given, for
a SL made of N periods, by R = 1 − 4Z2N + O(Z4N ), with the acoustic
impedance mismatch defined as Z = v1ρ1/v2ρ2 < 1. vj and ρj are, respec-
tively, the sound speed and density of material j. Note that this is the acous-
tic equivalent of (2). According to formulae used for optical cavities, the
finesse for a planar resonator is given by F = (π/(1 −

√
R1R2)(Leff/dc) [15].

Here, Leff ∼ dc + 4λ/2 is the effective size of the cavity mode, larger than dc

because of penetration into the mirrors. Assuming that the cavity is enclosed
by two identical mirrors, then F ∼ (π/4Z2N )(Leff/dc), which gives the finesse
as a function of Z and the number of mirror periods. By the same token, ex-
tending equivalent equations applied to optical cavities, it turns out that the
phonon lifetime within the cavity is given by τ ∼ Leff

v
1

ln R . Note that Leff/v
is the transit time of the phonon through an “effective” cavity of width Leff.
Thus, Nτ = 1/ lnR gives the number of times that the phonon is reflected
back and forth before leaving the cavity by tunneling through the mirrors.
We note that, while only a modest variation of the acoustic impedance mis-
match can be obtained for materials common in semiconductor technology
(e.g., Z = 0.73 and 0.84 for Si/Ge and GaAs/AlAs, respectively), the impact
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Fig. 26. Scheme of a phonon cavity embedded within an optical cavity.
The phonon “mirrors” consist of N-period 74 Å/38 Å GaAs/AlAs SLs, and en-
close a Ga0.8Al0.2As spacer of thickness dc. The phonon-cavity structures, on
the other hand, constitute the spacers of an optical microcavity enclosed by
Ga0.8Al0.2As/AlAs optical DBRs

on the cavity performance is enormous. In fact, using 15-period phonon mir-
rors Nτ can range from less than 50 for GaAs/AlAs to over 3000 for Si/Ge. In
addition, other materials such as, e.g., piezoelectric and ferroelectric oxides of
the perovskite family of SrTiO3 and BaTiO3 allow for much larger acoustic
impedance mismatches (in the range of 0.65), together with multifunctional
acoustic, electronic and optical properties.

5.4.2 Raman Amplification with Light–Sound Double Resonators

The standing-wave phonons described above can be generated and studied
using standing-wave photons through Raman-scattering processes by placing
the acoustic cavity inside an optical cavity (see Fig. 26) [44, 50, 124]. For this
purpose and as shown in Fig. 26, the phonon cavity fits precisely as the spacer
of a λ optical cavity defined by bottom(top) optical Bragg reflectors consisting
of 20(16) Ga0.8Al0.2As/AlAs pairs. As we have argued in previous sections,
such a geometry provides access to “forward-scattering” (FS, qz = 0) Raman
processes and strongly enhances the interaction between light and phonons. In
the experiment an incident photon is coupled to the optical cavity, a phonon
is generated in the resonant acoustic-cavity state, and a Raman photon is
scattered out through an optical-cavity mode [44, 50, 124]. As we will show
here, the forward-scattering component is essential to couple the light with
the confined phonon modes of a planar acoustic cavity [50].

To illustrate the amplification of the light–sound interaction in these de-
vices [44], we show in Fig. 27 the dependence of the double optical resonance
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Fig. 27. Left panel : Raman spectra obtained while detuning the laser energy away
from DOR for the cavity (C) and edge (E) modes. C and E are indicated in the
optical reflectivity shown in the inset. Right panel : Raman amplification scan as a
function of δ obtained for the laser (full circles) and angle-detuning (open circles)
experiments. The full (dotted) curve corresponds to the photoelastic model calcu-
lations for the cavity (edge) modes, normalized to a similar phonon cavity without
an optical cavity

(DOR) on detuning δ. To model these data a simplified model is used that,
by assuming a situation of double optical resonance and collection of the scat-
tered light only along the cavity mode, evaluates the cavity amplification sim-
ply as the fourth power of the cavity electric-field enhancement (see Sect. 3.6
for more details). If the optical field in the cavity is expressed as E = E0f(δ),
where δ represents the laser detuning, then the Raman intensity (which is
proportional to the product of the squared incoming and scattered fields)
depends on δ as f4(δ) [42]. Figure 27 (left) displays Raman spectra obtained
while detuning the laser energy out of DOR for the cavity mode, or through
a reflectivity minimum on one of the optical stop-band edges (see the inset
in Fig. 27). Note that no Raman peaks can be distinguished from lumines-
cence and noise when coupling through the stop-band edge (E), while clear
spectra can be extracted by exploiting the cavity enhancement (C). The Ra-
man amplification scan obtained from these spectra is displayed with full
circles as a function of δ in Fig. 27 (right). The cavity can also be detuned by
varying the incidence angle with the laser energy fixed. In this case only the
incoming vertex is detuned, and consequently the DOR evolves into a single
outgoing resonance. Hence, this second experiment depends on the detuning
as f2(δ). Note that an angle detuning can be related to an energy detuning
by the cavity-mode dispersion ωc(θ0) = ωc(0)/

√
1 − (sin(θ0)/neff)2. Here, ωc

is the cavity-mode energy, θ the azimuthal angle, and neff an effective index
of refraction [42]. Such experimental results are represented in Fig. 27 (right)



78 Alejandro Fainstein and Bernard Jusserand

Fig. 28. Calculated reflectivity (R) and calculated (T) and measured (E) Raman
anti-Stokes spectra of an acoustic cavity displaying one phonon cavity mode within
the first zone-center folded phonon minigap. A calculated Raman spectra convo-
luted with a Gaussian of FWHM = 0.3 cm−1 that accounts for the experimental
resolution is also shown (G). The labels of the peaks are explained in the text

by open circles. These have been converted by expressing angle variations as
energy detunings, and squaring the measured intensity so that the intensity
depends on δ also as f4(δ).

The experimental results can be compared with theoretical curves ob-
tained using the photoelastic model for the Raman efficiency as given
by (32) [4]. Such calculations, performed for both the optical cavity and
edge modes are shown in Fig. 27 with full and dotted curves, respectively.
The curves have been normalized with respect to a similar phonon cavity
grown without an optical cavity. The experimental results, in turn, have been
multiplied by a constant to fit the maximum intensity of the cavity-mode am-
plification curve. The agreement between experiment and theory is excellent.
The light–sound interaction can be enhanced over five orders of magnitude in
the described photon–phonon cavities [44]. Moreover, the predicted Raman
intensity for coupling through the edge mode is ∼ 10−5 times smaller than
that resonant with the cavity mode, thus explaining its nonobservation in the
experiment.

5.4.3 Raman Spectra of Acoustic Cavities

Figure 28 presents the calculated acoustic reflectivity and the calculated and
measured (80 K) anti-Stokes Raman spectra for a phonon cavity made with
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11-period 74 Å/38 Å GaAs/AlAs phonon mirrors and a Ga0.8Al0.2As spacer
of thickness dc = 49.6 Å (λ/2). The nominal finesse of this acoustic cavity
is F ∼ 140. The calculations are based on the photoelastic model for the Ra-
man efficiency (32) [4]. In addition to the calculations shown for the nominal
structures, Fig. 28 also displays curves convoluted with a Gaussian of full
width at half-maximum FWHM = 2σ = 0.3 cm−1 that accounts for the ex-
perimental resolution of the used triple spectrometer operated in subtractive
mode at 830 nm. We note that at ∼ 830 nm, that is, below the exciton energy
of the phonon mirror quantum well (QW), folded phonon Raman spectra in
standard semiconductor SLs are difficult to observe because of their low in-
tensity. On the other hand, because of the ∼ 105 double optical resonant
amplification almost noiseless spectra can be obtained with a few seconds of
CCD integration using optical microcavities as done here.

The experimental spectra in Fig. 28, which can be almost perfectly repro-
duced by the calculations, display a series of peaks that are labeled as CM,
BS and FS. CM corresponds to the confined cavity mode, and is coincident
with the dip in the reflectivity stop band. BS and FS, on the other hand,
stand for the “backscattering” and “forward-scattering” contributions. The
FS component coincides with the phonon stop-band edge, and corresponds
to one of the two q = 0 minigap states. The other folded phonon at q = 0
is Raman forbidden because of parity [4]. These assignments will be further
discussed below [50].

Depending on dc, a different number of confined modes can be subtended
by the cavity within a specific stop band. Phonon cavities with a spacer of
thickness mλ/2 display, with increasing m, two additional cavity modes be-
sides the mode at the stop-band center. These enter symmetrically into the
high-reflectivity region leading to three-mode structures [75]. A two-mode
cavity, on the other hand, can be constructed by tuning a certain mode sep-
aration by selection of the appropriate m, and then slightly adjusting the
spacer thickness to shift rigidly the confined modes. Calculated acoustic re-
flectivity and measured and calculated Stokes Raman spectra for two- and
three-mode cavities grown in such a way are shown in Fig. 29. These are made,
respectively, with 19- and 16-period 74 Å/38 Å GaAs/AlAs phonon mirrors,
and Al0.2Ga0.8As spacers of thickness dc = 794 Å (∼ 16λ/2) and dc = 1489 Å
(∼ 30λ/2) [44, 75]. The number of phonon-mirror periods is chosen so as
to make the structures match precisely 2λ spacers of optical cavities. For
this sample the Raman spectra were collected using the highest resolution of
a triple spectrometer operated in additive mode. At ∼ 830 nm, spectra can
be collected down to a few wave numbers and with typical resolution bet-
ter than 0.15 cm−1. In addition to the calculations shown for the nominal
structures, Fig. 29 also displays curves convoluted with a Gaussian of full
width at half-maximum FWHM = 2σ = 0.15 cm−1, in order to simulate the
experimental resolution. The main features of the experimental spectra are
well reproduced by the calculations without any fitting parameter. We note
that many of the details of the reported two- and three-mode cavity spectra
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Fig. 29. Calculated reflectivity (R) and calculated (T) and measured (E) high-
resolution Raman Stokes spectra of acoustic cavities displaying two (left) and three
(right) phonon cavity modes within the first zone-center folded phonon minigap.
Calculated Raman spectra convoluted with a Gaussian of FWHM = 0.15 cm−1 that
accounts for the experimental resolution are also shown (G). The labels of the peaks
are explained in the text

cannot be discerned using a standard subtractive-mode Raman configura-
tion [44] but do require the higher resolution used to collect the spectra in
Fig. 29.

5.4.4 Raman Scattering with Confined Photons

As we have argued before, in a cavity both forward (FS) and backscattering
(BS) components contribute to the scattered light due to the standing-wave
character of the confined optical mode [41,42]. This is demonstrated in Fig. 30
where we compare the one-mode cavity measured Stokes spectrum with cal-
culated curves. The latter correspond to the FS (transferred qz = 0), BS
(qz = 2kL, with kL the laser wave number) and total Raman intensities.
From these spectra it is straightforward to identify the cavity mode (CM),
and the separate FS and BS contributions. The BS contribution is related to
the standard folded-phonon spectra observed in Raman scattering in SLs [4],
while the FS component corresponds to one of the two q = 0 minigap states
that is Raman allowed [4]. Its position coincides with the phonon stop-band
edge. Note, on the other hand, that the CM is only observed through the FS
component of the total scattering.
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Fig. 30. Measured one-mode phonon cavity spectra compared to the total,
backscattering (BS) and forward-scattering (FS) calculated spectra

5.4.5 Finite-Size Effects

Besides the FS and BS related peaks, several other spectral features appear
in Figs. 28 and 29. Namely, the low-energy oscillations (particularly clear in
Fig. 28), and the splitting of the BS and FS peaks (evident in the BS compo-
nent of the two-mode cavity spectra in Fig. 29). The origin of these features
can be traced down to finite-size effects that originate in the existence of the
cavity spacer on the otherwise periodic structure, and in the reduced num-
ber of periods that make the phonon mirrors [93]. This is demonstrated in
Fig. 31, where calculated spectra corresponding to a phonon mirror with a
very large (300) number of periods is compared with the spectrum of the
one-mode phonon cavity with ten-period mirrors. As for a diffraction pattern
with a few illuminated groves, the peaks are broadened and side oscillations
become evident. In addition, the existence of the cavity spacer leads to in-
terferences between the light scattered from the two mirrors that explains
the appearance of dips in the spectra and, consequently, of apparent peak
splittings. These interferences in so-called “mirror superlattices” have been
discussed by Giehler and coworkers using a simplified model for the sound
dispersion [113]. A complete model that takes into account the acoustic mod-
ulation and includes strain-zero boundary conditions at semiconductor/air
interfaces has been addressed by Pascual Winter et al. [125].

5.4.6 Phonon-Mode Parity

Note that in the calculated spectra in Fig. 29 the confined phonons display
alternate peaks and dips. This reflects the fact that the modes alternate be-
tween allowed and forbidden, respectively. This can be understood by analyz-
ing the displacement distribution u(z) associated with each of these modes,
and shown for the three-mode cavity in Fig. 32. Note that while the first
and third modes are even with respect to the center of the cavity, the second
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Fig. 31. Calculated backscattering Raman spectra for a 300-period phonon mirror
(BSinf) compared with that of the one-mode cavity with 10-period mirrors (BS10)

Fig. 32. Displacement distribution u(z) for the three confined modes of the three-
mode phonon cavity. The thin lines identify the layers through their photoelastic
constants. The vertical dashed line indicates the center of the phonon cavity. The
shadowed regions highlight a mirror period

(central) mode is odd. On the other hand, for the photoelastic mechanism
it is the strain (du/ dz) that is relevant, which has the parity reversed with
respect to u(z). Noting that the Raman cross section is also proportional to
the optical-mode intensity that is even with respect to the center of the cavity
(see (32)) [4, 50], it is thus straightforward to conclude that only modes with
odd u(z) (i.e., even strain) are Raman allowed. Hence, subsequent standing
phonon modes are allowed or forbidden according to their parity.

5.4.7 Cavity vs. Mirror Modes

While in the single-mode cavity (Fig. 28) the main feature corresponds to
the confined acoustic mode, for the two- and three-mode cavities the spectra
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Fig. 33. Calculated displacement distribution u(z) for the cavity (left) and forward-
scattered modes (right) of the three-mode phonon cavity. The thin lines identify
the layers on the basis of their photoelastic constants

are dominated by the FS contribution. The two and three-mode cavities have
larger phonon mirrors in order to fit in broader optical cavities (2λ vs. λ for
the one-mode phonon cavity). On the other hand, the cavity and FS modes
have essentially different character. In fact, while the acoustic cavity mode is
confined within the cavity spacer and decays exponentially into the mirrors,
the phonon mode that leads to the FS peak is concentrated in the SLs (see the
phonon displacements depicted in Fig. 33). Since the SLs making the mirrors
are considerably larger in the two- and three-mode cavities, as compared to
the one-mode resonator, in the former the corresponding FS contributions
are enhanced with respect to the confined mode.

6 Strongly Coupled Microcavities: Polariton-Mediated
Resonant Raman Scattering

The Raman scattering of light by optical phonons proceeds through the in-
termediate step of electronic excitations [1–3]. The standard way to describe
this process in semiconductor bulk and confined structures (quantum wells,
wires and dots) is as a three-step sequence that involves the creation of a
virtual interband exciton, the scattering of the latter by the lattice vibration,
and finally the recombination accompanied by the emission of the scattered
photon [1–3]. Strictly speaking, however, in highly pure bulk semiconductors
light does not propagate within the solid as a pure photon but as a com-
bined state involving the oscillating absorption and emission of the photon
by an exciton of the same wavevector. The latter, a combined electromagnetic
and matter wave, is called a polariton; it is especially important for photon
energies close to the exciton absorption [126]. From the polariton point of
view inelastic scattering is described as the transformation of a photon at
the surface of the solid into a polariton of the same energy, the propagation
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and scattering of the latter within the solid, and the final propagation and
conversion of the scattered polariton into an external photon again at the
material boundary [52–57]. Basically, the main difference between the two
descriptions is that, in the latter, the radiation–matter interaction is taken
into account exactly. The Raman cross section, which follows from third-or-
der perturbation theory in an excitonic description, thus becomes a first-order
process in the polariton framework. One should keep in mind, however, that
the photons must be converted into polaritons at the surface.

Polariton waves, which basically reflect retardation effects in electric
dipole active excitations, are characterized by a coupled-mode energy dis-
persion that qualitatively differs from that of the pure photon and exciton.
This modified dispersion has important consequences in the optical proper-
ties of pure bulk semiconductors, which are reflected, e.g., in the light transit
time [127], the reflectance and transmission spectra [58, 128], and the lumi-
nescence lineshape [59]. Resonant Brillouin scattering, that is light scattering
by acoustic phonons, has proved to be a particularly appropriate technique
to derive the polariton dispersion [58, 129, 130]. This follows from the linear
dispersion of acoustic excitations, which leads to a laser-energy dependence
of the Brillouin-peak shifts. This energy dependence can be used to map out
the polariton branches [129, 130]. Raman scattering, on the other hand, is
essentially different in that optical phonons are mostly dispersionless. Conse-
quently, the involvement of exciton-polaritons in the light-scattering process
is more subtly hidden in the resonant Raman peak intensity. It turns out
that, in bulk solids, the resonant Raman scans are well described within ex-
citon models that include discrete and continuum states, without the need
to rely on polariton effects [52–54, 60].

The situation is radically different in semiconductor microcavities with
embedded QWs [15, 20]. In these structures both the QWs excitons and the
cavity-photon z-component of the wavevector are quantized. The wavevector
component parallel to the surface (k‖) is conserved in the photon transmis-
sion into the cavity, implying that any external photon couples to one (and
only one) polariton mode of the same k‖ and of the same energy. One imme-
diate qualitative difference with bulk materials is that the optical spectra are
characterized by a large polariton gap. This gap ranges from ∼ 3–25 meV in
semiconductor microcavities, but can go up to ∼ 160 meV in organic struc-
tures [46]. In addition “additional boundary conditions” (ABCs), essential in
bulk [131], are not required.

A few papers on resonant Raman scattering in semiconductor microcavi-
ties have been published to date [61–64, 132–134]. In [61] large differences in
the angle dependence of the resonant Raman intensity between the polari-
tonic and pure-photonic [42] regimes provided evidence of the involvement
of polaritons (as opposed to uncoupled excitons) in the resonant-scattering
process. Tribe et al. [62], on the other hand, reported in- and outgoing sin-
gle-resonant Raman scattering from cavity polaritons. Interestingly, a much
weaker resonant enhancement was observed for the upper polariton state
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as compared to the lower state, indicative of the importance of dephasing
in the Raman-scattering process. Stevenson and coworkers [133] reported
the observation of uncoupled exciton-mediated scattering in microcavities in
the strong-coupling regime, a result consistent with the angle dependence
of polariton-mediated scattering reported in [61]. Raman scattering in sam-
ples with multibranch polaritons was also recently reported. These investi-
gations strongly indicated that a theory that includes dephasing in a rig-
orous way is required [64]. A phenomenological way to include dephasing in
the so-called “factorization” model originally developed for bulk semiconduc-
tors [52–57] was very recently discussed by Bruchhausen and coworkers [134].
These investigations were carried out both in III–V and II–VI semiconductor
structures. II–VI cavities are interesting mainly for two reasons. On the one
hand, the Rabi gaps and hence the polaritonic effects are much stronger than
in GaAs/AlAs-based structures. On the other hand, the Raman efficiency
for scattering by optical phonons is larger than in III–V materials, allowing
clearer Raman studies resonant with strongly luminescent polaritonic states.
A drawback, on the other hand, is that heterostructures made of II–VI ma-
terials are less under control, leading sometimes to localized exciton states
in the optical transitions spectra that make difficult the separation between
exciton- and polariton-mediated Raman-scattering processes.

Raman scattering in semiconductor microcavities is interesting essentially
for two reasons. First, in contrast to bulk materials, a polariton description
of resonant Raman scattering is unavoidable in microcavities. This provides
a rich field in which to investigate the fundamentals of inelastic light scatter-
ing in this regime. In addition, in microcavities the exciton–photon coupling
and both the exciton and photon strengths can be controlled by external pa-
rameters or by sample design. Moreover, cavities both in the strong-coupling
and very strong coupling regimes (Ω < Eb and Ω ∼ Eb, respectively) can be
investigated (Ω is the mode splitting and Eb the exciton binding energy). In
the latter, and due to the large Rabi splitting, the upper polariton branch
overlaps the exciton continuum at relatively small positive detunings. This
has critical consequences in the polariton wavefunction, its dephasing and
damping [135–137], and consequently should also show up in the Raman effi-
ciency. And secondly, if this research is performed, and adequate theories are
developed, Raman scattering could provide invaluable information on the po-
lariton dynamics (interaction with external photons and with phonons) and
lifetimes.

In this section we will briefly review some of the investigations that have
been reported in this rather unexplored area. Since many excellent reviews
have been published on cavity polaritons [15, 20, 21], we will only describe
at the beginning those facts that are relevant for the description of cavity
polariton-mediated Raman scattering. The section continues with a critical
discussion of the available theory of polariton-mediated scattering adapted to
planar microcavities. Three different experiments are then described, namely
Raman-energy scans, angle-tuning double-resonant experiments, and outgo-
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ing resonant detuning investigations of the Raman efficiency. These exper-
imental results are analyzed with the factorization model that provides a
qualitative interpretation of the data. One shortcoming of the model is the
difficulty of including dephasing and damping in a rigorous way. Experimental
evidence of the importance of dephasing, and a phenomenological approach
to include this feature in the theory, are presented.

6.1 Cavity Polaritons in Strongly Coupled Microcavities

In previous sections we have described Raman-scattering experiments on mi-
crocavities that were devoid of excitonic states in the spectral range probed
by the laser and scattered waves. When the cavity mode is resonant or close
to an exciton state, and the exciton is not at a node of the confined optical
field, a significant interaction occurs between the two, leading to qualitatively
different physics. Excitons and photons couple strongly, leading to mixed po-
lariton modes characterized by coherent Rabi oscillations between the exci-
ton and cavity-photon states [15]. For large detunings the modes retain their
original (uncoupled) character, while a strong mixing and an energy split-
ting develops close to degeneracy. Radiatively stable polaritons exist in bulk
semiconductors, whereas in quantum wells (QWs) the lack of momentum
conservation along the growth direction (z) leads to an intrinsic radiative
lifetime. Due to photon confinement the strong coupling regime is recovered
in QW-embedded planar microcavities where the coupling strength between
two-dimensional excitons and cavity photons exceeds both the cavity-mode
and exciton-damping rates [15]. This coupling is determined by the exciton
oscillator strength, the amplitude of the cavity field at the QW position, and
the number of QWs present in the structure. The consequent modification
of the quasiparticle energy dispersion and wavefunction have dramatic con-
sequences on the optical properties, the most conspicuous being the “Rabi”
splitting of the otherwise degenerate discrete (for a given k‖) bare cavity-
mode and exciton energies. This splitting is reflected in an anticrossing (in-
stead of a crossing, which would apply to uncoupled or overdamped oscil-
lators) of the exciton and cavity modes. The latter can be nicely evidenced
in planar cavities by tuning the energy of the modes and measuring the lu-
minescence emitted by the QW or its reflectivity [15, 20, 21]. The energy of
the cavity mode can be either tuned by varying the spot position in tapered
samples, or by measuring as a function of angle and exploiting the cavity
mode inplane k‖ dispersion. The exciton energy, on the other hand, can be
varied by applying electric or magnetic fields [20].

In Fig. 34 we illustrate the mode anticrossing in a strongly coupled mi-
crocavity determined through z-axis luminescence experiments performed at
1.7 K. The MBE-grown λ-cavity consists of a Cd0.8Mn0.2Te spacer with three
CdTe 88 Å QWs located at the middle and separated by 80 Å. This central
region is enclosed by Cd0.4Mg0.6Te/Cd0.75Mn0.25Te Bragg reflectors, 15 pe-
riods at the top and 17 periods at the bottom. A thickness gradient in all
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Fig. 34. Microcavity luminescence spectra at 1.7 K for different spot positions.
For δ = 0 a Rabi splitting Ω = 11 meV is obtained. The lower branch has maximum
intensity at the localized excitons energy (peak not seen due to the chosen scale).
Note the much weaker upper peak intensity (multiplied by 50 for clarity) which
signals strong thermalization

layers enables a tuning of the cavity mode by displacing the spot under exam-
ination. In the figure, spectra for several spot positions are displayed shifted
vertically for clarity. The cavity-mode and the free-exciton state (EX in the
figure) should have crossed at zero detuning (δ = 0). Instead, due to the
strong coupling the two branches anticross. In fact, for δ = 0 the modes are
split by Ω = 11 meV. The spectra corresponding to this situation are high-
lighted with a thicker curve in the figure. Note that this Rabi splitting is
much larger than the cavity and exciton linewidths, a prerequisite for the ob-
servation of strong coupling. For this structure, and as we have observed quite
generally in II–VI cavities, localized excitons (indicated in Fig. 34 by Eloc)
appear below the free-exciton energy. These states can be identified in the
figure by an increase of the luminescence emitted through the lower polari-
ton mode when both states overlap. On the other hand, they are spectrally
clearly separated from the upper polariton branch. Localized states do not
Rabi-split through coupling with the cavity mode and thus remain at the
uncoupled energy independently of δ.

A very simple model to describe the exciton and cavity modes in a planar
cavity is as coupled oscillators, with coupling matrix element �Ω/2. Such a
simple model, which captures most of the essential physics, can be solved
analytically, and provides useful expressions for the polariton wavefunctions
as a function of detuning. The relevant parameters, such as the Rabi splitting,
and the cavity and exciton linewidths, are treated phenomenologically and
used as fitting parameters or obtained from complementary experiments or
theoretical models. The simpler situation, in which a cavity mode couples
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with a single QW-exciton state, is described by the following 2 × 2 matrix
Hamiltonian:

H =
(

εX �Ω/2
�Ω/2 εP

)
. (41)

Here, εX and εP are the exciton and cavity photon energies, respectively. The
Hamiltonian is straightforwardly diagonalized to give the eigenvalues:

εUP,LP =
εX + εP

2
±

√(
εX − εP

2

)2

+
(

�Ω

2

)2

. (42)

In this equation UP and LP stand for upper and lower polariton states,
respectively. The coupled oscillator model can be used to calculate micro-
cavity inplane dispersions by introducing the k‖ dependence on the cavity
and exciton energies, or the mode energies as a function of spot position by
including the dependence on thickness gradient of the uncoupled mode en-
ergies εX and εP. In addition, it can readily be used to derive the polariton
wavefunctions |KUP,LP〉 = aUP,LP

X |X〉 + aUP,LP
P |P 〉, where aUP,LP

X (aUP,LP
P )

stands for the exciton (cavity photon) weight of the polariton states. It
will be convenient in order to describe the polariton-mediated Raman ef-
ficiency to define the exciton and photon strength of the polariton state as
SUP,LP

X = |aUP,LP
X |2 and SUP,LP

P = |aUP,LP
P |2, respectively. These can be de-

rived from a fit of the polariton energies as is illustrated in Fig. 35 for a
λ/2 cavity with three 72 Å CdTe QWs located at the antinode of the photon
field in the Cd0.4Mg0.6Te spacer of a planar cavity. The latter is enclosed by
Cd0.4Mg0.6Te/Cd0.75Mn0.25Te Bragg mirrors, 21 pairs on top, and 15.5 on
the bottom. A thickness gradient enables tuning of the cavity mode by dis-
placing the laser spot. The corresponding mode energies measured at 77 K are
shown in Fig. 35a, together with the fit done using the matrix Hamiltonian
of (41). The Rabi splitting for this sample is Ω ∼ 13 meV. The mode char-
acter of the two branches can be varied from almost pure photonic to pure
excitonic by changing the detuning, as is shown through the corresponding
strengths for the upper polariton branch in Fig. 35b.

6.2 Theory of Polariton-Mediated Raman Scattering
in Planar Cavities

We briefly introduce in this section the so-called “factorization model” of po-
lariton-mediated first-order Raman scattering, discussing its extension for
photon-confined structures. Within the factorization models of polariton-
mediated RRS, originally developed for bulk semiconductors [52–54, 56, 57],
the Raman efficiency is calculated by first-order perturbation theory using
Fermi’s golden rule as:

σpol ∝ Tiτi |〈K i |He−ph|Ks〉|2 Tsρs

∣∣
Ei=Es+�ωph

. (43)
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Fig. 35. Polariton mode energies at 77 K. The solid curve is a fit with the stan-
dard two coupled-mode model. The Rabi splitting for this sample is Ω ∼ 13 meV.
(b) Upper mode excitonic (solid) and photonic (dashed curve) character, derived
from the two coupled-mode fit

Equation (43) describes a sequential process that involves (i) the transmission
of an incoming external photon and conversion into a polariton at the sample
surface (represented by Ti), followed by the phonon-induced scattering of this
polariton state (|Ki〉) to another (|Ks〉) inside the crystal, and terminated by
the transmission of the latter to the exterior as a photon where it is detected
(Ts). ρs is the density of final polariton states, and τi is the lifetime of the ini-
tial polariton state before it dephases or leaves the sample. These quantities
are evaluated considering that energy is conserved in the scattering process,
that is, Ei = Es + �ωph, where ωph is the energy of the scattered optical
phonon. Although being conceptually simple, this model is limited in that
the polariton modes |K〉 describe eigenstates of the system [52–54, 56, 57].
When polariton dephasing and damping are important, as in the microcav-
ity resonant Raman-scattering investigations described here, modifications to
the model are required. Reports on resonant Brillouin scattering by acoustic
phonons have included dephasing within the W. Brenig, R. Zeyher, and J. L.
Birman polariton model by adding an imaginary part to the eigenenergy of
the excitons [138]. An alternative approach within the factorization model
will be described below.

For the definition of the transmission factors in bulk samples, and because
of the existence of more than one polariton branch for energies above the ex-
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citon energy, additional boundary conditions (ABCs) have to be invoked.
This is a complicated procedure, strongly dependent on the model used to
describe the excitons and on the surface conditions. In a planar microcavity
this problem is not present: only one accessible polariton state exists for a
given photon energy and incident photon wavevector k‖. Thus, the trans-
mission factors T are directly proportional to the photon strength (SP) of
the corresponding polariton. On the other hand, polaritons interact with
phonons only through their exciton component. Thus, the squared matrix
element |〈K i |He−ph|Ks〉|2 will be proportional to the exciton strength (SX)
of the participating, polaritons.

The factor ρs describes, within Fermi’s golden rule, the number of accessi-
ble final states that satisfy the energy-conservation condition, Es = Ei−�ωph.
In a planar microcavity this has to be replaced by the number of final polari-
ton states with k‖ values subtended by the collection cone, and satisfying the
energy-conservation condition. This means that, even for a dispersion that is
flat along k‖, the number of final states is not infinite but is limited by the
collection optics. The density of states is given by dn/ dk = k/2π, and so
over the width ∆k‖ around k = 0 there are (∆k‖)2/4π available states/cm2.
Typically the collection cone can be so small that the polariton energy spread
within this ∆k‖ is smaller than the homogeneous broadening of the polariton.
Thus, ρs can be replaced by ρ(k‖, ∆k‖)s. In experiments where the detuning
is controlled by displacing the spot on the surface of a tapered sample and
light is collected along z, this is a detuning-independent constant that is only
a function of ∆k‖. Otherwise, if the detuning is varied by changing the col-
lection angle and thus k‖, the dependence on angle of the number of k‖ states
spanned by the collection cone has to be taken into account.

In the literature devoted to polariton-mediated scattering in bulk ma-
terials, both the transit and dephasing times of the incident polariton are
included ad hoc in τi. On the other hand, σpol should also depend on the
scattered-polariton lifetime τs. Noninclusion of polariton-lifetime effects im-
plies that the density of states ρs in (43) is a delta function of energy cen-
tered at the final polariton energy [63,64]. However, experimental results have
clearly shown that polariton-lifetime effects are not negligible [62, 64]. Cav-
ity polaritons have a lifetime that is indeed detuning dependent [139, 140].
A phenomenological way to account for this effect within the factorization
model [134] is to include in Fermi’s golden rule the spectral density P (Es),
i.e., an additional factor that accounts for the distribution of probability,
of the final polariton states (see, for example, [141]). The spectral density
can be taken as a Lorentzian probability function with linewidth Γs, cen-
tered at the final polariton energy. In the exact outgoing resonance case, due
to the energy-conservation condition Ei = Es + �ωph this distribution has
to be specified at its maximum. Thus P (Es) = Γ−1

s . We note that a more
rigorous derivation of the proposed way to include dephasing through the
spectral density function can be achieved using a Green’s function formalism
(see [142]).
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Summarizing, in this simplified description of polariton-mediated first-or-
der Raman scattering in microcavities, the Raman efficiency can be obtained
from the expression:

σpol ∝ Tiτi|
〈
Ks|He−ph|Ki

〉
|2Tsρ

s(k‖, ∆k‖)P (Es)
∣∣
Ei=Es+�ωph

. (44)

For exact outgoing resonance, light collected along z, and expressing the
transmission factors and the exciton–phonon matrix element in terms of the
photon and exciton strengths of the incoming and scattered polaritons, (44)
reads:

σpol ∝ Si
PτiS

i
XSs

XSs
PΓ−1

s . (45)

As we will see in the following sections, this simple expression retains most
of the relevant physics providing clear insight into the involved processes.

6.3 Experimental Evidence of Polariton Mediation
of Light Scattering in Cavities

6.3.1 Resonant Raman Scans

A scheme of a cavity polariton-mediated scattering process can be visualized
in Fig. 36. This figure displays the z-axis cavity-mode dispersion as a function
of spot position, derived from luminescence measurements at 77 K, of a GaAs-
spacer λ-cavity with two 12 nm wide In0.14Ga0.86As quantum wells (QWs) at
its center, and enclosed by GaAs/AlAs DBRs, 13.5 pairs above, 20 below. In
addition, the energy dependence of the cavity modes expected for a finite k‖
(i.e., finite θ0) is schematized by a dashed curve. Note the neat anticrossing of
the exciton and cavity modes, with a Rabi splitting Ω ≈ 4.5 meV [61]. A Ra-
man-scattering double optical resonance (DOR), as described in the previous
sections, is effected by tuning θ0 so that both incoming and scattered pho-
tons become resonant with cavity modes and their frequency difference equals
that of an excitation (e.g., phonon) of the system [42]. DOR experiments are
performed with EL far below the exciton energy (see the thinner arrow in
Fig. 36), so that the observed enhancement derives exclusively from cavity-
photon confinement. Cavity-polariton-mediated scattering (CPMS) occurs,
instead, when the laser energy is tuned to the polariton region, as exempli-
fied with a thicker arrow in Fig. 36.

Several types of experiments involving CPMS can be performed, and will
be described in what follows. In the first and simplest experiment, the laser
energy and spot position are varied (keeping θ0 constant) so that a DOR is
scanned through CPMS [61, 143]. In such an experiment, the excitation goes
from pure cavity-photon-like to maximum photon–exciton mixing, while the
scattered photon is always in an almost pure-photon regime. Note, however,
that if θ0 is kept fixed the laser energy detunes from the polariton modes
when passing through the Rabi gap. Such a Raman-intensity scan for a λ/2
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Fig. 36. The solid circles indicate experimental z-axis cavity-mode dispersion as
a function of spot position derived from luminescence measurements. The dashed
curves represent the situation for θ0 > 0, i.e., k‖ > 0. DOR and CPMS processes
are indicated. The arrows end (tip) indicate the incoming (scattered) photon. The
length of the arrow, in turn, corresponds to the energy of the scattered excitation

cavity fully filled with a GaAs/AlAs MQW is shown with solid squares in
Fig. 37 [143]. The figure also displays the cavity-polariton modes (solid cir-
cles), the uncoupled exciton energy (triangles), and the laser energy (empty
circles). The energies are given with respect to the exciton energy at zero
detuning. The latter were derived from the z-axis emission assuming that ex-
citons do not disperse significantly at the k‖ corresponding to the used DOR
geometry (θ0 ∼ 52◦). Note the relatively large mode splitting Ω = 11.3 meV
(at T = 2 K), which has its origin in the fact that many QWs fill up the
cavity spacer. With increasing energy, starting from the pure DOR situation,
it is seen that the Raman intensity strongly augments as the exciton energy
is approached, then decreases when the laser energy detunes from the lower
polariton mode, leading again to a second (weaker) maximum when the laser
energy approaches the upper polariton branch. Based on (44) and (45) the
interpretation of these results is straightforward. As the polariton regime is
approached, the Raman efficiency is enhanced following the increase of the
exciton strength of the intervening incoming polariton mode. This simply
means that the polariton needs to be excitonic to interact with phonons. As
the laser energy becomes detuned, light cannot get into the cavity and thus
the Raman efficiency decreases, leading to a minimum for zero detuning be-
tween the laser and exciton energy. This dependence on laser energy, which
basically establishes the cavity as a filter, is represented by the spectral den-
sity P (E). More interestingly, the two Raman-efficiency maxima have com-
pletely different intensities. Note that the experiment is symmetric on both
the upper and lower polariton modes, and thus the transmission factors T
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and the exciton strengths should follow the same dependence with laser en-
ergy for both modes. Thus, the natural explanation for the observed strongly
differing intensity relies on the more rapid dephasing of polaritons in the up-
per branch compared with those in the lower branch, reflected by τi in (44)
and (45). The dephasing time is known to be shorter for the upper branch
since these polaritons can scatter to lower polariton and exciton states of a
different k‖, a channel that cannot occur for the lower branch [20, 62].

The first report of such a difference between the UP and the LP in Raman-
scattering experiments was reported by Tribe and coworkers [62] through
outgoing resonant experiments performed with laser light incident at θ0 = 0◦,
and scattered light also collected along θ0 = 0◦. The latter were resonant with
the polariton modes, while the laser entered the sample through mirror losses.
For such an outgoing resonant scattering geometry the difference in intensity
for the two branches is represented in (45) by the differing Γ−1

s . We note
that in outgoing CPMS experiments the separation between the scattered
Raman photons and luminescence has been shown to be extremely difficult,
the experiments of Tribe et al. being the only ones reported to date. It is
possible that these became possible because of the inbuilt electric field present
in the studied p-i-n diode structure. Plausibly, luminescence is quenched more
strongly than Raman scattering, allowing the resonant Raman experiments
to be performed. On the other hand, incoming resonant experiments similar
to those displayed in Fig. 36 but performed in III–V microcavities with few
QWs, and hence much smaller Rabi splittings, were also reported in [61]
and [62]. In these experiments, however, only a single Raman intensity peak
close to the energy of the free excitons was observed. It was suggested that
this result might be due to Raman scattering proceeding also through weakly
coupled localized excitons [61] or because of screening of the exciton–photon
interaction at the higher incident power conditions employed in [62] for the
ingoing resonant experiments.

6.3.2 Double-Resonant Angle-Tuning Experiments

A different aspect of the mediation of cavity-polariton modes as intermedi-
ate steps in the scattering process can be evidenced from the dependence of
the resonant Raman intensity on angle of incidence [61, 143]. Such an exper-
iment, described in Fig. 38, is more conveniently explained in k-space. For
this purpose, panel (b) in the figure shows the inplane dispersion of the cavity
polaritons for a detuning such that the cavity mode at k‖ = 0 lies one LO-
phonon energy below the uncoupled exciton (Ex). The proposed experiment
is a double-resonance experiment in which, at fixed laser energy (EL = Ex),
the incidence angle (θ0) is varied up to the angle of anticrossing corresponding
to that detuning. In this experiment the outgoing channel does not change,
being always resonant with the cavity mode at θ0 = 0◦. With EL tuned to
the exciton energy (Ex), when k‖ is varied by changing θ0 starting from zero
(represented by dashed arrows in Fig. 38b), the incoming channel evolves
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Fig. 37. Raman-intensity scan for a λ/2 cavity fully filled with a GaAs/AlAs MQW
and Ω = 11.3 meV (solid squares). The cavity-polariton modes (solid circles), the
uncoupled exciton energy (triangles), and the laser energy (empty circles) are also
displayed. The solid, dashed and dotted curves are guides to the eye joining the
experimental points. The laser and mode energies are given with respect to the
exciton energy

continuously from almost pure exciton-like character to maximum exciton–
photon mixing (CPMS). However, since the laser energy is not adjusted in the
angle variation, close to the anticrossing angle the double-resonance condi-
tion is not strictly satisfied. For comparison purposes, Fig. 38a also shows the
same experiment under pure-photonic DOR conditions, that is, for EL � Ex.
For this situation, detuning from DOR the Raman efficiency should decrease
according to the finesse of the cavity, as demonstrated in Fig. 14.

Figure 39 displays the Raman intensity as a function of θ0, recorded
with EL = Ex (solid symbols) for the same large Rabi gap MQW micro-
cavity used for the experiments on Fig. 37 [143]. For comparison, an angular
dependence obtained with EL � Ex, i.e., in the pure optical DOR regime, is
also shown (open circles). The latter decreases steeply on detuning θ0, and
gets below the detection noise level within ∼ 20◦ of the DOR condition. In
contrast, for EL at the exciton resonance the curves decrease much more
smoothly and no complete suppression is observed even for θ0 = 0◦. If cavity
and exciton were not coupled, as is the case when EL � Ex, the Raman
intensity should fall steeply with θ0, reflecting the cavity finesse through its
filtering properties [42]. The Raman signal, proportional to the light intensity
at the QWs, provides a straightforward explanation for the steep decrease of
intensity of the EL � Ex data. However, it is clear that a different regime
exists for EL ≈ Ex. As we will argue next, the cavity-polariton description
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Fig. 38. Schemes of RRS geometries. The arrow end (tip) indicates the incoming
(scattered) photon. The angle dependence of the incoming channel in a double-
resonance experiment is followed for (a) the purely photonic (EL � Ex) and (b) the
polariton (EL = Ex) regimes. In (a) the Raman efficiency when detuning out of
DOR (thick arrow), should follow the finesse of the cavity. In the polariton regime
(b) “cavity-polariton-mediated scattering” corresponds to the maximum exciton–
photon mixing (indicated with a thick arrow), while the angular detuning goes
from maximum exciton–photon coupling to almost pure exciton character (thinner
dashed arrows)

Fig. 39. Angular dependence of the resonant Raman intensity for a MQW cavity.
Solid symbols correspond to EL = Ex. Open symbols were obtained for EL � Ex

(i.e., pure optical DOR). The solid curve corresponds to the CPMS model, adjusted
to fit the small-angle data. The dashed curve is a guide to the eye joining the
experimental points

of RRS provides a natural explanation for such a different resonant angular
dependence.
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Concerning (45), note that the outgoing channel in the angle-dependence
experiment remains fixed, and thus Ts (i.e., Ss

P), Ss
X, and Γ−1

s are constant.
In going from the CPMS condition to the pure-exciton behavior (that is,
decreasing θ0), Si

X grows from 1/2 to 1. This dependence only provides a
small variation of the Raman-scattering efficiency that, in fact, has the op-
posite sign to that observed in Fig. 39. On the other hand, Ti ∝ Si

P falls
with decreasing angle from 1/2 to 0, giving the strongest angular depen-
dence. Finally, the uppper cavity-polariton lifetime in similar structures has
been shown to increase only by a factor ≈ 2 in going from zero to maxi-
mum detuning [139]. Neglecting this latter small contribution that requires
an independent measurement to be precisely determined, the resonant Ra-
man-scattering intensity can be simply approximated as σpol(θ0) ∝ Si

XSi
P.

This behavior, with the photon and exciton strengths of the incoming po-
lariton deduced from a fit of the polariton dispersion, is shown by the solid
curve in Fig. 39, with the constant prefactor in σpol fitted to the Raman in-
tensity at small angles. The RRS intensity decay with decreasing angle (i.e.,
k‖) is mainly determined by the concomitant reduction of Si

P. The model
nicely describes the data except for very close to the anticrossing. Here, due
to the fixed laser energy, the Raman intensity falls below the model due to
the incoming detuning produced by the opening of the Rabi gap.

Similar experiments were reported for a cavity with a much smaller Rabi
gap in [61]. In this case, in the region of small detuning the theoretical CPMS
curve falls below the experimental data. This discrepancy can be understood
by arguing that CPMS is accompanied by a weak-coupling contribution that
falls steeply like the finesse. For cavities with small Rabi gap, because of
mode overlap the transmission at zero detuning is significant. Thus, in such
cases, Raman processes mediated by weakly coupled localized excitons may
contribute a large part of the total resonant Raman-scattering signal. This
could explain for these samples the observation of a single peak (instead of
two) in the ingoing CPMS scans as described in the previous section [61]. In
that sense, in small Rabi gap structures, the angle experiment helps to extract
the cavity-polariton-mediated component from the total Raman cross section.

6.3.3 Outgoing Resonant Raman Experiments

The role of cavity polaritons as intermediate states in the scattering process
can be fully evidenced if the above-discussed resonant enhancement is stud-
ied as a function of exciton cavity–photon detuning. That is, if the intensity
of the scattered Raman signal tuned to a polariton mode is followed contin-
uously as this mode varies from pure photon, to largely mixed, and finally
to pure exciton. Such experiments, exploiting the intense Raman signals and
low photoluminescence emission at the upper polariton branch, have been
reported for II–VI microcavities using backscattering geometries at normal
incidence. In these experiments the scattered photons are tuned resonantly
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Fig. 40. QW CdTe and spacer Cd0.8Mn0.2Te LO-phonon Raman intensity at out-
going resonance with the upper polariton branch, as a function of the energy of the
latter. The polariton-mode energies taken from Fig. 34 are also shown. The thin
solid lines are fits to the coupled oscillator matrix Hamiltonian, from which the ex-
citon and photon strengths are derived. The solid curve corresponds to the CPMS
model described in the text. The inset shows the two Raman peaks at resonance
with the upper polariton branch (UPB)

to the UP, while the laser excitation enters the structure through mirror
losses [63, 64, 132, 134].

Data for the II–VI cavity characterized by the photoluminescence data
of Fig. 34 are shown in Fig. 40. Results for the longitudinal optical phonons
at 171 cm−1 (CdTe QW mode) and at 166 cm−1 (CdTe-like vibrations of
the spacer Cd0.8Mn0.2Te layer) are shown by solid circles and squares, re-
spectively, together with the polariton branches derived from the spectra
of Fig. 34. Both Raman lines display a resonance behavior (the intensities
have been normalized). However, the maxima of these resonance scans is not
observed at the exciton energy, as for standard exciton-mediated Raman scat-
tering [3], but at the energy where both polariton branches are closer, i.e.,
where exciton–cavity–phonon mixture is maximum. Moreover, the Raman in-
tensity has a minimum and becomes unobservable when the polariton mode
approaches the exciton energy. The same happens when the mode becomes
pure photon-like.

The above results agree with the theory of cavity-polariton-mediated Ra-
man scattering as expressed in (45). For the single outgoing resonance geom-
etry being discussed τi can be taken as a constant, independent of detuning,
determined by the intervening exciton lifetime. This follows from the fact that
the incoming laser enters the cavity through the mirror residual transmission,
and its energy falls within the exciton continuum. For the same reason, Ti can
be taken as a constant proportional to the transmission of the Bragg mirror.
The incoming vertex of the Raman process is not resonant and is thus not ex-
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pected to depend strongly on the laser energy. Thus, one can assume that the
detuning dependence of the exciton–phonon matrix element in (44) follows
from that of the exciton strength of the scattered polariton. Consequently,
for this particular experiment the Raman efficiency reads σpol ∝ Ss

XSs
PΓ−1

s .
This means that the process is optimized when the detuning is such that the
scattered polariton couples best with the exterior continuum photons (i.e.,
when it is more photon-like) while, at the same time, it couples best with the
optical phonons (that is, when it is more exciton-like). Thus, a compromise
is obtained that predicts a maximum efficiency for zero detuning, decreasing
towards the pure exciton and pure photonic limits. In nonoptically confined
semiconductors the maximum efficiency occurs at the exciton energy, while
in microcavities, polaritons with large exciton character cannot escape effi-
ciently from the cavity. In Fig. 40 the solid curve represents an evaluation
of σpol ∝ Si

XSi
P, adjusted to fit the maximum intensity of the resonance scan.

The general behavior is well reproduced, particularly the maximum inten-
sity for zero detuning (δ = 0) and the decrease towards the pure exciton
and photon limits. Note, however, that a clear departure from the model is
observed for positive detunings. Based on (45) this can be explained by a
decrease of the polariton lifetime (Γ−1

s ) due to the opening of additional re-
laxation channels when the upper polariton branch approaches the exciton
continuum. These, and other finite-lifetime, effects on the Raman efficiency
have been quite clearly evidenced through Raman scans in microcavities dis-
playing multibranch anticrossings. Because of the richness of these results we
will describe them in what follows in some detail.

6.3.4 Multibranch Polaritons: Finite-Lifetime Effects

Let us consider an outgoing resonant Raman experiment as described in
the previous section but involving a strongly coupled microcavity display-
ing anticrossings between the cavity-photon mode and the first and second
hydrogenic exciton states (1s and 2s).3 In order to describe this system the
Hamiltonian of (41) has to be extended to a 3× 3 matrix including the three
coupled modes. In doing this, the scattered polariton wavefunction becomes
|Ks〉 = aP |1P, 0X1s , 0X2s〉+aX1s |0P, 1X1s , 0X2s〉+aX2s |0P, 0X1s , 1X2s〉, where,
e.g., |1P, 0X1s , 0X2s〉 indicates the state involving one cavity photon and no
excitons, and the coefficients al give the (detuning dependent) photon or
exciton weight of the polariton state. For such an eigenvector in an outgo-
ing resonant Raman process, the squared exciton–phonon matrix element
in (44) is proportional to |as

X1s
+ αas

X2s
|2 ∝ Ss

1s + α2 Ss
2s + α β Ss

1s,2s [64].
Here Ss

n = |as
Xn

|2 are the exciton strengths, and Ss
1s,2s = as ∗

X1s
as
X2s

+as
X1s

as ∗
X2s

is an interference term. α =
〈
Xs

2s|He−ph|K i

〉
/
〈
Xs

1s|He−ph|Ki

〉
, takes into

3 Three-mode anticrossings involving the cavity-confined photons and the X1s and
X2s states have been observed in II–VI cavities using reflectivity measurements.
See, e.g., [144].
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account the difference of the scattering-matrix elements between the com-
mon exciton initial state and the different exciton components of the final
polariton state. The coherence factor β has been introduced to describe par-
tial coherence between the polarization associated with the two intervening
exciton levels [64]. It basically defines whether the contributions from X1s

and X2s must be added before or after squaring in the Raman efficiency.
A similar description has been discussed by Menéndez and Cardona [145], to
account for the interference between allowed and forbidden Raman scattering
by LO phonons in bulk GaAs.

It can also be shown that the line broadening as a function of detuning
is, to a good approximation, Γs = Ss

PγP +Ss
1sγ1s +Ss

2sγ2s [146]. Here, γn cor-
respond to the cavity-photon or exciton homogeneous linewidths. From (44),
the polariton-mediated outgoing RRS efficiency for a three-polariton branch
cavity can then be expressed as:

σpol ∝ Γ−1
s Ss

P(Ss
X1s

+ α2Ss
X2s

+ αβSs
X1s,2s

) . (46)

In Fig. 41a the polariton-mode energies as a function of spot posi-
tion are shown for a λ/2 II–VI cavity grown with a thickness gradient
and displaying a three coupled mode behavior at low temperatures [64].
The cavity has three 72 Å CdTe QWs located at the antinode of the pho-
ton field in the Cd0.4Mg0.6Te spacer. The cavity spacer is enclosed by
Cd0.4Mg0.6Te/Cd0.75Mn0.25Te Bragg mirrors, 21 pairs on top, and 15.5 at the
bottom. Both the experimental data (full circles) and a fit using a three cou-
pled mode model, with Rabi splittings Ω1s = 13.4 meV and Ω2s = 4.5 meV
(solid curves) are shown. The upper polariton mode was not observable at
the low temperature used (4.5 K). The exciton and photon strengths for the
medium polariton (MP) branch derived from the fit in (a) are displayed in
Fig. 41b. The dashed lines represent the exciton strength (SX1 and SX2), the
dotted-dashed curve the interference term (SX1,X2), while the thin solid line
corresponds to the photon strength (SP). The thick solid curve, on the other
hand, is the photon strength multiplied by the factor Γ−1

s that accounts for
the lifetime contribution (for clarity of the figure Γ−1

s has been normalized
to unity). For this figure, the cavity-photon and exciton linewidths have been
taken, respectively, as γP = 0.4 meV, γX1 = 1 meV, and γX2 = 1 meV. MP
resonant Raman profiles, calculated using (46) and the parameters displayed
in panel (b), are shown in Fig. 41c with (full curve) and without (dashed
curve) damping factor Γ−1

s . For these outgoing resonant medium polariton
Raman profiles the interaction of each exciton state with the involved LO
phonons was taken to be equal (α = 1), while their contributions to the Ra-
man-scattered wave were assumed to contribute incoherently (β = 0). The
dependence of the Raman profiles on β has been described in [64].

For interpreting the theoretical results of Fig. 41 let us first consider the
situation without damping. The energies for which S∂ intersects the excitonic
strengths SX1s and SX2s correspond to an almost optimized scattering effi-
ciency and thus to maxima (two in this case) in the resonant Raman scan.
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Fig. 41. (a) Polariton-mode energies at T = 4.5 K as a function of spot position
on a tapered II–VI microcavity. Experimental data (full circles) and a fit using a
three coupled oscillator model (solid curves) are shown. (b) Medium polariton (MP)
strengths derived from the fit in (a). The dashed lines represent the exciton strength
(SX1 and SX2), while the interference term (SX1,X2) is indicated with a dash-dotted
curve. The thin solid line corresponds to the photon strength (SP). The thick solid
curve is the latter multiplied by Γ−1

s (normalized to unity for illustration purposes).
(c) MP-resonant Raman profile calculated using the parameters derived in (b), with
(full curve) and without (dashed curve) damping factor Γ−1

s . The linewidths have
been taken as γP = 0.4 meV, γX1 = 1meV, γX2 = 1 meV, and α = 1, β = 0

Since in each crossing the exciton strength of the third (not involved) state
is relatively small, the energies of the maxima basically coincide with the in-
tersections. However, note that if X1s and X2s were closer in energy, or their
corresponding Rabi splittings were larger, the resonant Raman scan maxima
would not necessarily be given by the condition Sp = SX1s and Sp = SX2s .
As for the simpler two-level case analyzed before, well away from these cross-
ings and towards the pure excitonic limits of the MP (either X1s or X2s),
the Raman efficiency drops to zero. Although in these regimes polaritons can
interact well with phonons, their participation in a Raman-scattering process
is hampered by the inefficiency to couple with the outside continuum pho-
tons. As follows from Fig. 41c, when damping is considered the two maxima
shift, leading to a reduced peak separation. Note that in the case considered,
γP < γX1, γX2. Thus, the medium polariton lifetime (τ = �/γ) is mainly
determined by exciton dephasing (τX) and not by the cavity-photon lifetime
(τP). In this case it is to be expected that the maximum Raman efficiency
will be obtained not for δ = 0 (i.e., for Sp = SX) but for a polariton state
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Fig. 42. (a) Energy difference between the medium (MP) and low (LP) polariton
modes (full circles) of the cavity described in Fig. 41. The solid curve is the energy
difference calculated from a fit to the polariton dispersion using a three coupled
oscillator model. (b) Raman spectra at outgoing resonance with the MP for various
values of detuning. The Raman peak for each detuning is highlighted on top of the
MP luminescence. (c) Normalized resonant Raman intensity as a function of the
MP mode energy derived from the spectra in (b). The solid (dashed) curve is a
calculation with the CPMS model including (neglecting) lifetime effects

with a detuning such that Sp > SX (predominant photonic character) since
in this case the corresponding polariton lifetime will be larger. Hence, the
effect of damping is to reduce the separation of the Raman intensity peaks
that appear as the detuning is varied. If, on the other hand, γP � γX1, γX2

the shift occurs towards the opposite direction.
Figure 42b presents the Raman spectra of the cavity described in Fig. 41

at outgoing resonance with the MP, for various values of detuning. The Ra-
man peak for each detuning is highlighted on top of the MP luminescence.
The energy difference between the medium (MP) and low (LP) polariton
modes derived from the data shown in Fig. 41a is displayed as a function of
the MP energy with full circles in panel (a). The solid curve is the difference
calculated from the fit using the three-oscillator model. The normalized reso-
nant Raman intensity as a function of the MP mode energy derived from the
spectra in (b) is shown in panel (c). The solid curve in panel (c) is a calculation
with the CPMS model including lifetime effects and using as parameters the
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photonic and excitonic strengths derived from the fit with the three-oscillator
model, and γP = 0.4 meV, γX1 = 2 meV, γX2 = 2 meV, and α = 1, β = 0.4.
This fit gave the best description of the experimental data. The dashed curve
in Fig. 42c is the resonant Raman profile calculated by neglecting polariton
damping and taking α = 1 and β = 0. Two important features should be
highlighted from these data. First, a double-peaked Raman intensity scan is
observed, with efficiency tending to zero at the pure excitonic limits. Again,
this is a clear result that contrasts with what would be expected for QWs
without a cavity, for which Raman maxima occur precisely at the exciton
energies. This result finds a natural explanation within the CPMS model.
Secondly, note from the experimental data in panels (c) and (a) that the
lower-energy Raman intensity peak is clearly blueshifted from the minimum
of the LP–MP mode separation (i.e., cavity-X1s zero detuning). This is a
clear signature of a lifetime effect. In fact, although the CPMS model with-
out damping provides a qualitative description of the data, it cannot account
for the Raman scan peak positions. The latter can be well accounted for by
theory when the contribution of Γ−1

s is included in the model.
We note that the choice of damping factors γP and γX is not arbitrary.

On the one hand, they can be obtained from independent measurements.
In fact, the values chosen are compatible with those published in the lit-
erature [139, 147, 148]. On the other hand, Γ−1

s is reflected on the detun-
ing dependence of the spectral density PE in (44), a parameter that can
be readily accessed by performing Raman scans as a function of laser (or,
equivalently, scattered) energy for fixed values of detuning. In fact, the val-
ues γP = 0.4 meV, γX1 = 2 meV, γX2 = 2 meV are compatible with the
measured MP spectral densities as reflected on the outgoing resonance Ra-
man scan as a function of laser energy tuned to the medium polariton (MP)
mode shown for two different detunings ((a) MP at 1.653 eV and (b) MP at
1.660 eV) in Fig. 43. In this figure the Raman intensities, shown as a func-
tion of the Stokes energy, have been normalized to one. The solid curves
are fits assuming a Lorentzian probability function with linewidth Γs, clearly
providing a consistent description of all the data.

7 Conclusions

In this review Chapter we addressed the potentialities of optical microcavities
for the study of weakly scattering objects, and the richness of the physics
that microcavities can generate, involving either nanostructure excitations
or cavity polaritons. In concluding, we enumerate what we believe are the
most interesting and challenging open problems related to Raman scattering
in microcavities.

As shown throughout this Chapter, optical confinement using planar mi-
crocavities can lead to Raman amplification in the range of 104–106. This
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Fig. 43. Outgoing resonance Raman scan as a function of laser energy tuned to the
medium polariton (MP) mode, for two different detunings: (a) MP at 1.653 eV and
(b) MP at 1.660 eV. The insets show the CdTe QWs first-order Raman LO-phonon
peak (∼ 172 cm−1) on top of the MP luminescence. Note the resonant enhancement
of the Raman peak as the scattered light is tuned with the polariton mode. The solid
curves are fits using the factorization model and taking γP = 0.4 meV, γX1 = 2meV,
and γX2 = 2meV

optical resonant amplification can be accompanied, in addition, by exciton-
related enhancements of about 103, leading to achievable Raman efficiency
increases of the order of 109. Such enhancements open the way to a series of
challenging possibilities. First, we believe that an interesting open problem is
that of the Raman spectroscopy (of phonons or electronic excitations) of sin-
gle low-dimensional nanostructures such as, e.g., single monolayers, wires, and
even dots. The Raman investigation of a single semiconductor dot is, we be-
lieve, a stimulating project that could benefit from the potentialities of cavity
enhancement. Such investigations would avoid the inhomogeneous broaden-
ing inherent in having a large number of “samples”, increasing enormously
the potentialities of Raman scattering as a microscopic tool able to access
the different excitations of these newly developed nanostructures. Secondly,
stimulated Raman scattering could also benefit from optical confinement to
reduce the scattering volumes by as much as the Raman efficiency is en-
hanced, e.g., from 6 to 9 orders of magnitude. It remains to be demonstrated
whether planar semiconductor microcavities can lead to Raman gain under
pumped or continuous-wave excitation. Thirdly, Raman stimulation implies
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also a stimulated emission of coherent phonons. It is an interesting issue
whether acoustic and optical cavities can contribute essential ingredients for
the development of phonon “lasers”. Acoustic cavities based on distributed
Bragg reflectors as described here could provide the required feedback mech-
anism, while optical microcavities could be exploited to efficiently seed the
stimulated-emission process.

All the experiments reviewed here, and to the best of our knowledge all the
reported investigations of Raman amplification in condensed-matter cavities,
rely on planar one-dimensional confining structures. However, and in the same
way as micrometer-size liquid droplets have led to enormous Raman gain, it
is possible to conceive higher-dimensional optical confining structures that
could be exploited for Raman amplification. These include pillars that, based
on 1D cavities, achieve 3D optical confinement by lateral nanostructuring.
Also whispering gallery modes in high-Q disk-like cavities can be a possible
choice in the search of Raman signals from single, or a few, semiconductor
dots. It would also be interesting to search for Raman amplification using
high-Q modes related to defects and high density of states extended states
in 2- and 3-dimensional photonic bandgap devices.

Last but not least, the reported experiments dealing with cavity-polari-
ton-mediated scattering are extremely few, and the available theories quite
crude. We believe that this remains an interesting and quite unexplored ter-
ritory for research on a very basic and fundamental light–matter interaction
process.
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[76] R. P. Stanley, R. Houdré, U. Oesterle, M. Ilegems, C. Weisbuch: Appl. Phys.
Lett. 65, 2093 (1994) 32

[77] G. Malpuech, A. Kavokin: Semicond. Sci. Technol. 16, 1 (2001) 33
[78] R. Sapienza, P. Costantino, D. Wiersma, M. Ghulinyan, C. J. Oton, L. Pavesi:

Phys. Rev. Lett. 91, 263902 (2003) 33
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Abstract. The vibrational properties of single-walled carbon nanotubes reflect the
electron and phonon confinement as well as the cylindrical geometry of the tubes.
Raman scattering is one of the prime techniques for studying the fundamental
properties of carbon tubes and nanotube characterization. The most important
phonon for sample characterization is the radial-breathing mode, an in-phase radial
movement of all carbon atoms. In combination with resonant excitation it can be
used to determine the nanotube microscopic structure.

Metallic and semiconducting tubes can be distinguished from the high-energy
Raman spectra. The high-energy phonons are remarkable because of their strong
electron–phonon coupling, which leads to phonon anomalies in metallic tubes.
A common characteristic of the Raman spectra in nanotubes and graphite is the
appearance of Raman peaks that correspond to phonons from inside the Brillouin
zone, the defect-induced modes. In this Chapter we first introduce the vibrational,
electronic, and optical properties of carbon tubes and explain important concepts
such as the nanotubes’ family behavior. We then discuss the Raman-active phonons
of carbon tubes. Besides the vibrational frequencies and symmetries Raman spec-
troscopy also allows optical (excitonic) transitions, electron–phonon coupling and
phase transitions in single-walled carbon nanotubes to be studied.

1 Introduction

Carbon nanotubes have attracted tremendous interest from the scientific
community over the last few years since their discovery by Iijima in 1991 [1]
and in 1993 in their single-walled form [2]. Over 15 000 publications have ap-
peared up to the time of writing this article1 with an ever-growing number of
papers per year. The reason for this enthusiasm lies in their fascinating physi-
cal properties, which make them a model system for one-dimensional physics,
their relative ease of preparation, and their large potential for applications.
The combination of these features keeps the interest alive for new investi-
gations in the research community as well as in large and small industrial
companies.
1 Institute of Scientific Information; general search with keywords “nanotube*”.

M. Cardona, R. Merlin (Eds.): Light Scattering in Solid IX,
Topics Appl. Physics 108, 115–232 (2007)
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The one-dimensionality of carbon nanotubes leads to a number of eas-
ily observable, physically interesting effects, from absorption anisotropy, de-
polarization effects and one-dimensional vibrational confinement to possible
Luttinger-liquid behavior of the electrons. The physical properties of the
“theoretical” starting material for a single-walled carbon nanotube – a sheet
of graphene – are relatively well understood. Still, nanotube research has
given new impetus to the study of graphite e.g., its phonon dispersion [3]
or the large shift of the so-called D-mode with laser excitation energy [4].
Theoretically, the electronic dispersion of nanotubes may be described by an-
alytic expressions using the tight-binding parameters of graphite [5], which
have given access to an initial understanding of the processes involved in
absorption. Improvements of this formula taking into account more distant
neighbors [6] allowed a quantitative comparison of the electronic properties
of graphite with those of carbon nanotubes.

The nanotube wall has a curvature with profound effects on the electronic
properties, in particular of small nanotubes. The effect of σ − π hybridiza-
tion has been described by a symmetry-adapted nonorthogonal tight-binding
model [7] and, in a more sophisticated way, by ab-initio calculations [8–10]
with increasing agreement with experiment. Most recently, the effect of exci-
tons on the absorption properties has come into focus [10–13]; we will discuss
this topic in Sect. 5.3.

A number of exciting applications have emerged for carbon nanotubes.
Due to their extreme toughness-to-weight ratio they have become a prime
choice for mechanical reinforcement of polymers and composites [14]. The fact
that they can be both semiconducting or metallic (displaying even ballistic
electron transport) for slightly different atomic structures opens up the field
of applications in micro or nanoelectronics. Although it is not yet possible
to control the growth of one specific type (chirality) of nanotube, successful
procedures for separating metallic and semiconducting nanotubes have been
reported [15]. We expect schemes for specific-chirality growth to appear in
the near future [16]. Identifying the chiral index – i.e., their microscopic
structure – of individual isolated nanotubes via Raman scattering has become
routinely possible. The nonlinear absorption properties of carbon nanotubes
have opened the field of saturable absorbers in laser and optical limiters [17].
Other research has focused on the application in fiber materials [18] or as
artificial muscles [19].

Raman scattering has become one of the main characterization tools for
carbon nanotubes. It tells us about the quality of the material, the micro-
scopic structure of the tube, and phonon and electron quantum confinement.
Other methods, such as electron microscopy, near-field optical techniques, or
tunneling measurements can give similar information. Often, though, these
methods require expert knowledge in handling and are quite time consuming.
They are less suited for routine characterization.

Carbon nanotubes have advanced in the general interest and found their
way into several textbooks, see the book by Reich et al. [20] for a recent

POPOV
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overview of their fundamental physical properties. Older texts include those
by Dresselhaus et al. [21, 22], Saito et al. [23], and Harris [24]. A number
of review articles on specialized topics have been published recently, e. g.,
on the electronic states [25], Raman scattering [26], power applications of
nanotubes [27], application as biosensors [28], and the behavior of nanotubes
under high pressure [29]. Particularly useful collections of articles can be
found in a special issue of The New Journal of Physics [30] (Eds. C. Thomsen
and H. Kataura), and the Philosophical Transactions of the Royal Society [31]
(Eds. A. C. Ferrari and J. Robertson).

In this Chapter, after a general introduction to structure and growth of
carbon nanotubes (Sect. 2), we describe their lattice dynamics in Sect. 3, their
electronic properties in Sect. 4, and their optical properties in Sect. 5. We
then discuss some features of Raman scattering specific to one-dimensional
systems such as the carbon nanotubes (Sect. 6). In Sect. 7 we show how, with
resonant Raman spectroscopy, it is possible to find a unique assignment to
the multitude of tubes with different chirality. The assignment is based on
the chiralty dependence of both the bandgap energies and the vibrational fre-
quency of the radial-breathing mode (RBM) of the nanotubes. In Sect. 8 we
discuss the difference between the Raman spectra of metallic and semicon-
ducting carbon nanotubes, which is important for the different envisioned
technological applications of nanotubes, e.g., as electrical connectors or in
devices with transistor action. Raman scattering offers a nondestructive, effi-
cient way of identifying this property. Some aspects of electrochemical studies
of carbon nanotubes are reviewed as well. Effects of electron–phonon coupling
on the Raman spectra are presented in Sect. 9. This section also deals with
interference effects on the resonant Raman intensities and Kohn anomalies.
In Sect. 10 the role of defects in the high-energy region of the Raman spectra
are discussed; they show a strong, curious shift of one of the defect-induced
modes with excitation energy, which can be explained in terms of a Raman
double resonance also found in graphite [4]. Throughout the Chapter we focus
on single-walled carbon nanotubes.

2 Structure and Growth

Carbon nanotubes are tiny hollow graphite-based cylinders [20, 23]. Depend-
ing on the number of graphite layers of the wall they are called single-walled
(one graphite layer), double-walled (two layers), triple-walled (three layers)
and so forth. Tubes with a large number of concentric cylinders – ten or more –
are known as multiwall nanotubes. Graphene, a single sheet of graphite, is
thus the basic building block of carbon nanotubes. We obtain a carbon nano-
tube by cutting a tiny strip out of a graphene sheet and rolling it up into
a cylinder. This procedure is shown in Fig. 1. In the laboratory, carbon nano-
tubes grow from carbon plasma by adding metal catalysts.
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Fig. 1. Carbon nanotubes are tiny graphene cylinders. A strip is cut out of
graphene (a) and then rolled up (b) to form a seamless cylinder (c). The chi-
ral vector c = 10(a1 + a2) in (a) forms the circumference of the (10,10) nanotube
in (c). Along the nanotube axis the unit cell is repeated periodically, i.e., a nanotube
is a one-dimensional periodic system. The segment shown in (c) contains 13 unit
cells along the nanotube axis. The inset in (a) shows the graphene lattice and the
graphene unit cell vectors a1 and a2 on an enlarged scale

Before discussing the growth, we introduce the basic concepts and param-
eters that determine the properties of carbon nanotubes. As can be seen in
Fig. 1a the cutting of graphene fixes the so-called chiral or roll-up vector c.
This vector goes around the circumference of the final tube in Fig. 1c. There
are two parameters that control the microscopic structure of a nanotube,
its diameter and its chiral angle or twist along the axis. Both are specified
completely by c, which is normally given in terms of the graphene lattice
vectors a1 and a2 (see inset of Fig. 1a)

c = n1a1 + n2a2 . (1)

(n1, n2) are called the chiral index of a tube or, briefly, the chirality. A tube is
characterized by (n1, n2). In Fig. 1c we show as an example the (10,10) nano-
tube.

The diameter of a tube is related to the chiral vector by

d =
|c|
π

=
a0

π

√
n2

1 + n1n2 + n2
2 , (2)

where a0 = 2.460 Å is the graphene lattice constant [32–35]. For small tubes
(d < 0.8 nm) the diameter is predicted to deviate from the geometrical diame-
ter of a graphene cylinder in (2). Moreover, ab-initio calculations show that d
becomes a function of the chiral angle below 0.8 nm [36]. Deviations from (2)
are below 2 % for tube diameters d ≥ 5 Å [36]. Note also that sometimes differ-
ent lattice constants are used to calculate d. A popular value is a0 = 2.494 Å
obtained from a carbon–carbon distance aCC = a0/

√
3 = 1.44 Å; this value
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Fig. 2. Three carbon nanotubes with diameters around 0.8 nm: (a) (6,6) armchair,
(b) (8,4) chiral tube and (c) (10,0) zigzag nanotube. The gray hexagons indicate
the helix around the nanotube

for aCC was most likely taken from fullerenes that have a larger carbon–
carbon spacing than graphite and carbon nanotubes [37].

The second important parameter for carbon nanotubes is the chiral an-
gle Θ, which is the angle between a1 and the chiral vector (see Fig. 1a). The
chiral angle specifies the arrangement of the graphene hexagons on the wall
of the tube. This is illustrated in Fig. 2, where we show three single-walled
nanotubes with similar diameters but very different microscopic structure
due to different chiral angles. Θ is related to the chiral index by

Θ = arccos

[
n1 + n2/2√

n2
1 + n1n2 + n2

2

]
,

or

= 30◦ − arctan
[

1√
3

n1 − n2

n1 + n2

]
. (3)

The chiral angle is allowed to vary between 0◦ ≤ Θ ≤ 30◦; all other ranges
of Θ are equivalent to this interval because of the hexagonal symmetry of
graphene (see Fig. 1a). A chiral angle of 0◦ and 30◦ corresponds to tubes with
a particular high symmetry, as we discuss later. They are called zigzag (Θ =
0◦) and armchair tubes (Θ = 30◦).

The chiral vector not only determines the tube diameter and chiral an-
gle, but all other structural parameters including the length of the unit cell
and the number of carbon atoms in the unit cell. A compilation of these
parameters can be found in Table 1.

A very useful illustration for the chiral vectors is to draw all possible
nanotubes of a given diameter range onto a graphene lattice as in Fig. 3.
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Table 1. Structural parameters, symmetry and reciprocal lattice vectors of single-
walled carbon nanotubes. Armchair and zigzag tubes are special cases of the general
expression given in the last column. n is the greatest common divisor of n1 and n2.
nc and q are the number of carbon atoms and the number of graphene hexagons in
the nanotube unit cell, respectively; wv stands for wavevector. m is the z component
of the angular momentum quantum number; it indexes electronic and vibrational
bands of carbon nanotubes and takes only integer values

Parameter Armchair Zigzag Chiral

(n, n) (n, 0) (n1, n2)

Chiral vector c n(a1 + a2) na1 n1a1 + n2a2

Diameter d
√

3a0n/π a0n/π a0

√
n2

1 + n1n2 + n2
2/π

Chiral angle Θ 30◦ 0◦ 30◦ − arctan
1√
3

n1 − n2

n1 + n2

Lattice vector a −a1 + a2 −a1 + 2a2 −2n2 + n1

nR a1 +
2n1 + n2

nR a2

Lattice const. a a0

√
3a0 a0

√
3(n2

1 + n1n2 + n2
2)

nR

Point group D2nh D2nh Dq

nc = 2q 4n 4n 4
(n2

1 + n1n2 + n2
2)

nR

R 3 1
3 if (n1 − n2)/3n = integer

1 if (n1 − n2)/3n �= integer

Quantized wv k⊥
k1 + k2

2n

k1

n
+

k2

2n

2n1 + n2

qnR k1 +
2n2 + n1

qnR k2

Axial wv kz
−k1 + k2

2

k2

2

−n2k1

q
+

n1k2

q

Range of m −(n − 1) . . . n −(n − 1) . . . n −(q/2 − 1) . . . q/2
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Fig. 3. Chiral indices of single-walled carbon nanotubes mapped onto a graphene
sheet for tube diameters d ≤ 1.2 nm. The small symbols at the upper corner of
a hexagon indicate the family of a nanotube. Closed circles are semiconducting
tubes belonging to the ν = (n1 − n2) mod 3 = −1 family; open circles belong
to the ν = +1 family, the second semiconducting family. Squares are tubes from
the ν = 0 family; their chiral indices are in boldface. These tubes are metallic or
quasimetallic, which means that their electronic bandgap is 10 meV to 100 m eV
and induced by the curvature of the nanotube wall. Note that tubes from one
family are connected by the three armchair-like directions. Nanotube indices that
are connected by the vertical armchair-like direction belong to the same nanotube
branch (see also Table 2)

This plot highlights systematics in the nanotube properties such as their
metallic and semiconducting character, the family behavior, and nanotube
branches. We will discuss these topics throughout this Chapter. In the lower
left part of Fig. 3 we show in detail how to construct a (5,3) nanotube on
a graphene sheet.

The series of (n, 0) zigzag nanotubes that run horizontally in Fig. 3
have Θ = 0◦. The name derives from the zigzag chain that forms the edge
of this high-symmetry type of tubes (see Fig. 2c). The other high-symmetry
nanotube structures are the (n, n) armchair tubes with Θ = 30◦. The edge of
their unit cell resembles a row of armchairs when viewed from above (Fig. 2a),
hence the name. Zigzag and armchair tubes are both called achiral tubes.
A general nanotube with lower symmetry, like the (8,4) tube in Fig. 2b, is
referred to as chiral.
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Table 2. Frequently used classifications for a general nanotube used in this work.
Families and branches may be visualized as lines parallel to the armchair direction
and as vertical lines in Fig. 3, respectively. “Neighbor” refers to the nanotube closest
to a particular one on the same branch and with d′ ≥ d

Symbol Definition Remark

Family index ν (n1 − n2) mod 3 ν = 0,±1 (or ν = 0, 1, 2)

lines parallel to armchair

Semiconducting S (n1 − n2) mod 3 = ±1

Metallic M (n1 − n2) mod 3 = 0

Branch index β 2n1 + n2 vertical lines in Fig. 3

Neighbor (n′
1, n

′
2) (n1 − 1, n2 + 2) n′

1 ≥ n′
2; β = const

Achiral tubes have a number of properties that distinguish them from
chiral tubes. For example, armchair nanotubes are the only tubes where the
electronic bandgap is strictly zero. From a practical point of view the number
of carbon atoms in the unit cell nc is much smaller in achiral than in chiral
tubes of the same diameter, see Table 1. Most calculations of, e.g., the lattice
dynamics or the electronic band structure have been performed for armchair
and zigzag tubes [38, 39]. This should be kept in mind when comparing ex-
periment and theory, since chiral tubes greatly outnumber the achiral species
in real samples.

Carbon nanotubes are grown by three major methods, laser ablation,
arc-discharge, and chemical vapor deposition (CVD) and CVD-related pro-
cesses [1, 2, 40, 44, 45, 49–54]. All growth processes have in common that
a carbon plasma is formed either by heating or by chemical decomposition.
Tubes grow when metal catalysts are added to this plasma. The type of cata-
lyst and the growth conditions determine whether single, double or multiwall
tubes are obtained; the latter also grow in small quantities without any cat-
alysts. Besides the number of walls, the yield, tube diameter and length can
be controlled during growth. Table 3 lists some typical values for the tubes
most widely used in optical studies.

Different methods used to grow carbon nanotubes have their advantages
and disadvantages [52]. We are not going to discuss them in detail. The first
processes that produced nanotubes with high yield were arc-discharge and
laser ablation [40, 51].

A scanning electron microscopy (SEM) image of carbon nanotubes grown
by arc-discharge is shown in Fig. 4a. The web-like structure consists of nano-
tube bundles. Every bundle or rope in Fig. 4a is formed by 20–100 single-
walled nanotubes, as can be seen in the high-resolution transmission electron
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Fig. 4. (a) SEM images of single-walled carbon-nanotube bundles. (b) High-
resolution TEM image showing the cross section of a bundle of tubes. Every circle
is the circumference of a single-walled carbon nanotube. The tubes are arranged
in a hexagonal packing. (c) Water-assisted CVD-grown carbon nanotubes of high
purity and length. The nanotube mat is shown next to the head of a matchstick.
(d) A patterned substrate allows the growth of carbon nanotubes in predefined
places as shown in this SEM picture. The inset displays an expanded view of one
of the pillars. After [40] and [41]

microscope picture in part (b) of the figure. In such a bundle the tubes are
packed in a two-dimensional hexagonal lattice.

The bundling results from the attractive van-der-Waals forces between
nanotubes [55–58]. For more than ten years it had been a great challenge
to break these bundles and prevent the isolated tubes from rebundling. This
problem was solved in 2002 by a postprocessing routine [59], where first the
bundles are broken apart by ultrasonification. The tubes are then coated by
a surfactant to eliminate interactions between them. Finally, the remaining
small bundles with 3–10 tubes are removed from the solution with a cen-
trifuge [59]. In this way, solutions with isolated nanotubes were produced for
a wide range of nanotubes [44, 59–62].

Finding a way to produce large quantities of isolated nanotubes in so-
lution is particularly important for optical studies and Raman spectroscopy
on single-walled carbon nanotubes [60, 63–65]. In contrast to bundled tubes,
isolated nanotubes behave like truly one-dimensional systems from an op-
tical point of view. They show sharp absorption peaks and Raman reso-
nances [59,63]; they also emit light in the near infrared [60]. Based on optical
spectroscopy of isolated nanotubes in solution it was possible – for the first
time – to determine which nanotube chiralities are present in a sample [44,60–
64]. These topics will be discussed in Sects. 5 and 7.
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Table 3. Typical diameters for carbon nanotubes grown by different methods. σ is
the standard deviation of a Gaussian distribution. The length is categorized as short
(below 100 nm), medium (100 nm to 1000 nm) and long (above 1µm). A special,
ultralong case is the 4 cm nanotube reported in [42]. The “special” tubes types
(HiPCo, CoMocat etc.) are all grown by CVD-related processes

Growth method d (nm) σ (nm) Length Remark

Laser ablation 1.5 0.1 medium

Arc-discharge 1.5 0.1 medium

CVD strongly varying depending on catalyst

and growth conditions

HiPCo 1.0 0.2 medium [43]

CoMoCat 0.7 0.1 medium [44]

Alcohol 0.7 0.1 medium [45]

Zeolites 0.4 – short [46]

cm tubes 1.4 – ultralong [42]

Supergrowth 2.0 1.0 long [41]

Double-walled tubes (inner tube diameters)

CVD 0.7 0.05 [47]

Peapods 0.75 0.05 [48]

Chemical vapor deposition recently evolved into the most widely used
growth technique, because it is cheap, scalable and allows a high degree
of control over the tubes. With CVD it is possible to grow nanotubes on
well-defined places with patterned substrates and, e.g., to produce an indi-
vidual tube that bridges two catalytic particles [66, 67]. Also, CVD tends to
produce isolated rather than bundled tubes, which is interesting for optical
spectroscopy [68, 69], and it works at lower growth temperatures [70]. The
great disadvantage of CVD is the lower quality of the nanotubes obtained.

A major step forward in terms of quality, purity, yield, and length of
CVD tubes was recently reported by Hata et al. [41]. By adding water during
the CVD process they obtained mm-thick mats of single-walled nanotubes.
Figure 4c compares such a mat with a matchstick. The nanotube forest is
free of catalytic particles and amorphous carbon. These two contaminations
are normally present in as-grown tube samples and need to be removed by
subsequent purification. Figure 4d demonstrates how the places in which the
tubes grow can be defined by patterning the substrate.

The growth of carbon nanotubes remains a rapidly evolving field. Espe-
cially on the theoretical side much needs to be done for a better understanding
of the processes. The major challenge for the growth of carbon nanotubes is to
grow tubes with a unique chirality. We mentioned that the tube diameter can
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Fig. 5. (a) High-resolution transmission-
electron-microscope image of a potassium-
doped C60 peapod. (b) A simulation of the im-
age. (c) Model of the doped peapods. Seen are
the nanotube walls (horizontal dark lines), the
fullerene molecules (large circular molecules),
and the potassium doping atoms (small black
dots). From [71]

be controlled to some extent by the growth parameters. What about the sec-
ond important parameter, the chiral angles of the tubes? The general answer
is that nanotube samples show a homogeneous distribution of chiral angles
from armchair to zigzag [72, 73]. There seems to be some preference for spe-
cific chiralities when the tube diameters are very small (d < 0.8 nm) [44, 45].
This conclusion was drawn, however, from optical spectroscopy under the as-
sumption that the cross section is independent of chirality. This assumption
is most likely incorrect [74, 75]. For fundamental studies and Raman scat-
tering, in particular, nanotube samples with a unique type of tube are not
as critical as, e.g., for applications. By tuning the laser-excitation energy we
can now select a specific nanotube chirality with resonant Raman scattering.
This will be discussed in Sect. 7.

Carbon nanotubes can be prepared containing small molecules and one-
dimensional crystals. We show in Fig. 5, as an example, an image of so-
called peapods, that is, nanotubes containing C60 molecules. Such peapods
were discovered by Smith et al. [76] and produced in large quantities by
Kataura et al. [77]. The peapods used for the image in Fig. 5 were doped
with potassium. One can readily see the K-atoms in the image. From a study
of the electronic state of the potassium atoms Guan et al. [71] were able to
show that the peapod was n-doped, suggesting that electrically conductive
nanowires are technologically feasible. Doped peapods were also studied with
Raman scattering by Pichler et al. [78]. For more details on the determination
of the charge state of doped peapods, see [71, 78] and Sect. 8.3.

Another example of inorganic molecules or crystals prepared in nanotubes
is shown in Fig. 6 [79]. The image shows two layers of a KI crystal in the
carbon nanotube. It is remarkable that the atoms in the KI crystal all lie
at the surface; the crystal has no “volume”. The structural and electronic
properties of one-dimensional crystals of this type can be investigated only if
the surface atoms are passivated, here by the surrounding nanotube. Possible
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Fig. 6. (a) High-resolution transmission electron microscope (TEM) image of a bi-
layer crystal of potassium iodide grown inside a carbon nanotube with diameter
of ≈ 1.36 Å. (b) Model of the KI crystal-in-nanotube image of (a). (c) Cross sec-
tion of this nanotube. After [79]

structures of alkali halide clusters have been predicted by Diefenbach and
Martin [80].

3 Lattice Dynamics

Carbon nanotubes have many vibrational degrees of freedom because of the
large number of atoms in their unit cells. Achiral tubes of d ≈ 1 nm diam-
eter have 100–150 phonon branches; in chiral nanotubes this number can
be higher by one or two orders of magnitude. Only a very small fraction
of these phonons is Raman or infrared active. The Raman-active modes fall
into a low-energy range where radial vibrations are observed, a high-energy
range with inplane carbon–carbon vibrations, and an intermediate-frequency
range. The low- and high-energy phonons have received most attention; their
Raman signal is very strong and they can be used for characterizing and
studying nanotubes as they give information about the tube diameter and
chirality, phonon confinement, the semiconducting or metallic character, op-
tical transition energies and more. In this section we first study the number
of nanotube vibrations and their symmetry from group theory. Then we dis-
cuss the distinct energy ranges of the phonons that can be studied by optical
spectroscopy.

3.1 Symmetry

Carbon nanotubes are structures with particularly high symmetry. This
comes from the underlying hexagonal lattice. The translations of graphene
turn into rotational and helical symmetry operations for nanotubes, because
we build the tube by rolling up graphene. The symmetry of carbon nano-
tubes was rigorously derived within the framework of line groups [81, 82].
Line groups deal with systems that are periodic in one dimension. They are
the equivalent of crystal space groups for one-dimensional solids. The line-
group treatment is very powerful, see Reich et al. [20] for an introduction
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Fig. 7. Symmetry operations of chiral (left), zigzag (middle) and armchair (right)
nanotubes. Besides the operations shown here all tube types also have a principal
screw axis – achiral tubes also have a principal rotation axis. U and U ′ are frequently
denoted by C′

2 and C′′
2 , respectively. In all three panels, primed operations involve

translations by a fraction of the nanotube lattice vector a. From [81]

and [83–88] for applications of the method to carbon nanotubes. Here we will
use the isogonal point groups of single-walled carbon nanotubes to discuss
their symmetry. We assume that the reader is familiar with this aspect of
group theory [89, 90].

Looking back at the (10,0) nanotube in Fig. 2c a number of symmetry
operations are apparent: We can rotate the tube by 360◦/10 = 36◦ about
its z-axis, the nanotube axis. There is a series of so-called primed rotations,
which are perpendicular to z. The most obvious one has its rotational axis
normal to the paper. We can also reflect the lattice at a mirror plane normal
to z going through the centers of the hexagons (horizontal mirror plane).
And, finally, one can identify a set of vertical mirror planes including the
nanotube axis and the carbon–carbon bonds parallel to it [81].

The symmetry operations mentioned so far do not require a translation
of the tube by a fraction of its lattice vector a. There is, however, a second
set of operations in a (10,0) nanotube that preserve the lattice. They involve
translations, i.e., screw axes and glide planes. The main screw axis is best seen
for the (6,6) nanotube in Fig. 2a. The tube can be rotated by 360◦/6 = 60◦,
but we can also apply a rotation by 30◦ followed by a translation by a/2. This
generates the helix twisting around the tube’s circumference (gray hexagons
in Fig. 2a). Likewise, the (8,4) and (10,0) tubes have a screw axis. In addition,
carbon nanotubes always have two sets of C2 rotations perpendicular to z,
see U and U ′ in Fig. 7. Achiral tubes possess two horizontal (σh, σ′

h) and two
sets of vertical (σv, σ′

v) mirror planes (see Fig. 7).
The isogonal point group of a carbon nanotube depends on its chirality.

(n, n) armchair and (n, 0) zigzag tubes belong to D2nh; chiral (n1, n2) nano-
tubes to Dq, where q is the number of hexagons in the unit cell of the tube [81],
see Table 1. The character table for these groups is given in Table 3.1.
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Table 5. Phonon symmetries of single-walled carbon nanotubes

Tube Phonon symmetry m

(n, n) armchair

n even

2(A1g + A2g + B1g + B2g) + A2u + A1u + B2u + B1u
[1, n − 1]

+
∑

m odd

(4Emu + 2Emg) +
∑

m even

(4Emg + 2Emu)

n odd
2(A1g + A2g + B1u + B2u) + A2u + A1u + B2g + B1g

[1, n − 1]
+

∑
m odd

(4Emu + 2Emg) +
∑

m even

(4Emg + 2Emu)

(n, 0) zigzag
2(A1g + A2u + B1g + B2u) + A2g + A1u + B2g + B1u

[1, n − 1]
+3

∑
m

(Emg + Emu)

(n1, n2) chiral 3(A1 + A2 + B1 + B2) + 6
∑
m

Em [1, q
2
− 1]

In the literature, one often finds lower point group symmetries for both
achiral and chiral nanotubes [21, 23, 91–94]. We want to comment on this,
because the (incorrect) lower-symmetry groups strongly affect the phonon-
selection rules. Essentially, they double the number of Raman-active vibra-
tions in armchair and zigzag tubes [20, 93]. For chiral tubes the effect is less
pronounced; we expect one totally symmetric A1 phonon less when using
the correct nanotube symmetry [82]. The screw axes and the glide planes of
achiral nanotubes are often neglected in the literature [23]. These symmetry
operations were most likely ignored because in the early days of nanotube
research carbon nanotubes were modeled as extended fullerenes [91]. Typical
carbon nanotubes, however, are at least several hundred of nanometers long.
A description as a one-dimensional solid is therefore much more adequate
than the molecular approach.2 In chiral tubes the C2 rotations perpendicular
to the nanotube axis are often missing. This seems to be due to an error in
the first publication about the symmetry of chiral tubes [95].

From the point group and the positions of the carbon atoms the number
and symmetry of the phonon eigenvectors are found by one of the standard
procedures [20, 81, 89, 90, 96]. The symmetries of the eigenmodes are given in
Table 5. A and B modes are nondegenerate; E modes have a twofold degen-
eracy. The character table (Table 3.1) shows that the A1(g), E1(g) and E2(g)

2 The solid-state and the molecular picture must not be mixed. When using solid-
state concepts such as band structures and phonon dispersions, translations need
to be included among the symmetry operations.
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representations are Raman active (the subscript g represents achiral tubes).
We thus obtain a total of 8 Raman-active phonons in achiral and 15 in chiral
nanotubes

armchair 2A1g⊕2E1g⊕4E2g

zigzag 2A1g⊕3E1g⊕3E2g (4)
chiral 3A1 ⊕6E1 ⊕6E2 .

The totally symmetric modes in achiral tubes are the radial-breathing
vibration, which is discussed in the next section, and a high-energy pho-
non. In armchair tubes the circumferential eigenvector is Raman active; in
zigzag tubes the axial vibration. In chiral nanotubes, the three totally sym-
metric modes are the radial-breathing mode and two high-frequency vibra-
tions. They resemble the circumferential and axial vibrations, but are, in
general, of mixed character. This is typical for low-dimensional systems; it
originates from the mechanical boundary conditions (around the circumfer-
ence in the case of nanotubes) [38, 97, 98]. As we show in Sect. 6 the Raman
spectrum of carbon nanotubes is dominated by scattering from totally sym-
metric phonons [99–102]. In the following we discuss the radial vibrations
of carbon nanotubes and, in particular, the radial-breathing mode before
turning to the high-energy frequencies.

3.2 Radial-Breathing Mode

The radial-breathing mode (RBM) is an important mode for the characteriza-
tion and identification of specific nanotubes, in particular of their chirality. Its
eigenvector is purely radial by symmetry for armchair tubes only; these have
mirror planes perpendicular to the nanotube axis, and the radial-breathing
mode is fully symmetric. For all other chiralities n1 �= n2 the eigenvector has
a small axial component, which is largest for zigzag tubes [36, 103, 104]. For
most practical purposes, however, the radial-breathing mode may be consid-
ered purely radial. In Fig. 8 we show its eigenvector for an (8,4) nanotube.

The significance of the radial-breathing mode for the characterization
of nanotubes comes from the inverse dependence of its frequency on the
diameter of the nanotube

ωRBM =
c1

d
+ c2 . (5)

This quite general relationship may be derived, e.g., from the continuum
mechanics of a small hollow cylinder as shown by Mahan [105]. From one of
the solutions to the standard wave equation for sound in homogeneous solids,
one obtains the frequency of the breathing mode3

ωRBM =
vB

2πcd
, (6)

3 Note that in (6) the phonon frequency has units of cm−1. This is the common
definition in the nanotube community for the quantity “wave number”, k̃ = λ−1,
and differs from that of Mahan.
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Fig. 8. Radial-breathing mode of an (8,4) nanotube. Shown are the displacement
vectors of the atoms along the radius vector. In armchair nanotubes the eigenvectors
are exactly radial, in all other tubes the eigenvector has a small axial component
(on the order of 10−3 of the radial component) [103, 104]

with the velocity vB given by

vB = 4ct

√
1 − ct

cl
≈ 42.8 km/s . (7)

The constants ct = (C66/ρ)1/2 = 14.0 km/s and cl = (C11/ρ)1/2 = 21.7 km/s
are the transverse and longitudinal sound velocities (C66 =44 × 1011 dyn/cm2,
C11 = 106 × 1011 dyn/cm2 [106–108], and ρ = 2.66 g/cm3, the density of
graphite). Inserting the velocity (7) in (6) yields

ωRBM =
227 cm−1 · nm

d
, (8)

which is in very good quantitative agreement with other calculations for
isolated nanotubes and with experiment, as we shall see.

The constant c2 in (5) is believed to describe the additional interaction
in bundles of nanotubes. For a compilation of values for c1 and c2 both
from experiment and theory (see Table 8.2 in Ref. [20]). Alternative ways of
showing the inverse dependence of ωRBM on diameter have been published
by Jishi et al. [95] and Wirtz et al. [109].

The problem with using (5) to find the chiral index in practice is that
many slightly different nanotubes lie in a small range of diameters. The ex-
perimental uncertainty of the constants in (5) is too large to find uniquely
the chiral index of a specific tube. To give an example, for a diameter distri-
bution centered around 0.95 nm with σ ≈ 0.2 nm, as is typical for the HiPCO
process, there are 40 chiral indices to be assigned. In laser-ablation-grown
samples the mean diameters are larger and, correspondingly, many more chi-
ralities fall into the range of tubes to be identified in a sample.
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Fig. 9. (a) Definition of the pyramidalization angle θp [110]; θp = 0◦ corresponds
to sp2- and θp = 19.47◦ to sp3-coordinated carbon. (b) Plot of θp as a function of
inverse tube diameter showing how smaller tubes lead to a more sp3-type coordi-
nation of the carbon atoms. After [36]

It turns out that only the simultaneous measurement of the radial-
breathing mode frequency and the optical transition energies by resonant
Raman spectroscopy yields sufficient information to identify uniquely the
chiral index (n1, n2) of a nanotube. We will show how this works in Sect. 7.

3.2.1 Chirality Dependence

As the diameter of the nanotubes becomes smaller, the deviations from the
analogy to graphene and the continuum-like models become larger. This con-
cerns the geometric changes introduced by the curvature of the nanotube
as well as the deviations of the radial-breathing mode frequency from the
large-d behavior in (5). Aside from bond-length changes and bond-angle dis-
tortions Niyogi et al. [110] considered the chemical reactivity that arises from
increasing sp3 components in the bonds of rolled-up graphene. They defined
the pyramidalization angle θp as the difference between 90◦ and the angle
between the inplane σ and out-of-plane π bonds in the trigonal configura-
tion (graphite or graphene). Graphene thus has θp = 0◦; the other limit
is θp = 19.47◦, which corresponds to purely tetrahedrally bonded carbon
(diamond) (see Fig. 9a).

Figure 9b shows the pyramidalization angle θp as function of inverse di-
ameter for tubes in the diameter range 0.3 nm to 1.5 nm. While it is clear that
larger tubes (say, diameter ≥ 1 nm) are not affected much, tubes with diam-
eter below 0.5 nm have bonds with considerable sp3 character. Fullerenes, by
comparison, have θp = 11.4◦ [110].

These geometric deviations lead naturally also to deviations of the radial-
breathing mode frequency from the simple 1/d relationship. Because of the
different symmetry of armchair and zigzag nanotubes, the zigzag tubes are
more strongly affected by increasing curvature. This is shown in Fig. 10, where
the deviation of ωRBM from the value predicted by (5) is plotted vs. diameter
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Fig. 10. Frequency of the radial-breathing mode vs. log d to illustrate the departure
from the simple 1/d behavior predicted by (5). The deviations become larger for
smaller nanotubes. Armchair nanotubes (open symbols) are not affected. After [36]

Fig. 11. Frequency differences ∆ωRBM of the radial-breathing mode with respect
to the simple 1/d behavior, as a function of nanotube diameter (a) and chiral
angle (b). The horizontal lines indicate the 1/d approximation and the experimental
error bars of the measurement. A higher parametrization, (9), leads to a much better
description of the data (c). Open circles, crossed circles and solid circles correspond
to ν = −1, ν = +1 semiconducting, and ν = 0 metallic nanotubes, respectively.
From [111]

of the nanotubes. Kürti et al. [36] observed that, in addition to a softening
for smaller nanotubes, there is a dependence on chirality in the vibrational
frequencies calculated ab initio. Again, armchair tubes are almost unaffected,
even for quite small diameters. Alternatively, continuum mechanics becomes
worse as an approximation, and the chirality of a nanotube should become
more noticeable for very small nanotubes. For nanotubes around 1 nm the dif-
ferences are small, but for even smaller tubes there is a systematic deviation,
stronger for zigzag tubes, as expected.

Jorio et al. [111] did a systematic experimental study of the ωRBM of small
nanotubes. Their results are shown in Figs. 11a and b where the frequency
deviations ∆ωRBM, compared to (5), are plotted as a function of diameter
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and chiral angle. There appear to be systematic deviations as a function
of diameter for metallic tubes (closed circles) and the two semiconducting
families (crossed and open circles in Fig. 11a). If we assume that the positive
offset of the armchair tubes is an artifact of the fit and shift down the zero
in Fig. 11a by, say, 2 cm−1, the agreement of the data to the theory of [36]
turns out rather well.

The data in Fig. 11b show a systematic increase of ∆ωRBM as a function
of chiral angle Θ. Again, compared to the results of Kürti et al., who showed
that on an absolute scale armchair tubes (large chiral angles) tend to follow
the simple 1/d law, the data of Fig. 11b appear centered around their mean
value at Θ ≈ 15◦. Shifting them down by about 2 cm−1 to make their arm-
chair shift zero shows that zigzag tubes deviate by about 3 cm−1 to 4 cm−1

from the 1/d expression. Thus, there is a good agreement between theory and
experiment.

It is possible to parametrize the deviations from the simple 1/d form to
include the effect of the threefold symmetry of the band structure [111]:

ωRBM =
A

d
+ B +

C + D(cos 3Θ)2

d2
. (9)

Equation (9) was used in Fig. 11c providing a much better description of the
data than a or b. However, the need to do this parametrization separately for
metallic and semiconducting nanotubes limits somewhat the use of expres-
sion (9) with eight parameters. We list them in Table 6; for their discussion,
see [111].

Table 6. Parameters for metallic and semiconducting nanotubes used in (9). These
parameters describe the frequency of the radial-breathing mode in carbon nano-
tubes. From [111]

A (cm−1 nm) B (cm−1 ) C (cm−1 nm) D (cm−1 )

Semicond. 227 7.3 ± 0.3 −1.1 ± 0.3 −0.9 ± 0.2

Metallic 227 11.8 ± 1.0 −2.7 ± 1.2 −2.7 ± 0.8

3.2.2 Double-Walled Nanotubes

The radial-breathing modes of double-walled nanotubes are interesting as
well. The eigenmodes of the inner and outer tubes combine into inphase
and out-of-phase modes in the double-walled tube, and their coupling is de-
scribed best by the graphite interlayer coupling strength. Popov and Henrard
showed using a valence-force field model that the coupled radial modes both
increase in frequency compared to the same tube in single-walled form (see
Fig. 12 [112]).

POPOV
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Fig. 12. (left) Frequencies of coupled radial-breathing modes in double-walled
nanotubes. Open symbols belong to uncoupled tubes of the same diameter, solid
symbols to double-walled nanotubes. The coupled frequencies are always higher
than the uncoupled ones. (right) Eigenvectors and eigenfrequencies (in cm−1) of
the radial-breathing mode of two different diameters double-walled tubes. Inphase
and corresponding out-of-phase modes are seen. After [112]

A simplified view of the coupled radial vibrations may be obtained by
considering inner and outer tube oscillators connected by a spring. The inner
and outer tubes have a diameter difference of 3.44 Å, the interplane spacing of
graphite, and hence different eigenfrequencies ωi =

√
ki/mi, as given by (8).

From the solution of the coupled-oscillator equations

m1ẍ1 = −k1x1 − k(x1 − x2) and
m2ẍ2 = −k2x2 − k(x2 − x1) . (10)

Dobardžić et al. [113] obtained the same dependence of inner and outer fre-
quencies on diameter as [112]. In addition, the analytical solution to (10)
yields the relative phases of inner and outer displacements and allows an
approximate expression for the shift of both upper and lower modes:

∆ωRBM ≈ κ′di

2cc1
for di ≤ 7 Å , (11)

where κ′ = 115 927 u ·cm−2 · Å−1
is the effective spring constant between

inner and outer shell, di is the diameter of the inner shell, c = 14.375 u · Å−1

is the linear mass density of a carbon nanotube, and c1 is defined in (5).
Note that the constant κ′ is determined by the limiting case d → ∞, where
the out-of-phase mode becomes the interlayer mode of graphite [113]. For the
diameters typically involved in the investigation of double-walled tubes, (11)
is a useful expression for estimating the RBM frequencies. For further work
based on this model, see [114].

Experimentally, the modes of double-walled tubes have not been con-
clusively identified. The measurements reported in [115, 116] have to be re-
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Fig. 13. Phonon dispersion of graphite and Γ -point vibrations of a (4,4) nano-
tube by zone folding. The nanotube contains several graphene unit cells around
the circumference. Traveling waves of graphite that fulfill the periodic boundary
conditions around the tube circumference are Γ -point vibrations of the nanotube
(dashed lines). m labels the eigenvalues and is related to the z component of the an-
gular momentum of a mode. Eigenvectors from the mth line have 2m nodes around
the circumference, see the two circumferential eigenvectors for examples. The two
eigenvectors are the A1g (upper) and E1u (lower) circumferential modes of the
(4,4) nanotube. The tube cross section is schematically shown by the large open
circle with the carbon atoms at 0 · a (closed symbols) and 1/2 · a (open) arranged
around the circumference. The arrows next to the atoms indicate their displace-
ment. The horizontal dashed line marks the nodal plane (zero displacement) of the
lower m = 1 eigenvector. Data from [3]

evaluated in view of recent resonant Raman studies [63]. Bacsa et al. [47]
identified several pairs of RBM peaks in tubes grown by a catalytic chemical
vapor deposition (CVD) method. However, in their analysis they neglected
the intertube interaction, i.e., they assumed ∆ωRBM = 0 in (11).

3.3 Tangential Modes

Tangential modes refer to all phonon bands of a nanotube originating from the
optical phonons of graphite. Their eigenvectors are characterized by an out-
of-phase displacement of two neighboring carbon atoms. The displacement
is directed parallel to the nanotube wall, along the circumference, the axis,
or a direction in between. The tangential modes involve predominantly the
sp2 inplane carbon–carbon bonds, which are extremely strong, even stronger
than in the sp3 diamond bond. Therefore, these modes have very high fre-
quencies lying between 1100 cm−1 and 1600 cm−1 [20]. The Raman-active vi-
brations of the tangential modes fall into two groups, the high-energy modes
(HEM) just below 1600 cm−1 and the D mode ≈ 1350 cm−1. The HEM is
also called the G line in the nanotube literature; the “G” originally stood for
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Table 7. Raman-active tangential modes. These phonons originate from the LO
and TO branches of graphene; neighboring carbon atoms move out of phase. “cir-
cumferential” means parallel to the tube cirumference or chiral vector c; “axial”,
parallel to the nanotube axis or its unit cell vector a. In armchair and zigzag
tubes there is only one phonon per irreducible respresentation, in chiral tubes there
are two. The subscript g holds for achiral tubes. All Raman-active eigenvectors of
archiral tubes can be found in [20]

A1(g) E1(g) E2(g)

|qm| 0 2/d 4/d

(n, n) armchair circumferential axial circumferential

(n, 0) zigzag axial cirumferential axial

(n1, n2) chiral mixed (2 modes) mixed (2modes) mixed (2modes)

graphite and was taken over from the graphite Raman spectrum to carbon
nanotubes.

The theoretical phonon dispersion of the tangential modes and their eigen-
vectors can be derived from the graphite phonon dispersion [8,20,23,117–119]
using the concept of zone folding, which we explain in more detail in Sect. 4.1.
The general idea is shown in Fig. 13 for a (4,4) armchair tube. In such small
tubes, zone folding is not very accurate for the phonon frequencies on an
absolute scale, but it helps to understand the systematics in the tangential
modes.

The unit cell of a nanotube contains many more carbon atoms than that
of graphene, but they are built from the same lattice. Hence we expect sim-
ilar phonon frequencies in the two materials. The main difference between
graphene and a tube is that a number of traveling waves in graphene (q �= 0)
correspond to the Γ point of the tube (q = 0). More precisely, the wave with
a wavelength λm = πd/m fulfills the periodic boundary conditions around
the tube (m integer, see also Sect. 4.1). In an (n, n) armchair tube, several
graphene unit cells are joined across the corners of the hexagons (a1 +a2 di-
rection) to the nanotube unit cell. A wave with wavelength λm and traveling
along the ΓM direction of graphene thus corresponds to the Γ point of the
tube. This is shown in Fig. 13; the dashed lines indicate k vectors that are
folded onto the Γ point of the (4,4) nanotube.

The Γ point of graphene gives rise to nanotube phonon eigenvectors
with a constant displacement around the circumference, see the circumferen-
tial A1g eigenvector in Fig. 13. These modes are always nondegenerate (A or
B modes). There is a second tangential mode coming from the Γ -point op-
tical mode of graphene. It is axial and Raman inactive in armchair tubes.
Phonons with m = 1, 2, . . . , (n − 1) are doubly degenerate E modes. They
have 2m nodes in their phonon displacements when going around the tube’s
circumference. The circumferential E1u phonon in Fig. 13 has two nodes
(dashed horizontal line) and is infrared active. Note that this phonon is higher
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Fig. 14. (a) A1 high-energy eigenvector of an (8,4) nanotube calculated from first
principles. The atomic displacement is parallel to the circumference. (b) A1 high-
energy eigenvector of a (9,3) tube. The displacement is parallel to the carbon–
carbon bonds. The direction of the helix in both tubes, obtained from the screw-axis
operation, is indicated by the gray lines. From [20]

in frequency than the A1g mode discussed previously. This comes from the
overbending of the graphene LO branches (overbending means that the high-
est phonon frequency occurs inside the Brillouin zone, not at the Γ point,
as in most materials; other examples of this phenomena besides graphite are
diamond [120, 121] and hexagonal boron nitride [122, 123]). Phonons from
the m = 1 and 2 line can be Raman active, see Table 7. Finally, phonons
with m = n originate from the M point of graphene. They are nondegenerate
as are the modes originating from the graphene Γ point. These phonons are
infrared- and Raman-inactive in all carbon nanotubes [20, 81].

To find the Γ -point vibrations of an (n, 0) zigzag tube we need to divide
the ΓKM direction in Fig. 13 into n segments. The degeneracy and the
number of tangential high-energy modes follow as for armchair tubes. The
Raman activity is reversed, see Table 7. An axial phonon that is Raman active
in an armchair tube is inactive in a zigzag tube and vice versa [38, 81, 103].

In chiral tubes the chiral vector is along a low-symmetry direction of
graphene. Then, also the confinement direction is a low-symmetry direction
in reciprocal space. Once again, the degeneracy of the modes is the same
as in armchair tubes (nondegenerate for m = 0, q, twofold degenerate for
all other m and 2m nodes around the circumference). Because of the low
symmetry of the tubes, the phonons are no longer axial and circumferential
by symmetry [38, 124]. Examples are the A1 eigenvectors of an (8,4) and
a (9,3) tube in Fig. 14. Moreover, both A1 (m = 0) phonons are Raman
active. Their relative intensity depends on the chiral vector of the tube and
the displacement direction of the eigenvector. For a nanotube with large Θ
(close to armchair), the circumferential mode is expected to dominate, for
a tube with small Θ (close to zigzag) the axial mode dominates.

Zone folding is a first approximation to the phonon frequencies of the
high-energy tangential modes. As can be seen in Fig. 13 it predicts the axial
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Table 8. Labeling used for the displacement direction (displ.) of the high-energy
modes. tube: displacement direction is given as circumferential/axial; confinement:
classification as LO/TO with respect to the confinement direction (tube circumfer-
ence); propagation: classification as LO/TO with respect to the propagation direc-
tion (tube axes). symmetry: representation of the m = 0 mode in armchair (AC),
zigzag (ZZ) and chiral (CH) tubes; graph.: graphene phonon branch from which
a mode originates in the zone-folding scheme; overb. in tube indicates whether
the m = 0 nanotube branches have an overbending or not. Selected references are
given for each convention

Displ. Symmetry Graph. Overb. Tube Confinement Propagation

in tube [38, 129, 130] [8, 38, 117] [126, 131, 132]

[118, 128]

A1g(AC)

||c A1u(ZZ) LO no circumfer. LO-like, LOm TO, Ta

A1(CH)

A1u(AC)

||a A1g(ZZ) TO yes axial TO-like, TOm LO, L

A1(CH)
a [133] The modes with a displacement along the nanotube circumference are called
“axial” (A) in [118]; for the displacement along the tube axis “longitudinal” (L) is
used in both [133] and [118]

and circumferential m = 0 eigenvector of a (4,4) tube to be degenerate,
because they both arise from the doubly degenerate E2g optical phonon of
graphene (see [125] for a review of the lattice dynamics of graphite). There
are two reasons why this is not the case for carbon nanotubes: curvature and,
in the case of metallic tubes, the Kohn anomaly [3, 8, 38, 117, 118, 126–128].

Curvature softens the force constant in both semiconducting and metallic
tubes. In Sect. 3.2 we discussed how the bonds along the nanotube circum-
ference get an sp3 component with decreasing diameter. Since the optical
phonon of diamond is at a lower frequency (1332 cm−1) than that of graphite
(1589 cm−1), curvature shifts the circumferential vibrations to lower frequen-
cies. The axial vibrations are much less affected, see [8] and [118].

The Kohn anomaly affects the phonons in metallic tubes (see below). It
strongly reduces the frequency of the axial A1 mode. Before discussing this,
we consider briefly the terms axial and circumferential versus transversal and
longitudinal vibrations in connection with carbon nanotubes. These terms
are used in a somewhat confusing way in the literature and are frequently
intermixed.

We already pointed out that the tangential vibrations are, in general, of
mixed axial and circumferential character in chiral carbon nanotubes [38],
because of the mechanical boundary conditions and the low-symmetry con-

POPOV
Highlight
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finement direction. Most of the theory of lattice dynamics, however, was
developed for armchair and zigzag tubes. In achiral tubes the tangential
modes have a definite parity and displacement direction with respect to
the tube axis. Therefore, classifications of the tangential modes as ax-
ial/circumferential, LO/TO, and LO-like/TO-like are often used; see Table 8.
The main confusion with the terms transverse and longitudinal arises because
they can be referred to the confinement direction – as is normally done for
low-dimensional systems [98, 134] – or with respect to the propagation direc-
tion – as is the standard convention for three-dimensional systems.

Take, for example, the two eigenvectors in Fig. 13. These circumferential
vibrations should be called LO-like when referred to the confinement direction
(the circumference), but TOs when referred to the only possible propagation
direction, the z-axis of the nanotube. Labeling them as TOs leads to the
result that the highest TO vibrations are higher in frequency than the LOs.
Referring to the eigenvectors with respect to the confinement direction as
LO-like or LO0 and LO1 in Fig. 13, on the other hand, we find that the
nanotube LO modes have no overbending, whereas the TO modes do, see
Table 8. While the “folded” nanotube Γ -point modes are higher in frequency
than the m = 0 Γ -point mode due to overbending of the graphene LO mode,
their propagation direction is perpendicular to the confinement direction,
where the phonon dispersion has no overbending. This might lead to confusion
compared to graphene, where the LO branches show a strong overbending.
For these reasons we use the terms axial and circumferential in this work; they
indicate the atomic displacement direction without making direct reference
to the confinement or propagation direction of a phonon.

In armchair nanotubes, the valence and conduction bands cross at ≈ 2π/3a.
These tubes are always metallic and have a Fermi surface that is a single
point, see Sect. 4. Chiral and zigzag tubes are metallic within the zone-folding
approximation (neglecting curvature) if (n1 −n2)/3 is an integer. When cur-
vature is included, these tubes have a small secondary gap at the Fermi level,
on the order of 10 m eV [6,135–137] and are called quasimetallic tubes. A pho-
non that couples to the electronic states at the Fermi level opens a gap in
armchair tubes and strongly modulates the gap in quasimetallic tubes [133].
This coupling reduces the total energy of the distorted system (nanotube
plus phonon) and hence softens the force constants. One then finds in the
phonon dispersion of the material a singular behavior for certain q vectors
and phonon branches, referred to as a Kohn anomaly [138, 139].

In graphite and single-walled carbon nanotubes, a Kohn anomaly occurs
at the Γ and the K point or at 2π/3a0 for the tubes4 [3, 127, 140–142]. It
reduces the Γ -point frequency of the axial high-energy vibration in metal-
lic tubes. The softening by the electron–phonon coupling is larger than the
curvature-induced softening [133]. Therefore, the axial m = 0 vibration of

4 The Kohn anomaly at q = 0 originates from the special Fermi surface of graphene
and nanotubes, which are single points. We will explain this in Sect. 9.3.
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Fig. 15. Phonon dispersion of a (10,0) nanotube from (a) first principles and
(b) zone folding of the graphene phonon dispersion. (c) Vibrational density of
states from first principles (full line) and zone folding (dashed). From [118]

metallic nanotubes is lower in frequency than the circumferential phonon.
This is opposite to semiconducting tubes, for which no Kohn anomaly oc-
curs, but the circumferential phonon still feels the curvature of the nanotube
wall.

We can obtain a good approximation for the phonon dispersion using zone
folding. This works best for semiconducting tubes (no Kohn anomaly) with
diameters d � 1 nm (little curvature effects). As an example, we compare the
ab-initio phonon dispersion of a semiconducting (10,0) tube in Fig. 15a with
the zone-folding approximation in Fig. 15b. In the low-energy range, zone
folding fails to predict the radial-breathing mode (thick line at 300 cm−1 in
Fig. 15a) [8,133,143]. This totally symmetric phonon has no simple equivalent
among the Γ -point vibrations of graphene (upon zone folding A1(g) totally
symmetric modes must originate from the graphene Γ point, see [20, 103]).
Instead, the radial-breathing mode corresponds to an inplane uniaxial stress
along the chiral vector [144].

Other low-energy vibrations typically show a frequency change when com-
paring Figs. 15a and b. This is mainly a curvature effect due to the rather
small diameter of the (10,0) tube [9]. Another interesting difference is the
parabolic acoustic dispersion upon zone folding shown by the thick line in
Fig. 15b originating from the out-of-plane acoustic (ZA) branch of graphene
(see Fig. 13). Because of the cylindrical geometry of the tube this peculiar
dispersion disappears.
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Fig. 16. Phonon dispersion of an (11,11) nanotube. (a) Calculated using linear
response (ab-initio calculation) by restricting the electronic wavevectors to the al-
lowed wavevectors of an (11,11) tube. This is an unconventional zone folding scheme,
which takes into account the one-dimensional character of the tube, but neglects
curvature. (b) Conventional zone folding of the graphene phonon dispersion ob-
tained by restricting the vibrational states to the allowed wavevectors of the tube.
In the one-dimensional nanotube Kohn anomalies are stronger (see bold lines in (a))
than in graphene (bold lines in (b)). From [141]

Zone folding is a better approximation for the high-energy tangential
modes than for the low-energy vibrations. We can see some curvature in-
duced effects in Fig. 15, for example, the softening of the highest-frequency
vibrations in Fig. 15a compared to Fig. 15b. As discussed above, the highest
phonons branches in carbon nanotubes are always circumferential because of
the overbending in graphene. Circumferential modes soften due to curvature,
a fact that explains the high-energy part of the phonon dispersion. This is
also seen in the vibrational density of states (Fig. 15c). The softening of the
vibrational DOS has been measured by two-phonon Raman scattering, see
Sect. 10.3 and [145].

Figure 16 shows phonon-dispersion curves for a metallic (11,11) arma-
chair tube [141]. Both dispersions were obtained by a zone-folding approach.
Figure 16a represents an ab-initio calculation of graphene, where the calcu-
lated points in reciprocal space were restricted to the allowed k vectors of
a (11,11) tube. Using this restricted Hamiltonian, the phonon bands were
obtained from linear response theory [141]. This unconventional zone folding
takes into account the one-dimensional character of carbon nanotubes, but
not their curvature (for the (11,11) tube with d = 1.5 nm curvature effects are
small [9]). The dispersion in Fig. 16b corresponds to standard zone folding,
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Fig. 17. Phonon dispersion of a (14,5) nanotube. Left: Dispersion as a function of
the helical wavevector k̃. Right: Dispersion as a function of the linear wavevector k
as in Figs. 15 and 16. The unit cell is very small in this chiral tube because the
axial lattice vector a = 29.5a0. From [85]

i.e., the graphene phonon dispersion was calculated from first principles and
then used for finding the dispersion of the (11,11) tube (see Sect. 4.1 or [20]).

The axial m = 0 phonon band in Fig. 16a (thick line) drops sharply
in frequency when approaching the Γ point [127, 140, 141, 146]. The phonon
dispersion has a singularity at Γ , which reflects the Kohn anomaly of metallic
nanotubes introduced above. The Γ -point axial frequency – A1u symmetry –
is at 1547 cm−1 as opposed to 1579 cm−1 in standard zone folding in Fig. 16b.
A second singularity occurs for the back-folded ΓKM branch at 2π/3a (m =
n phonon of the (11,11) tube). This corresponds to the K point of graphene,
see Sect. 4.1. Graphene also has Kohn anomalies at Γ and K [3, 127]. These
two wavevectors couple electrons at the Fermi level. The Kohn anomalies
are more pronounced in metallic nanotubes than in graphene, because of the
one-dimensional character of the tubes [140–142].

In Fig. 16a only one phonon branch shows a singular behavior at Γ and K,
respectively. Besides the correct q, a phonon also needs the correct symmetry
to mediate an interaction between electrons. We discuss this topic in more
detail in Sects. 8 and 9.3.

Carbon nanotubes have a large number of vibrational degrees of freedom
and hence phonon bands. Figures 15 and 16 correspond to achiral tubes,
where the number of atoms in the unit cell is small compared to the chiral
species of similar diameter. In the right panel of Fig. 17 we show as a final
example the dispersion of a (14,5) nanotube. The number of phonon bands in
this case is 1164 [85]. A more transparent dispersion is obtained when using
the so-called helical quantum numbers [85, 136]. In the left panel of Fig. 17
we show the phonon dispersion of the (14,5) as a function of the helical
momentum instead of the linear momentum in the right panel. Details can
be found in [20, 86, 136].
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Out of the hundreds or thousands of phonon branches only a tiny frac-
tion is Raman active (8 in achiral and 15 in chiral tubes, see Sect. 3.1).
Moreover, the Raman spectra are dominated by totally symmetric phonons,
see Sect. 6.4 [99, 101, 147]. Thus, only three branches are easily accessible
experimentally, the radial-breathing mode and in the high-energy range the
m = 0 tangential vibrations. Additionally, the K-point phonon of graphene
gives rise to the D mode in the Raman spectra of nanotubes. The other vi-
brations are either very low in intensity or not observed at all. In the remain-
der of this work we mainly discuss the totally symmetric vibrations and the
D mode, their overtones, resonances, and the corresponding electron–phonon
coupling.

4 Electronic Properties

Single-walled carbon nanotubes are metals or semiconductors depending on
their chirality. From the chiral index plot in Fig. 3 we see that every metal-
lic tube (squares) is surrounded by six semiconducting neighbors (open and
closed circles). Very subtle changes in the microscopic structure, e.g., a (10,5)
and a (10,6) tube are almost indistinguishable concerning their atomic struc-
ture, result in drastic changes in the electronic properties. This is one of
the reasons why carbon nanotubes evolved into a model system for one-
dimensional nanostructures. They are a prime example of structure and shape
being as important as, or even more than, chemical composition for very small
systems.

A detailed review of the electronic and optical properties of carbon nano-
tubes is beyond the scope of this Chapter. Instead we introduce in this section
the main concepts used for describing their physical properties: zone folding,
family and branch behavior. We then concentrate on the optical range (vis-
ible and infrared transition energies) and exciton formation in nanotubes.
This field has developed very rapidly over the last two years, after the first
report of photoluminescence from carbon nanotubes [59, 60].

4.1 Zone Folding

Single-walled carbon nanotubes are one-dimensional solids [20]. Along the
nanotube circumference electrons, phonons and other quasiparticles can only
have certain, discrete wavelengths, because of the periodic boundary con-
ditions [6, 20, 23, 83, 148–151]. On the other hand, quasiparticles can travel
along the nanotube axis. An infinitely long tube has continuous electronic
and vibrational states in this direction.

In the following we show how the quantization condition can be used to
estimate the electronic band structure of carbon nanotubes from the elec-
tronic states of graphene. We do this by restricting the graphene eigenstates
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Fig. 18. (a) Hexagonal Brillouin zone of graphene. The reciprocal lattice vectors
in terms of a Cartesian coordinate system are given by k1 = 4π/

√
3a0(1, 0) and

k2 = 4π/
√

3a0(
√

3/2, 1/2); their length is 4π/
√

3a0. The figure shows the high-
symmetry Γ , M and K points. (b) Same as (a) but with a contour plot of the
electronic band structure of graphene. Eigenstates at the Fermi level are shown in
black ; white marks energies far away from the Fermi level. The inset shows the
valence (dark) and conduction (bright) band around the K points of the Brillouin
zone. The two bands touch at a single point (K). After [20]

to the allowed wavevectors of a tube. We now introduce briefly the electronic
properties of graphene.

Graphene is a semimetal. This means that its valence and conduction
bands cross, but the electronic density of states is zero at the Fermi level
(the crossing point). The most widely used description of the electronic band
structure of graphene is an empirical tight-binding model [5, 6, 20, 23]. This
model includes only the π states perpendicular to the graphene sheet and
their interactions, because these states give rise to the electronic bands close
to the Fermi level. We restrict the interaction between the carbon electrons to
nearest neighbors in the graphene sheet and neglect the overlap between two
π wavefunctions centered at different atoms. Under these approximations the
valence E− and conduction bands E+ of graphene are given by the simple
analytic expression [5, 20, 23]

E±(k) = γ0

√
3 + 2 cosk · a1 + 2 cosk · a2 + 2 cosk · (a1 − a2) . (12)

γ0 describes the interactions between two π electrons; typical values range
from 2.7 eV to 3.1 eV. k is the electronic wavevector (see Fig. 18a) for the
graphene Brillouin zone, and a1 and a2 are the lattice vectors.

The nearest-neighbor tight-binding model of (12) describes well the elec-
trons close to the Fermi energy (within ∼ 0.2 eV of EF). In the range of
optical-transition energies, however, it deviates by 0.5 eV to 1 eV from ab-
initio calculations and from measurements [6]. This can be fixed by including
more neighbors; if up to third-neighbor interaction and the overlap between
the π wavefunctions are included, there is virtually no difference between
the semiempirical description and first-principles results. A discussion of the
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Fig. 19. Quantized wavevectors and zone folding of graphite. (a) a (10,0) nano-
tube unwrapped to a graphene sheet. The atoms shown are those inside the unit
cell of the tube. The gray line is a wave with wavelength λ = 10a0/3, which cor-
responds to an allowed state of the nanotube. (b) Allowed, discrete wavevectors of
a (10,0) tube shown in the Brillouin zone of graphene. The wave in (a) corresponds
to the open circle in (b). The thick lines form the one-dimensional Brillouin zone
of the (10,0) tube

level of approximation and the derivation of (12) as well as a corresponding
analytic expression for larger interaction ranges can be found in [6, 20].

Figure 18b shows a contour plot of the electronic band structure of
graphene. For the π∗ conduction band the electronic energies range from
12.2 eV at Γ to zero at the K point of the Brillouin zone; the π valence band
varies between −8.8 eV and the Fermi level. The two Γ -point energies are
from experiment [20,152]. To obtain nonsymmetric π and π∗ bands within the
tight-binding approximation we need to consider the finite overlap between
electrons at different atoms or include more neighbors [5, 9, 20, 23]. Close to
the six K points, where valence and conduction bands touch at a single point,
the two bands are linear with k to a very good approximation. The inset of
Fig. 18b shows the cones that represent the band structure very close to the
Fermi energy.

Having obtained the electronic band structure of graphene, how can we
use it to obtain the band structure of single-walled carbon nanotubes? Con-
sider quantization in a (10,0) nanotube. An allowed wave for this tube is
shown in Fig. 19a. It has three nodes along the circumference or a wave-
length λ = 10a0/3. For graphene this corresponds to wavevectors away from
the Γ point of the hexagonal Brillouin zone (see Fig. 18a). The quantization
condition for an (n1, n2) nanotube in reciprocal space can be derived from
its chiral vector c and the axial lattice vector a. The general expressions are
given in Table 1.
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For a (10,0) zigzag tube we find

k⊥
(n,0)
=

k1

n
+

k2

2n

(10,0)
=

k1

10
+

k2

20
, (13)

i.e., when starting from the Γ point and going along ΓKM (k1 + k2/2, see
Fig. 18a) we find 10 equally spaced points that are allowed. All these points
correspond to the Γ point of the (10,0) nanotube. They are shown as circles in
Fig. 19b. The forth circle (open) represents the wave in Fig. 19a in reciprocal
space. The distance between two allowed points, 2π/10a0 for the (10,0) tube,
is given by the nanotube diameter |k⊥| = 2/d.

The reciprocal lattice vector along the nanotube axis is kz = k2/2 for
the (10,0) and any other zigzag tube. The nanotube Brillouin zone is thus
built as shown in Fig. 19b: The quantized circumferential vectors (circles)
correspond to the Γ point of the tube (Γnt). Perpendicular to the quantization
direction the allowed states are continuous. For the special case of zigzag
tubes the general expression for allowed wavevectors (see Table 1) reduces
to [20]

kzz =
m

n
k1+

(
m

2n
+

kz

2

)
k2 with m =−(n−1) . . . n; kz = 0 . . . 0.5 . (14)

m (the z component of the angular momentum of a particle) indexes the
bands of a nanotube. kz is the magnitude of the axial wavevector in units
of the reciprocal lattice vector. Inserting the allowed wavevectors in (12) we
obtain the electronic band structure of zigzag carbon nanotubes within the
tight-binding zone-folding approximation

E±
zz(m, kz) = γ0

√
3 + 2 cos 2π

m

n
+ 4 cosπ

m

n
· cosπkz . (15)

The corresponding expression for armchair tubes is

E±
ac(m, kz) = γ0

√
3 + 4 cosπ

m

n
· cosπkz + 2 cos 2πkz . (16)

For armchair as for zigzag tubes, the quantum number m satisfies −(n−1) ≤
m ≤ n. Finally, the band structure for a chiral (n1, n2) nanotube within the
nearest-neighbor tight-binding model is given by

E±
c (m, kz) =γ0

[
3 + 2 cos

(
m

2n1 + n2

qnR − n2

q
kz

)

+ 2 cos
(

m
2n2 + n1

nqR +
n1

q
kz

)

+ 2 cos
(

m
n1 − n2

qnR − n1 + n2

q
kz

)]1/2

, (17)
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Fig. 20. Band structure of a (10,10) armchair nanotube with diameter d = 1.4 nm.
(a) Ab-initio calculation; (b) nearest-neighbor tight-binding calculation with γ0 =
−2.7 eV [(16) with n = 10]; (c) third-nearest neighbors tight-binding calculation.
The dashed lines denote ab-initio calculated energies of the band extrema. The
agreement of the energies in (a) and (c) is excellent. From [6]

where m is an integer running from −(q/2− 1) to q/2 [81]; see Table 1 for q,
n and R as a function of n1 and n2.

The quantum number m is very useful to index bands and phonon
branches and to derive selection rules, e.g., for Raman scattering, infrared
vibronic and optical electronic absorption [20, 81, 83, 87]. The m = 0 elec-
tronic bands and phonon branches always contain the graphene Γ point (see
Fig. 19b); m = q/2 (= n for achiral tubes) is the M point of graphene
for kz = 0 [9]. These two bands are nondegenerate for any quasiparticle and
any nanotube. In achiral tubes, all other bands are twofold degenerate in
chiral tubes, none, see [20, 85, 86] for a discussion and examples.

4.2 Electronic Band Structure

Figures 20 and 21 show the electronic band structure of a (10,10) and
(19,0) nanotube, respectively. Parts (a) in both figures are from first-principles
calculations, while parts (b) were obtained with (16) and (15), and parts (c)
are the results of the extended tight-binding model using up to third neigh-
bors [6]. For all practical purposes, the extended tight-binding model is in-
distinguishable from the ab-initio calculations. The simple nearest-neighbors
tight-binding scheme works reasonably well. There are certain systematics in
Figs. 20 and 21 about which we will not comment in detail. For example,
the band extrema are at the Γ point in the (19,0) tube, but at 2π/3a in the
(10,10) tube. General rules for the overall shape of the band structure and
the position of the band extrema as a function of n1 and n2 can be found
in [20].
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Fig. 21. Band structure of a (19,0) zigzag nanotube with a diameter of d = 1.5 nm.
(a) Ab-initio calculation; (b) nearest-neighbor tight-binding calculation with γ0 =
−2.7 eV [(15) with n = 19]; (c) third-nearest neighbors tight-binding calculation.
The dashed lines denote ab-initio calculated energies of the band extrema. From [6]

Fig. 22. (a) Allowed wavevectors of a nanotube in the Brillouin zone of graphene
(see also Fig. 19). (b) Expanded view of the allowed wavevectors k around the
K point. k⊥ is an allowed wavevector around the circumference of the tube; kz is
continuous. The open dots are points with kz = 0; they all correspond to the Γ point
of the tube. From [153]

As can be seen in Figs. 20 and 21 the (10,10) tube is metallic, whereas
the (19,0) tube has a bandgap of 0.5 eV. The metallic and semiconducting
character of the nanotubes can be explained by zone folding using the Fermi
surface of graphene. In the last section we saw that the valence and con-
duction bands of graphene cross at the K point of the Brillouin zone. If the
graphene K point is among the allowed states of a carbon nanotube, the
tube is metallic. Otherwise, it is semiconducting with a moderate bandgap.
To quantify this hand-waving argument let us consider an (n1, n2) nanotube.
Figure 22a shows the quantized states of a general nanotube; the region
around the K point is expanded in Fig. 22b. The electronic states are re-
stricted to wavevectors that fulfill the condition k · c = 2πm, where c is the
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chiral vector of the tube and m is an integer. For the tube in Fig. 22 the
K point is not allowed and the tube is a semiconductor. The K point of
graphene is at 1

3 (k1 − k2); thus, a nanotube is a metal if

K · c = 2πm = 1
3 (k1 − k2)(n1a1 + n2a2) = 2π

3 (n1 − n2) ,

which implies

3m = n1 − n2 . (18)

This famous result, derived by Hamada et al. [148] and Saito et al. [149],
means that a tube is a metal if n1 − n2 is a multiple of three.

We can now understand the pattern of metallic tubes in the chiral index
plot in Fig. 3. (n, n) armchair nanotubes are always metallic, (n, 0) zigzag
tubes only if n is a multiple of three. The sets of metallic chiral indices
parallel to the armchair-like directions arise, because for these sets n1 −n2 is
either constant or changes by ±3 from tube to tube. Take, for example, the
(5,5) nanotube. Along the main armchair line (labeled armchair in Fig. 3)
n1−n2 is constant, since we change both n1 and n2 by the same amount, e.g.,
(5,5) to (6,6). Along the vertical direction n1 decreases by 1 and n2 increases
by 2 when going from top to bottom, i.e., the difference between n1 and n2

changes by 3, such as for (5,5) to (6,3); similarly for the third armchair-like
direction [(5,5) to (7,4)]. The same pattern is found for the open and closed
symbols in Fig. 3. The reason is that metallic nanotubes are just a special
case of the nanotube family, which we discuss in connection with the optical
spectra of single-walled carbon nanotubes (Sect. 5.2).

The good agreement between first-principles and zone-folding calculations
for the (10,10) and (19,0) nanotubes is also found for tubes with diame-
ters ≥ 1.5 nm. For smaller-diameter tubes, the curvature of the nanotube
wall can no longer be neglected. Curvature mixes the inplane σ and out-
of-plane π states of graphene [9, 135]. It thereby shifts the electronic bands
towards the Fermi level. Since this shift is larger for bands originating from
the part between the K and the M point of the Brillouin zone than for bands
from the part between Γ and K, curvature can change the order of the bands
in single-walled nanotubes. It mainly affects the conduction bands and thus
lifts the symmetry between the electron and the hole, which – to a very good
approximation – is present in graphite, compare Figs. 20 and 21. For very
small diameter nanotubes (d ≈ 0.5 nm) the zone-folding picture fails com-
pletely [9, 10, 88, 135, 154–159]. For example, the (5,0) nanotube is metallic,
although it is predicted to be semiconducting within the zone-folding approx-
imation.

5 Optical Properties

The resonant Raman effect is intimately related to the optical properties
of a material. Using Raman spectroscopy we can, therefore, study not only
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Fig. 23. (a) Band-to-band absorption spectra for a (10, 0) nanotube calculated
within tight binding. Note the sharp van-Hove singularities, typical for one-
dimensional systems. The thin line assumes the optical matrix elements to be
independent of the axial wavevector of the tube kz; the thick line includes the
dependence of the optical transition elements on kz. (b) Chirality and family de-
pendence of the matrix elements. A2 to Z2 refers to transitions originating close
to the KM line of the graphene Brillouin zone. A1 to Z1 correspond to states
between Γ and K (see inset). After [162]

the vibrations of a molecule or solid, but their electronic excitations and the
optical response. This adds greatly to the power of Raman scattering for
investigating and characterizing materials.

Resonances arise when the incoming or outgoing photon in the Raman
process matches an optical singularity of the system (Sect. 6). They can be
very strong in one-dimensional structures, because the electronic density of
states diverges at the band extrema. In the following, we discuss the optical
properties of carbon nanotubes. We start by considering the joint density of
states (JDOS) in band-to-band transitions and then turn to exciton forma-
tion, which is important for understanding the optical properties.

5.1 Band-to-Band Transitions

In a band-to-band transition a photon excites an electron from the valence
into the conduction band. The interaction between the electron and the hole
it leaves behind is neglected, in contrast to an exciton formed by an inter-
acting electron and hole (see Sect. 5.3). Band-to-band transitions have not
been observed in carbon nanotubes, because the exciton binding energy is
large (0.1 eV to 1 eV, much larger than kBT at room temperature, kB is the
Boltzmann constant) [10,60,160,161]. We, nevertheless, discuss band-to-band
transitions since they give a good insight into density-of-states arguments and
the optical selection rules for carbon nanotubes. These arguments will remain
valid when we later consider excitons.
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Fig. 24. Density of states in 3, 2, 1, and 0-dimensional systems. For one-dimensional
systems the density of states follows a 1/

√
E-behavior

In the dipole approximation the imaginary part of the dielectric func-
tion ε2(ω) originating from band-to-band transitions is proportional to [134]

ε2(ω) =
|Mcv|2

ω2

∫
dSk

∇k(Ec(k) − Ev(k))
, (19)

where ω is the photon frequency and Mcv are optical matrix elements. The
integral corresponds to the joint density of electronic states (JDOS) of the
valence Ev and conduction band Ec. Regions in the electronic band structure
with parallel bands thus contribute strongly to band-to-band absorption.

For simplicity we assumed that the optical matrix elements Mcv are inde-
pendent of the axial wavevector [87, 154, 162]. Within one pair of electronic
subbands this is, in fact, quite accurate. Figure 23a compares a calculated
band-to-band absorption spectrum for k-independent matrix elements (thin
line) and including the k dependence of Mcv (thick). The peaks in the ab-
sorption are somewhat more pronounced in the latter, but the differences
are small. For transitions between two different pairs of bands or transitions
in tubes with different chirality, however, the matrix elements change. Fig-
ure 23b shows that the matrix elements depend on the chiral angle. Mcv also
changes for electronic states originating from the KM (Z2, A2) and the
ΓK (Z1, A1) part of the graphene Brillouin zone in the zone-folding approxi-
mation. This can be traced back to the optical properties of graphene [87,162].

The electronic density of states and also the joint density depend dra-
matically on the dimensionality of a system (see Fig. 24). For parabolic
bands, found in most semiconductors, it rises as the square root of the en-
ergy above the bandgap in the three-dimensional case, exhibits a step-like
dependence in two-dimensional solids, diverges as the inverse of a square root
in one-dimensional systems, and, finally, is a δ-function in zero dimensions.
Close to their minimum and maximum bands can always be approximated
as parabolic. We thus expect a 1/

√
E-behavior for the density of states in

nanotubes. This result can be derived more rigorously using, e.g., the zone-
folding approach [20, 153, 163]. The singular square-root dependence of the
DOS on energy was observed by scanning tunneling spectroscopy [164, 165].

The second important term determining the strength of the optical ab-
sorption is the matrix element. Table 9 lists the selection rules for optical ab-
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Table 9. Optical selection rules for carbon nanotubes [20,87]. The (x, y) polarized
transitions are strongly suppressed by the depolarization effect, see Sect. 6.4

Polarization Representation ∆m Remarks

z A2u 0
{

valence and conduction bands lying

symmetrically to EF

(x, y) E1u ±1
{

only first pair of Ev and Ec

in zigzag tubes

Fig. 25. Band structure and density of states of a zigzag nanotube. The band-
to-band transition picture predicts that transitions between symmetrically lying
pairs of valence and conduction bands contribute the most to the absorption. The
transition energies are labeled Eii where i labels the bands

sorption. For z-polarized light absorption is allowed between electronic bands
with the same m, otherwise it is forbidden. Under perpendicular polarization
the photon changes the band index by ±1. In zigzag tubes (x, y) polarized
absorption is allowed starting from the first two valence bands only. The per-
pendicularly polarized transitions are strongly suppressed by the anisotropic
polarizability [166]. The tube acts as a Faraday cage for an electric field per-
pendicular to its axis. This makes carbon nanotubes almost transparent for
inplane polarization (see Fig. 39b and the discussion in Sect. 6.4).

The overall picture for explaining the optical properties of carbon nano-
tubes within the band-to-band model is summarized in Fig. 25. The va-
lence (vi) and conduction bands (ci) give rise to square-root singularities
in the electronic density of states. Selection rules and the depolarization ef-
fect make the transitions for symmetrically lying pairs by far the dominant
contribution, e.g., v1 → c1. The absorption probability is particularly large
when the density of states is high in the initial (valence) and final (con-
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Fig. 26. (a) Kataura plot: transition energies of semiconducting (filled symbols) and
metallic (open) nanotubes as a function of tube diameter. They were calculated from
the van-Hove singularities in the joint density of states within the third-order tight-
binding approximation [6]. (b) Expanded view of the Kataura plot highlighting the
systematics in (a). The optical transition energies are roughly proportional to 1/d
for semiconducting (black) and metallic nanotubes (gray). The V-shaped curves
connect points from selected branches in (b), β = 22, 23 and 24; see text for details.
We indicate whether the ν = −1 or the +1 family is below or above the 1/d trend.
Squares (circles) are transitions of zigzag (armchair) nanotubes

ducting) state. Thus, the absorption should show peaks corresponding to
the transitions from the van-Hove singularity of the first valence band v1 to
the singularity of the first conduction band c1 at an energy E11, followed
by v2 → c2 at E22 and so forth (see Fig. 25). The absorption spectrum is of-
ten further approximated by considering only the van-Hove-related transition
energies Eii [167, 168]. Plotting them as a function of diameter one obtains
the so-called Kataura plot, which we discuss in the next section.

The band-to-band transition picture was believed to be correct for al-
most ten years and most interpretations of the Raman and optical spectra
relied on it. This view changed fundamentally after Bachilo et al. [60] mea-
sured photoluminescence and absorption from isolated nanotubes, followed
by resonant Raman experiments on similar samples by Telg et al. [63] and
Fantini et al. [64]: The experimental data could only be understood on the
basis of excitonic transitions. Therefore, the literature has to be viewed with
care because many studies relied on the band-to-band description.
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5.2 Kataura Plot: Nanotube Families and Branches

When discussing the electronic band structure of carbon nanotubes we found
two dependences on the nanotube chirality through zone folding: The sepa-
ration between two lines of allowed wavevectors is given by 2/d. On the other
hand, the direction of the allowed lines with respect to the graphene Bril-
louin zone was connected with the chiral angle Θ (see Sect. 4.1). The optical
transition energies depend, consequently, on these two parameters. This can
be used to assign the chirality of a tube by Raman scattering and optical
spectroscopy (see Sect. 7) [60, 61, 63, 64, 68].

Taking the maxima in the band-to-band absorption probability (the en-
ergy separation of the van-Hove singularities in Fig. 25) for an ensemble of
nanotubes and plotting them as a function of the tube diameter d, we obtain
Fig. 26a. The plot is named after Hiromichi Kataura, who first used it in
connection with optical spectroscopy [167]. There are a number of system-
atics in the Kataura plot, which we discuss now. In the infrared and over
most of the visible energy range an ensemble of nanotubes has well-separated
ranges of transition energies for a given diameter range. The energies follow
roughly 1/d. The deviations from this trend reflect the chiral-angle depen-
dence of the optical spectra. Figure 26b shows a part of the plot on an en-
larged scale and concentrates on the systematics. The transition energies of
metallic tubes (M–E11, gray lines) are clearly separated from the semicon-
ducting transitions (S–Eii, black). Also, at first sight, semiconducting tubes
seem to have more electronic transitions than metallic ones (however, this
impression is not correct, in metallic tubes two transitions are always close
in energy, see below). The first observation can be understood by the zone-
folding approach.

Figure 27a–c shows the allowed wavevector lines of a metallic (a) and two
semiconducting tubes (b,c) close to the K point of graphene (see Fig. 18).
The electronic energies in the vicinity of this point give rise to transitions in
the near infrared and the visible. In the metallic tube of Fig. 27a an allowed
line goes through the K point (zero transition energy); the two neighboring
lines, which are the origin of the M–E11 absorption, are at a distance of 2/d
from K. In a semiconducting tube the first allowed line is 2/3d away from K
(S–E11), the next 4/3d (S–E22), then 8/3d (S–E33), 10/3d and so forth (see
Fig. 27b). Close to the K point, the graphene band structure is approximately
linear with wavevector. Therefore, the ordering of the optical energies will
be S–E11, S–E22, M–E11, S–E33, . . ., all of them well separated in energy for
a given d ≈ 1 nm [153, 163].

The systematic deviations of the optical energies from the 1/d trend in
Fig. 26 reflect the trigonal distortion of the graphene band structure, i.e.,
the fact that the energies depend on the direction of (k − K) [150, 169].
The trigonal distortion is clearly visible in the contours of Figs. 27a–c (see
also Fig. 28): Without trigonal distortion the contour lines would be circles.
The two M–E11 lines in Fig. 27a cross slightly different contours. Therefore,
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Fig. 27. Lines of allowed wavevectors for the three nanotube families on a gray-scale
plot of the electronic band structure of graphene (K point at center). (a) Metallic
nanotube belonging to the ν = 0 family, (b) semiconducting −1 family tube, and
(c) semiconducting +1 family tube. Below the allowed lines, the optical transition
energies Eii are indicated. Note how Eii alternates between the left and the right
of the K point in the two semiconducting tubes. The assumed chiral angle is 15◦

for all three tubes; the diameter was taken to be the same, i.e., the allowed lines
do not correspond to realistic nanotubes. After [150]

Fig. 28. Electronic band structure of the π and π∗ states of graphene along
the ΓKM line, which is the confinement direction for zigzag nanotubes. The elec-
tronic dispersion between Γ and K is stronger than between K and M . Zigzag
tubes from the −1 family have a larger bandgap than those of the +1 family; see
arrows

metallic nanotubes have two close-by transition energies that generate the V-
shaped structure in Fig. 26b. A similar systematics applies to semiconducting
nanotubes. Here, the splitting does not occur within one tube, but for two
groups of semiconducting tubes, known as nanotube families [150].

The first allowed line in Figs. 27b and c are at the same distance from K.
However, in Fig. 27b E11 is to the left of the K point (between Γ and K),
whereas it is to the right in Fig. 27b (between K and M). Since the electronic
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dispersion is stronger between Γ and K than between K and M (see Fig. 28),
the tube in Fig. 27b has a larger band gap and hence a larger transition
energy E11 than the tube in Fig. 27c. For E22 the situation is reversed,
because this transition originates from the opposite side of K. S–E33 behaves
like S–E11.

Whether S–E11 is to the right or to the left of the K point of graphene
after the zone-folding scheme, is a function of n1 and n2 [150]. A nanotube
belongs to the group or “family” in Figs. 27a,b and c if

ν = (n1−n2)mod3 =

⎧⎪⎨
⎪⎩
−1 semiconducting, large bandgap E11, part b
0 metallic, part a
+1 semiconducting, small bandgap E11, part c.

(20)

Nanotube families were first suggested by us [150], but picked up only
two years later after optical spectroscopy on isolated nanotubes was reported
for the first time [59, 60]. Optical spectroscopy was the first method sensitive
enough to measure the family dependence of carbon nanotubes. The concept
proved to be vital for the understanding of carbon nanotubes; many of their
properties change with the family index ν. The three nanotube families are
also indicated in the chiral-index plot in Fig. 3.

Nanotube families explain why some tubes fall above and some below
the 1/d trend in Fig. 26. Where, however, does the peculiar V-shaped struc-
ture come from? The Vs reflect the “branches” in the Kataura plot. Within
a branch β, by definition (Table 1),

2n1 + n2 = β = const. (21)

Using (21) we immediately derive the neighbor rule, which gives the chi-
ral index of a neighboring nanotube (n′

1, n
′
2) with smaller diameter within

a branch, i.e., with β = const.

n′
1 = n1 − 1 and n′

2 = n2 + 2 as long as n1 ≥ n2 . (22)

Looking back at Fig. 3 we see that β = const. corresponds to vertical lines in
the chiral-index plot. For such a line the diameter of a tube decreases with
decreasing chiral angle. At the same time, trigonal warping increases with
decreasing chiral angle [150, 169]. An armchair tube with Θ = 0◦ shows no
splitting related to trigonal warping. Its allowed lines run perpendicular to the
base of the triangle in Fig. 27, i.e., the left and the right of K are at the same
energy. Armchair tubes are at the centers of the metallic V-shaped curves,
see circles in Fig. 26b. In contrast, for zigzag tubes the trigonal distortion is
strongest [150]. Their allowed lines touch the tip and the base of the triangle of
Fig. 27. Hence, (n, 0) zigzag and (n1, 1) chiral nanotubes are at the end of the
Vs in Fig. 26b; see open squares. A summary of the nanotube classifications
presented here is given in Table 2.
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Nanotube families and nanotube branches play an important role in the
interpretation of experiments. The key point is that the nanotube proper-
ties depend systematically on the family and branch they belong to and the
position within one branch. The change in bandgap for different families is
the most obvious example, further examples in connection with Raman and
optical spectroscopy include the Raman, photoluminescence and absorption
intensity, the softening of the high-energy phonons, electron–phonon coupling
and many other properties [45, 60, 63, 64, 111, 144, 162, 170, 171].

5.3 Excitons

An electron and a hole in a crystal can form a bound state called an exci-
ton [134]. This is mathematically equivalent to the hydrogen problem except
for the existence of a center-of-mass k vector because of the translational
invariance along the tube (see, e.g., [134]). The exciton binding energy in
a three-dimensional solid assuming electron–hole symmetry is given by

Eb =
m∗

2ε2
cr

Ry . (23)

This is much smaller than the ionization energy of hydrogen 1 Ry = 13.6 eV,
because the effective mass m∗ is only a fraction of the electron mass and
the Coulomb interaction is screened by the dielectric constant εcr. Inserting
typical values for semiconductors into (23) m∗ ≈ 0.01 (in units of the electron
mass) and εcr ≈ 4 we obtain binding energies on the order of a few m eV. In
many bulk crystals excitonic effects are only important at low temperature,
where the thermal energy kBT � Eb.

The exciton binding energy, however, depends on the dimension of the
solid [172, 173]. For a 2D system Eb increases by a factor of four within
the hydrogen model compared to 3D crystals. Although nanotubes are one-
dimensional systems, a 2D model is most appropriate, since the electron
and the hole move on a cylindrical surface [13]. Additionally, screening is
less efficient in a low-dimensional solid. Assuming a 2D hydrogen model and
no dielectric screening, the exciton binding energy increases to Eb(2D) =
4Eb(3D) = m∗4 Ry/2 ≈ 300 m eV. More sophisticated estimates for the ex-
citon binding energy in carbon nanotubes yield Eb = 1 eV to 1.5 eV for
diameters d ≈ 1 nm and tubes in vacuum [10, 160, 161, 174]. This is much
larger than the thermal energy at room temperature kBT ≈ 25 m eV. Ex-
citons in carbon nanotubes are thus observable at room temperature and
below.

The particular importance of the excitonic interaction for spectroscopy is
that it fundamentally changes the optical excitations. This is illustrated in
Fig. 29. Instead of exciting electrons from the valence into the conduction
band, as in the band-to-band model (see Fig. 25), the photon excites an
exciton from the ground state into the optically active states ehii formed by
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Fig. 29. (a) Schematic dispersion of the first eh11 and second eh22 subband ex-
citons. Q is the exciton wavevector defined as the center-of-mass wavevector of
electron and hole. hν indicates the dispersion of photons. Absorption occurs at
the crossing of the photonic and excitonic dispersion with a wavevector Qabs ≈ 0.
After [134]. (b) Calculated absorption spectra neglecting electron–hole interaction
(band-to-band transitions), ε = ∞ top panel, and for decreasing screening, middle
and bottom panels. The shift in the main transition indicates the exciton bind-
ing energy as a function of ε. With decreasing screening, more spectral weight is
transfered to the exciton. After [160]

electrons and holes in the ith subband (see Fig. 29a). The combined electron–
hole wavevector Q = ke + kh has to be equal to the wavevector of the
photon, Q ≈ 0 (ke and kh are the wavevectors of the electron and the hole,
respectively).

Figure 29b shows how the optical absorption spectrum changes when
electron–hole interaction is considered. The results were obtained for a (19,0)
tube using a tight-binding model to solve the Bethe–Salpeter equation, a two-
particle equation, which includes electron–hole interaction [160]. The charac-
teristic 1/

√
E absorption predicted for band-to-band transitions (top panel

and Fig. 25) changes into a δ-function when the spectral weight is transferred
from the electron–hole continuum to the excitons. ε is the dielectric function
of the medium surrounding the tube.

The two peaks in the three panels of Fig. 29b originate from transitions
between the first two pairs of valence and conduction bands in the top panel
and from exciting the first and second subband exciton in the middle and
lower panels. The shift in the peak position gives the exciton binding energies
for two dielectric constants ε of the medium surrounding the tube.

From what we discussed up to now, one would expect the experimen-
tal optical transitions to be lower in energy than predicted from the single-
particle picture, because of the large exciton binding energies. Instead, pho-
toluminescence and Raman spectroscopy found a blueshift of the transitions
by some 100 m eV when compared to a single-particle theory [44, 45, 60, 61,
63, 64, 68]. The origin of this shift is the increase of the bandgap due to
electron–electron interactions [10,174]. As shown in Fig. 30, electron–electron
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Fig. 30. Electron–electron interaction increases the separation between the ith va-
lence and conduction band (dashed lines) by approximately 1.8 eV compared to
the single-particle picture (horizontal full line at 1). The binding energy due to
electron–hole interaction is around 1.3 eV. The excitonic transitions (full thin lines)
are blueshifted compared to the band-to-band transitions. The full thick line was
obtained by zone folding (see [174] for details). Note the log scale for x. After [174]

interaction (e–e) increases the electronic gap compared to the single-particle
approximation. This increase is almost canceled by the electron–hole interac-
tion (e–h). Nevertheless, the exciton in Fig. 30 is somewhat higher in energy
than the single-particle states.

Figure 31 shows an experimental Kataura plot, i.e., the measured opti-
cal transition energies as a function of tube diameter. We will explain in
Sect. 7 how the transition energies can be assigned to carbon nanotubes
experimentally to plot them as in Fig. 31. The figure shows the first two
transitions for semiconducting tubes measured by photoluminescence and
Raman scattering and the first transition of metallic tubes from Raman
spectroscopy [60, 63]. Only the lower parts of the metallic branches were
observed experimentally; see Fig. 26. The energies of the optical transitions
can be well understood, at least qualitatively, considering the single-particle
states, electron–electron and electron–hole interaction, and the curvature of
the nanotube walls [74, 160, 170, 174].

The exciton binding energies of single-walled carbon nanotubes were mea-
sured by two-photon absorption. These experiments probe the energy of ex-
cited excitonic states by the simultaneous absorption of two photons. The
binding energy can be estimated from the energy difference between the ex-
citon ground state (one-photon absorption) and the excited state (two-photon
absorption). Wang et al. [12] and Maultzsch et al. [13] reported Eb ≈ 0.4 eV
for nanotubes coated by surfactants. This is in reasonably good agreement
with theory when the screening by the surfactant is taken into account.
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Fig. 31. Experimental Kataura plot for the first two semiconducting (closed sym-
bols) and the first metallic (open symbols) transition. Dashed lines connect the
(near-to) armchair tubes; full lines connect tubes in a branch, compare Fig. 26
and Table 2. Experimental transition energies were measured with photolumines-
cence [60] and resonant Raman scattering [63]

Optical spectroscopy of isolated nanotubes has been a rapidly evolving
field over the last three years, but many aspects are still not understood. For
example, side peaks in the photoluminescence excitation spectra of single-
walled carbon nanotubes have been interpreted as phonon side bands of ex-
citons [175, 176], coupled exciton–phonon excitations [11, 177], or excited
excitonic states [13]. The variation in the nanotube absorption and emission
intensity with chirality has been attributed either to electron–electron [74]
or to electron–phonon interaction [75]. Nevertheless, the two-photon absorp-
tion experiments proved the optical excitations to be of excitonic character
in single-walled carbon nanotubes [12, 13]; prior to the measurement of the
exciton binding energy, time-resolved spectroscopy also suggested formation
of excitons [178–182]. The band-to-band transition picture is thus not fully
appropriate when modeling either photon absorption and emission or Raman
scattering. On the other hand, a unified description of the Raman effect in-
cluding excitonic effects is still missing. In this Chapter we will use mainly
the band-to-band transition picture to model Raman scattering in carbon
nanotubes pointing out important differences and consequences that should
arise when electron–hole interaction is taken into account.
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Fig. 32. Raman spectrum of bundles of single-walled carbon nanotubes excited
with λL = 488 nm. (a) Radial-breathing mode (RBM), (b) D mode and high-
energy modes (HEM), (c) two-phonon Raman spectrum with the D∗ (overtone of
the D) and the overtone spectrum of the HEM. The spectra were multiplied by the
factors given in the panels. From [186]

6 Raman Effect in Carbon Nanotubes

Resonance Raman scattering refers to a technique where one or more tran-
sitions participating in the scattering process involve real states. It has been
widely used to study electronic states in solids (see other volumes of this se-
ries [183], in particular the seminal articles by Cardona [184] and by Martin
and Falicov [185]).

After introducing the Raman spectrum of single-walled carbon nanotubes,
we show in this section how the enhancement of the Raman-scattering inten-
sity through resonances is involved in all the reported spectra of nanotubes:
nonresonant Raman scattering is simply too weak to be observed in this ma-
terial. Both single and double resonances are observed in carbon nanotubes;
they have distinct features and yield different kinds of physical insight into
the nanotubes. Double resonances are much more widely present in nanotubes
than in 2- or 3-dimensional solids; they are, in fact, the dominant scattering
mechanism for the high-energy modes.

6.1 Raman Spectra of Single-Walled Nanotubes

Figure 32 shows the three energy ranges where the most important Raman
features of single-walled carbon nanotubes are observed [20,26,145,187–189].
In the low-energy range (Fig. 32a) there are several peaks in nanotube bun-
dles or nanotubes in solutions resulting from the radial-breathing modes of
the resonantly excited tubes (see Sect. 3.2). For a single tube, there would be
only a single radial-breathing mode peak. Its frequency depends on diameter,
these modes are typically found between 100 cm−1 and 400 cm−1. The radial-
breathing mode is a vibration characteristic of carbon nanotubes and is often
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Fig. 33. Low (a) and high-energy (b) Raman spectra of 12C (upper traces, full
lines) and of 13C (lower traces). The dashed lines are the 12C spectra with the

frequency multiplied by the expected isotope shift (
√

12/13). From [195]

considered as their fingerprint. However, since many materials have vibra-
tional frequencies in this energy range, the presence of single-walled tubes in
a sample cannot be surmised from the low-energy spectrum [190–193].

The D mode in Fig. 32b is an intriguing Raman peak that arises from
double-resonant Raman scattering [4]. Its frequency depends on the energy
of the exciting laser; we discuss this mode in Sect. 10.

The high-energy modes (HEM) of single-walled tubes originate from tan-
gential vibrations of the carbon atoms (Sect. 3.3), i.e., along the nanotube
walls [187, 194]. The double-peak structure close to 1600 cm−1 in Fig. 32b
is a unique feature of single-walled carbon nanotubes. It is a more reli-
able Raman signature of single-walled tubes than the RBMs in the low-
energy range. Typically, the most intense peak in the high-energy range
occurs between 1592 cm−1 and 1596 cm−1 (depending on diameter and ex-
citation energy); it is always higher in frequency than the corresponding
peak in graphite (1589 cm−1 [145]). The smaller peak between 1560 cm−1

to 1590 cm−1 changes dramatically for resonant excitation of metallic tubes
(Sect. 8 [168, 188]).

Between the RBM in Fig. 32a and the high-energy range with the D mode
and the HEM a number of weak Raman peaks are observed [187,196]. We will
not review this so-called intermediate frequency range but refer the reader
to [26].

Figure 32c shows the overtone Raman spectrum of single-walled carbon
nanotubes. Note that D∗, the overtone of the D mode, is stronger in intensity
than its fundamental. The two-phonon Raman spectrum of carbon nanotubes
is similar to that of other sp2-bonded carbons, but the overtone of the HEM
is at lower frequency than in graphite (see Sect. 10).

In Fig. 33 we show Raman spectra of single-walled carbon nanotubes
where 12C (98.93 % natural abundance) was replaced by 13C [195]. Phonon
frequencies are proportional to 1/

√
m (spring model); hence we expect the

frequencies to shift by
√

12/13 ≈ 4 % when replacing naturally occurring
carbon by the pure 13C isotope. The full lines in the upper traces of Fig. 33
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Fig. 34. Schematic of (a) nonresonant (Stokes) scattering and (b) a single (in-
coming) resonance. GS (ES) refer to the ground (excited) state of the material
investigated and ωph to the phonon (or other elementary excitation) emitted in the
process. The corresponding relative strengths in a Raman spectrum are indicated
on the bottom

are the as-measured 12C Raman spectra; for the broken lines the frequencies
were multiplied by the expected isotope shift. There is excellent agreement
with the 13C Raman spectra shown in the lower traces of Fig. 33 [195, 197].

6.2 Single Resonances

The concept of a single resonance is illustrated in Fig. 34. Nonresonant Ra-
man scattering corresponds to the excitation of an electron from the ground
state (GS) to a virtual state (gray, dashed line) followed by emission (Stokes
scattering) or absorption of a phonon (anti-Stokes, not shown) and subse-
quent recombination of the electron–hole pair (a). Increasing the excitation
energy leads to the excitation of an electron into a real (empty) state (b).

Since the exciting laser light is in resonance, one speaks of an incom-
ing resonance. Increasing the excitation energy further leads to an outgoing
resonance and, finally, again to a nonresonant situation.

Whether incoming or outgoing resonances can be resolved experimentally
depends on the width (∼ inverse lifetime) of the excited electronic state. If
it is too broad compared to the energy of the phonon (or other elementary
excitation), they cannot be resolved. This is the situation for the resonances
of the radial-breathing mode (ωRBM in the range 150 cm−1 to 250 cm−1 for
typical nanotubes), and an extraction of the precise transition energies from
resonance spectra has to take this into account; see Sect. 7. In total, six
different time-order diagrams contribute to first-order Raman scattering, of
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which we showed in Fig. 34 only one. In general, there are, of course, many
excited states that have to be included for proper calculation of the Raman
spectra; see, e.g., [185, 198].

The Raman efficiency of a bulk material for Stokes scattering, i.e., the
number of photons per incident photon per unit length and solid angle dΩ is
given by [184, 185, 199]

dS

dΩ
=

1
V

dσ

dΩ
=

ω1ω
3
2

4π2

η1η
3
2

c4

VcN

(�ω1)2
∑

f

|K2f,10|2[N(ω) + 1] , (24)

where K2f,10 is the Raman matrix element (see below) with the final state f
with frequency ω. dσ/dΩ is called the differential Raman cross section. V =
VcN is the scattering volume and Vc is the volume of the unit cell. In the
one-dimensional systems we want to consider here, the scattering volume is
equivalent to the scattering length L. ω1 and ω2 = ω1−ω are the frequencies
of the incoming and outgoing light, respectively. η1 and η2 are the indizes of
refraction at ω1 and ω2. N(ω) = 1/[exp(�ω/kBT ) − 1] is the Bose–Einstein
occupation factor and c is the speed of light in vacuum.

We can express the resonant process by using the Raman matrix ele-
ment K2f,10 [185]

K2f,10 =
∑
a,b

〈ω2, f, i|HeR,ρ|0, f, b〉〈0, f, b|Hep|0, 0, a〉〈0, 0, a|HeR,σ|ω1, 0, i〉
(E1 − Ee

ai − iγ)(E1 − �ω − Ee
bi − iγ)

, (25)

where |ω1, 0, i denotes the state with an incoming photon of energy E1 =
�ω1, the ground state 0 of the phonon (no phonon excited), and the ground
electronic state i; the other states are labeled accordingly. Initial and final
electronic states are assumed to be the same, the sum is over all possible
intermediate electronic states a and b. The final state is denoted by f . The Ee

ai

are the energy differences between the electronic states a and i; �ω is the
phonon energy, and the lifetimes of the various excited states are taken to
be the same. The three terms in the numerator are the matrix elements for
the coupling between electrons (e) and radiation (R, incoming and outgoing
photons with polarization σ and ρ, respectively) and the coupling between
electrons and phonons (p).

Figure 34b corresponds to the incoming photon of energy E1 matching
the energy of the electronic state Ee

ai in (25). As mentioned, Fig. 34b de-
scribes an incoming (single) resonance. In the outgoing resonance the photon
emitted in the recombination process matches an eigenenergy of the sys-
tem, E1−�ω = Ee

bi. The Raman intensity is given by the magnitude squared
of K2f,10, leading to the strong enhancements in the spectra when the incom-
ing (or outgoing) photon energy matches a transition of the system. By using
appropriate energies of tunable lasers the real electronic states of a material
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Fig. 35. Raman-scattering efficiency and resonance profiles for band-to-band tran-
sitions and excitons in one-dimensional systems. (a) Parabolic valence (vi) and
conduction (ci) band with a gap Eii. Optical excitations (arrows) are nearly ver-
tical to conserve momentum. (b) Real (dashed line) and imaginary (full) part of
the Raman matrix element K2f,10 for band-to-band transitions and Eii = 1.7 eV,
�ω = 0.2 eV (1600 cm−1), and γ = 0.01 eV. (c) Raman efficiency ∝ |K2f,10|2 calcu-
lated from (b). The profile is symmetric with an incoming and outgoing resonance.
(d) Parabolic exciton dispersion ehii over the combined wavevector Q = ke + kh.
Optical excitations (arrow) occur at Q ≈ 0 only. (e) same as (b) but for excitonic
intermediate states in the Raman process [the parameters are the same as in (b)];
(f) Raman profile calculated from (e)

can be studied systematically. The authoritative review article on solid-state
systems using this technique is [184].

When calculating the matrix element, it is important to evaluate the sum
in (25) before taking the absolute square in (24). Physically speaking, this
corresponds to taking into account interferences between the different con-
tributions to the scattering amplitudes. The simplification of replacing the
sum by a density of states, i.e., ignoring interferences, is only correct if the
scattering events are independent, say at very different energies of the ele-
mentary excitation, or in different tubes. In general, however, the sum must
be evaluated explicitly. Although this is well known (see, e.g., Martin and
Falicov [185]), it is frequently forgotten or ignored in the nanotube literature.
Bussi and coworkers [200,201] recently calculated the sum in (25) and showed
that for typical (RBM) phonon and electronic energies in metallic nanotubes
such interference effects are indeed important for the identification of elec-
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tronic transition energies (see Sect. 9.2). Because of its importance we show
below for parabolic electronic bands and for transitions into excitonic states
how the sum is evaluated, following the derivation in [185].

Abbreviating the numerator in (25) by M and taking the electronic bands
to be described by

Ee
ai(k) = Ee

bi(k) = Eii + �
2k2/2µ , (26)

(see Fig. 35a) where k is the magnitude of the electron wavevector and 1/µ =
1/me + 1/mh is the reduced effective mass, we define

ζ2
0 = − (E1 − Eii − iγ) and ζ2

1 = −(E1 − �ω − Eii − iγ) . (27)

For just one set of valence and conduction bands the sum in (25) can be
converted into an integral over k, i.e., over all possible vertical transitions,
we obtain

K2f,10 =
√

2µ

�

L

2π

∫ ∞

−∞

Mdζ

(ζ2 + ζ2
0 )(ζ2 + ζ2

1 )
, (28)

where we have substituted k by (
√

2µ/�)ζ, and L is the tube length (or scat-
tering “volume”).5 We obtain for band-to-band transitions in the parabolic
approximation

K2f,10 =
L

√
µ/2

i�2ω

(
M√

E1 − Eii − iγ
− M√

E1 − �ω − Eii − iγ

)
. (29)

The first term in parentheses describes the incoming resonance, the second
one the outgoing resonance.

When more than one electronic band is involved, the sum
∑

a,b in (25)
has to include different bands besides the different wavevectors. This leads
to several similar terms in (29) with possibly different electron–phonon and
electron–photon coupling strengths M′. We will show an example where in-
terferences between these terms lead to important differences in the determi-
nation of resonance energies in Sect. 9.2 [201].

In Fig. 35b we show the real and imaginary part of K2f,10 in (29) as
a function of the excitation energy E1. Eii = 1.7 eV is indicated by the
dashed vertical line and �ω = 0.2 eV (see arrow in Fig. 35c). The imaginary
part has the typical square root singularity |E|/

√
E2 − E2

ii of the joint den-
sity of states in one-dimensional solids [153]. The real part, however, shows
a different energy dependence: it is larger for energies below Eii and Eii +�ω.
The resulting Raman efficiency, which is proportional to |K2f,10|2, is shown
in Fig. 35c. The two maxima arise from the incoming resonance at Eii and
5 The integral in (28) can be solved by making ζ a complex variable and summing

over the residues in, say, the upper half of the complex plane [202].
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the outgoing resonance Eii + �ω. The Raman profile does not resemble the
joint density of electronic states, as erroneously assumed in, e.g., [94].

We now consider excitonic states as the intermediate states a, b in the
Raman process. The evaluation of (25) is slightly different from the band-to-
band case. For an exciton, the energies in (25) are (see Fig. 35d),

Ee
ai =Ee

bi = ehii(Q ≈ 0) , (30)

i.e., there is only one transition, and no integration over the wavevector is
needed because the exciton momentum Q ≈ 0 for optical transitions (Q is
the wavevector of the exciton Q = ke+kh, see Sect. 5.3). We obtain from (25)
for excitonic transitions

K2f,10 = − 1
�ω

(
M

E1 − ehii − iγ
− M

E1 − �ω − ehii − iγ

)
. (31)

Figure 35e shows the real and imaginary parts of K2f,10 for an excitonic
intermediate state. Both parts are different from the band-to-band case in
Fig. 35b. The measurable quantity, however, the Raman efficiency (or in-
tensity) in Fig. 35f is again a two-peak profile with an incoming resonance
at ehii and an outgoing resonance at ehii + �ω (we used ehii = 1.7 eV as
for Eii in the band-to-band transitions; in reality the two energies differ, see
Sect. 5.3). Comparing Figs. 35c and f we find that the exciton resonance
is somewhat sharper than a resonance involving band-to-band transitions
(γ = 0.01 eV in both calculations). Using this difference to experimentally
discriminate between the two cases is, however, rather difficult, because γ is
not independently known.

As first pointed out by Canonico et al. [200] the joint density of states has
been incorrectly used for modeling the Raman profile, e.g., in [26, 203–205].
This was recently corrected in a paper by the same group [75] but differ-
ences from earlier models and results were not discussed. The asymmetric
experimental Raman profile in [203] that probably led to the JDOS-based
theoretical model can be explained by interferences in the Raman matrix el-
ement as shown in [200, 201]. We also note that our paper [168] is somewhat
misleading in deriving the Raman cross section (note that the JDOS in [168]
corresponds to an ensemble of different tubes that are indeed independent
scatterers). The model used for fitting the experimental data, however, is
correct.

Graphite and metallic carbon nanotubes, among other materials, have
strongly dispersive electronic bands near the Fermi surface; their bands cross
the Fermi level with a nearly linear dispersion, see Sect. 4. This leads to
real optical transitions at all energies, i.e., the Raman spectra are resonant
regardless of the excitation energy, see Fig. 36.

The emitted phonons (gray dashed arrows) correspond to various possi-
ble q �= 0 nonresonant carrier-scattering processes. The recombination be-
tween eigenstates occurs again such that quasimomentum is conserved, i.e.,
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Fig. 36. In graphite the photon in the Raman process is resonant, regardless
of the excitation energy. The transitions in both panels are in resonance for the
incoming light (i → a). (a) Single resonance: Of all possible phonon emissions
(or absorptions) (gray arrows) into virtual states only those with ≈ 0 momentum
contribute to the Raman-scattering process. There is no second resonant transition.
(b) Double resonance: the emitted phonon with q �= 0 makes a transition between
eigenstates of the system (a → b), the elastic (defect) scattering (b → c) and the
recombination (c → i) do not. After [20]

only q ≈ 0 phonons contribute to a single-resonant process, see Fig. 36a. In
general, as long as the phonon emission is not another transition of an elec-
tron or hole to an eigenstate of the system, one speaks of a single-resonant
Raman process [184]. Compared to nonresonant Raman spectra (Fig. 34a)
the only essential new quality of single-resonant spectra (Fig. 34b) is the
intensity enhancement due to the vanishing denominator in (25). There are
qualitatively different effects in double-resonant Raman scattering that we
discuss next.

6.3 Double-Resonant Raman Scattering

Double-resonant scattering processes play an important role in interpreting
the Raman spectra of graphite and carbon nanotubes. Double and even triple
resonances are known for semiconductors, although they are observed only
under special conditions. In the carbon-based materials, though, the double
resonance is the dominant process, and its discovery in graphite and car-
bon nanotubes has led to a big step forward in the understanding of these
materials [4, 194, 206, 207].

In analogy to single-resonant scattering one speaks of a double resonance
when two of the transitions to intermediate states of the system are real
(see Fig. 36b). It is clear that both the photon and phonon involved must
match quite well the energies in a system for multiple resonances to occur.
In semiconductors, a double resonance was observed for a specific setting
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of parameters, e.g., by tuning the eigenenergies in a magnetic field or by
applying pressure (see [208] or [209]).

Among the many possible nonresonantly emitted phonons in Fig. 36a
there are some that scatter the electron from eigenstate a to another eigen-
state b. Such a process is depicted in Fig. 36b and adds a second resonance
to the Raman process. Note that this process is only allowed for a particular
combination of energy and momentum of the phonon that scatters the elec-
tron. In this way, phonons with a general quasimomentum q participate in
the double-resonant processes. Of course, the overall momentum is conserved
in a double resonance as well; the recombination happens (for excitation with
visible light) near the point in k-space where the initial absorption occurred.
One way of scattering the electron back to ki is to scatter it elastically off
a defect or off a nearby surface. Another possibility is to scatter it inelas-
tically with another phonon. The former process is indicated in Fig. 36b,
(process b → c runs horizontally, i.e., elastically). The transition b → c is non-
resonant, as c is not an eigenstate of the system. Recombination occurs from
there, conserving quasimomentum. The second possibility, inelastic scatter-
ing with another phonon, leads to a Raman signal at twice the phonon energy
and does not require a defect to conserve momentum.

The processes described lead to Raman matrix element with an additional
resonant denominator as compared to (25) [4, 185, 207].

K2f,10 =
∑
a,b,c

MeR,ρMe-defectMepMeR,σ

(E1 − Ee
ai − iγ)(E1 − �ωph − Ee

bi − iγ)(E1 − �ωph − Ee
ci − iγ)

, (32)

where we have abbreviated the matrix elements in the numerator by Mi.
Specifically, Me-defect refers to the elastic interaction of the defect and the
scattered electron. Not much is known about this interaction and the assump-
tion that it is elastic and symmetry conserving for the scattered carrier is the
simplest but not necessarily the only one. In analogy to the single-resonant
term the Raman intensity is strongly enhanced when the denominator van-
ishes, i.e., when transitions between eigenstates take place in the process. As
usual, the processes can occur in different time order and also for the hole in-
stead of the electron. A full description takes all time orders and both carrier
types into account.

The fascinating point about the double-resonant process is this: a dif-
ferent incoming photon energy (say, i′ → a′) leads to an excited electron
with different momentum. To fulfill the second resonant transition a phonon
with different momentum and energy is required for the second resonance.
A larger incoming photon energy requires a larger phonon wavevector and –
depending on the phonon dispersion – involves a higher or lower phonon en-
ergy. Scanning the incident photon energy thus corresponds to scanning the
phonon energy in k-space. We will show this explicitly later in Fig. 53, where
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Fig. 37. (a) The Raman spectrum of a disordered graphite crystallite in par-
allel and crossed polarization of incident and scattered light. The defect-induced
D mode, the Γ point or G mode, and their overtones D∗ and G∗. From [125].
(b) Raman spectra excited at different excitation energies in the visible. Clearly
seen is the curious shift of the D mode to higher energies for higher excitation en-
ergies. The G mode, in this sense, behaves like a “normal” excitation. After [210].
(c) Stokes and anti-Stokes spectra of the D and G mode with different frequencies
for the D mode. After [211]

an experimental energy scan is compared to a calculated wavevector scan of
an isolated nanotube.

The (approximate) phonon wavevector in a double-resonant process is re-
lated to the incoming photon energy. Neglecting the phonon energy compared
to the much larger laser energy the double-resonant phonon wavevector may
be approximated by q = 2ki. This relationship is often used for a quick evalu-
ation of the double-resonance conditions at different laser energies. For linear
electronic bands, as is the case for graphite not too far from the Fermi level,
(32) can be evaluated analytically, resulting in a linear relation between the
incoming photon energy E1 and phonon wavevector q, see [4]

q =
E1 − �ωph(q)

v2
or

E1 − �ωph(q)
−v1

, (33)

where vi are the Fermi velocities of the linear electronic bands. If the phonon
energy is taken to depend on wavevector, (33) may be solved iteratively.

By scanning the incident laser energy it is thus possible to map the phonon
frequencies in large parts of the Brillouin zone. Based on the double-resonant
Raman interpretation Reich and Thomsen re-evaluated literature data on
graphite and plotted them onto the phonon-dispersion curves [125] (see also
Sect. 10.4 and [207]). The phonon dispersion of an isolated nanotube was
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Fig. 38. (a) Calculated Raman spectra for the D mode in graphite for three dif-
ferent laser energies. (b) Calculated (full squares) and measured (open symbols)
frequencies of the D mode as a function of excitation energy. From [4]; the mea-
surements were taken from [215, 216] and [217]

measured and evaluated using this technique by Maultzsch et al. [129] (see
Sect. 8.2).

Ge is another material where double resonance could explain an additio-
nal, excitation-energy dependent vibrational mode [212]. Mowbray et al. [213]
invoked scattering by the surface as the process that conserved momentum in
the double resonance. The essential evidence for this interpretation was the
dependence of the observed Raman-frequency shifts on surface orientation.
A detailed investigation of Raman double resonance in Ge was performed
more recently by Mohr et al. [214].

We turn now to the double-resonant scattering process in graphite, which
is closely related to that in carbon nanotubes. Thomsen and Reich first cal-
culated the Raman spectra of the D mode using the concept of double reso-
nances [4]. Their reason for re-examining the D mode was its curious and un-
resolved dependence on excitation energy. We show the characteristic features
of the Raman spectrum of graphite in Fig. 37. The high-energy part of the
spectrum is shown in Fig. 37a. The peak labeled D is a defect-induced mode –
as Tuinstra and Koenig showed in a systematic study of graphite – and D∗

its overtone. The shift with excitation energy reported by Vidano et al. is
shown in Fig. 37b; it amounts to about 50 cm−1/ eV [210,215–217]. D∗ shifts
at twice the rate of D [218]. Finally, the D mode has different Stokes and
anti-Stokes frequencies, see Fig. 37c, which is very unusual for Raman spec-
troscopy. In fact, it is impossible in first-order scattering.

The results of Thomsen and Reich, who based their interpretation on
a double-resonant process, are reproduced in Fig. 38a and are the numeri-
cal evaluation of the Raman matrix element of (32). It is nicely seen that
a Raman line appears by defect-induced resonances and shifts to higher fre-
quencies when the excitation energy is increased. Figure 38b compares the
experimental and theoretical frequency slopes showing an excellent agree-
ment. The D∗ mode is an overtone of the D peak where the electron is
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backscattered by a second phonon instead of a defect. The differences be-
tween Stokes and anti-Stokes scattering arise because the double-resonant
condition is slightly different for the creation and destruction of a phonon,
see also the discussion in Sect. 10 and [125, 219].

There is an alternative approach to understand the appearance of the
D mode and its excitation-energy dependence; it is based on the lattice dy-
namics of small aromatic molecules [220,221]. In these molecules the D mode
has a Raman-active eigenvector; its frequency depends on the actual size and
shape of the molecule. The shift with excitation energy results from a resonant
selection of a particular molecule by the incoming laser. For defect-induced
scattering the solid-state approach presented above and the molecular ap-
proach can be shown to be the same. The latter fails, however, in explaining
the D∗ mode properties in perfect graphite. On the other hand, it has been
argued [222] that double-resonant Raman scattering cannot explain why only
one phonon branch shows strong double resonances. The selectivity of the pro-
cess can be understood when considering the matrix elements in the Raman
cross section (see [125, 207]).

The frequency difference between Stokes and anti-Stokes scattering was
shown in Fig. 37c: the D mode in graphite differs by ∆�ω = 7 cm−1 [211]. In
double resonance the resonance conditions differ for the creation and destruc-
tion of a phonon [4]. The double-resonance process shown in Fig. 36b is for
Stokes scattering. We obtain an anti-Stokes process by inverting all arrows in
the picture. This process is also double resonant, but at a different excitation
energy (i → a) [219, 223]. In general, the Raman cross section for Stokes
scattering KS is the same as the cross section for anti-Stokes scattering KaS

if we interchange the incoming and outgoing photon (time inversion), i.e.,

KaS[E2, �ωaS(E1), E1] = KS[E1, �ωS(E2), E2]
= KS[E1, �ωS(E2), E1 + �ωaS(E1)] . (34)

In other words �ωaS(E1) = �ωS(E2). Since we know the dependence of the
Stokes frequency on excitation energy we can calculate the frequency differ-
ence

∆�ω = �ωaS(E1) − �ωS(E1) =
∂�ωS

∂E
�ωaS(E1) . (35)

Tan et al. [211] measured an anti-Stokes frequency of 1379 cm−1 and a D-
mode slope of 43 cm−1/ eV. We predict ∆�ω = 7.4 cm−1 from (35), which
is in excellent agreement with the reported value (7 cm−1), see Fig. 37c. As
discussed in [219] and [223] the frequency difference of Stokes and anti-Stokes
scattering for the D∗ overtone is predicted to be four times larger than for
the D mode, because both the energy difference between E1 and E2 and the
slope of the Raman peak with laser energy are doubled. This also agrees very
well with the experimentally reported differences. In turn, (35) can be used
to determine – at least approximately – the slope of a disorder band.
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Fig. 39. Schematic of the shape depolarization in a nanotube. (a) An external
field parallel to the nanotube axis will not induce any charge in a nanotube (except
at ∞). (b) Fields perpendicular to the axis will induce charges in the walls and hence
a perpendicular polarization that will tend to cancel the external field. Absorption
is suppressed for E ⊥ z. From [20]. (c) Absortion of light polarized perpendicular
(upper) and parallel (lower) to the nanotube axis, here for small tubes grown in
the channels of a zeolite crystal. From [46]

6.4 Anisotropic Polarizability

The one-dimensional nature of carbon nanotubes affects their light-absorption
properties.6 Anisotropic polarizabilities in spheres and ellipsoids are treated
in advanced textbooks, e.g., in [224], and nanotubes constitute a limiting
case of these treatments. The effect of the shape anisotropy has to be taken
into account when discussing the optical properties of nanotubes. In the di-
rection parallel to the tube axis there is charge build up only at the ends of
a nanotube (at ±∞). In the static limit this has no effect on the absorption.
Perpendicular to the axis, as Ajiki and Ando pointed out [166], the induced
polarization will reduce the external field (see Fig. 39).

The effect of the anisotropic polarizability on light absorption was stud-
ied in detail by several authors [166, 225, 226]. The essence is that in one-
dimensional systems – like the single-walled carbon nanotubes – there is prac-
tically no absorption for polarizations perpendicular to the nanotubes axis.
For multiwalled tubes the effect of anisotropic polarizability becomes smaller
as the shape of the nanotubes becomes more isotropic. Benedict et al. [225]
derived the following expression for the diameter dependence of the depolar-
ization effect, i.e., the screened polarizability per unit length of a cylinder is

α⊥(ω) =
α0,⊥(ω)

1 + 8α0,⊥(ω)/d2
, (36)

where d is the diameter of the cylinder, and α0,⊥ is the unscreened polar-
izability. See also Tasaki et al. [226] for a description at optical frequencies,
or [20] for more details. Figure 39c shows an experimental verification of the
depolarization effect in aligned nanotubes (within a zeolite crystal). For light

6 In the carbon nanotube literature this is sometimes called the antenna effect.
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Fig. 40. The depolarization effect in bundles of single-walled nanotubes recorded
on an area of 15 × 15 µm. The polarizations of incident and scattered light in (a)
and (b) are along the direction of the double arrow. The intensity shown is the in-
tegrated signal of the D∗ mode at 2615 cm, the overtone of a defect-induced mode
(Sect. 10.3). The single arrows highlight nanotube bundles parallel and perpendic-
ular to the light polarizations. Raman scattering is completely suppressed for light
perpendicular to the nanotube axis. From Hartschuh et al. [229]

polarized perpendicular to the nanotube’s axes the sample is transparent
(upper picture); for parallel polarization it is completely black.

The influence of the anisotropic polarizability is seen also in the Ra-
man spectra. Since the absorption and emission of light is nearly zero for
perpendicular polarization, only the zz component of the Raman tensor
gives rise to scattering. This was observed in many experimental stud-
ies [99, 101, 147, 227, 228]. We show a nice confirmation in Fig. 40, where
the Raman spectra of several bundles of carbon nanotubes were spatially re-
solved by a confocal Raman arrangement [229]. Nanotubes aligned with the
light polarization are seen as bright short lines in the figure. Part (b) is taken
on the same small area of the sample as part (a), but the polarization of the
incoming light is rotated by 90◦. Now other tubes light up. Tubes at a finite
angle to the polarization show up in both panels.

An important consequence of the depolarization effect is that only A1(g)

phonons have a reasonably strong Raman signal, because they are the only
modes with nonzero zz component in the Raman tensor in the nanotube point
groups (see Table 3.1). When modeling the Raman spectrum of single-walled
carbon nanotubes, one of the challenges is to explain the complex spectrum
on the basis of totally symmetric phonons alone [194, 230].

A nice example of where the Raman depolarization ratio of a spheri-
cal molecule is affected by the anisotropic polarizability of the nanotube
was shown by Pfeiffer et al. [232] in peapods. Peapods are C60 molecules
embedded in carbon nanotubes, see Sect. 2 for a TEM image and Fig. 41
for a Raman spectrum. The depolarization ratios, the ratio of the Ra-
man intensity of a peak in perpendicular and parallel polarization in ran-
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Fig. 41. (upper) Raman spectra of single-walled carbon nanotubes, (middle) of
a C60 film, and (lower) of C60 peapods. The peapods, which are nanotubes con-
taining C60 molecules, show a superposition of the spectra of the upper and middle
traces. The arrows highlight the C60-peak positions in the peapod. After [231]

domly oriented scatterers, is characteristic of the symmetry of a molecule
or solid. For example, the two fully symmetric A1g modes of polycrystalline
C60 at 494 cm−1 and 1469 cm−1 have depolarization ratios of ≈ 0.1 at room
temperature [232, 233]. For αxx = αyy = αzz �= 0 and all other αij = 0, the
depolarization ratio should be zero. In a peapod, however, only the z com-
ponent of the incident light “sees” the C60 molecule (z is along the nano-
tube axis). The other components are completely screened. For the Raman-
scattering tensors of C60 this implies that only the zz components are effec-
tively nonzero. The depolarization ratio of an A1g tensor with only αzz �= 0
is equal to 1/3. A depolarization ratio of 1/3 was indeed observed experi-
mentally for the peapods [232], confirming the importance of the anisotropy
of the polarizability. See, e.g., the books by Hayes and Loudon [234] or Re-
ich et al. [20] how to obtain depolarization ratios for a given Raman tensor.

The depolarization effect was recently found in nanotubes of WS2 (see
Fig. 42 [235]). The intensity of the observed Raman signal of WS2 is plot-
ted as a function of angle in the polar plot Fig. 42b. The observed Raman
frequencies in the nanotube were the same as in bulk WS2 to within ex-
perimental error because the nanotubes were rather thick (compared to the
usual carbon nanotubes), d(WS2) ≈ 20 nm. However, the Raman intensities
of both the mode at 351 cm−1 and 417 cm−1 followed the expected angular
dependence for the anisotropic polarizability in nanotubes. For light polar-
ized along the tube axis, the modes were strong, perpendicular to it they
nearly disappeared, see Fig. 42b, where we plot the intensity as a function of
angle between the polarization and the WS2 nanotube axis.
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Fig. 42. (a) A free-standing WS2 nanotube mounted on an AFM tip. (b) The
anisotropic polarizability of the nanotube is observed in the intensity of the two
Raman modes at 351 cm−1 (circles) and 417 cm−1 (squares) of the nanotube in (a).
For clarity, the two modes are plotted in different quadrants; 0◦ and 180◦ correspond
to light polarized parallel to the axis of the nanotube. After [235]

7 Assignment

Identifying the chirality of a particular nanotube or set of nanotubes has
been an issue in the literature ever since the discovery of nanotubes. While
it is possible to do so with electron microscopy and with scanning tunneling
spectroscopy [164, 165] both techniques are rather time consuming and diffi-
cult to do without major sample manipulation. Using Raman spectroscopy,
and the radial-breathing mode in particular, there have been many attempts
to use the relationship between inverse diameter and the breathing-mode
frequency (5) to determine the chiral index of a tube [47, 115, 236]. First,
the ωRBM is measured with high accuracy and then, taking your favourite
constants c1 and c2, the diameter of a nanotube is calculated. The difficulties
with this procedure lie in considerable uncertainties in c1 and c2 and the com-
paratively many different chiralties in even a small diameter range of a typical
sample. Attempts to correlate the radial-breathing mode frequencies with the
Raman excitation energy, in principle, improved the quality of such an as-
signment [236]. However, using the simple tight-binding expression for the
electronic energies, as was done, e.g., in [115,236], is not sufficient to identify
a particular nanotube, in spite of persistent attempts to do so in the literature.
We consider such assignments unreliable because they imply an unrealistic
absolute accuracy of the calculated electronic energies [115,116,205,236,237].

Substantial progress in a Raman-based chirality assignment was only
made after Bachilo et al. published their two-dimensional plot of excitation
vs. luminescence energy of nanotubes. The tubes were wrapped by sodium
dodecyl sulfate (SDS) molecules and thus unbundled in the solution [59].
Bachilo et al. were the first to observe luminescence from many nanotubes,
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Fig. 43. Two-dimensional plot of the luminescence intensity (x-axis) of individual
carbon nanotubes in solution as a function of excitation energy (y-axis). A cut par-
allel to x is a single luminescence spectrum, one parallel to y is a photoluminescence
excitation or absorption spectrum. Every chirality corresponds to a single point in
this plot. The assignment is indicated by (n1, n2). After [60]

and they showed that from the luminescence maxima observed in such a plot,
a pattern related to the Kataura plot could be identified [60]. They still
needed a least-square fit to “anchor” their experiment to theory and could
not investigate metallic nanotubes, but the essential path to identifying in-
dividual chiral indices was found.

In the two-dimensional plot of Bachilo et al. (Fig. 43) it became possi-
ble to investigate simultaneously the second (or higher) optical transition of
carbon nanotubes and their lowest excitation above the ground state.7 The
excitation energy is plotted on the y-axis and a horizontal line corresponds to
a luminescence spectrum excited at one particular excitation energy. Maxima
along the y-direction of the plot occur at energies where the absorption – as
given by the intensity of the photoluminescence – is maximal. In addition
to seeing the luminescence from individual nanotubes the result prompted
a discussion about the ratio of E22 to E11 (or eh22 to eh11), which turned
out to be �= 2 in the large-diameter limit as one expects for uncorrelated
7 These transitions were generally identified as energies between the van-Hove

singularities Eii. In view of the experimental and theoretical progress concerning
the importance of excitonic energies these should be rather referred to ehii, see
Sect. 5.3.
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Fig. 44. (left) Resonant Raman spectra of a solution of sodium dodecyl sulfate
wrapped around carbon nanotubes. Shown is a narrow interval of excitation en-
ergies with several radial-breathing mode peaks going in and out of resonance.
Resonance profiles extracted along the vertical lines on the left ; the maxima occur
at different energies. (right) Resonance energies of the (11,0) branch, experimen-
tal (closed symbols) and theory (open). The vertical alignment, i.e., the diameter
to ωRBM relationship is nearly perfectly matched. For a larger range of diameters,
see Fig. 46. After [242]

electrons and holes (band-to-band transitions). The so-called ratio problem
was discussed by a number of authors, see, e.g., [20, 60, 74, 161, 174, 238, 239],
and we refer the reader to the literature about this topic.

A step beyond the two-dimensional luminescence graph was made by plot-
ting the Raman spectra as a function of excitation energy [63–65, 111, 240–
242]. The y-axis corresponds again to the transition energies. However, in-
stead of plotting the Raman spectra straight along the x-axis, ωRBM is con-
verted to nanotube diameter using (5). Now the data are in the form of the
well-known Kataura plot (Fig. 26). The essence of the two-dimensional Ra-
man plot lies in the fact that both electronic transitions (through Raman res-
onances Eii) and vibrational properties (through the radial-breathing mode
frequency ωRBM) depend on chirality and are measured simultaneously. An
assignment of chiralities may be obtained from such a plot without any prior
assumptions about c1 and c2, as we will show in the following. Such a plot is
obtained by using a variety of discrete and tunable laser sources with energies
separated by less than the width of a typical excitation, say about 10 m eV.
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Fig. 45. Two-dimensional plot of the radial-breathing-mode range vs. laser exci-
tation energy. Note the various la-ola-like resonance enhancements, from which we
can determine both the optical transition energies and the approximate diameter
of the nanotubes. The spectra were each calibrated against the Raman spectrum
of CCl4. From [64]

In Fig. 44 (left) we show the resonance profiles of several nanotubes with
nearby resonance maxima. The largest intensity is seen to move through the
peaks forming what looks like a la-ola wave [243]. There are several such
la-ola-type resonances when exciting the nanotubes with different laser lines,
each occurring over a fairly narrow energy and ωRBM range. As we will see,
each la-ola series of resonances corresponds to a particular branch in the
Kataura plot of transition energies versus diameter. Within each branch the
fixed relationship between the indices – n1 decreases by one and n2 increases
by 2 as long as n1 > n2 – gives a fixed assignment once a particular branch is
identified (see Table 2 for the definition of a branch). The tube with a smallest
diameter in a branch is always a zigzag or near-zigzag tube, the one with the
largest diameter an armchair or near-armchair one. (See Sects. 2 and 5.2 for
more details.)

Figure 45 shows the two-dimensional resonance Raman plot where many
of the branches can be seen, their intensity is plotted in the third direction.
(Here, ωRBM and not 1/d is plotted.) Each small group of peaks corresponds
to one branch of the Kataura plot (Figs. 26 and 44).

We are now able to perform an (n1, n2) assignment. This is done by
stretching and shifting the theoretical Kataura plot with respect to the ex-
perimental one [63, 242].
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Fig. 46. Experimental Kataura plot. Shown is the part of the full plot (Fig. 26)
where experimental data are available from a sample with isolated, SDS-wrapped
nanotubes in solution. The two solid 1/d lines are the ES

22 and EM
11 average diameter

dependence (isotropic approximation of the graphite band structure). The open
symbols are calculated transition energies from a tight-binding approximation [6]
(circles) and the empirical expressions (38) and (39) (stars) [242], which describe
the transition energies rather well. Closed circles refer to experimental data points.
The chiral index labels refer to the tube with largest chiral angle within a branch
(zigzag or near-zigzag tubes). The index of neighboring tubes may be obtained from
the (n′

1, n
′
2) = (n1 − 1, n2 + 2) rule (22), the branch index is obtained from β =

2n1 + n2 (21); armchair tubes lie on the 1/d line and are labeled as well. See also
Table 2. Note that the branch index is the same in the upper and lower branches of
the metallic tubes, whereas it differs in semiconducting tubes. Metallic nanotubes
thus have two close-by optical transitions [150]. The region of the (11,0) branch is
enlarged in Fig. 44 (right). After Telg et al. [63]
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What is the physical meaning of such stretching and shifting? Along the
x-axis it means changing the constants c1 and c2, respectively, as can be seen
in (5). Along the y-axis it means adjusting the electronic energies between
experiment and theory, a simple shift corresponds to a scissors operator. It
is important to note that bringing theory and experiment into coincidence
is not a fit of experiment to theory in the usual sense. Instead the best
match relies on recognizing the patterns of the branches and families in such
a plot. The stringent criterion is that in the vertical direction there is a full
correspondence between theory and experiment as in Fig. 44 (right). We
mean by this, e.g., that the x-axis cannot be shifted by just a little, say one
diameter difference of neighboring tubes. For example, were we to shift the
assignment such that the experimental (11,0) branch in Fig. 44 (right) were
to lie a little more to the left, the outermost tube [the (11,0)] would no longer
have a theoretical counterpart. Such a small shift corresponds to a change
of ∆c1 ≈ 2.5 cm−1 · nm in (5). As the theoretical Kataura plot, however, is
exhaustive (all possible combinations of n1 and n2 are contained in the plot)
such a shift invalidates the overall pattern and is impossible [63, 242].

What about shifting the experiment by one entire branch? Take, e.g.,
all experimental values to smaller diameters so that the (11,0) ends up at
a diameter of 7.5 Å, the value of the (9,1) in Fig. 46. Then one would find
for the (9,1) branch more observed chiral indices, namely five, than exist for
this branch, namely four [242] (see also Fig. 3). Again this is impossible, and
so is this assignment, which corresponds to ∆c1 ≈ 30 cm−1 · nm, i.e., a 15 %
decrease in c1.

Note also that the diameter difference between neighboring tubes is not
constant. For instance, d[(11, 0)] = 8.6 Å and d[(10, 2)] = 8.7 Å, whereas the
next tube in the same branch is at a larger separation, d[(9, 4)] = 9.0 Å.
These subtle differences are observed in the experiment as well. In fact, for
the four branches with the smallest tubes (10,1), (11,0), (12,1) and (13,1) we
observed all possible nanotubes and diameter–distance irregularities putting
our assignment on firm ground [63,242]. In Table 10 we list, for about 50 nano-
tubes, the RBM frequencies and optical transition energies together with d,
Θ, the family ν, the branch index β, and the magnitude squared of the ex-
perimental Raman susceptibility of a set of HiPCo-grown nanotubes. The
susceptibility values were obtained by correcting the Raman intensity for
the spectrometer response and ω4 but not for the distribution of nanotube
chiralities in the sample.
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Table 10: RBM frequency ωRBM and optical transition energies Eii for
47 single-walled carbon nanotubes. The table lists, additionally, the tube
diameter d, the chiral angle Θ, the nanotube family ν = (n1 − n2) mod 3,
and the Kataura branch β = 2n1+n2 of each nanotube. The last column gives
the square of the Raman susceptibility of a HiPCo-grown sample in arbitrary
units (RS2). The transition energies Eii are the second transition for semi-
conducting tubes S–E22 (ν = ±1) and the first transition for metallic (ν = 0)
tubes M–E11 (see Fig. 26). Data from [63, 242]

Tube ωRBM Eii d Θ ν β RS2

(cm−1) (eV) (Å) (◦)

(14, 5) 174.5 1.83 13.36 14.7 0 33 1.9
(10, 10) 175.7 1.889 13.57 30.0 0 30 0.9
(15, 3) 179.0 1.83 13.08 8.9 0 33 1.8
(16, 1) 182.0 1.81 12.94 3.0 0 33 0.5
(11, 8) 182.7 1.936 12.94 24.8 0 30 1.9
(12, 6) 189.6 1.948 12.44 19.1 0 30 1.9
(13, 4) 195.3 1.944 12.06 13.0 0 30 2.5
(9, 9) 195.3 2.02 12.21 30.0 0 27 0.5

(14, 2) 196.3 1.934 11.83 6.6 −1 29 3.6
(12, 5) 198.5 1.554 11.85 16.6 −1 29 0.1
(15, 0) 201.5 1.908 11.75 0.0 0 30 0.7
(13, 3) 203.3 1.610 11.54 10.2 −1 29 0.6
(10, 7) 204.0 2.067 11.59 24.2 0 27 0.9
(9, 8) 204.0 1.535 11.54 28.1 +1 26 0.5

(14, 1) 205.8 1.646 11.38 3.4 −1 29 0.3
(11, 5) 212.4 2.084 11.11 17.8 0 27 1.7
(9, 7) 216.0 1.564 10.88 25.9 −1 25 1.3

(12, 3) 217.4 2.075 10.77 10.9 0 27 2.6
(13, 1) 220.3 2.057 10.60 3.7 0 27 1.5
(11, 4) 221.8 1.76 10.54 14.9 +1 26
(10, 5) 226.1 1.578 10.36 19.1 −1 25 2.3
(12, 2) 228.1 1.82 10.27 7.6 +1 26 12.2
(8, 7) 230.4 1.710 10.18 27.8 +1 23 0.4

(13, 0) 230.8 1.84 10.18 0.0 +1 26 0.2
(11, 3) 232.6 1.570 10.00 11.7 −1 25 2.0
(12, 1) 236.4 1.551 9.82 4.0 −1 25 4.1
(12, 0) 244.9 2.18 9.40 0.0 0 24
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Table 10: continued

Tube ωRBM Eii d Θ ν β RS2

(cm−1) (eV) (Å) (◦)

(8, 6) 246.4 1.73 9.53 25.3 −1 22 1.4
(7, 7) 247.8 2.45 9.50 30 0 21

(10, 3) 252.1 1.945 9.24 12.7 +1 23 3.6
(11, 1) 256.0 2.031 9.03 4.3 +1 23 9.8
(9, 4) 257.5 1.72 9.03 17.5 −1 22 2.5
(8, 5) 262.7 2.47 8.90 22.4 0 21
(7, 6) 264.2 1.909 8.83 27.5 +1 20 2.6

(10, 2) 264.6 1.690 8.72 8.9 −1 22 2.3
(11, 0) 266.7 1.657 8.62 0.0 −1 22 1.7
(9, 3) 272.7 2.43 8.47 13.9 0 21

(10, 1) 276.3 2.38 8.25 4.7 0 21
(8, 4) 280.9 2.10 8.29 19.1 +1 20 0.3
(7, 5) 283.3 1.915 8.18 24.5 −1 19 18.3

(10, 0) 291.4 2.38 7.83 0.0 +1 20
(8, 3) 297.5 1.857 7.72 15.3 −1 19 35.8
(7, 4) 305.4 2.63 7.55 21.1 0 18
(9, 1) 306.2 1.78 7.47 5.2 −1 19 9.1
(6, 5) 308.6 2.20 7.47 27.0 +1 17
(8, 2) 315.5 2.52 7.18 10.9 0 18
(8, 0) 352.2 1.99 6.27 0.0 −1 16 0.1

From a least-square fit of our so-assigned nanotubes it is possible to find
an experimental value for the constants c1 and c2 in (5)

ωRBM =
(215 ± 2) cm−1 · nm

d
+ 18 cm−1 . (37)

We stress, however, that the precise values of these constants are not critically
important in view of the concept of families and, in particular, branches intro-
duced. Nanotubes within the same branch have similar physical properties.
Small variations, e.g., in c2 due to environmental effects on the nanotubes,
may be sample specific. Fantini et al. [64], who performed a related study
fitted separately metallic (c1 = 218 cm−1 · nm, c2 = 10 cm−1) and semicon-
ducting (223 cm−1 · nm, 17 cm−1) tubes to (5), which is slightly different from
the values in (37). Nevertheless, their most recent assignment of RBM peaks
to nanotube chiralities agrees with the one presented here. Note also that we
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Fig. 47. Raman spectra of (a) individual nanotubes in solution and (b) ropes of
nanotubes. From O’Connell et al. [245]

directly assigned a Raman peak to a nanotube chirality (n1, n2). We did not
make use of (37) or similar relations to find the assignment in Table 10.

The typical bundling of nanotubes presents a form of environmental in-
fluence on the RBM spectra. Both transition energies and radial-breathing
mode frequencies are shifted by the van-der-Waals interaction [244]. Predic-
tions by Reich et al. based on ab-initio calculations of bundles showed that
we should expect a shift of the electronic energies and observe a dispersion
perpendicular to the nanotube axis [9]. With data based on the idea of an
experimental Kataura plot, O’Connell et al. [245] recently showed that this is
indeed the case. In Fig. 47 we reproduce part of their data. Figure 47a shows
a sample of carbon nanotubes in solution, and three sets of la-ola (labeled
II, III, and IV) are easily identified. For the same sample in bundled form,
Fig. 47b shows the corresponding spectra. All three resonances have shifted
down in transition energy upon bundling, their ωRBM stay approximately the
same. This is consistent with the prediction of Reich et al. [9] and confirms
the concept and importance of the experimental Kataura plot.

While the experimental radial-breathing frequencies in Fig. 46 match the-
ory nearly perfectly, there are systematic deviations of the transition ener-
gies from the tight-binding transition energies, see also right panel in Fig. 44.
Within each branch – in particular for the −1 branch of E22 – the ener-
gies fall below the theoretical ones, the more so the smaller the chiral angle.
In other words, the more “zigzag”-type the nanotube is, the less its elec-
tronic transition energies are described by zone folding the graphite ab-initio
band structure, which is the basis for the theoretical points in Fig. 46. Fur-
thermore, the more the (near-) zigzag nanotubes drop from the theoretical
values, the smaller their diameter. Apparently, this is an effect of the increas-
ing curvature on the band structure, which also affects the excitonic energies
increasingly. Several authors have attempted to describe the curvature effect
by empirical formulas [7, 60, 65, 111, 242, 246, 247]. They essentially agree
in that they include a chirality-dependent correction, which increases with
smaller diameter.
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We show here an empirical formula parameterized by a fit to the data in
Fig. 46 by Maultzsch et al. [242]. These are for the ES

22 transition of semi-
conducting tubes

ES
22 = 4γ0

aC–C

d

(
1 + γ1

aC–C

4d

)
+ νγ2

a2
C–C

d2
cos 3Θ , (38)

with the parameters γ0 = 3.53 eV, γ1 = −4.32, γ2 = 8.81 eV, the family
index ν, the diameter d of the nanotube, and the carbon–carbon distance of
graphene aC–C =

√
3a0 = 1.421 Å. For the first set of metallic EM

11 transitions

EM
11 = 6γ0

aC–C

d

(
1 + γ1

aC–C

6d

)
− γ2

a2
C–C

d2
cos 3Θ , (39)

with the parameters γ0 = 3.60 eV, γ1 = −9.65, and γ2 = 11.7 eV. When
applying the empirical expressions to find the transition energy of a particular
nanotube, d, ν, and Θ are computed from the chiral index of the nanotube
(see Table 2).

Expressions (38) and (39) are quite useful; together with (37) they de-
scribe the position of a large number of nanotubes in the Kataura plot.
Conversely, if ωRBM and the approximate transition energy are known from
a Raman measurement, the branch and the chiral index of a nanotube can
be easily identified.

We describe now how one can, without an indepth understanding of the
physics behind the idea, identify the chiral index of a nanotube or a set of
nanotubes by going through the following steps.

– Identify the average diameter range of nanotubes you have; often this will
depend on the method used to grow your tubes.

– Draw a vertical line in the experimental Kataura plot at your average
diameter. You may take an existing plot like the one in Fig. 46, or generate
one with an empirical formula, e.g., (38) and (39).

– Take a Raman spectrum with an excitation energy that runs through
a branch with nanotubes that have your average diameter. This may be
a branch belonging to any Eii; choose one where you have a laser energy
for excitation available in your lab.

– In your spectra, look at the region of expected ωRBM and identify the
branch, which may look like the resonance in Fig. 44 or like the one in
Fig. 48. Several branches of tubes may appear in the spectra.

– Identify the maxima and use either Table 10 directly, or identify the
highest ωRBM within the la-ola and, using the simple (n1 − 1, n2 + 2)
rule (22), find the index for the peaks in the la-ola. (See also Sects. 2
and 5.2.)

– If in doubt, take a second laser line slightly shifted from your first. From
the relative changes in intensity try to find out on which side of the la-ola
you are on. This will give you additional confidence in your assignment.
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Fig. 48. Raman spectrum at Eexc = 1.96 eV, an energy chosen specifically
to identify the chirality of individual nanotubes; see text for details. After
Maultzsch et al. [242]

In principle, if your tubes are in a different environment (different solu-
tion, wrapping, substrate, etc.) the Kataura plot may be shifted slightly as
a whole. This concerns both Kataura axes, i.e., the constants c1 and c2 may
change or the precise position of the electronic transition energies and the
plot could shift up or down slightly. We can get an idea of how little the tran-
sition energies shift from studies using either sodium dodecyl sulfate (SDS) or
sodium dodecylbenzene sulfonate (SDBS) surfactants as solvent for the same
type of tubes [242], where the maximal shift observed was about 10 m eV. The
frequency of the radial-breathing modes did not change within the experimen-
tal error. We emphasize that for the assigment these effects are expected to
play a minor role, only. Once an entire branch is identified, the highest ωRBM

frequency is the one closest to the zigzag direction (see Sect. 5.2). Identifying
a branch can be accomplished with a single suitably chosen excitation energy.

8 Metallic and Semiconducting Nanotubes

Metallic nanotubes – one third of all nanotubes in a random ensemble of
nanotubes – are of special interest for applications as thin wires. They are
not detectable by luminescence, and identifying them poses a challenge to
Raman spectroscopy. To the extent that a full experimental Kataura map for
a set of samples has become available (Sect. 7), the identification of metallic
nanotubes, of course, is not an issue any longer. Given n1 and n2, if their
difference is divisible by 3, a nanotube is metallic (see Sect. 2). Or, in other
words, for one laser excitation energy metallic tubes have different diameters
from semiconducting tubes. Based on the frequency of the radial-breathing
mode a distinction becomes easily possible.
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Fig. 49. (a) Resonant Raman spectra of the high-energy mode between 1 eV
and 3 eV excitation energy. The strong enhancement of the mode at ≈ 1540 cm−1

at an excitation energy near 2 eV is clearly seen. After [188]. (b) Resonant Raman-
excitation profiles from metallic (open symbols) and semiconducting (closed sym-
bols) nanotubes. The lines are fits to (40). The upper panel refers to smaller-
diameter nanotubes, the lower one to tubes with larger diameter. After [168]

8.1 Phonon–Plasmon Coupled Modes

Before the availability of isolated single-walled carbon nanotubes, one focus
of Raman spectroscopy has been the shape of the high-energy mode, which
appears very different in metallic and semiconducting nanotubes. The essen-
tial observation was that the shape of the high-energy peak changed at an
excitation energy believed to match optical transitions in metallic nanotubes,
enhancing those tubes systematically [188]. We show in Fig. 49 how a peak
at ≈ 1540 cm−1 dominates the spectra at an excitation energy of 1.8 eV
to 1.9 eV, while it nearly disappears at higher and at lower excitation ener-
gies. This peak, which had already been seen in an earlier paper [187], was
interpreted as being due to an enhancement of optical transitions in the re-
gion of metallic tubes [188]. Because of the 1/d dependence of the electronic
transition energies this “metallic resonance” should depend on the average di-
ameter of the nanotube. Indeed it was shown that the resonance energies Eii

shift to larger energies for smaller nanotubes [168], see Fig. 49b. This analy-
sis takes into account the average diameter d0, the diameter distribution σ,
considers δ-functions for the resonant transitions in every distinct nanotube
chirality, and assumes constant Raman matrix elements when calculating the
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Fig. 50. Combined electric transport and Raman measurements on a single tube.
(a) Transport characteristic of a semiconducting nanotube; (b) Raman spectrum
of the tube in (a) showing the RBM, a weak D mode and a sharp Lorentzian-like
high-energy mode. (c) Transport characteristic of a metallic nanotube; (d) Raman
spectrum of the tube in (c) showing the RBM, a stronger D mode and a broadened
asymmetric high-energy mode. This is the characteristic spectrum of a metallic
tube. We thank R. Krupke for providing this figure

Raman intensity I as a function of the laser excitation energy �ωexc according
to

I(�ωexc) =
∑

d

1
d2

Ae−
1
2 [(d−d0)/σ)]2

[(Eii − �ωexc)2 + �2γ2][(Eii − �ωexc + �ωph)2 + �2γ2]
.

(40)

The phonon energy used in the fit to data presented in Fig. 49b was 0.199 eV
(semiconducting) and 0.196 eV (metallic nanotubes), resulting in energies
of 1.2 eV and 1.3 eV for the second semiconducting transition and 2.4 eV
and 2.6 eV for the third semiconducting transition. The transition energies
for metallic nanotubes were at 1.8 eV and 1.9 eV in the two sets of tubes.
The first value refers to the nanotubes with larger average diameter (d0 =
1.45 nm), the second to those with smaller diameter (1.3 nm) [168]. Note
that this analysis did not take into account excitonic effects, which are less
important for nanotube bundles.

An independent proof of the connection of the semiconducting or metallic
nature of a nanotube with the broadening of the high-energy Raman mode
was given by Krupke et al. [248]. Their measurements of the transport prop-
erties and the Raman-scattering signal on the same tube specimen is shown
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Fig. 51. Calculated lineshapes of the high-energy mode in nanotubes. An iso-
lated nanotube, because of the small q-vector involved in light scattering, shows
only a weak Fano resonance. Bundles of nanotubes have a much more prominent
resonance. See also Fig. 52. From [132]

in Fig. 50. In the upper half of the figure a semiconducting nanotube was
measured, the lower half shows the behavior of a metallic nanotube. The
excitation energies, 2.41 eV and 1.96 eV corroborate the finding in Fig. 49
and the generally accepted treatment of nanotubes excited around 1.8 eV
to 1.9 eV as predominantly metallic tubes.

Kempa [132] studied theoretically the origin of the broad line below
the highest mode in the Raman spectrum. He worked out the proposal by
Brown et al. [131] that the coupling of the tangential modes to the electronic
continuum present in metallic nanotubes is the origin of the broad Raman
line in the spectra. Semiconducting nanotubes, on the other hand, were re-
sponsible for uncoupled, Lorentzian-like peaks in the spectra. The plasmons
in metallic tubes, according to Kempa, couple to the optical phonons and ap-
pear as phonon–plasmon coupled modes in the spectra. The small wavevector
of the Raman excitation, however, produces only a narrow peak, see Fig. 51,
for a single nanotube. Kempa invoked defects to incorporate phonon–plasmon
scattering with larger q-vectors. Alternatively, bundles of nanotubes form
a plasmon continuum, similarly as electronic bands in a solid form from the
discrete states of atoms. The calculated phonon–plasmon coupled lineshape
for bundles is also shown in Fig. 51 and displays a broad Fano lineshape,
more similar to experiment.

An alternative explanation for the low frequency of one of the tangen-
tial modes in metallic nanotubes was put forward by Dubay et al. [133].
They found from first-principles calculations that in metallic tubes the Γ -
point frequency of the longitudinal optical phonon is softened by what is
called a Peierls-like mechanism (it is a Kohn anomaly of the axial transver-
sal branch). In Fig. 52a their calculated optical-phonon frequencies of arm-
chair, zig-zag, and one chiral tube are shown as a function of tube diame-
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Fig. 52. (a) Ab-initio calculated frequencies of the high-energy optically active
modes in nanotubes. Compared to semiconducting nanotubes the axial phonon
in metallic tubes shows a large softening with decreasing diameter [133]. (b) The
(softened) 1540 cm−1 mode in nanotube bundles is very broad. The origin of the
larger half-width in bundled than in isolated nanotubes needs to be fully clari-
fied [132, 250]. (c) In separated tubes, where the tubes are known from the experi-
mental Kataura plot to belong to the metallic (13,1) branch, the metallic lineshape,
although considerably smaller, is still visible in the spectra. From [251]

ter. With decreasing diameter, the phonon frequencies decrease, which was
qualitatively found in force-constant calculations as well, although not for
all optical modes [85, 103, 249]. The longitudinal and transverse modes in
semiconducting nanotubes roughly follow the diameter dependence. How-
ever, the axial frequency of metallic nanotubes drops substantially below the
other high-energy modes (see Fig. 52a). Dubay et al. [133] showed that this
phonon periodically opens a gap at the Fermi level, which results in a strong
electron–phonon coupling and softens the axial force constants (see Sects. 3.3
and 9.3).

We compare the high-energy mode of bundled and isolated nanotubes by
Telg et al. [251] in Figs. 52b and c. The phonon frequencies, which are lower
in the metallic nanotubes, explain the lower frequencies observed for peaks
excited in resonance with transitions in metallic tubes. In semiconducting
tubes, the curvature of the nanotube wall causes only a small decrease in
frequency (see Fig. 52a). In Figs. 52b and c bundled tubes are compared
to separated tubes at the same excitation energies. The latter were identi-
fied to belong to the (13,1) branch, i.e., to tubes with the chiralities (13,1),
(12,3), (11,5), (10,7) and (9,9). The resonance of the metallic tubes is ap-
parently much weaker in the isolated tubes compared to the bundled ones.
The observations in Fig. 52 seem consistent with Kempa’s [132] suggestions,
although the presence of a small Fano peak in separated tubes has remained
controversial [252, 253]. In his model, however, the plasmon couples to the
circumferential vibration, whereas Dubay and other groups predict a strong
softening of the axial mode in metallic nanotubes [118, 140–142]. The two
models are thus not compatible. This issue needs to be resolved by further
experimental and theoretical work.
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Fig. 53. (a) Raman spectra of an individual carbon nanotube at various exci-
tation energies. Note the shift of both the D mode and the smaller of the high-
energy modes. The vertical lines mark the peak frequencies in the uppermost trace.
(b) Phonon frequencies from the two high-energy modes on the left, plotted against
the energy of the exciting laser (experiment). The right panel shows a plot of the
phonon frequencies taken from a model dispersion relation as corresponds to the ex-
citation energies in the double-resonance model used to describe the Raman spectra
in carbon nanotubes (calc. (8,8) tube). From [129]

8.2 Dispersion of Nanotube Phonons

The analysis of the high-energy phonons was pushed forward in a study of an
individual metallic nanotube by Maultzsch et al. [129]. Take the uppermost
trace in Fig. 53, where an (8,5) nanotube – as identified by its ωRBM and
its excitation energy in an experimental Kataura plot – is excited in opti-
cal resonance. The mode at ≈ 1560 cm−1 is broad and softened, similarly to
that of the metallic tube in Fig. 52c. Experimentally, the difference is that in
Fig. 53 an individual tube or a very thin isolated bundle with ≈ 3–5 tubes
deposited on a silicon substrate was studied with several different excitation
energies. As the excitation energy is increased beyond the resonance energy
to 2.41 eV the signal becomes weaker by over one order of magnitude, the
metallic resonance disappears, and the smaller of the two high-energy peaks
moves up in frequency. In fact, for higher excitation energies the spectrum
begins to look like that of a semiconducting nanotube. This is a characteris-
tic of the double-resonance process, which dominates the Raman spectra of
carbon nanotubes [194].

The details of the lineshape have been calculated within the double-
resonance model and agree with the results in Fig. 53a [129]. Essentially,
changing the excitation energy corresponds to changing the wavevector along
the nanotube axis and mapping the phonon dispersion within the Brillouin
zone of the nanotube. The phonon branch derived from the measurement is
compared to a calculated branch of an (8,8) nanotube in Fig. 53b. The ax-
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ial and circumferential modes are seen to cross in the achiral (8,8) armchair
tube, where they have different symmetries (right panel). In the experiment
(left panel) the two branches anticross, as expected for the lower-symmetry
(8,5) chiral nanotube. We find a good agreement of these two dispersion
curves.

An interesting effect follows from the interpretation within the double-
resonance model and that cannot be neglected when using the appearance
of the high-energy mode for the identification of metallic nanotubes. The
broad peak due to the softened phonon branch in Fig. 52a becomes narrower
when moving to larger phonon wavevectors. Larger wavevectors dominate
the scattering at energies above the Γ -point resonance, see Fig. 53b. Conse-
quently, the lineshape of the same individual nanotube changes continuously
from metallic-like to semiconducting-like, see Fig. 53a. An identification of
a metallic tube from the shape of its high-energy mode must therefore be per-
formed in resonance. In other words, a broadened metallic-like high-energy
peak is always evidence of a metallic nanotube. A narrower semiconducting-
like one may be either semiconducting or, if excited above resonance, may
also be a metallic nanotube. Note that the interpretation developed in [129]
relied on band-to-band transitions. For excitation above the excitonic tran-
sition an outgoing resonance can be similarly double resonant for excitonic
transitions if k conservation is relaxed by defects, see [254]. Screening by the
substrate and other tubes in the bundle might also reduce the importance of
excitonic effects.

8.3 Electrochemical Doping of Carbon Nanotubes

The excellent chemical stability and their large surface-to-volume ratio
suggest the application of single-walled carbon nanotubes as supercapaci-
tors [255], batteries [256], actuators [19], and other electronic devices. The
change in resistivity of a semiconducting nanotube by many orders of mag-
nitude upon electrostatic gating or gas absorption has a potential for ap-
plications such as nanotube field-effect transistors [257] or electrochemical
sensors [258].

As all of these applications are based on the ability to dope nanotubes, it
becomes of interest to examine the effect of charge transfer or doping on the
Raman spectra. The effects of intercalation of ions, say alkali metals, iodine
or bromine, on the optical and Raman spectra have been discussed in [259–
264]. An alternative method with different applications is electrochemical
doping of carbon nanotubes, which we do not intend to review here (see,
e.g., [19, 265–268]). We focus on an aspect of spectroelectrochemistry related
to the high-energy Raman mode in metallic nanotubes.

The electronic structure of bundled single-walled nanotubes can be chan-
ged electrochemically by varying the potential at their interface with an elec-
trolytic solution [19, 265]. Although the achievable doping level is lower, be-
cause the electrolyte ions form a charged double layer only with the external
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surface of the ropes or bundles [269–272], it is possible to obtain quantitative
information about the doping-induced strain. The strain is related to the
transfered charge, which in the double-layer model can be calculated from
the applied voltage. The result of such an experiment is independent of the
electrolyte used and the basis for applying a linear relationship of the phonon
frequency with applied voltage [269, 271]. In turn, this makes Raman spec-
troscopy a useful tool for analysis in spectroelectrochemical doping processes.

How much doping can be achieved by electrochemical doping? Given that
one is certain to be in the double-layer charging regime, i.e., that there is no
intercalation of ions from the electrolytic solution, the doping level f may be
estimated from [267, 269]

f =
MCCU

F
, (41)

where MC is the atomic weight of carbon, C ≈ 35 F/g is the capacitance of
the working electrode as determined by cyclic voltammetry, U is the applied
potential, and F is the Faraday constant, the amount of charge of one mole
of electrons (F ≈ 9.6 × 104 C/ mol). In the experiment described here a mat
of randomly interwoven nanotubes, so-called “buckypaper”, was used as the
working electrode. Intercalation effects were further reduced by using elec-
trolytes with larger size ions, e.g., NH4Cl, where the entire stability range of
water can be explored (±1 V). Under these conditions (41) yields a fraction
not larger than 0.005e−(holes)/(C-atom · V). Note that this is considerably
smaller than what can be achieved by intercalation. In particular, the Fermi
level in nanotubes of typical diameters cannot be shifted across one or several
density-of-states singularities by electrochemical doping.

In Fig. 54 we show what happens when a voltage is applied to the elec-
trode at an excitation energy of Eexc = 1.95 eV. As expected from the
strong phonon–plasmon coupled modes (Sect. 8.1) there is a broad peak
at ≈ 1540 nm−1 at zero applied voltage, the spectrum looks “metallic”. How-
ever, with both a positive and a negative voltage applied to the nanotube elec-
trode, there is a qualitative change in the spectra. The characteristic broaden-
ing is reduced until near 1 V the spectra resemble much more semiconducting-
like spectra. In fact, phenomenologically speaking, the upper- and lower-most
traces in Fig. 54 are very similar to the corresponding ones in Fig. 49a. In
other words, changing the excitation energy (within a certain range) appears
to have the same effect as applying an electrochemical potential.

In order to understand how this can happen, let us analyze the electro-
chemical Raman spectra in more detail. Figure 54b shows the frequency of
the largest peak in the high-energy region as a function of applied poten-
tial. For small applied voltages it shifts linearly with a rate of 1 cm−1/V
to 1.5 cm−1/V and follows the sign of the applied voltage. For larger voltages
the frequency becomes ∼ V 3. The linear shift with applied voltage, which is
largely independent of excitation energy, is a well-known property of the high-
energy mode [273]. The behavior of the metallic modes P3 and P4 is quite
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Fig. 54. (a) Raman spectra of a mat of single-walled nanotubes (buckypaper) at
various electrochemical doping levels and an excitation energy of 1.95 eV, where
metallic nanotubes are enhanced. While the 0V potential indeed looks like the Ra-
man spectrum of metallic tubes, see Fig. 49, the application of up to 1V to the
nanotube electrode in 1M NH4Cl aqueous solution changes the lineshape drasti-
cally towards one that is semiconducting-like. (b) The frequency of the main peak,
labeled P1 in (a), as a function of applied voltage. (c) Same as (b) but for the
peaks labeled P3 (triangles) and P4 (diamonds). From [267]

different, however, see Fig. 54c. Both frequencies are ∼ V 2, and for either sign
of applied voltage they shift nonlinearly by up to 6 cm−1/V to 8 cm−1/V for
the range of voltages applied (note the different frequency scales in b and c).
Compared to the main peak P1 their intensity decreases drastically with ap-
plied voltage, causing the change in appearance of the high-energy mode in
the Raman spectra.

An explanation offered by the authors of [274], who observed similar ef-
fects, is that the Fermi level, upon chemical doping, shifts beyond the next
first valence- or conduction-band van-Hove singularity, like in intercalation
experiments. As (41) shows, the electrochemically induced doping is far too
small to shift the Fermi-level to the next singularity. From studies of the
Fermi-level shift for various doping levels we conclude that the Fermi-level
shift at |f | = 0.005 amounts to between 0.3 eV and 0.6 eV. However, the first
metallic van-Hove singularity (≈ 0.9 eV) is not depleted below U = 1 V for
the vast majority of metallic SWNTs in the sample of buckypaper. For applied
potentials between 300 mV and 500 mV, where the metallic modes in the Ra-
man spectra in Fig. 54a have already changed considerably, we estimate ∆EF

to be between 0.1 eV and 0.2 eV [260, 265, 269, 275]. There must be another
reason for this change for small Fermi-level shifts ∆(EF) < (E11 − EF).
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Let us see what follows from the interpretation within the double-
resonance model [194] of Sect. 8.1 and the effect of electron–phonon coupling
(Sect. 9.3). At an excitation energy of 1.95 eV in the spectra of Fig. 54a the
metallic nanotubes are excited near or slightly above the first metallic reso-
nance. Within the double-resonance model this implies a phonon wavevector
near the Γ point, and the softening of the phonon branches due to the Peierls
transition [133] is apparent in the low frequencies (≈ 1540 cm−1), see also
Fig. 52a. The physical reason for the softening of the phonon is a strong cou-
pling of this mode to the electronic system, when the Fermi level lies where
conduction and valence cross, i.e., at half-filling of the bands (Peierls-like
softening, see Sect. 9.3). As the electrochemical doping sets in, the Fermi
level moves away from the crossing point of the bands. The gap opening
is reduced and disappears for large enough energies. At the same time, the
phonon wavevector fulfilling the double-resonance condition increases, shift-
ing the phonon frequency up, as in Fig. 53 for increasing excitation energies.
The Peierls instability is thus switched off by applying a potential, regardless
of the sign of the potential [267].

9 Electron–Phonon Interaction

Electron–phonon coupling enters critically many solid-state phenomena – the
temperature dependence of the bandgap, thermalization of excited carriers,
superconductivity, thermal and electrical transport among others [134, 276].
The interaction between electrons and phonons is also one step in the Raman
process and thus determines the scattering cross section or Raman intensity.
In turn, Raman scattering can measure the strength of the corresponding
electron–phonon coupling given the optical properties of a material are known
(see Cardona [184] and [277–279] for reviews and examples). On the other
hand, electron–phonon coupling can also affect the phonon frequencies and
drive structural phase transitions in solids.

In this section we first review electron–phonon coupling in carbon nano-
tubes and its effect on the radial-breathing mode Raman spectrum. We then
discuss the Kohn anomaly (also called Peierls-like phonon softening) in metal-
lic tubes.

9.1 Electron–Phonon Coupling of the Radial-Breathing Mode

An RBM Raman spectrum of ensembles of single-walled carbon nanotubes
(bundled tubes or nanotubes in solution) typically shows several close-by
peaks for a given excitation energy. We showed several examples throughout
this work, in particular, in Sect. 7 (Fig. 44 on page 179). Figure 55 is another
experimental spectrum (full line) obtained on nanotubes in solution [241].
The peaks within one la-ola group have different intensities. This reflects pos-
sibly a nonhomogeneous chirality distribution in the samples and the varying



Raman Scattering in Carbon Nanotubes 197

Fig. 55. Measured and calculated Raman spectra. Full line: Raman spectrum
of isolated HiPCo tubes in solution excited with a laser energy EL = 1.71 eV.
The chiral indices of the nanotubes are indicated. Dotted : Calculated spectrum
assuming constant electron–phonon coupling for tubes of different chirality. Dashed :
Calculated spectrum including the electron–phonon matrix elements as obtained
from nonorthogonal tight binding. After [170]; experimental data from [241]

resonance enhancement for an excitation energy due to the differences in
the optical transition energies. It can further be due to the differences in
the optical properties and in electron–phonon coupling of specific nanotube
chiralities.

Popov et al. [170] calculated the Raman spectra of ensembles of tubes
within a tight-binding approximation (single-electron picture) to model elec-
tron–photon and electron–phonon interaction. Using an expression similar
to (25) (p. 165) with constant electron–photon and electron–phonon ma-
trix elements, they obtained the theoretical spectrum shown by the dotted
lines in Fig. 55. This approximation describes rather poorly the experimental
spectrum, although it accounts for the chirality distribution and the vary-
ing resonance energy for different chiralities. The dashed line in Fig. 55 was
calculated including the tight-binding matrix elements in the Raman cross
section. As can be seen, the experimental data are very well described by this
approach, thus emphasizing the importance of the matrix elements in such
an evaluation [144, 170, 280].

Figure 56 summarizes the maximum resonant Raman intensities observed
on single-walled nanotubes in an experimental Kataura plot. Similar to what
is seen in the experimental spectrum of Fig. 55 the Raman intensity is usu-
ally highest for tubes close to the zigzag direction (first or second outer-
most point in the V shapes branches). There is also a family dependence.
+1 semiconducting tubes such as the (11,1) branch are weaker in inten-
sity than −1 semiconducting tubes such as the (9,1) branch. Finally, the
Raman intensity within one family decreases with increasing tube diame-
ter [63–65, 111, 241, 242].

Machón et al. [144] calculated the electron–phonon matrix element of the
RBM Mep using a frozen-phonon approximation and ab-initio techniques for
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Fig. 56. Resonant Raman intensity of single-walled carbon nanotubes in a Kataura
plot. The size of the symbols is proportional to the experimentally observed inten-
sities (in arbitrary units). Intensities were obtained from the spectra normalized to
the scattering intensity of BaF2. The chiral indices indicate the branches. Full lines
are proportional to 1/d. The transition energies correspond to the second transition
in semiconducting and the first transition in metallic tubes. The tubes were HiPCo
tubes in solution (SDS coating). From [242]

the electronic structure [281]. Within this approach, the diagonal elements of
the electron–phonon coupling Hamiltonian are found by imposing a deforma-
tion that mimics the phonon eigenvector and finding the shift this introduces
in the electronic structure

Mep =
√

�

2MNωRBM

∑
a

εa
∂Eb(k)

∂ua
, (42)

where M is the atomic mass, N the number of unit cells, ωRBM the RBM
frequency, and a indexes the atoms in the unit cell of the tube. εa is
the normalized phonon eigenvector and ∂Eb(k)/∂ua describes the change
in the electronic eigenenergies Eb due to the atomic displacement ua.
Machón et al. [144] showed that the electron–phonon coupling in carbon
nanotubes depends on chirality through ∂Eb(k)/∂ua in four ways: 1. a di-
ameter dependence 1/d, 2. a dependence on chiral angle, 3. a dependence
on the nanotube family, and 4. a dependence on the optical band-to-band
transition Eii (related to ehii for excitons).

Table 11 summarizes Mep for six zigzag nanotubes found from first prin-
ciples.8 Concentrating on the first transition, electron–phonon coupling de-
8 The relative sign of the optical matrix elements will be important in the following.

We therefore define M11 of the (10,0) tube as negative to facilitate the discussion.
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Table 11. Electron–phonon coupling in zigzag carbon nanotubes. The table lists
the matrix elements Mii for the first three band-to-band transitions together with
the transition energies Eii. ν is the family index (see Table 2), d the tube diameter
and ωRBM the RBM frequency. Note the alternating signs between M11 and M22

as well as for one and the same transition i between +1 and −1 tubes. From [144]

Tube ν d ωRBM M11 E11 M22 E22 M33 E33

Å cm−1 m eV eV m eV eV meV eV

(10,0) +1 7.9 287 −28 0.8 17 2.0 −30 2.4

(11,0) −1 8.7 257 21 0.9 -28 1.3 −28 2.6

(14,0) −1 11.0 203 16 0.7 -20 1.1 −21 2.4

(16,0) +1 12.6 179 −17 0.6 13 1.2 −18 1.9

(17,0) −1 13.4 170 14 0.6 -16 1.0 −17 2.1

(19,0) +1 15.0 149 −15 0.5 12 1.0 −16 1.6

pends roughly on 1/d and is negative in +1 tubes, but positive in −1 tubes.
At the same time, the absolute magnitude of M11 is larger in +1 tubes
with M11d = (220 ± 4) eVÅ (root mean square deviations) than in −1 tubes
(182 ± 5) eVÅ. For the second transition energy the family dependence is
reversed, see Table 11; −1 tubes have a larger M22 with a negative sign, in
+1 tubes M22 is smaller and positive. The relative magnitude of the squared
matrix elements matches qualitatively the RBM intensity measurements in
Fig. 56. The branches below the 1/d line (−1 tubes for eh22) are stronger in
intensity than the branches above 1/d (+1 tubes).

All four dependences can be explained on the basis of zone folding. As
an example we discuss here the changes in electron–phonon coupling with
nanotube family ν and transition index i in semiconducting zigzag tubes.
Further details were given in [144], see also [170, 201, 280, 282].

To understand the dependence of Mep on family and transition index, we
turn to Fig. 57. Here, the electron–phonon matrix elements are modeled by
zone folding (see Sect. 4.1). Figure 57a shows the allowed lines of a (19,0) tube
in the graphene Brillouin zone. In a zigzag tube the allowed lines run parallel
to ΓM ; the Γ point of the tube corresponds to the equidistant points along
the ΓKM line. These are the wavevectors that contribute most to the optical
spectra and hence Raman intensity in zigzag tubes; they give rise to the
minima and maxima in the electronic band structure [20]. The full lines in
Fig. 57b show the π band structure of graphene along ΓKM .

In the spirit of the frozen-phonon approximation to calculate Mep (42)
and the zone-folding approach (Sect. 4.1) we now want to know how the
π-band structure changes when imposing an RBM phonon eigenvector of
a (19,0) tube [144]. For an unwrapped piece of graphene corresponding to
the (19,0) tube, the RBM motion is a periodically alternating stress along c,
i.e., a uniaxial stress along a1 for (n, 0) zigzag tubes. Figure 57b shows the
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Fig. 57. Comparison between electron–phonon coupling of the RBM from ab-initio
calculations and using zone folding. (a) Allowed k vectors of a (19,0) nanotube
inside the graphene Brillouin zone. (b) Electronic band structure of graphene in
equilibrium (full lines) and under the distortion that is equivalent to the RBM of
a (19,0) nanotube (dashed). Only the π bands are shown for simplicity. (c) The full
line and the circles give the electron–phonon coupling of the RBM in a (19,0) tube
from zone folding and first principles, respectively. The dashed line and the squares
are the corresponding data for a (17,0) tube. From [144]

π bands under a uniaxial stress along a1. The crossing point between the
valence and conduction band (K point in unstressed graphene) moves along
the ΓKM line. Let us first concentrate on the sign of ∆Eb of the conduction
bands, i.e., the band above EF regardless of the k vector. ∆Eb is negative at Γ
(the dashed line is below the full line), goes through zero at roughly 1/2ΓM
and is positive between the node and the valence and conduction-band cross-
ing in the strained structure (dashed line above the full line). Then, at the
crossing between the two dashed bands, ∆Eb changes discontinuously to neg-
ative. Finally, at M∆Eb = 0.

How will the change in sign of ∆Eb at ≈ K affect the electron–phonon
matrix elements in zigzag tubes? In Sect. 4.1 we showed that the first optical
transition of +1 tubes originates from the KM line of the graphene Brillouin
zone after zone folding. From Fig. 57b we expect M11 to be negative, be-
cause ∂E/∂u is negative. For −1 tubes we expect a positive sign, since the
transition comes from the part between ΓK, where ∂E/∂u is positive. This
is in excellent agreement with the ab-initio matrix elements in Table 11. For
the second transition energy the signs are reversed. The second transition
always comes from the opposite side of K to the first transition, hence the
change in sign. The M33 are all negative, because the electronic dispersion is
smaller between KM than between ΓK. Enumerating the transition energies
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by increasing energy (as we did in Table 11) E33 always originates from the
KM line for the tubes given in the table.

After discussing the sign, let us turn to the magnitude of Mep. The full
line in Fig. 57c is the absolute value of the combined energy derivative of
the valence and conduction band |∂(Ec −Ev)/∂u|. We indicated the change
in sign when crossing the K point close to the x-axis of the figure. Starting
from the left the absolute energy derivative first increases (starting from zero
at 1/2ΓM , see Fig. 57b), reaches a maximum at 1/2KM and then decreases
due to the vanishing coupling of the conduction band at M . Thus, the first
two transitions of the (19,0) ν = +1 tube are predicted as |M11| > |M22| in
excellent agreement with Table 11. The quantitative agreement between Mii

within zone folding (full line in Fig. 57c) and the ab-initio calculations (closed
symbols) is also very good. The ab-initio results are slightly larger than those
predicted from zone folding, because the RBM has a small nonradial compo-
nent (Sect. 3.2), whereas the stress in the zone-folding calculation is uniaxial
(purely radial RBM for the tube).

The squares in Fig. 57c show the ab-initio energy derivatives for the
(17,0) −1 nanotube; the dashed line is the zone-folding result. Again, there
is excellent agreement between the two calculations. Note also the change in
sign and magnitude between M11 for the (19,0) and (17,0) tube (arrows) as
explained before.

Within the zone-folding scheme we can also understand why Mii depends
on 1/d. There are two reasons for this. First, for increasing diameter the same
radial displacement of an atom corresponds to a smaller stress within zone
folding (there are simply more bonds around the circumference). This ex-
plains why the full line in Fig. 57c is below the dashed line, d(19, 0) > d(17, 0).
Second, with increasing diameter the allowed k points for nanotubes move
towards K. Considered alone, this second effect will decrease ∂E/∂u for the
first transition in +1 zigzag tubes and increase it for the first transition in
−1 tubes, see Fig. 57c. In +1 tubes (first transition) the two effects thus
add up, whereas they have opposite signs in −1 tubes (the first effect domi-
nates). Therefore, M11d was larger in +1 tubes (220 eV · Å) than in −1 tubes
(180 eV · Å).

The systematics in the electron–phonon coupling are quite interesting,
because they potentially allow us to distinguish tube families based on their
relative Raman intensities. Presently, we are not yet in a position to do this
straightforwardly, because the optical part of the Raman process is poorly
understood. A systematic confirmation of the alternating magnitude and sign
of Mii for one and the same nanotube, but different optical transitions, is
still missing. Reich et al. [74] recently predicted other interesting differences
between the Raman spectra in resonance with the first and second subband.
They originate from the optical matrix elements in the expression for the Ra-
man cross section and, in fact, enhance the expected differences between +1
and −1 tubes for eh11 resonant scattering as compared to eh22 (see [74] for
details).



202 Christian Thomsen and Stephanie Reich

Fig. 58. Enlarged region of the experimental Kataura plot in Fig. 46. Highlighted
is the (12,6) metallic nanotube, which like all metallic nanotubes, has two close-by
optical transition energies. When calculating Raman matrix elements, interferences
from these two transitions have to be taken into account [201]. In armchair tubes
the two transitions energies are degenerate. See also [150]

9.2 Interference Effects

Turning back to Fig. 56 we note that in metallic tubes [(13,1), (15,0) and
(16,1) branches] only the lower parts of the V-shaped branches have been ob-
served experimentally [63, 64, 111, 242]. In contrast to semiconducting tubes,
where the upper and lower part of a V have a different branch index β (they
originate from different tubes), the two parts come from two close-by tran-
sitions in the same tubes in metallic nanotubes, i.e., the two parts of the V
have the same branch index. Thus, the missing resonances cannot be due to
differences in the abundance of certain chiralities in the sample.

In metallic nanotubes, trigonal warping of the graphene band structure
always leads to two close-by transition energies M–E+

ii and M–E−
ii . This is

illustrated in the enlarged Kataura plot in Fig. 58. The (12,6), for example,
has M–E+

11 = 1.95 and M–E−
ii = 2.1 eV.9 The first energy was measured,

e.g., by Telg et al. [63], whereas the second one is obtained from the theo-
retical splitting between E−

11 and E+
11 [6], see Fig. 58 (we dropped the M in

front of the energies for simplicity). Bussi et al. [201] showed that quantum-
interference effects arise in the resonant excitation profiles of metallic nano-
tubes. The interferences occur between the two close-by transitions in metallic
nanotubes. As we will see, this, unfortunately, does not explain the vanishing
Raman intensity for the upper metallic branches in Fig. 56. Nevertheless,
it is an intriguing feature and affects the transition energies extracted from
a resonance profile.
9 +/− is chosen in analogy to the +/−1 semiconducting families; therefore the

+ branch has the lower transition energy for E11.
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Fig. 59. Raman intereferences in metallic nanotubes. (a) Calculated resonance pro-
file for two close-by transition energies E+

11 = 1.94 eV and E−
11 = 2.1 eV. Full line:

negative ratio between the electron–phonon matrix elements for the two transitions,
M+

11/M−
11 < 0, as found from ab-initio calculations. Dashed line: M+

11/M−
11 > 0.

This plot proves that Raman-interference effects are present in the Raman res-
onances of metallic tubes, because the calculated profiles differ (full and dashed
lines). (b) Raman spectrum of bundled carbon nanotubes produced by pulsed-laser
vaporization; the laser energy was EL = 1.9 eV. (c) Raman resonance profile for
the mode at 188 cm−1 corresponding to the (12,6) nanotube. After [200] and [201]

Bussi et al. [201] modeled the Raman profiles using the single-resonance
expression for band-to-band transitions (29) (p. 167). The sum in the Raman
matrix element K2f,10 runs over all intermediate electronic states including
contributions from different excited states, i.e., different optical transitions.
We obtain for two transitions E+

11 and E−
11

K2f,10 =
L

i
√

2�2ω

[
M+

11µ
+
11

1/2

(E1 − E+
11 − iγ)1/2

− M+
11µ

+
11

1/2

(E1 − �ω − E+
11 − iγ)1/2

+
M−

11µ
−
11

1/2

(E1 − E−
11 − iγ)1/2

− M−
11µ

−
11

1/2

(E1 − �ω − E−
11 − iγ)1/2

]
, (43)

where M+
11 are the combined electron–photon and electron–phonon matrix

elements for E+
11; correspondingly for M−

11. µ
+/−
11 are the reduced effective

masses for the v
+/−
1 valence and the c

+/−
1 conduction band. Depending on

the relative sign of M+
11 and M−

11 the two resonances in (43) will add up
constructively or destructively, i.e., we obtain an interference in the Raman
cross section as a function of E1.

Figure 59a shows the Raman profile obtained from (43) for M+
11/M−

11 =
−2 by the full line and for +2 by the dashed line. The two profiles differ,
which is the manifestation of quantum interference [201]. Let us now use (43)
for fitting the resonance profile of a metallic nanotube. The matrix elements
were obtained from first principles in [201]. They showed similar systematics
as in semiconducting tubes. In particular, M11/M22 is always negative (see
also [144]). Figure 59b shows the Raman spectrum of bundled tubes excited
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at EL = 1.9 eV [200]. We assigned the peaks based on the experimental
Kataura plot as explained in Sect. 7 taking into account the redshift of ≈
0.1 eV induced by the bundling [9, 245]. The experimental resonance profile
of the (12,6) tube with ωRBM = 188 cm−1 (symbols in Fig. 59c) was fitted
by two resonances at 1.79 eV and 1.91 eV (full line for the fit, vertical lines
for the energies) [201]. As pointed out by Bussi et al. a Raman assignment
based on the splitting between the two metallic resonances can be affected
quite severely by Raman interferences (see [201] for further details; similar
results were obtained also in [282]).

A remark about the experimental data in Fig. 59c as well as other reso-
nance Raman profiles in the literature are necessary. First, there are a num-
ber of papers using joint density of electronic states to model the Raman
intensity of carbon nanotubes, which is incorrect. Regardless of the model
(band-to-band transitions, excitons) the incoming and outgoing resonant Ra-
man profiles are always symmetric peaks (as a function of excitation energy)
and never expected to follow a 1/

√
E dependence [201]. We have already

discussed this in Sect. 6.2. The assignment based on 1/
√

E Raman profiles
and the experimental values, e.g., for the broadening parameter γ need to be
re-evaluated. The experimental data in Fig. 59c show a strong high-energy
shoulder assigned to the second transition E−

11, which was not observed in
isolated nanotubes in solution. On the other hand, the Raman data on semi-
conducting bundled tubes have a similar asymmetric profile as observed for
the (12,6) in [200], although interferences are not expected in semiconduct-
ing tubes where E22  E11. Comparing experimental data on nanotube
bundles with a theory for isolated tubes is always a little delicate. The shift
in the resonance energy for E+

11 between (12,6) tubes in bundles and isolated
(12,6) tubes in solution (0.1 eV), compare Fig. 59c and Table 10, is in rather
nice agreement with ab-initio calculations and experiment [9,245]. It needs to
be clarified whether asymmetric profiles are really intrinsic to metallic tubes
and why the surfactant-coated tubes do not show a second resonance.

In Fig. 59a the resonance due to E+
11 is stronger than the E−

11 resonance.
The ratio between the two intensities is on the same order as the squared ratio
between the combined matrix elements for electron–photon and electron–
phonon interaction (four). The absence of the upper resonance in metallic
tubes in solution might be caused by larger differences between the M+

11

and M−
11 or by an additional mechanism not considered so far.

9.3 Kohn Anomaly and Peierls Distortion

Kohn showed in a seminal paper that metals have anomalies in their phonon
dispersion with |∇qω(q)| = ∞ [138]. For a simply connected Fermi surface,
e.g., a circle, these anomalies occur at q = 2kF, where +kF is the Fermi
wavevector. For these qs and phonon symmetries that couple electrons at EF

the electron–phonon coupling is particularly large. This can even drive a static
distortion of the entire lattice, which is known as a Peierls distortion for
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Fig. 60. Two parallel lines (dashed lines) touch the Fermi surface EF in the
points k1 and k2. At the wavevector q = k2−k1 the phonon dispersion becomes sin-
gular. Behind this Kohn anomaly is an abrupt change in the ability of the electrons
to screen the lattice vibrations. After [138]

a one-dimensional system [283]. An atomic chain will dimerize and double
its periodicity. The distortion opens up a gap at the Fermi energy and thus
lowers the total energy of the system. Kohn anomalies and Peierls transitions
are currently widely discussed for carbon nanotubes [127, 140–142].

Figure 60 shows the condition for the phonon wavevectors q at which ω(q)
becomes singular [138]. Two parallel lines (dashed lines) touch the Fermi
surface (full line) in k1 and k2. Then a Kohn anomaly occurs at q = k2 −k1

given the phonon has the right symmetry to couple electrons at EF. The
Fermi surface is a single point in graphene; hence, in the limit k2 → k1 we
expect a Kohn anomaly at q = 0. A second anomaly occurs for the wavevector
connecting the K and K ′ point, i.e., q = K. Only the E2g optical branch at
Γ and the TO (A′) branch at K become singular in graphene for symmetry
reasons [127].

Metallic nanotubes with d ≈ 1 nm and above show two Kohn anomalies.
One for the axial modes at Γ originating from the E2g phonon of graphene
and one for the backfolded branch at 2π/3a originating from the TO branch
at K [3, 127]. These phonons are anomalous also in graphite, the d → ∞
limit of carbon nanotubes. When the diameter of the tubes decreases the
number of anomalous branches increases to five, see Fig. 61a [140, 142]. This
is an interesting example of symmetry lowering and structural distortions
in low-dimensional structures. In graphite, only the E2g phonon at Γ and
the TO branch at K can couple the π and π∗ bands close to EF [125, 207].
In carbon nanotubes we find, e.g., for armchair tubes that the coupling is
allowed by symmetry for phonon branches correlated with the A1u, A2g,
B1u and B2g representations at Γ ; these modes are shown in Fig. 61b. Five
optical modes and the rotation around z belong to these representations,
see Table 5. A1u and B2g correspond to the anomalous graphite branches
at Γ and K, respectively. Although four other modes are allowed to couple
electrons at EF as well, this will not have a strong effect until the atomic
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Fig. 61. Kohn anomaly and Peierls distortion in a (3,3) armchair nanotube.
(a) Anomalous phonon branches calculated from first principles showing giant
Kohn anomalies. The two modes indicated by arrows behave singular for larger-
diameter tubes and graphene as well, see [127] and [141]. (b) Γ -point eigenvectors
of the anomalous branches. The two axial modes belong to the arrowed branches
in (a). The A2g mode with the displacement along the circumference is the rotation
around z (forth acoustic branch); the radial A2g mode corresponds to the out-of-
plane optical phonon of graphite (ZO mode). The radial B1u mode drops to zero
in (a); it induces the Peierls transition in the (3,3) tubes

structure becomes significantly different from the graphene cylinder limit.
This only happens for tubes with d � 1 nm as for the (3,3) tube in Fig. 61a
with d = 4 Å [154].

The Kohn anomaly for the radial branch with B1u symmetry in a (3,3) na-
notube is so strong that the phonon frequency was found to be imaginary in
ab-initio calculations [140, 142]. This means the tube will undergo a Peierls
transition; the transition energy was predicted between 240 K and 400 K
(see [140] and [142] for details). Note that the phonon q vector inducing
the Peierls transition is incommensurable with the unit cell. Thus, straight-
forward total-energy calculations of a (3,3) nanotube will not predict this
transition.

A Kohn anomaly always implies a particularly strong electron–phonon
coupling for the qs where ω(q) turns singular. In metals, the Raman spec-
trum, therefore, often reflects the strength of the electron–phonon coupling
as a function of ω (note that in metals wavevector conservation is relaxed
due to the small penetration length of the light) [139]. A strong experimen-
tal indication for the presence of the Kohn anomaly in graphite and carbon
nanotubes is thus the high-energy range of the Raman spectrum. The spectra
are dominated by scattering from the tangential A1 high-energy vibrations
(the axial mode of metallic tubes is singular at Γ ) and the D mode (singular
at 2π/3a). Metallic isolated nanotubes often show a strong and sharp D line
(see [99]).
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According to [133] and [141] phonon softening due to Kohn anomalies
is stronger in metallic tubes than in graphite. This results from the one-
dimensional character of single-walled carbon nanotubes. The axial tangential
mode periodically opens and closes a gap in metallic tubes, whereas it only
shifts the Fermi point in graphene. Because of this oscillation of the bandgap
Dubay et al. [133] used the term Peierls-like distortion when discussing lattice
dynamics of metallic tubes. Experimentally, the D mode is indeed at lower
frequencies in carbon nanotubes than in graphite, although a detailed study
of this phenomenon is missing. Also, the excitation-energy dependence of the
high-energy phonons in carbon nanotubes confirmed the extremely strong
overbending for the softened axial phonon at Γ (see Sect. 8).

The calculated electron–phonon matrix element for the graphite optical
modes is 200 m eV at Γ (ω = 1540 cm−1) and 300 m eV (1250 cm−1) for the
transverse branch at K [127]. In carbon nanotubes the coupling of these
modes to the electronic system is thus at least an order of magnitude larger
than for the RBM (see Table 11), in contrast to the predictions of [75]. Since
electron–phonon interaction is also crucial for the relaxation of photoexcited
carriers and in connection with the breakdown of ballistic transport in carbon
nanotubes, we expect more studies of electron–phonon coupling to appear in
the near future.

10 D Mode, High-Energy Modes, and Overtones

The D mode in graphite and carbon nanotubes is characterized by the dom-
inance of the Raman double resonance in the spectra. The double resonance
for the high-energy mode in nanotubes has similar experimental characteris-
tics, but they are not as prominent. A similar statement holds for the over-
tones of the D and G modes. The detailed mechanism of this process was
explained in Sect. 6.3. We summarize here the experimental evidence most
frequently found for a double resonance [20, 125, 207, 230].

1. In the first-order spectrum the strength of the Raman signal is related
to the number of defects or other symmetry-breaking elements, like the
surface in Ge where visible light is strongly absorbed [213,214] or the end
of a nanotube [4, 218].

2. Excitation-energy dependence of the corresponding Raman peak, as best
seen for the D band in graphite or in carbon nanotubes, see Fig. 38.
The excitation-energy dependence is particularly large for the D band
because the electronic and phononic bands are strongly dispersive for the
double-resonant k and q vectors. In Ge, the excitation-energy dependence
is less pronounced due to the flat optical-phonon bands [4, 210].

3. A large Raman intensity as seen, e.g., for individual carbon nanotubes,
see Fig. 53 [4, 99, 284].

4. Frequency and lineshape differences in Stokes and anti-Stokes spectra,
see [20, 125, 205, 211, 219, 230], or Fig. 37c.
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Fig. 62. (a) Calculated D-mode Raman spectrum of an (11,11) nanotube for dif-
ferent excitation energies (inset) extended scale. (b) Frequencies of the two D-mode
components as a function of excitation energy. Open symbols refer to a (10,10) nano-
tube, closed ones to an (8,8). Experimental values are shown for comparison in the
lower part of the figure. From [230]

5. Deviations from Lorentzian lineshapes, as observed for the high-energy
mode in carbon nanotubes [194].

Not all of these observations are sufficient to identify double resonance; two-
phonon scattering, e.g., also leads to deviations from a Lorentzian lineshape
in the spectra. In the following sections we discuss several aspects of double
resonance in the high-energy region (> 1000 cm−1).

10.1 D Mode and Defects

The D mode in the Raman spectrum of graphite was discussed extensively
in connection with the double-resonance process in Sect. 6.3, and we focus
here on some special aspects in nanotubes. The similarity of the excitation-
energy-dependent shift found in the nanotubes suggested a physical process
similar to that found in graphite. Maultzsch et al. [206] showed that there
is a selection rule for the D mode related to the chirality of the nanotube.
Namely, only when (n1 − n2)/3n = integer (the so-called R = 3 tubes) is
D-mode scattering allowed. All other tubes (R = 1) can also have double
resonances, but the phonons involved are near-Γ -point phonons and hence
not in the energy region of the typical D mode (see also Table 1).

In Fig. 62 we show the calculated D mode of an (11,11), a (10,10), and
an (8,8) nanotube based on the double-resonance model in comparison to an
experiment on nanotube bundles. The observed shift of the Raman frequency
with excitation energy is well reproduced, which is the most prominent crite-
rion for the observation of double resonance. The D mode is also observed in
individual nanotubes, see Fig. 53, which implies that its Raman cross section
is unusually large; the lineshape is non-Lorentzian. Differences in the Stokes
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Fig. 63. (a) Atomic-microscope image of a carbon nanotube grown by a CVD me-
thod. The numbers mark four spots along the nanotube, for which the Raman
spectra are shown in (c). (b) Raman image obtained by imaging the energy region
of the G mode. (c) Raman spectra recorded at the specified points of the image
in (a). Note the difference in D-mode intensity for the different spots, which reflects
structural inhomogeneities along the nanotube. After [286]

and anti-Stokes spectra of the D mode have been reported also. They support
the origin of the D mode in nanotubes as a double resonance [230].

The signal in Raman double resonance depends on a convolution of the
two resonances. In carbon nanotubes the intensity therefore increases when
the laser energy matches the separation in energy between a maximum in
a valence band and a minimum in a conduction band in the band-to-band
transition picture (only this model has been used, so far, for a calculation
of the D-mode spectra). This can be seen in the variation of the Raman
signal with excitation energy in Fig. 62a. The signal increases when the laser
energy approaches the energies of the critical points in the electronic band
structure, which was further discussed by Kürti et al. [285]. Note, however,
that Kürti et al. disarded the selection rules for elastic scattering developed
by Maultzsch et al. [206]. Conclusions about D-mode intensities for varying
chirality, therefore, differ in [285] and [206].

Confocal Raman spectroscopy combined with atomic-force microscopy al-
lows a space-resolved imaging of individual carbon nanotubes. We show in
Fig. 63a combined measurement by Jiang et al. [286]. In Fig. 63a the atomic-
force microcope picture of a curved nanotube is shown. Figure 63b shows the
Raman image of the same tube taken by recording the spatially resolved G-
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Fig. 64. (a) Orientation of a small HOPG crystallite as determined by atomic-
force microscopy. Armchair and zigzag directions are indicated. (b) Raman spectra
taken off the edge of a small HOPG crystallite at the numbered points 1,2 and 3.
The D mode is largest at point 1, which corresponds to the “armchair” edge of the
crystallite. At point 2, the “zigzag” edge, the D mode is nearly absent. These spectra
verify the selection rules predicted in [206] for D-mode scattering. After [287]

mode intensity. A bright spot corresponds to a high G-mode intensity; it is
by no means as homogeneous as one might expect for a first-order Raman
process. Instead, the Raman intensity varies considerably along the tube,
which is reminiscent of double-resonance scattering. Unfortunately, the au-
thors of [286] did not show the intensity of the overtone spectra, which should
be independent of defect density and would clarify the type of Raman process
(see Sect. 10.3). As it stands, the variations in intensity of the D mode could
be due to different defect concentrations or selection rules (R = 3 vs. R = 1)
in the different tube sections or to a variation of the defect type and density.

A confirmation of the R=3 selection rule was given by Cançado et al. [287].
These authors recorded Raman spectra of different types of edges of HOPG
graphite crystallites that they also investigated with an atomic-force micro-
scope (AFM). While there was no D mode far from a crystallite edge (po-
sition 3 in Fig. 64), they found a large D mode on one type of edge (posi-
tion 1) and an ≈ 4 times smaller one on another type of edge (position 2),
see Fig. 64b. Here the edge of the crystallite serves to break the transla-
tional symmetry, as is the case of the surface of the Ge crystal [213, 214].
From the AFM analysis the authors identified the graphite edge with a large
D mode with an armchair-type edge, while the smaller D mode originated
from a zigzag-type edge, see inset of Fig. 64b and a. Since all zigzag tubes
are R = 1 tubes, the D-mode scattering from the zigzag edge is forbidden by
the selection rule derived in [206]. The small residual peak observed in the
spectra is probably due to imperfections. Note also that the intensity of the
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Fig. 65. (a) Raman spectra of a macroscopic picotube crystal for three different
orientations along the crystal edges as shown in the inset. (b) a blowup of the high-
energy Raman spectrum of the picotube crystal compared to that of a bundle of
nanotubes at the same excitation energy (1.96 eV). The picotube spectra resemble
those of nanotubes only for the HEM region. (c) Side view of the (4,4) picotube
molecule. Shown is the idealized D4h structure with inversion symmetry. The center
ring of hexagons is the same as that of a (4,4) armchair nanotube. In the real
molecule upper and lower wings bend away by different amounts from the z-axis
of the tube. Going around the tube, larger and smaller bending angles alternate,
resulting in a D2d symmetry of the real molecule. After [288]

D′ mode is constant in position 1 and 2. The double-resonant process giving
rise to D′ in graphite is the one responsible for the high-energy Raman spec-
tra (G mode) in single-walled carbon nanotubes. This mode was predicted
to be double resonant for R = 1 and 3 tubes alike [206], in agreement with
the edge Raman spectra in Fig. 64b [287].

10.2 Picotubes

A nice example of a material where a Raman double resonance does not oc-
cur, although the atomic structure is quite similar to those of nanotubes, are
the recently investigated carbon picotubes [288]. They are molecules with
the chemical formula C56H32 and D2d symmetry and resemble short sections
of (4,4) carbon nanotubes. They crystallize in macroscopic molecular crys-
tals. See Fig. 65c for the structure of a single molecule; the crystal structure
as deduced from X-ray diffraction can be found in [288]. These molecules
have carbon-bond-related vibrational frequencies and Raman spectra quite
similar to that of the corresponding nanotube. The interactions between the
molecules are so weak and the picotubes so short that there is no dispersion
in the vibrations. Consequently, the vibrational modes in picotube crystals
do not show an excitation-energy dependence (also, the bandgap of picotubes
is in the UV [289, 290]).
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In Fig. 65a we show the Raman spectrum of a tiny picotube crystal for
three different crystal orientations; the corresponding Raman tensors and
mode symmetries were analyzed in [288]. Note the similarity of the high-
energy mode in picotube crystals (upper trace) and in bundles of nanotubes
(lower) in the enlarged spectrum in Fig. 65b. The trace of the picotube
crystal is a simple superposition of three or more peaks with Lorentzian
lineshape. In the metallic nanotubes, however, at Eexc = 1.96 eV the spec-
trum at ≈ 1540 cm−1 in bundled nanotubes is asymmetric, as is typical for
metallic nanotubes (see Sect. 8.1). At the same time, the high-energy shoul-
der of the largest peak in the nanotube bundle has broadened into a non-
Lorentzian lineshape, which is characteristic of the double-resonance process.
The lineshape of the high-energy mode in double resonance was calculated by
Maultzsch et al. [194, 207]. In isolated nanotubes (i.e., unbundled ones) the
high-energy mode becomes more symmetric and hence more like the spec-
trum in picotubes, but the asymmetry characteristic for double resonance
remains [129]. The details of the asymmetry of this peak in metallic tubes
are subject to ongoing discussion [252, 253]. Nevertheless, it is clear that in
picotubes, for lack of appropriate transitions and the necessary phonon dis-
persion, the high-energy mode cannot be attributed to a double-resonance
process.

Another important difference between picotubes and nanotubes is the
absence of the shape-depolarization effect. As explained in Sect. 6.4 this effect
in nanotubes is related to their large aspect ratio ≈ 102 to 107. They exhibit
a nonzero Raman intensity only if both the incoming and outgoing light
are polarized along the nanotubes axis (zz configuration). Picotubes do not
have a depolarization due to their shape, because they are very short (aspect
ratio ≈ 1). Therefore, a Raman signal is observed in all three scattering
configurations in Fig. 65a.

10.3 Two-Phonon Modes

The two-phonon Raman spectrum of graphite and carbon nanotubes extends
from just above the high-energy mode to twice that frequency, say 1600 cm−1

to about 3200 cm−1 [145, 210]. This region is interesting not simply because
overtones and combinations of the first-order modes can be found. Wavevector
conservation plays an important role in two-phonon scattering, which we shall
discuss in this section.

For the Raman double-resonance process we showed that for reasons of
wavevector conservation a defect or a surface has to be involved (Sect. 6.3).
This is best seen Fig. 36b, where the incident photon with ≈ 0 momentum
(compared to the quasimomentum of the Brillouin zone) resonantly excites an
electron–hole pair. The second resonant transition is scattering of the electron
(or hole) by emission (or absorption) of a phonon (transition a → b). In order
to conserve quasimomentum the electron has to be scattered back to a point
where its momentum is near that of the initial hole (or the hole has to be
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Fig. 66. The Raman spectrum of different spots of natural single-crystalline
graphite (samples are ∼ 100 µm in each dimension). (a) Ordered graphite shows the
allowed first-order mode at 1582 cm−1 and a second-order D∗ mode at 2750 cm−1.
Note the absence of the D mode in the spectra. (b) Disordered graphite also shows
the well-known D mode, here at 1370 cm−1. It is apparently induced by defects in
the lattice structure. Note also the overtone of the G mode at 3250 cm−1 in both
ordered and disordered graphite. Its frequency is more than twice the first-order
frequency because of the overbending of the corresponding phonon branch, see text.
‖ and ⊥ refer to parallel and perpendicular relative polarizations of the incident
and scattered beams. From [125]

scattered to near the electron). The simplest form of scattering the electron
back is inelastic scattering by a generic defect, which is shown as a horizontal
dashed line in the figure. This is the double-resonance process that appears
in the first-order Raman spectra [4, 125, 207].

It is also possible to conserve momentum by emitting (or absorbing) a sec-
ond phonon. The essential difference as far as the Raman double resonance
is concerned is that a defect is no longer necessary for quasimomentum con-
servation. Instead, the second phonon is emitted with equal and opposite
momentum thus conserving momentum in the overall Raman process. It fol-
lows that an overtone in double resonance should shift with twice the rate as
compared to the corresponding first-order mode. It should also have the ad-
ditional characteristics of a double resonance, which are a large (relative) in-
tensity, differences in Stokes and anti-Stokes frequencies, and non-Lorentzian
lineshapes. All of these properties are indeed fulfilled for the overtone of the
D mode in graphite, single and multiwalled nanotubes.

We show in Fig. 66 the role of defects in first-order and two-phonon scat-
tering [125]. In ordered graphite (a) we see for both polarizations the strong
G mode, which is the allowed mode (E2g symmetry in graphite) [218]. At
a frequency of 2750 cm−1 we see the D∗ mode, and at even higher frequencies
the second-order peak of the G mode, commonly referred to as the G∗ mode,
at 3250 cm−1. In disordered graphite, Fig. 66b, we see, in addition, the defect-
induced D-mode at 1350 cm−1 [218]. D∗ can be regarded as the overtone of
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the D mode, which is only seen in the Raman spectra when induced by de-
fects or when quasimomentum is conserved by a second emitted phonon. The
D∗ peak has approximately the same intensity in the two Raman spectra of
Figs. 66a and b, whereas the first-order mode is completely absent in Fig. 66a.
Hence the D∗ mode is not induced by defects.

Owing to the lack of correlation of many of the defects the overtone
D∗ mode is ideally suited for a quantitative assessment of the defect den-
sity in graphite and graphite-based materials. Traditionally, this is done from
Raman spectra by comparing the amplitude of the D mode to that of the
G mode, which – as a first-order allowed mode – is supposed to be indepen-
dent of defect density. In carbon nanotubes, however, there is still a large
controversy as to whether the high-energy mode (the equivalence of the G
mode in graphite) is truly a first-order mode [194,291]; in fact, there is ample
evidence that it is not. Even if it is only partially double resonant, it is not
suited as normalization of the defect density, as its intensity is then partially
dependent on defect density as well, which would result in a reduced defect-
density dependence of the intensity ratio of the two peaks. Measurements
on multiwalled carbon nanotubes with different concentrations of boron dop-
ing clearly show this effect [292]; see also Fig. 63, where the D and G-mode
intensities vary along a curved nanotube.

The overtone spectra give us information about the phonon dispersion in
a crystal. Because the quasimomentum conservation is fulfilled by the emis-
sion of the second phonon, the overtone spectra in a crystal reflect the density
of phonon states. This effect is well known and, e.g., has led to an important
conclusion as regards the phonon dispersion of graphite. In 1979 Nemanich
and Solin [293] were the first to realize that the sharp peak at 3247 cm−1

in the second-order spectra of graphite was due to the overbending of the
graphite phonon dispersion (see Sect. 3.3). The overbending leads to a peak
in the overtone spectra at the highest phonon energies in the branch and
can be estimated by ω2ph − 2ωph ≈ 40 cm−1, see [125, 145, 293]. In Fig. 66
the positions of 2ωph are indicated by vertical dashed lines. Raman spectra
of single-walled carbon nanotubes showed that the highest overtone pho-
non frequencies is not more than twice the frequency at the corresponding
Γ point [145]. This observation is in accordance with the softening calcu-
lated from ab-initio work as compared to the zone-folding methods, see also
Sect. 3.3.

In Fig. 67a we show the excitation-energy dependence of the second-
order D∗-mode of single-walled nanotubes [145]. It shows a roughly twice as
large shift when compared to the first-order mode, as expected from double-
resonance theory [4, 219]. Again, the phenomenon is not unique to carbon
nanotubes, but was shown, e.g., by Reedyk et al. in Pb2Sr2PrCu3O8, a semi-
conducting compound structurally related to a high-Tc superconductor. For
a detailed discussion of the Raman features of this compound, see [294].
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Fig. 67. The excitation-energy dependence of the overtone D∗ in single-walled
carbon nanotubes (closed symbols) as compared to that of the first-order mode
(open). The overtone shifts with excitation energy roughly twice as fast as the
first-order mode. From [145]

10.4 Phonon Dispersion

Double-resonant scattering involving large phonon q vectors may be utilized
to map the phonon-dispersion relation as pointed out by Thomsen and Reich
in [4]. This concept was first applied to graphite by Saito et al. [295], and
later more completely by Reich and Thomsen [125]. The idea is based on the
linear relation of the phonon wavevector q and the excitation energy in the
double-resonance process (33). The (linearized) electronic dispersion is given
by the Fermi velocities v1 and v2 and the phonon frequency �ωph(q). To a
simplest approximation the phonon energy may be neglected compared to
excitation energy and q evaluated straightforwardly. If �ωph(q) is to be taken
into account, q involved in the double-resonance process may be obtained
iteratively [4, 207].

Mapping the phonon dispersion in the simplest approximation corre-
sponds to taking peaks identified as doubly resonant from Raman spectra
(from their excitation-energy dependence) determining q ≈ E1/vi and plot-
ting the so-obtained pairs of [q, �ωph(q)]. Figure 68 shows such a plot obtained
from various experimental data extant in the literature [215,216,223,296,297].
The experimental phonon dispersion is seen to fall nicely on the calculated
dispersion curves, which are ab-initio calculated curves. They, in turn, de-
scribe very well recent inelastic X-ray data on graphite [3]. For more details
of the evaluation, see [125].

11 Conclusions

Raman spectroscopy is a very important and useful tool for the study and
characterization of carbon nanotubes. It has contributed tremendously to the
understanding of these fascinating novel carbon allotropes. We have given
a detailed overview of the effects of reducing graphite to one dimension,
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Fig. 68. (a) Phonon dispersion of graphite based on first-order disorder-induced
double-resonant peaks in the Raman spectra. Data taken from various published
experimental data in the literature, see [215, 216, 223, 296, 297] (b) Same as (a)
but based on Raman peaks in the region of two-phonon spectra. Solid lines are
dispersion curves from ab initio calculations [3] (a) or combinations and overtones
with totally symmetric respresentations (b). From [125]

which leads to the density-of-states singularities, to curvature-induced effects
on the phonon frequencies, and to the classification of nanotubes into families
and branches with similar physical properties. Most recent progress for both
physics and technology is the identification of the chirality by resolving res-
onance Raman spectra as a function of excitation energy and wave-number
shift in the experimental Kataura plots. Individual or bundled metallic and
semiconducting nanotubes can now easily be identified. We have given a pre-
scription for reliably identifying the chirality of an individual single-walled
carbon nanotube. Recently, excitonic energies were determined experimen-
tally, further enhancing the understanding of this fascinating class of mate-
rials.

Carbon nanotubes are a model system for one-dimensional solids.
Throughout this Chapter we demonstrated how the geometry and the large
aspect ratio, as well as electron and phonon confinement, can be studied by
Raman spectroscopy. The most prominent example of how geometry changes
the Raman spectra is the depolarization effect. Because of the anisotropic
polarizability, the totally symmetric phonons strongly dominate scattering in
carbon nanotubes. An exciting manifestation of electron and phonon confine-
ment and the interaction between the confined quasiparticles are the phonon–
plasmon coupled modes, the Kohn anomalies of several phonon branches and
the Peierls distortion of very small diameter nanotubes. Much of this awaits
final experimental verification.
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From a spectroscopic point-of-view, the introduction of Raman double
resonance as a process abundant in graphite-based materials has contributed
much to their understanding. It provides a basis for the systematic analysis of
defects and permits determination of the phonon dispersion in at least parts
of the Brillouin zone. Extension to other suitable materials is conceivable.

In this Chapter we have presented the first attempts towards a unified
description of the Raman effect in single-walled carbon nanotubes. This in-
cludes excitons as intermediate states in the Raman process, electron–phonon
and electron–photon coupling. We expect many further studies to appear in
the near future, in particular, turning away from the band-to-band transition
picture towards a model accounting for the large electron–hole interaction in
carbon nanotubes and the presence of excitons at room temperature.
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cussions and collaborations on carbon nanotubes. We thank S. Piscanec and
R. Krupke for preparing Figs. 16 and 50, respectively. We would like to thank
Y. Miyauchi and S. Maruyama for sending us Fig. 33 prior to publication.
S. R. was supported by the Oppenheimer Fund and Newnham College. Fund-
ing by the Deutsche Forschungsgemeinschaft through project Th 662/8-2 is
gratefully acknowledged.

References

[1] S. Iijima: Helical microtubules of graphitic carbon, Nature 354, 56 (1991)
115, 122

[2] S. Iijima, T. Ichihasi: Single-shell carbon nanotubes of 1-nm diameter, Nature
363, 603 (1993) 115, 122

[3] J. Maultzsch, S. Reich, C. Thomsen, H. Requardt, P. Ordejón: Phys. Rev.
Lett. 92, 075501 (2004) 116, 136, 139, 140, 143, 205, 215, 216

[4] C. Thomsen, S. Reich: Double-resonant Raman scattering in graphite, Phys.
Rev. Lett. 85, 5214 (2000) 116, 117, 163, 169, 170, 171, 172, 173, 207, 213,
214, 215

[5] P. R. Wallace: The band theory of graphite, Phys. Rev. 71, 622 (1947) 116,
145, 146

[6] S. Reich, J. Maultzsch, C. Thomsen, P. Ordejón: Tight-binding description
of graphene, Phys. Rev. B 66, 035412 (2002) 116, 140, 144, 145, 146, 148,
149, 154, 181, 202

[7] V. N. Popov: New. J. Phys. 6, 17 (2004) 116, 185
[8] D. Sánchez-Portal, E. Artacho, J. M. Soler, A. Rubio, P. Ordejón: Ab initio

structural, elastic, and vibrational properties of carbon nanotubes, Phys. Rev.
B 59, 12678 (1999) 116, 137, 139, 141

POPOV
Highlight



218 Christian Thomsen and Stephanie Reich

[9] S. Reich, C. Thomsen, P. Ordejón: Electronic band structure of isolated and
bundled nanotubes, Phys. Rev. B 65, 155411 (2002) 116, 141, 142, 146, 148,
150, 185, 204

[10] C. D. Spataru, S. Ismail-Beigi, L. X. Benedict, S. G. Louie: Phys. Rev. Lett.
92, 077402 (2004) 116, 150, 151, 158, 159

[11] V. Perebeinos, J. Tersoff, P. Avouris: Phys. Rev. Lett. 94, 027402 (2005) 116,
161

[12] F. Wang, G. Dukovic, L. E. Brus, T. F. Heinz: The optical resonances in
carbon nanotubes arise from excitons, Science 308, 838 (2005) 116, 160, 161

[13] J. Maultzsch, C. Pomraenke, S. Reich, E. Chang, D. Prezzi, A. Ruini, E. Moli-
nari, M. Strano, C. Thomsen, C. Lienau: Exciton binding energies from two-
photon photoluminescence in single-walled carbon nanotubes, Phys. Rev. B
72, 241402 (2005) 116, 158, 160, 161

[14] Q. Zhao, H. D. Wagner: Raman spectroscopy of carbon-nanotube-based com-
posites, in A. C. Ferrari, J. Robertson (Eds.): Raman Spectroscopy in Carbon:
from Nanotubes to Diamond, vol. 362, Philosophical Transactions of the Royal
Society A (The Royal Society, London 2004) p. 2407 116
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cher, R. E. Smalley: Crystalline ropes of metallic carbon nanotubes, Science
273, 483 (1996) 122, 123

[41] K. Hata, D. N. Futaba, K. Mizuno, T. Namai, M. Yumura, S. Iijima: Water-
assisted highly efficient synthesis of impurity-free single-walled carbon nano-
tubes, Science 306, 1362 (2004) 123, 124

[42] L. X. Zheng, M. J. O’Connell, S. K. Doorn, X. Z. Liao, Y. H. Zhao,
E. A. Akhadov, M. A. Hoffbauer, B. J. Roop, Q. X. Jia, R. C. Dye, D. E. Pe-
terson, S. M. Huang, J. Liu, et al.: Ultralong single-wall carbon nanotubes,
Nature Mater. 3, 673 (2004) 124

[43] M. J. Bronikowski, P. A. Willis, D. T. Colbert, K. A. Smith, R. E. Smalley:
J. Vac. Sci. Technol. A 19, 1800 (2001) 124

[44] S. M. Bachilo, L. Balzano, J. E. Herrera, F. Pompeo, D. E. Resasco,
R. B. Weisman: J. Am. Chem. Soc. 125, 11186 (2003) 122, 123, 124, 125,
159



220 Christian Thomsen and Stephanie Reich

[45] Y. Miyauchi, S. Chiashi, Y. Murakami, Y. Hayashida, S. Maruyama: Chem.
Phys. Lett. 387, 198 (2004) 122, 124, 125, 158, 159

[46] N. Wang, Z. K. Tang, G. D. Li, J. S. Chen: Single-walled 4 Å carbon nanotube
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Abstract. In this Chapter we discuss the use of resonant Raman scattering by
acoustic phonons and its applications to the study of the spatial localization and
spatial correlation of electronic wavefunctions in low-dimensional semiconductor
and metallic systems. Special attention is paid to the simulation of the Raman
spectra and their direct comparison with experimental data. We review the basic
concepts of this field and results reported in the literature.

1 Introduction

The optical properties of metal and semiconductor quantum dots exhibit
strong differences with respect to the bulk materials, and have therefore at-
tracted much interest from the viewpoint of the fundamental physics and of
the potential applications. These differences lie in the size quantization of
the electron energy levels. Quantum dots are often named artificial atoms
to underline the three-dimensional confinement of the electronic states. Like
atoms, quantum dots exhibit many-electron effects such as Pauli blockade [1]
and Coulomb blockade [2]. However, the important difference from real atoms
is that quantum-dot electrons are embedded in a phonon bath. This has a sig-
nificant impact on their optical properties since electron–phonon interaction
determines the broadening of energy levels and relaxation rates of electronic
states. For instance, the phonon bottleneck effect [3, 4] is responsible for the
suppression of interlevel electron-relaxation channels. It is therefore a limiting
factor for radiative excitonic recombinations and hence for the optical emis-
sion of QD-based lasers. Moreover, in certain situations, the simple picture
of the artificial atom cannot capture the physics of quantum dots any longer.
Indeed, at low-temperature, electronic and vibronic states of quantum dots
can strongly mix together and form polaronic states [5–7]. In that case, the
energy of the infrared optical absorption bands cannot be explained only on
the basis of size-induced quantization of electron levels. Anticrossing of con-
fined electronic transitions and optical phonon energies is needed to account
for the experimental data [5, 7].

Electron–phonon interaction in quantum dots, investigated by resonant
Raman scattering, is the central topic of this Chapter. We purposely focused
on acoustic phonons and their interactions with QD electronic states. Optical
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phonons have been extensively investigated in connection with size-induced
quantization and strain effects. However, optical phonons exhibit only small
changes with QD size because their frequency dispersion around the Bril-
louin zone center is rather small (tens of cm−1). In addition, these changes
are weaker than the frequency shifts induced by the strain usually present
in semiconductor QD, particularly in those grown in the Stranski–Krastanov
regime. Therefore, it is difficult to distinguish between strain and confine-
ment effects on optical vibrations. On the contrary, acoustic phonons exhibit
a strong (hundreds of cm−1) and linear dispersion over a wide range of the
Brillouin zone. Moreover, their wavelengths (in the THz frequency range) is
of the order of a few nanometers and are thus comparable to the size of
QDs. Another important advantage of using acoustic phonons for studying
quantum dots is the delocalized nature of the vibration displacement field.
Indeed, optical phonons are usually confined within the QD because of the
vibration-frequency gap between the QD and the barrier materials. Hence,
when looking at optical phonons, each QD can be considered independently
in the sense that its vibrational and light-scattering properties can be un-
derstood in terms of quantum confinement of electronic and vibronic states.
Correlations in the spatial distribution of QD are disregarded. On the other
hand, acoustic vibrations could be delocalized over distances much larger
than the QD average separation. As a result, collective behavior related to
the spatial arrangement of the QD appears in the electron–phonon interaction
and in the light-scattering efficiency.

The main concepts to be developed in this Chapter are centered around
the spatial localization and spatial correlation of electrons and acoustic
phonons in QD nanostructures. The electronic excitations are either excitons
and free electron–hole pairs or plasmons, depending on the semiconducting
or metallic nature of the QD. First, a brief introduction to the effect of wave-
function localization on the electron–phonon interaction and on the resonant
Raman scattering is presented for quantum-well structures (one-dimensional
confinement). These basic ideas, initially developed by Kop’ev et al. [8],
Sapega et al. [9] and Mirlin et al. [10], have been recently extended to semi-
conductor quantum dots by Huntzinger et al. [11], Cazayous et al. [12–14],
and Milekhin et al. [15–17]. In a first step, only QD structures with a rather
weak acoustic impedance mismatch between the QD and the barrier are
considered in order to separate electron- and phonon-confinement effects.
Raman interferences in QD multilayers are investigated in connection with
three-dimensional electron confinement and spatial ordering along the growth
direction as well as in the plane of the layers. Acoustic mirror effects are dis-
cussed for QD layers located in the vicinity of a surface. We show how the
surface can modulate in real space and in the frequency domain the acoustic-
phonon-displacement fields and hence the electron–phonon interaction. This
has an important impact on the electron-relaxation rates and dephasing pro-
cesses.
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Systems exhibiting strong phonon confinement are considered in the last
section of the Chapter. This concerns semiconductor and metal particles em-
bedded in glass and polymers. Confinement of acoustic phonons is discussed
in the framework of the widely used Lamb’s model [18, 19] describing the
vibrations of a homogeneous elastic free sphere. Matrix effects are discussed
according to a core–shell model recently reported by Murray and Saviot [20].
This model describes not only the frequency shift and damping of acoustic
vibrations but also the localization/delocalization of the associated displace-
ment field. It can be considered as the ultimate development of the continuous
elastic-medium approach. Microscopic approaches [21, 22] based on valence
force field interatomic interactions are examined and their results compared
to Lamb’s model. This allows us to address the validity of Lamb’s model for
very small clusters in which the number of surface atoms is much larger than
that of inner atoms. A review of the Raman scattering and time-resolved
optical absorption experiments involving confined acoustic phonons is then
presented. Both techniques are rather complementary, since they imply differ-
ent vibration modes. The optical activity of confined phonons is discussed in
terms of coupling mechanisms between vibrations and electronic excitations
for both semiconductor and metallic particles.

2 Introduction to Wavefunction Localization
and Electron–Acoustic Phonon Interaction

An important aspect of the resonant Raman scattering by acoustic phonons,
in quantum-dot nanostructures, is the spatial localization and spatial corre-
lation of the electronic states involved in the light-scattering process. The
first observations of acoustic-phonon Raman scattering due to electron wave-
function localization were reported by Kop’ev et al. [8], Sapega et al. [9]
and Mirlin et al. [10] in GaAs/AlAs superlattices and multiple quantum well
structures. In addition to the scattering by folded acoustic phonons [23], a
continuous emission background centered around the Rayleigh line was ob-
served in the low-frequency range of the Raman spectra excited close to
resonance with confined electronic transitions [8, 9, 24, 25]. The strong res-
onant character of this signal was demonstrated by magneto-Raman mea-
surements [26–28]. Its origin was attributed to the activation of the acoustic-
phonon density of states due to selection of individual quantum wells [8–
10, 26]. The selection occurs because of inhomogeneous broadening of the
confined electronic transitions and resonance with the probe laser line. The
important characteristic of Raman scattering from individual quantum wells
is the absence of wavevector conservation, in the direction perpendicular to
the QW plane, for both the electron–photon and electron–phonon interac-
tion steps of the scattering process [8–10, 24, 26–28]. This breakdown of the
wavevector-conservation law is the consequence of the spatial localization of
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the electronic states. Raman measurements from single GaAs/AlAs quan-
tum wells confirmed this effect and suggested that acoustic-phonon Raman
scattering could be used for studying the spatial localization of electronic
states [29] themselves. In ideal two-dimensional structures the wavefunctions
are localized in one direction due to quantum confinement along the growth
direction, whereas in the plane of the quantum wells translational symmetry
still holds and hence the electronic states are delocalized. However, it is well
known that interface roughness and interdiffusion lead to inplane localiza-
tion of the electronic states. Depending on temperature and on the disorder
(magnitude and spatial correlation) the quantum wells can therefore exhibit
a QD-like behavior. This has been pointed out by Ruf et al. [30, 31] and Be-
litsky et al. [32] who extracted the length scale of interface roughness using
a detailed spectral analysis of the disorder-induced acoustic-phonon Raman
scattering. In order to illustrate the concepts introduced above we first pres-
ent the studies performed on two-dimensional systems consisting of very few
GaAs/GaP quantum wells. In these structures the acoustic vibrations can
be approximated by plane waves since the mechanical properties of the QW
and the barrier layers are very similar and the number of interfaces limited.
Thus, the acoustic vibrations are extended phonon states whereas the elec-
tron and the hole states are spatially localized in one direction. The aim is to
show that, independently of any confinement effect of acoustic vibrations, the
low-frequency Raman scattering can exhibit broad bands or peaks depending
only on the spatial distribution of the excited electronic density.

2.1 Low-Frequency Resonant Raman Scattering
in Quantum Wells

Figure 1 presents low-frequency Raman spectra of GaAs/GaP quantum
wells [33–35]. The thickness of each QW is two monoatomic (ml) layers only;
they are separated by 38 nm GaP barriers. The structure contains three quan-
tum wells. The band alignement of GaAs strained to match GaP and the
electronic structure of the GaAs QW have been studied by Prieto et al. [36]:
the lowest-energy electron states of GaAs fully matched to GaP arise from the
X-edge of the Brillouin zone (type-II band alignment) [36]. Therefore, elec-
trons photoexcited in the zone-center Γ states of the confined e1 subband can
rapidly thermalize to the zone-edge X states, and then recombine with the
heavy holes at the Γ point of the confined hh1 valence subband. This lumines-
cence process is assisted by zone-edge acoustic and optical phonons. For the
2 ml GaAs/GaP QW the luminescence peak was observed at 2 eV, whereas
the e1 − hh1 absorption edge was found at 2.54 eV from low-temperature
electroreflectance spectroscopy [36]. This large Stokes shift allows resonant
excitation and detection of Raman scattering with no overlapping with the
luminescence signal. The spectra shown in Fig. 1 were excited close to res-
onance with the confined e1 − hh1 transition and detected in the frequency
range of acoustic phonons (Scattering by GaAs and GaP optical phonons has
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Fig. 1. Room-temperature low-frequency Raman scattering from 2 ml thick
GaAs/GaP quantum wells (a) and from a bulk GaP (b) reference layer. The exci-
tation energy is 2.47 eV, close to resonance with the e1−hh1 transition of the QWs.
The band around 30 cm−1 in spectrum (b) is due to second-order scattering by a
subtractive combination LO–TO of longitudinal and transverse optical phonons of
GaP [33]

been studied by Castrillo et al. [37] in connection with strain and quantum-
confinement effects). A series of peaks, superimposed on the second-order
scattering by longitudinal (LO) and transverse (TO) optical phonons of GaP
are observed in Fig. 1. Spectrum (a)-(b) in this figure shows the contribution
of the GaAs quantum wells after subtraction of spectrum (b) recorded from
a GaP reference layer.

The dependence upon excitation energy is presented in Fig. 2 (from [33,
35]). One can see the resonant character of the scattering: the energy of
the e1 − hh1 transition is around 2.44 eV (at 300 K) and the Raman peaks
disappear when the detuning between the laser energy and the e1 − hh1

transition energy is of the order of ±30 meV. This value is comparable to the
broadening of the e1−hh1 transition deduced from a lineshape analysis of the
electroreflectance spectra [36]. The spectra of Figs. 1 and 2 were obtained in
the z(x′x′)z̄ configuration, for which scattering by LO (and LA) phonons is
allowed. This is why second-order scattering due to subtractive combinations
of LO and TO phonons appears in the low-frequency range. In order to get rid
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Fig. 2. Room-temperature Raman spectra of the QW structure (same as in Fig. 1),
showing the effect of resonance around the e1−hh1 transition. Spectra (a), (b), (c)
and (d) were excited at 2.41, 2.47, 2.50 and 2.54 eV, respectively. The stars indicate
laser plasma lines

of this scattering one should use the z(xx)z̄ configuration preferably, as shown
in Fig. 3. Indeed, according to the Raman and Brillouin selection rules [24]
for deformation potential electron–phonon interaction, LO phonon scattering
is forbidden, whereas LA phonon scattering is allowed in this configuration.

2.2 Diffraction and Interference

The peaks observed in Figs. 1–3 are in fact oscillations of the scattered inten-
sity. They are due to interference between the contributions of each localized
state to the Raman scattering by acoustic phonons. The mechanical proper-
ties of GaAs and GaP being very similar, acoustic waves can propagate as
plane waves. Their reflection or scattering at the interfaces can be neglected
in a first step. Moreover, their coherence length is much longer than the QW
separation. Therefore, a given acoustic mode can interact with electrons and
holes confined in each of the quantum wells. Hence, its emission or absorp-
tion is spatially coherent. It can be either enhanced or inhibited depending
on whether the vibration wavelength is an integer or half-integer multiple of
the separation d between quantum wells (Fig. 4). This effect is very similar
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Fig. 3. Raman selection rules showing acoustic and optical phonon scattering in
different scattering configurations; x, x′, y, y′, z correspond to the [100], [110], [010],
[11̄0] and [001] crystallographic axes, respectively. For (100) surface orientation, TO-
phonon scattering is normally forbidden in all scattering configurations. However, it
can be activated because of deviations from the true backscattering configuration.
Scattering by GaP LO phonons is forbidden in the z(xx)z̄ configuration and hence
second-order scattering by LO–TO phonons is absent

Fig. 4. 7×7 k.p electron (e1) and heavy hole (hh1) wavefunctions of 2ml GaAs QW
in GaP [36]. The wavefunctions penetrate deeply into the barrier layers, especially
the e1 wavefunctions. The distance (38 nm) between QWs is much larger than
the penetration depth of the wavefunctions. Tunneling between QWs is therefore
negligible
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Fig. 5. Dots: peak frequencies measured from spectrum (a) of Fig. 1 versus peak
index (� in 1). The lowest-frequency peak was numbered 2. The first peak is not
observed because of the intense Rayleigh wings. The continuous and dotted lines
show the linear dispersion of LA phonons in GaP and GaAs, respectively. From [29,
35]

to the well-known interference picture one can generate by shining light on a
pair of Young’s slits. By analogy with optics, one can write the constructive
interference condition

qz =
2�π

d
+ ∆kz , (1)

where � is an integer and ∆kz = kiz − ksz the exchanged wavevector.
In backscattering, the wavevectors are oriented along the growth axis (la-
beled z). The frequencies of the scattered intensity maxima can be deduced
from (1) giving the separation d between the quantum wells and the disper-
sion relation ω(qz) of LA phonons. In the frequency range under investigation,
ω(qz) is quasilinear both for GaAs and GaP [38]. Moreover, according to the
k.p model [36], the electronic wavefunctions strongly penetrate into the GaP
barriers (Fig. 3). As a matter of fact, for a 2 ml GaAs QW, 80 % of the
electron density distribution is located outside the QW (Fig. 4). Hence, the
electrons interact more strongly with the acoustic vibrations of GaP than
of GaAs type. So, using (1) and the sound velocity of LA phonons in GaP
(vl = 5830 m · s−1 [39]) one obtains the frequencies of the intensity maxima.
As shown in Fig. 5 the calculated frequencies are in agreement with the mea-
sured ones.
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2.3 Scattering Efficiency

To go deeper into the analysis of the Raman-scattering process, one may
calculate the spectral dependence of the scattered-light intensity. For reso-
nant excitation, the scattering efficiency is governed by the three-step light-
scattering process. It is proportional to [9, 24, 40]

Γ =

∣∣∣∣∣∣
∑
e1,e′

1

〈hh1 |He−pht| e′1〉〈e′1 |He−phn| e1〉〈e1 |He−pht|hh1〉(
Ee′

1−hh1 + iγe′
1−hh1 − Es

)
(Ei − Ee1−hh1 − iγe1−hh1)

∣∣∣∣∣∣
2

, (2)

where, e1 and hh1 are electron and heavy hole states forming the two-
dimensional confined subbands. According to the conduction- and valence-
band offsets of GaAs pseudomorphically strained by GaP [36], and to the
thickness of the GaAs QW, there is only one electron, one heavy hole and
one light hole confined subbands. Ee1−hh1 and γe1−hh1 are the energy and the
homogeneous linewidth of the e1−hh1 transition and Ei (Es) is the energy of
the incident (scattered) photons. He−pht and He−phn are the electron–photon
and electron–phonon interaction Hamiltonians. Either conduction or valence
states can be the intermediate states in the light-scattering process. Their
contributions to the scattering efficiency must be summed coherently, i.e.,
before squaring them (see (2)) because it is the electron–hole pair created
at the photon-absorption step that recombines after phonon emission (or ab-
sorption) and gives rise to the emitted photon. In order to emphasize the
fact that phase coherence between the photocreated electron and hole is pre-
served in the light-scattering process, radiative recombination of the coherent
electron–hole pairs has been termed geminate recombination [8]. Using the
envelope wavefunction approximation

ψe1(z, ρ) = φe1 (z)eik//ρ , (3)

the matrix element for deformation potential electron–phonon interaction
reads (for a Stokes process) [41]

〈e′1 |He−phn| e1〉 =iDe (nq + 1)1/2
qu0δ

(
k′
|| − k|| + q||

)
∫

|φe1(z)|2 eiqzzdz , (4)

where q, u0 and nq are the phonon wavevector, amplitude and population
factor, respectively; De is the deformation potential energy [24, 42]. φe1(z) is
the electron wavefunction of the QW structure along the direction of confine-
ment. The emission of acoustic phonons involving hole states can be expressed
similarly.

The wavevector conservation, in the plane of the QW (delta in (4)), arises
from the 2D character of the electron wavefunction, i.e., from the uniform
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Fig. 6. Electron–acoustic phonon interaction induced by the spatial localization of
the electronic states. In the case of delocalized states (uniform probability density
distribution), the average value of the electron–phonon interaction energy (diagonal
matrix element) is zero because negative and positive values cancel exactly. In the
case of localized electronic states (shown is the 7 × 7 k.p electron density e1 of a
2 ml GaAs/GaP QW), the average value of the probability density multiplied by
the displacement field is not zero and depends on the spatial extent of the electronic
state. The dotted vertical line shows the thickness of the QW

inplane distribution of the electronic density. It also applies in (2) to the
electron–photon interaction at the absorption and emission steps of the in-
cident and scattered photons. It is interesting to note that in the case of
bulk crystals there are no diagonal matrix elements for the electron–phonon
interaction. Indeed, when the intermediate electronic states are spatially ex-
tended states, the wavevector conservation law implies that 〈e |He−phn| e〉 = 0
and 〈hh |He−phn|hh〉 = 0 (e and hh being bulk electron and hole states).
In low-dimensional systems, the electronic states are repeatedly localized
in real space (at least in one direction), and therefore diagonal matrix ele-
ments for the electron–phonon interaction become allowed (k′

// = k// and
q// = 0 in (4)). They give rise to the major contribution in the light-
scattering efficiency. As illustrated schematically in Fig. 6, this localization-
induced Raman scattering, is the main difference between bulk crystals
and low-dimensional systems. It is similar to the disorder-induced Raman
scattering in the sense that disorder also leads to wavevector nonconserv-
ing Raman scattering, although the localization does not exhibit the su-
perlattice periodicity. Takagahara [41] and Zimmermann [43] showed that
such an effect determines the dephasing rate of electronic states in quan-
tum wells and quantum dots and hence their luminescence properties. These
authors introduced two types of dephasing, namely a real and a pure de-
phasing [44, 45] corresponding to offdiagonal (final-state interaction) and on-
diagonal electron–phonon matrix elements, respectively. On the other hand,
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Zimmermann and Runge [44] and Belistky et al. [46] studied theoretically
the effect of electron wavefunction localization on Rayleigh scattering [47]
and pointed out the importance of pure dephasing processes. As illustrated
in Fig. 4, tunneling between quantum wells is negligible. Therefore, assum-
ing independent and identical electron wavefunctions confined in each of the
three QW the diagonal terms of (4) read

〈e1 |He−phn| e1〉 = iDe(nq + 1)1/2qu0M(qz)S(qz) , (5)

in which M(qz) represents the integral in (4), i.e., the Fourier transform of
the electronic density localized around a single quantum well (SQW); M(qz)
can be viewed as a form factor, whereas S(qz) is a structure factor

S(qz) = 1 + ei(qz−∆kz)d + ei(qz−∆kz)2d , (6)

which expresses the layering of the electronic density along the z-direction.
More generally, M(qz) and S(qz) are, respectively, associated with the spa-
tial localization and spatial correlation of the electronic density. Equation (5)
is very similar to that representing the elastic scattering amplitude of X-
rays, except that the wavevector of the probing radiation is replaced by the
wavevector of sound waves. Replacing (5) into (2), one can see that the Raman
efficiency is proportional to |S(qz)|2, which is an oscillatory function of qz and
reflects the interference effects discussed above. |M(qz)|2 is the spectral en-
velope of the intensity oscillations. Owing to the linear dispersion of acoustic
phonons ω(qz), the wave-number axis of the Raman spectra (Figs. 1–5) can
be directly converted into the Fourier components of the electronic density
involved in the resonant light-scattering process.

2.4 Intermediate-State Selection

Figure 7 presents calculated and measured Raman spectra for resonant exci-
tation with both the e1 − hh1 and e1 − lh1 transitions. The confined wave-
functions, used in the calculations, were obtained from a 7×7 k.p model [36].
Contributions of both electron and hole states to the Raman scattering were
taken into account. Their relative importance depends on the values of the
deformation potential energy and on the density of states associated with
each subband. As mentioned above, the spectral envelope of the oscillations
is the Fourier transform of the electronic density distribution selected by the
optical excitation. Since heavy holes are more localized in real space than
light holes, they are more delocalized in reciprocal space and their contribu-
tion to the Raman scattering extends to higher frequencies. This is clearly
observed in Fig. 7: when tuning the optical excitation to the electron-light
hole transition the spectral envelope of the intensity oscillations becomes
narrower because light holes are less localized in real space than heavy holes.
This underlines the sensitivity of the low-frequency Raman scattering to the
electronic wavefunction localization [8–10, 24].
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Fig. 7. Calculated and measured room-temperature Raman spectra of GaAs quan-
tum wells in GaP. The excitation energy is resonant with either the e1 − hh1 tran-
sition (2.602 eV) or with the e1 − lh1 transition (2.707 eV). From [35]

The basic concepts associated with resonant Raman scattering by acoustic
phonons due to wavefunction localization of the intermediate electronic states
have been introduced. Only one-dimensional localization due to quantum
confinement has been considered. These concepts will be now extended to
quantum dots.

3 Raman Interferences in Self-Assembled Quantum Dots

Quite a number of studies on Raman scattering by optical phonons have
been reported; they include effects of strain, alloying, confinement, interfaces
and resonance; a nonexhaustive list can be found in [15–17, 48–57]. Less at-
tention has been devoted to Raman scattering by acoustic phonons from
self-assembled QDs [11–17, 57–62]. Within the context of resonant RS by
acoustic phonons in QDs, self-assembled QDs are of particular interest as
they display efficient confinement for electrons and holes but not for acoustic
phonons. Indeed, the acoustic mismatch between QD and barrier materials
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to be discussed below is weak. We may therefore discuss Raman scattering
using a rather simple description for the acoustic phonons: we will consider
either bulk-like phonons or acoustic modes in 2D layered systems (a descrip-
tion in which alternating barriers and effective layers corresponding to the
QDs are considered) extending over the whole QD multilayer. More refined
modeling of acoustic properties of QDs (including size, shape and matrix ef-
fects) will be discussed in Sect. 4: they are, however, limited to single QDs.
As we are interested in collective effects, i.e., interference effects, it is cru-
cial to adopt a tractable, and thus simple, description. Raman scattering by
acoustic phonons will be discussed considering deformation potential interac-
tion between spatially distributed confined electronic states and longitudinal
acoustic modes extending over the whole structure.

Raman-scattering interferences, similar to those discussed above for Ga-
As/GaP QW structures, have been reported for self-assembled QDs multilay-
ers: the first results were presented by Cazayous et al. [12] following a very
basic experiment performed on Ge/Si QD bilayers. Later, studies on mul-
tilayers were reported [13, 14]. This section is devoted to Raman-scattering
interferences in self-assembled QDs. It is organized as follows. After a brief
presentation of QD self-assembly, we will discuss the spatial localization (form
factor) and spatial correlation (structure factor) of the confined electronic
states. Finally, surface effects will be addressed.

3.1 Self-Assembly and -Ordering of Quantum Dots

Quantum dots self-assemble according to the Stranski–Krastanow growth
mode during growth of lattice-mismatched semiconductors (for instance, Ge
on Si or InAs on GaAs). Below a critical thickness (typically a few mono-
layers) growth proceeds in a two-dimensional mode. On top of this so-called
wetting layer (WL), three-dimensional islands form, providing efficient strain
relief. Once capped, effective three-dimensional electronic confinement is ob-
tained. These QDs are coherently strained and exhibit narrow size distribu-
tions. Various shapes (from faceted pyramids to rounded domes) have been
reported; one should note that the height/width or diameter ratio is often
typically one to ten. Self-assembled QDs are rather complex systems. Physi-
cal properties are determined by the interplay between shape, size and strain
effects (see, for instance, [63]). Moreover, material interdiffusion and mixing
often occur during QD growth and capping (see, for instance, [64]). The self-
assembly may provide spectacular self-ordering. When QD layers are stacked,
the burried dots influence the nucleation in the subsequent layers. This inter-
action occurs via elastic strain fields and may induce, for instance, vertical QD
alignment [66–70]. Figure 8 shows a transmission electron microscopy (TEM)
image by Kienzle et al. [65] that demonstrates the vertical alignment of Ge/Si
QDs. Self-organisation also includes inplane ordering and three-dimensional
QD superlattice formation [71, 72] and it was shown to improve significantly
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Fig. 8. Tranmission electron microscopy image of a five-fold Ge/Si QDs multilayer.
From [65]

size homogeneity [68,69,71]. A detailed review of structural properties of self-
organized QDs was presented recently by Stangl et al. [73]. Coupling between
spatially correlated QDs provides a means of tuning electronic properties [74].

3.2 Spatial Localization

Interaction between a bulk-like acoustic wave (defined by the wavevector
components qz and q‖) and electronic states confined within a QD provides
the following form factor∫

ϕ∗
n(z)ϕn′(z) e−iqzz dz

∫
ψ∗

m(r)ψm′(r) e−iq‖ · r d2r , (7)

where ϕn or n′(z) and ψm or m′(r) are electronic wavefunctions that account
for the confinement of the states (n, m) and (n′, m′) along the growth di-
rection (z) and in plane (r), respectively. Due to the lack of translation
invariance the wavevector-conservation law breaks down. As a result of the
three-dimensional (3D) confinement neither qz nor q|| are conserved. The
form factor is thus given by the Fourier transform of electronic density along
the growth direction and in plane.

Selection of electronic states occurs via resonance. Resonant excitation is
a critical issue for Raman scattering by acoustic and optical vibrations in self-
assembled QDs. Indeed, the material involved in a QD layer is often as little as
a few atomic layers. For instance, Ge LO phonons in Ge/Si QDs multilayers
were shown by Milekhin et al. to display strong resonances (Fig. 9). The
resonance peak at about 2.34 eV is attributed to the E1 transitions of the Ge
QDs [17, 53]. The downshift of the LO frequency (from 2.5 to 2.7 eV) results
from the resonant contribution of small Ge QDs [17]. The E1 transitions
provide strong but broad resonances, [12, 17, 53] analogous to those in bulk
material [75, 76]. As a matter of fact, studies of resonant Raman scattering
by acoustic phonons in self-assembled QDs deal usually with E1 resonances.

One should note that for a given QD, due to the large effective masses
around the L point, the E1 confinement-induced energy splittings and shifts
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Fig. 9. Dependence on excitation energy of the Ge LO-phonon Raman efficiency
and frequency for a Ge/Si QD multilayer. From [17]

are very small [77]. It is thus appropriate to consider a regime with local-
ization at nanoscale, rather than a quantum regime. This implies that: 1. no
particular quantum states are selected via resonance. 2. owing to the small
acoustic phonon energies, both incoming and outgoing resonance conditions
(double resonance) are fullfilled. Owing to the very broad E1 resonances one
may often assume that all QDs have the same resonance factor. In the size-
distribution tails, however, precautions should be taken (see, for instance,
Fig. 9). Size-selective resonance can be included easily in the Raman inten-
sity calculations (see, for instance, Sirenko et al. [25]).

Figure 10 shows Raman scattering from InAs/InP QDs excited in the
vicinity of the InAs E1 transitions and detected in both optical- and acoustic-
phonon frequency regions. Two resonances – one corresponding to the 2.41–
2.54 eV range and another to the 2.54–2.73 eV range – can be identified in
Fig. 10; they were assigned to the wetting layer and QDs, respectively. In
the spectral range of the InAs optical phonons, the spectra display features
related to confined and interface modes. The latter have their counterpart
in the InP frequency range; the InP LO peak is asymmetric towards its low-
frequency side, due to scattering by InP-like interface phonons. The intensity
oscillations observed in the acoustic-phonon spectral range are related to
interference effects to be discussed in Sect. 3.3. Strikingly, the interference
envelopes differ significantly for the two resonances. According to (7), the
localization of the electronic states differs. The QD-related electronic states
are well confined within the QDs, whereas the wetting-layer-related states
spread with an exponential decay into the InP barriers (the wetting layer is
about 2 monolayers thick, similar to the GaAs/GaP case discussed previously
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Fig. 10. Room-temperature Raman spectra of InAs/InP QDs (h = 3nm and
φ = 20nm) recorded in the acoustic- and optical-phonon frequency regions (left
and right panel, respectively) with excitation energies ranging from 2.41 to 2.72 eV.
From [11]

in connection with Figs. 4 and 7) [78]. Noteworthy, samples with uncapped
QDs solely display the QD-related resonance; this is likely due to oxidation
of the initial wetting layer [11].

Confinement determines the acoustic phonons that may contribute to
the Raman signal. The more the electronic state is localized along a given
direction, the larger the wavevector component along this direction that con-
tributes to the scattering. For most of the self-assembled QDs, the diameter φ
is about one order of magnitude larger than the height h. Hence, the phonons
giving a significant contribution do have small inplane wavevector compo-
nents q||. Their wavevector orientation is thus close to the growth axis. One
may therefore assume pure longitudinal acoustic modes with isotropic disper-
sion. Under such circumstances, the interference envelope is more sensitive to
h than φ, as shown in Fig. 11. One should note that, unlike the case of perfect
quantum wells, many acoustic modes contribute to the scattered intensity at
a given wave number I(ω); i.e., all those satisfying ω = v

√
q2
z + q2

‖ (where v

is the speed of sound), their contributions being weighted by (7).
Figure 12 shows experimental and calculated Raman spectra from Ge/Si

QDs with various QDs sizes. According to the form factor (7), the smaller
the QDs, the farther the envelope extends in the spectrum. One should note
that this extent is determined not only by the QDs size but also by the speed
of sound. The relevant speed is the one corresponding to the material in the
QD. Intermixing effects that occur during the QD self-assembly and capping
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Fig. 11. Width at half-maximum of the interference envelope (Fourier transform
of the electronic density) calculated for Ge/Si QDs as a function of QD height h
and diameter φ [78]

have to be taken into account; for instance, the actual Ge content in nominal
Ge/Si QDs might be about 75 % [12, 14].

The actual composition can be derived rather accurately from the inter-
ference effects discussed in Sect. 3.3. Raman scattering by optical phonons
has been shown to provide an additional and reliable means to measure the
chemical composition in self-assembled QDs [49, 81]. Note that the interfer-
ence envelope depends also on the inplane extension of the electronic state.
The latter is systematically found to be smaller than the island diameter
(16, 20, 60 and 70 nm for A, B, C and D, respectively). This is likely due to
the actual island shape and strain fields. Unlike the QW spectra presented
in Fig. 7, the spectra calculated for the QDs vanish at zero wave number.
This behavior is a direct signature of the three-dimensional confinement of
the electronic states. Indeed, close to zero the intensity scales like q2, ac-
cording to the activation of a 3D acoustic phonon DOS (scales like q2), the
Bose-Einstein population factor (1 = q for small ω), the deformation poten-
tial interaction (q2), and the normalisation of the displacement elds (1/

√
q)2.

The strong Rayleigh scattering hinders its observation; see, however, A in
Fig. 12.

The interference envelope is quite sensitive to small size changes. Fig-
ure 13 shows the average QD heights deduced from the interference envelope
in fivefold Ge/Si QDs multilayers versus the interlayer spacing. The elas-
tic interaction between layers modifies the QD heights during the stacking
process. For thin spacing this interaction is strong: it yields preferential QD
nucleation sites with lowered misfit. Within this strong-interaction regime,
the QD height thus increases in the first two layers and stabilizes in the next
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Fig. 12. Experimental (noisy curves) and calculated Raman spectra from Ge/Si
QDs with different QD sizes h and φ. Calculated interference envelopes are also
plotted. A: small islands (h = 2nm and φ = 20 nm) [79]; B: hut clusters (h = 3 nm
and φ = 25 nm) [80] C and D: planoconvex islands similar to those shown in Fig. 8
(h = 6nm and 8 nm, φ = 80nm and 100 nm, respectively)
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Fig. 13. Average QD height h deduced from the interference envelope in fivefold
Ge/Si QDs multilayers versus interlayer spacing d. From [14, 78]

ones [64]. The mean height in the QD layer stack is therefore larger than that
observed for a single layer. This increase does not occur for thick spacings
(low elastic interaction), resulting in a lower mean height. The height changes
reported in Fig. 13 are consistent with these growth regimes.

3.3 Spatial Correlation

In this section we discuss the effects of many QDs by considering the in-
teraction between an ensemble of localized electronic states and delocalized
acoustic modes. In particular, we shall address how Raman scattering de-
pends on the QDs spatial distribution within multilayers, i.e., the stacking of
QDs layers along the growth direction and the inplane distributions of QDs
within the layers.

3.3.1 Layer Stacking

In order to discuss finite stacking of QDs layers, we focus on the part of
the structure factor related to the growth axis z. A simplified, but useful,
structure factor can be derived if one assumes that the localized electronic
states are distributed within a single acoustic medium (no acoustic mismatch
between QDs and barriers). This medium is semi-infinite: the QD layer stack
is enclosed between an infinite substrate and a finite cap layer. Each acoustic
mode is given by the superposition of two counterpropagating plane-wave
components, labelled +qz and −qz for the component propagating away and
towards the sample surface, respectively. Stress-free boundary conditions are
applied at the surface. The light is assumed to propagate in a homogeneous
medium as well. QDs with vertically correlated distributions (the inplane
distribution of the QDs is the same in each layer) and indentical form and
resonance factors are considered. Performing the coherent sum over the N
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QD layers, one finds that the contribution of a given mode to the Raman-
scattering intensity is proportional to [14]:

H2(qz + ∆kz)+H2(qz − ∆kz) − 2H(qz + ∆kz)
×H(qz − ∆kz) cos [2qz (t + (N − 1) d/2)] , (8)

with

H(Q) =
sin(Nd

2 Q)
sin(d

2Q)
, (9)

where d is the spacing between QD layers and H the interference function
one usually finds in optics textbooks [82]. The first term in (8) is due to the
+qz component and the second one to −qz. The third term in (8) includes
contributions of both components and depends on the location of QDs layers
stack with respect to the sample surface. t + (N − 1)d/2 is the distance be-
tween the middle of the QD layer stack and the sample surface (t gives the
location of the first QD layer with respect to the sample surface). The cosine
function in the third term corresponds to the surface effects to be discussed
in Sect. 3.4. For thick cap layers (for instance t ≈ 100 nm), the corresponding
oscillations are not resolved experimentally. In the current section we disre-
gard this modulation. Equation (8) is of particular interest as it allows one
to easily understand how the main features observed in the experimental and
calculated spectra depend on the number of QDs layers N and the interlayer
spacing d. The well-known interference function H yields intensity oscilla-
tions. Intensity maxima (minima) correspond to constructive (destructive)
interferences comparable to the bright and dark fringes in wave optics. The
phase conditions yielding maxima differ for the +qz and −qz components of
a given vibrational mode. Indeed, intensity maxima are obtained for

(qz ± ∆kz)
d

2
= πn , (10)

n being an integer. For a given wave number in the spectrum, the contri-
butions H(∆kz + qz) and H(∆kz − qz) are thus different. Consequently,
if one considers the whole spectrum, i.e., different wave numbers, series of
doublets appear. As displayed in Fig. 14, the interference period varies as
1/d (10). The doublet splitting is given by the shift between H2(∆kz + qz)
and H2(∆kz − qz) and therefore displays beats vs ∆kzd. ∆kz is the ex-
changed wavevector (determined by the scattering geometry and excitation
wavelength). Zero splittings in Fig. 14 are obtained for ∆kzd = π

2 m, m being
an integer. Interestingly, in the spectra reported in Fig. 1 the +qz and −qz

contributions are superposed (i.e., they yield equivalent interference condi-
tions). Simultaneous contribution of the +qz and −qz components requires
overlapping between H(qz + ∆kz) and H(qz − ∆kz) (8).

As an example, calculated and measured resonant Raman spectra of Ge/Si
QDs multilayers with N = 2, 5 and20 are reported in Fig. 15. Peaks corre-
sponding to constructive interferences are observed. Their frequencies depend
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Fig. 14. Interference period (dashed line) and doublet splitting (solid line) calcu-
lated for Ge/Si QDs multilayers with N = 5 as a function of spacing d. Symbols
are experimental data. From [14]

on ∆kz , whereas their interference period does not (10). Sound velocities of
the QDs and barrier materials and their acoustic mismatch (i.e., some of the
shortcomings from the above calculation; see (8)) are included in the Raman-
scattering simulations presented below. The counterpropagating components
of each acoustic mode are obtained by considering displacement and stress-
field continuity at layer interfaces and a free sample surface. Light absorption
is included as well.

Figure 15 clearly shows that the observation of doublet features depends
greatly on the number of QDs layers. One has to compare the width of the
constructive interference peaks and the doublet splitting. For large N values,
one can distinguish easily between the H2(∆kz + qz) and H2(∆kz − qz)
contributions: doublets are indeed observed (see N = 20 in Fig. 15). For
small N , the peaks of H2(∆kz ±qz) are broad; the overlap between those two
contributions hinders the observation of the doublet features. It is noteworthy
that the N − 2 weak secondary intensity maxima one could expect from the
interference function H are not resolved.

The calculations account rather well for the peak frequencies, doublets
splitting and relative intensities within each doublet and between doublets.
These relative intensities are determined by the interference envelope (i.e.,
the electronic confinement) and the acoustic impedance mismatch. In or-
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Fig. 15. Experimental and calculated resonant Raman spectra of structures con-
sisting of N = 2, 5 and 20 Ge/Si QD layers (samples A, B and C). Note that the
Si interlayer spacing equals 18.5 nm for samples A and B, and 20 nm for sample
C; these thin Si spacers ensure vertical correlation. Calculated spectra include a
1 cm−1 experimental resolution. From [14]

der to derive analytically the structure factor (8) the acoustic impedance
mismatch was not considered. It is included in the simulations (here η =
ρSivSi/ρGevGe = 0.78).

We emphasize that neither the peaks nor the doublets are due to Brillouin-
zone folding, phonon energy gaps or accumulations in the phonon density of
states [83, 84]. The experiments and calculations presented here deal with
finite multilayers, having few QDs layers. Consequently, Brillouin-zone fold-
ing, which requires periodicity of the vibrational properties, i.e., superlattices
(SL), is not relevant. Phonon energy-gap opening requires multiple construc-
tive wave reflections, i.e., many layers [83].

At this stage, a somewhat puzzling fact – at first sight – has to be dis-
cussed. Rytov’s model [85], designed for ideal periodic SL, accounts well for
the peak positions in the spectra of finite-size QDs multilayers [14–16,57,58].
Figure 16 shows results obtained by Milekhin et al. on a 10-fold Ge/Si QD
layer stack [57]. Up to 6 doublet features are observed; their frequencies fit
well with the dispersion calculated assuming an infinite SL (Fig. 16).
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Fig. 16. Lower panel : spectrum of a 10-fold Ge/Si QDs layer stack with 20 nm
spacing layers. Top panel : calculated SL dispersion. Note the small phonon energy
gaps at the minizone boundaries. From [57]

In superlattices (i.e., periodic multilayers extending both sides to infin-
ity) the Brillouin zone is folded into a minizone (delimited by q = 0 and
qm = ±π/d) and phonon energy gaps are opened at the minizone bound-
aries [86]. Rytov’s model is usually used to calculate the acoustic-phonon
dispersion within the SL Brillouin minizone ω(qSL) [85, 87]. Assuming no
acoustic mismatch, the SL dispersion relation derived from Rytov’s model
can be written in the following simplified form:

ω = v
(
±qSL + 2π

m

d

)
, (11)

where v is the mean sound velocity and m the folding index [88,89]. Owing to
the SL periodicity, only the phonons satisfying the wavevector-conservation
rule contribute to the scattering: qSL = ∆kz. One can thus conclude that
deriving the positions of intensity maxima from (10) (with ω = vqz) or from
(11) (with qSL = ∆kz) is equivalent.
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One should, however, note that, when the sound velocities in the QD and
barriers are considered in the simulations (instead of a mean velocity), the
frequencies predicted by the interference scheme differ slightly from those
predicted by Rytov’s model for small N values. However, the former tend
towards the latter rather rapidly (typically for N ≥ 5) [14].

May we infer that the zone-folding scheme and the interference one are
equivalent? Certainly, not. Significant differences have to be pointed out. Be-
cause of the periodicity of an infinite SL, crystal momentum is conserved in
the scattering process and sharp peaks (doublets) are observed. In the inter-
ference scheme no periodicity is required. Wavevector is not conserved, all
modes are likely to contribute, and peaks appear because of constructive in-
terferences (their width depends on the number of layers N (Fig. 15)). In Ry-
tov’s model zone folding and gap opening originate in the difference between
the acoustic properties of the two materials. As Raman-scattering interfer-
ences are due to the spatial localization and distribution of the electronic
states, they do not require acoustic mismatch: localized electronic states dis-
tributed within a single acoustic medium are likely to lead to interferences.

In the interference scheme no periodicity has to be assumed; it can there-
fore be applied whatever the number of QDs layers, i.e., from a few layers to
SL [14]. In contrast, the zone-folding scheme is valid only for ideal periodic
SL. The low-frequency Raman scattering in finite QD multilayers cannot be
assigned to zone folding and subsequent wavevector conservation. The zone-
folding scheme has a solely practical interest as it allows one to easily predict
how peaks or doublets shift and merge together when varying the interlayer
spacing. Changing d is equivalent to exploring minizone dispersion branches.

There have been some reports on Raman scattering in QD multilayers
invoking folded acoustic modes contributions (despite the often small number
of QD layers involved) [15, 16, 57, 58]. Assignments were made by considering
only the peak frequencies. To determine the scattering mechanism one very
often has to go beyond this simple procedure and perform Raman-scattering
intensity simulations.

Milekhin et al. [15, 16] reported the simultaneous observation of oscilla-
tions and a broad continuous emission. They suggested that the oscillations
are superimposed on the continuous emission, and invoked different scatter-
ing mechanisms: oscillations were assigned to folded acoustic phonons and
continuous emission to the breakdown of the crystal momentum conserva-
tion. Within the interference scheme discussed above, it is possible to assign
the simultaneous observation of oscillations and continuous emission to a
single mechanism: it may result from interferences with a limited or reduced
interference contrast (to be discussed below; Sect. 3.3).

Low-frequency Raman spectra of GaAs and AlAs QDs embedded in InAs
were reported by Tenne et al.; fivefold stacks were shown to display doublet
peaks that were assigned to folded acoustic phonons [58]. There is a no-
ticeable difference from the results discussed above. The measurements were
performed in resonance with the E1 transition of the InAs barriers (GaAs
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and AlAs dots embedded in InAs actually form antidots). Identifying the
electronic states involved in the scattering is thus a crucial issue.

Resonance is, however, not a prerequisite for observing Raman-scattering
interferences. Indeed, Giehler et al. [90] reported interference effects in acous-
tic Raman scattering from GaAs/AlAs finite-size mirror-plane superlattices.
Interferences were shown to arise from phase shifts between the contribu-
tions of different layers to the scattering intensity. Experimental results were
compared to calculations performed assuming photoelastic scattering. The
interferences depend sensitively on the stacking sequence and the modula-
tion of the photoelastic constants [90]. The photoelastic model is useful far
from electronic resonances [86] and has been widely used to calculate low-
frequency Raman spectra of planar superlattices [83, 87, 91]. The scattering
efficiency within each layer is included by means of photoelastic constants
(instead of the electron–phonon interaction in (7)) and the contributions of
the different layers are summed coherently. Obviously, similarities with the
interferences arising from resonant excitation of localized electronic states
exist. The modulation of the photoelastic constants and the localization of
the electronic states play equivalent roles; they determine the form factor
and the envelope of the signal, and thus the relative intensity between and
within doublets. The intensities reflect the Fourier components of the pro-
files [86, 92]. We emphasize that a very strong modulation of the photoelas-
tic constants in the photoelastic model is equivalent to considering strongly
localized electronic states in the resonant Raman-interference model. For in-
stance, the modulation PGe = 10 and PSi = 1 considered in [84] can be
transposed into the corresponding step profile of the photoexcited electronic
states. One should keep in mind that photoelastic constants may be complex
numbers and undergo noticeable changes versus photon energy [89, 93, 94].
Most measurements are performed in energy regions where at least one of
the constituents absorbs light and hence resonance effects cannot be ruled
out. In particular, the Ge/Si and InAs E1 resonances were shown to be very
broad [75, 76].

Within the photoelastic model, the scattering intensity is written as the
square modulus of the Fourier transform of the polarization field [95]. Unlike
for resonant scattering from localized electronic states, one performs a single
integral, including the phonon- and photon-related terms. The contributions
of the photons therefore differ in those two descriptions. It is noteworthy
that in the calculation of photoelastic scattering in superlattices (includ-
ing elastic, photoelastic and complex refractive-index modulations) presented
by He et al. [95], expressions given for backward and forward scattering in-
clude the interference function defined above (9).

The interference effects discussed in [90] and in [12–14] are basically sim-
ilar: they originate in the coherent sum from different parts of the structures
and can be discussed in terms of spatial distributions (structure factors).
They allow the investigation of finite-size effects otherwise hardly accessi-
ble [14, 90].
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It is worth mentioning that interferences may also arise when differ-
ent electron–phonon coupling mechanisms have to be considered simulta-
neously [96, 97].

3.3.2 Vertical Ordering

The Raman-scattering interferences depend on electronic confinement within
the QD (form factor) and on relative QD positions (structure factor). It is
well known that the structure factor determines not only the interference
period but also the interference constrast. Unlike the interference envelope
and interference period, the interference contrast has not been discussed yet.
In order to illustrate how the Raman-scattering interferences depend on the
spatial distributions of the localized electronic states, we shall now consider
explicitly three-dimensional distributions of QDs in multilayers.

Different spatial-correlation regimes can be explored by varying the inter-
layer spacing in QD multilayers [65]. The results presented below deal with
fivefold Ge/Si QDs stacks belonging to the series presented in [65, 98]. The
vertical alignment of the QDs was investigated by means of TEM [65] and
X-ray diffraction [98].

Figure 17 presents both experimental and simulated spectra of Ge/Si
QD multilayers [13]. Together with each experimental spectrum, two calcu-
lated spectra are shown; they were calculated considering perfect vertically
correlated island distributions (QDs have identical positions within the five
layers, no inplane ordering) and random QD distributions in all layers (finite
sampling effects were avoided by summing spectra calculated for many QD
distributions).

Prior to focusing on spatial-correlation effects, it is worth commenting
on the stacking effects discussed in the previous section. The experimental
data reported in Fig. 14 were actually taken from Fig. 17. Unlike for spec-
tra C, D, and E, identifying the interference period and doublet splitting
is not straightforward for spectra A and B (Fig. 17). Indeed, the doublet
splitting vanishes for spectrum B and is about half the interference period
for spectrum A (Fig. 14). Once the contributions of the +qz and −qz com-
ponents are identified, one can measure the interference period; it decreases
when d increases. For a given number of QD layers (here N = 5), the width
of the constructive-interference peaks decreases rapidly when d increases, as
expected from (9).

Let us now discuss the interference contrast. Concerning the experimental
data, Fig. 17 clearly shows that the interference contrast decreases with in-
creasing interlayer spacing d. For a given interlayer spacing, simulations show
that the interference contrast is strong for vertically correlated QDs and weak
for random QD distributions. On the one hand, the experimental spectra A,
B and C are similar to those calculated with vertically correlated QDs. On
the other hand, spectra D and E are rather similar to those calculated with
random QD distributions.
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Fig. 17. Experimental (noisy curves labelled exp.) and simulated (0% and 100 %
stand for random and vertically aligned QDs, respectively) spectra of Ge/Si QDs
multilayers (N = 5). d ranges from 12.5 to 100 nm. The QDs have the shape of
planoconvex lenses with a mean height h � 6 nm and base diameter φ � 85 nm.
Spectra A and B were obtained with an experimental resolution of 2 cm−1; spec-
tra C, D and E were recorded with 1.2 cm−1 resolution in order to resolve fine
structures. From [13]
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In order to illustrate how the interferences depend on the QD’s spatial
distributions, let us consider localized electronic states that are distributed
within an infinite homogeneous acoustic medium. These electronic states in-
teract with an acoustic mode, i.e., a plane wave. Light is assumed to propagate
(along the growth axis) in a homogeneous medium as well. The corresponding
Raman intensity I(qz , q||) is proportional to [13]:

∑
p

Spp(q||) + 2�e

⎛
⎝∑

p�=p′

ei(∆kz+qz)(zp−zp′)Spp′
(
q||

)
⎞
⎠ , (12)

where

Spp′(q||) =
∑
lp,l′

p′

e
iq|| · (rlp−rl′

p′ ) , (13)

where Spp(q||) and Spp′(q||) are spatial correlation factors between electronic
states within layer p and between layers p and p′, respectively. The electronic
state location (QD position) is given by zp and rlp along the growth direction
and inplane, respectively. The electronic states under consideration are those
that are excited optically and play the role of intermediate states in the
resonant light-scattering process.

If one considers identical QDs inplane distribution in each layer, Spp =
Spp′ with p and p′ arbitrary; the Raman intensity is proportional to Spp(q||)H2

(qz + ∆kz) (8). For the sake of simplicity, a single acoustic-wave compo-
nent (+qz) was considered to derive (12). By including the −qz compo-
nent, the second interference term (H2(qz − ∆kz)) and the mixed term
(H(qz +∆kz)H(qz −∆kz)) would appear; see (8). Whereas interlayer inplane
distributions Spp′ might be correlated, within each layer the QD distribution
is random by nature. No constructive interferences are therefore expected
from the Spp structure factors.

Equation (8) refers to a given acoustic mode (qz and q||). At a given
energy or wave number, the Raman-scattering intensity I(ω) includes the
contributions of many acoustic modes; these modes have the same energy but
different qz and q|| components (ω = v

√
q2
z + q2

||). One has to keep in mind
that the weight of these contributions is given by the Fourier transform of
the probability density distribution of the photoexcited electronic states (7).

Electronic confinement in the QDs determines the phonons that may con-
tribute to the Raman signal. The more the electronic state is localized along
a given direction, the more the wavevector components along this direction
contribute. Here, the QD diameter is about one order of magnitude larger
than its height. Hence, the phonons giving a significant contribution do have
small inplane wavevector components q||. Their wavevector orientation is thus
close to the growth axis. One may therefore consider pure longitudinal acous-
tic modes with isotropic dispersion.
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Fig. 18. Raman-interference contrast as a function of QD density and vertical
ordering degree. From [99]

The interference contrast thus depends on both the localization of the
electronic states excited within the QDs and the spatial correlation factors
Spp′ between QD layers. To probe interlayer correlations, the contributions
of q|| components are required; they are provided by the lateral localization
of the electronic states. Strong lateral localization implies activation of large
q|| components. On the contrary, for very large QD diameters, only q|| com-
ponents close to zero are activated: this is similar to the two-dimensional
quantum-well case. As far as spatial correlations are concerned, perfectly
correlated QD multilayers behave similarly to quantum-well multilayers.

The interference contrast may also strongly depend on the QD density
within the layers [99]. The higher the density, the more terms have to be
summed in the Spp′ correlation factors. Figure 18 shows how the interference
contrast depends on both the ordering and the QD density. For a given QD
density, the contrast increases progressively with the degree of vertical cor-
relation. For perfect vertical alignment, the contrast is independent of the
QD density. For random distributions a residual contrast is observed. Un-
like for perfect vertical correlation (100 %), it much depends on the density.
This residual constrast is a signature of a well-defined spatial correlation that
remains whatever the inplane distributions and corresponds to the stacking
along the growth axis. The ordering can be probed via the Spp′ correlation
factors. The way a given spatial distribution (i.e., a specific density and ver-
tical alignment degree) is probed depends on the q|| components that are
activated (i.e., the lateral electronic confinement). For a limited degree of
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Fig. 19. Raman-interference contrast CRaman vs. interlayer spacing d (symbols) [13,
100]. Comparison with the degree of vertical ordering measured by TEM (solid line)
[65] and X-ray diffraction (dashed line) [98]. Error bars correspond to 15 % heigth
fluctuations [13, 100]

correlation, one expects the contrast to decrease when the lateral localiza-
tion gets stronger.

It is worth noting that light absorption may also limit the interference
constrast. It determines, via the photon–electron interaction (for both the
excitation and emission steps), the contribution of the QDs belonging to
each layer; light has to reach the QD layer and to escape from the multilayer.
Optical absorption must thus be included in the simulations.

In order to derive quantitative information on the degree of order from
the experimental spectra (Fig. 17), one can define the following normalized
Raman-interference contrast: CRaman = (Cexp − Cran)/(Ccor − Cran), where
Cexp is the experimental contrast, Cran the contrast calculated with random
QD distribution and Ccor the contrast calculated with vertically correlated
QD’s [13]. Perfect vertical correlation yields CRaman = 1, whereas a random
distribution gives CRaman = 0. CRaman thus provides a means of measur-
ing spatial correlations. CRaman is reported as a function of the interlayer
spacing in Fig. 19. Clearly CRaman → 1 for short spacings and CRaman → 0
for larger ones; CRaman undergoes a rather steep transition for d ≈ 70 nm.
Strikingly, this behavior is similar to that reported for the QD alignment de-
gree P measured by transmission electron microscopy (TEM) and by X-ray
diffraction [65, 98, 100].

Raman interference provides good statistical averaging over very large
QD ensembles, similarly to X-ray diffraction. In addition to the spatial cor-
relations discussed above, any structural fluctuation and inhomogeneity is
likely to reduce the interference constrast. For instance, QD-height fluctua-
tions (obviously present in real samples) reduce the interference constrast.
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Fig. 20. Cross-sectional TEM image of a InAs/InAlAs multilayer. From [101]

Note that these fluctuations affect both the form factor (the individual QD
response or envelope is changed) and the structure factor (the projection
along the growth axis of the distance between QDs belonging to different
layers fluctuates); they can be included easily in the simulations (Fig. 19).

The example provided above demonstrates that relevant structural infor-
mation can be derived from Raman-scattering interferences. Here one takes
advantage of the broad E1 resonance of the QDs, i.e., resonance and form-
factor effects are weak. Quantitative analysis requires, however, to compare
the experimental data to simulations, like in X-ray diffraction experiments.

3.3.3 In-plane Ordering

The Ge/Si QD multilayers discussed above display vertical ordering but ran-
dom inplane distributions. We shall now discuss structures displaying both
vertical and inplane ordering.

Self-assembled InAs/InP QD multilayers display vertical ordering (sim-
ilar to Ge/Si and InAs/GaAs QD multilayers). When InAlAs spacers (lat-
tice matched to InP) are grown instead of InP ones, remarkably staggered
arrangements are obtained [101, 102]. InAs actually forms wires elongated
along [11̄0]. The cross-sectional TEM image shown in Fig. 20 evidences the
staggered arrangement.

This arrangement results mainly from a phase separation taking place in
the InAlAs spacer layers. In-rich V-like arms originate from each InAs wire
(see the contrast changes in Fig. 20). The crossing points of two adjacent
arms is a preferential nucleation site for a new InAs wire in the subsequent
layer. With respect to its nearest neighbors in the layer underneath, its posi-
tion is shifted by half the inplane separation between wires. One may wonder
whether one can find some signature of this staggered arrangement (or ver-
tically anticorrelated distribution) in the Raman-scattering spectra.
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Fig. 21. Spectra of a InAs/AlInAs quantum wire multilayer with 15 nm spacer
layers. Spectra were simulated considering vertically correlated and staggered dis-
tributions (A1 and A2, respectively). Dashed lines correspond to spectra calculated
considering separately the +qz and −qz acoustic-mode components. From [78, 99]

Fig. 22. Schematic plots of quantum wire multilayers (cross section). All plots
display inplane ordering: within each layer wires are regularly spaced. The left plot
shows vertical alignment. The middle and right plots are obtained from the left
one by rigidly shifting the second layer (see the shift of the dashed line). When this
lateral shift equals half the inplane spacing between wires, a staggered arrangement
is obtained (right). An intermediate case corresponding to a smaller shift is also
shown (middle)
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Figure 21 shows the experimental spectrum (A) of a fivefold InAs/InAlAs
multilayer [99]. In order to evidence how the Raman scattering depends on the
specific arrangement simulated spectra are reported as well. They were calcu-
lated considering staggered (A1) and vertically correlated (A2) arrangements.
Schematic plots of these arrangements are shown in Fig. 22. By comparing,
for a given interlayer spacing, the staggered and vertically correlated distri-
butions, one expects the interference period (related to the layer stacking) to
be half that for the staggered arrangement. One should note that, owing to
the 15 nm InAlAs interlayer spacing and laser excitation used, the +qz and
−qz contributions in spectrum A1 are superimposed, whereas they are shifted
in spectrum A2. This can be evidenced easily by performing simulations con-
sidering separately the +qz and −qz components (Fig. 21) [78]. Therefore,
spectrum A1 displays regularly spaced peaks, whereas spectrum A2 displays
doublet features. The interference period in spectrum A1 is half that in spec-
trum A2, as expected. A clear signature of the staggered arrangement can
thus be found in spectrum A, i.e., in reciprocal space.

Notice that since a lateral superlattice is formed, wavevector conservation
applies for the inplane component q|| : q|| = m2π/d + (∆k||). Owing to the
large lateral dimensions of the wires (Fig. 20), large q|| do not contribute
much.

InAlAs spacers in the 10–15 nm range allow adjacent In-rich V-like arms
to join and provide well-ordered stacking sequences and improved wire-size
homogeneity [101]. For thinner spacers, these arms do not join: during growth
they reach separately the spacer-layer surface. Instead of a single nucleation
site, one gets two potential nucleation sites. Rather complex stackings are
observed [102]. One can, however, identify domains for which nucleation
has occurred according to the same nucleation-site type (one of the two).
Within these domains, the wire positions between subsequent layers are
rigidly shifted, by less than half (50 %) of the inplane separation between
wires (see middle panel in Fig. 22).

Simulations performed considering this simple spatial-distribution scheme
compare actually rather well with experimental data. Figure 23 shows the ex-
perimental spectrum of a fivefold InAs/InAlAs multilayer with 5 nm InAlAs
spacers and simulated spectra. The lateral positions of the wires between sub-
sequent layers were progressively shifted in the simulations from 0 % to 50 %
of the inplane wire spacing. The experimental spectrum displays some of the
characteristic features (see symbols in Fig. 23) that are obviously present in
the spectra with 30 and 40 % lateral-position shifts. From simple geometrical
considerations, one can show that a 35 % shift is consistent with the spacer-
layer thickness and the orientation of the In-rich V-like arms. Despite the
rather simple structural picture considered in the simulations, characteristic
features in the spectra are rather well accounted for.
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Fig. 23. Experimental spectrum (B) of a fivefold InAs/InAlAs multilayer with 5 nm
InAlAs spacers and simulations. Lateral positions of the wires were progressively
shifted from vertical ordering (0%) to staggered ordering (50%). The symbols (�,
∗) indicate some characteristic features [78]

3.3.4 Impurity Distributions

The substitution of As by N in GaAs leads to the formation of electronic
states strongly localized around the nitrogen impurity. Hence, at low con-
centration the nitrogen impurities can be viewed as isolated quantum dots
randomly distributed in a host matrix. This characteristic feature of dilute
nitride systems is responsible for their special electronic and optical proper-
ties: giant bandgap bowing [103–105], large effective masses [106, 107] and
unusual pressure dependence of the bandgaps [108, 109]. Calculations of the
electronic structure of GaAsN and GaPN, based on a pseudopotential super-
cell technique, were developed by Bellaiche et al. [110], Mattila et al. [111]
and Kent and Zunger [112, 113]. The composition and pressure dependence
of the lowest-energy conduction states were calculated and compared with
experiments [110–113]. It was shown that the optically active transitions in-
volve conduction electron states strongly localized around the nitrogen im-
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Fig. 24. Calculated (thin lines) and measured (bold lines) Raman spectra of the
GaAsN/GaAs quantum-well structures. Optical excitation has been performed at
1.91 eV, close to resonance with the E+ transition. The thickness of the GaAs
spacers is 12 nm and 24 nm for samples A and B, respectively. From [115]

purity and mixed with host-crystal states from the Γ , L and X edges of
the Brillouin zone. Mixing and localization of the electronic states were esti-
mated [111–113]. According to Kent and Zunger [112] and Wang [114] nearly
80 % of the electronic density localized around an isolated N impurity is inside
a sphere of 2 nm radius. It is interesting to use the Raman-interference effects
discussed above in order to investigate the electronic density distribution in
GaAs:N and to compare with theoretical predictions.

Figure 24 presents [115] Raman spectra measured on GaAsN/GaAs struc-
tures consisting of five GaAsN layers (9 nm thick) separated by 12 nm and
24 nm GaAs spacers. The nitrogen concentration in each layer is 0.8 %. The
scattering was excited in resonance with the highest-energy transition, known
in the literature as the E+ transition [105, 108, 116, 117]. Oscillations of the
scattered intensity are observed. Their period increases with decreasing sep-
aration between the GaAsN layers. They were interpreted as due to con-
finement of the resonantly excited state of GaAsN layers and to interference
between the contributions of each layer to the Raman-scattering process [115].

Following Mattila et al. [111] and Kent and Zunger [112, 113], the elec-
tronic states involved in the E+ transition consist of the nitrogen impurity
state hybridized with conduction host states from the Γ and L points of
the Brillouin zone. The localization and degree of mixing of these so-called
perturbed host states (PHS) depends on the impurity concentration [111].
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Fig. 25. Calculated Raman spectra for fixed localization length � = 1.25 nm and for
various average separations s between nearest-neighbor impurities. The calculations
were performed assuming random distributions of the nitrogen in each GaAsN layer.
From [115].

The spatial extension of the PHS wavefunctions can be comparable with
the average separation between impurities [112–114]. Hence, overlapping of
the wavefunctions, which should lead to the formation of an impurity PHS
band [114], is likely to occur.

The calculated Raman spectra of Figs. 24 and 25 were generated by
assuming the model presented previously for quantum wells and quantum
dots: resonant excitation of intermediate electronic states (conduction states
involved in the E+ transition) and interaction with longitudinal acoustic
phonons via deformation-potential mechanism. The electronic density local-
ized around an isolated nitrogen impurity was described [115] by a Gaussian
with half-width at half-maximum �. Actually, the wavefunctions are more
complex because of mixing with the host states [112–114]. The impurities
were randomly distributed in each GaAsN layer (in the plane and along the
growth direction). Their spatial distribution is characterized by the average
separation between impurities s. Thus, depending on the localization length
� and on the average separation s, the inplane distribution of the electronic
density can be either uniform (impurity-band formation and delocalization
of the PHS) or strongly fluctuating (impurity-like states). Figure 25 plots
the Raman spectra calculated for different (s/�) ratios (� is fixed). Since the
spatial distribution of nitrogen atoms is random, the dependence of the in-
terference Raman contrast on d/� is the same as that already discussed in
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Fig. 26. Inplane electron density distribution (cross section) used for the calcula-
tions of the resonant Raman spectra (shown only for two GaAsN/GaAs quantum
wells) and generated assuming coherent superposition of randomly distributed lo-
calized states centered on the nitrogen impurities. From [115].

Fig. 18 for quantum-dot multilayers with a larger interlayer spacing (i.e., with
no vertical alignment of the QD).

The maximum interference contrast is obtained for a probability density
distribution of the excited electronic states that is quasiuniform in the plane
of the quantum wells (s = �/5). On the other hand, localized and isolated
states (s = 5�) lead to a vanishing contrast. For a nitrogen concentration of
0.8 %, s is around 1.6 nm. The calculated spectra in Fig. 24 were generated
with � = 1.25 nm and s = 1.6 nm. The agreement with the experimental
spectra in terms of interference contrast is satisfactory given the simplicity of
the electronic wavefunctions used for the calculations. The strong interference
contrast in the measured spectra is due to overlapping of the wavefunctions
located at neighboring nitrogen impurities (impurity-band formation). The
electronic density distributions used for the calculation are shown in Fig. 26.

3.4 Surface Effects

3.4.1 Acoustic Mirror

We shall now discuss how the surface may play a role in the Raman-scattering
interferences. Acoustic modes consisting of two counterpropagating wave
components in each layer were considered when deriving the structure factor
given in (8). +qz and −qz refer to the components propagating away and to-
wards the sample surface, respectively. These components are linked together



274 Adnen Mlayah and Jesse Groenen

Fig. 27. Experimental and simulated Raman spectra for Ge/Si QDs bilayers (N =
2). The cap-layer thickness t is 65 and 35 nm for A and A′, respectively. From [14]

by the reflection at the sample surface: one thus deals with standing acoustic
waves. Unlike the two first terms in the structure factor, H2(qz + ∆kz) and
H2(qz−∆kz) we have focused our attention on so far, the third term depends
on the location of the QD layers stack with respect to the sample surface. It
includes simultaneous contributions of the two wave components:

2H(qz + ∆kz)H(qz − ∆kz) cos [2qz (t + (N − 1)d/2)] , (14)

where t+(N−1)d/2 is the distance between the middle of the QDs layer stack
and the sample surface and t gives the location of the first QD layer with
respect to the sample surface. This term corresponds to a periodic surface-
related modulation of the Raman intensity. Its period varies inversely with
t + (N − 1)d/2. Its spectral envelope is determined by the overlap between
H(qz + ∆kz) and H(qz − ∆kz).

Experimental evidence for the surface-related intensity modulation has
been found for Ge/Si QD bilayers with different Si final cap layers [14]. Both
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Fig. 28. Simulated Raman spectra of a double (N = 2) Ge/Si QDs layer stack for
the interlayer spacing d = 18.5 nm and with the distance between the first QD layer
and sample surface, t, ranging from 11 to 72.5 nm (from bottom to top). From [14]

experimental and simulated spectra are reported in Fig. 27. Interferences sim-
ilar to those discussed above are observed for the thick Si cap layer (65 nm).
An additional modulation could be resolved for the thin Si cap layer (35 nm).
The rather good agreement between simulations and experiments allows us
to assign this modulation to the surface-related term in the structure factor.

Simulations reported in Fig. 28 show that the scattered intensity de-
pends considerably on the final cap-layer thickness. The actual spectra are
determined by the interplay between the interlayer interferences and the
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surface-related modulation; the interlayer interference maxima are given by
qz ± ∆kz = 2π

d n and the maxima of the surface-related modulation by
qz = π

t+d/2m (see (10) and (14)), respectively. The surface-related modu-
lation is clearly observed for thin cap layers (lower part of Fig. 28). It is
worth noting that although the interlayer spacing is kept constant, the ap-
parent maxima shift when the cap layer thickness changes. For thick cap
layers (upper part of Fig. 28) the surface-related modulation is not resolved,
owing to the limited experimental resolution included in the calculations.

To account for Raman-intensity oscillations in Figs. 27 and 28 one can
propose an equivalent scheme. A standing acoustic wave (built up of two coun-
terpropagating plane waves) interacting with a QD bilayer can be viewed as
a single propagating plane wave interacting with two QD bilayers. One QD
bilayer is real and located at the distance z1 below the sample surface and
the second one is virtual and located at the distance z1 above the sample sur-
face (Fig. 29). This picture involves a virtual QD bilayer that is the acoustic
image of the real QD bilayer with respect to the sample surface. The surface
acts as a mirror for the sound waves (Fig. 29). The interaction (via a single
acoustic-wave component) between the QD bilayer and its acoustic mirror
image yields an oscillation period that scales inversely with the distance be-
tween the double QD bilayer and its acoustic image (from center to center),
i.e., twice the distance between the QD layer and the surface (Fig. 29). This
simple picture allows one to recover the interference scheme discussed pre-
viously for multiple QD layers: one observes interferences within the QD
bilayer and between the QD bilayer and its acoustic image. As the structure
has two characteristic distances, two interference periods are expected. The
interference contrast was shown to depend on the spatial correlations between
QD layers; the acoustic mirror yields a perfect spatial correlation, as far as
scattering of the acoustic waves by the surface inhomogeneities is negligible.

Let us now discuss structures containing many QD layers (N > 2). The
distance with respect to the sample surface increases obviously with the num-
ber of QD layers N (for a given interlayer spacing): hence the period of the
surface-related modulation decreases (even when the first QD layer is close
to the sample surface). Moreover, the number of QD layers determines also
the amplitude of the surface-related modulation. This amplitude is given by
the overlap between H(qz + ∆kz) and H(qz − ∆kz) (14), which depends
on the splitting between H(qz + ∆kz) and H(qz − ∆kz) and the spectral
linewidths of the interference function H(qz ±∆kz). The splitting beats as a
function of +∆kzd (Fig. 14) and the linewidths vary inversely with N (simi-
larly to optical gratings, the total length determines the spectral linewidths).
The amplitude of the surface-related modulation therefore rapidly decreases
when N increases. For N = 2, the observation of the surface-related modula-
tion is favored, because the overlap between H(qz + ∆kz) and H(qz − ∆kz)
is significant (the corresponding splittings in the interlayer interferences are
barely observed).
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Fig. 29. (left) Schematic view of a QD bilayer interacting with a standing acoustic
wave. (right) Equivalent picture where the surface acts as an acoustic mirror: the
real QD bilayer and its virtual acoustic image interact with a propagating plane
wave

3.4.2 Acoustic Cavity

One may wonder what happens in the Raman scattering of single QD lay-
ers. Following the structure factor (8) or the interference scheme (Fig. 29),
one can expect surface-related modulation to occur in a single QD layer
located close to surface. This surface-related modulation was reported for
single layers of InAs/InP QDs by Huntzinger et al. [11]. Milekhin et al. [17]
reported also periodic oscillations for a single layer of Ge/Si QDs (they were
attributed to LA modes localized in the cap layer). The spectra reported
in Fig. 10 do actually correspond to a structure containing a single layer
of InAs/InP QDs [11]. The spectra display well-resolved oscillations in the
acoustic-phonon frequency range. Oscillations are observed for excitation in
resonance with the QDs (upper part of Fig. 10) and in resonance with the
wetting layer (lower part of Fig. 10).

Unlike for QDs multilayers that may exhibit complex intensity modula-
tions due to the interplay between stacking and surface-related modulation
mechanisms (Figs. 27 and 28), one expects a rather simple behavior for a sin-
gle layer of QDs or a single QW. The presence of the surface solely generates
oscillations in the Raman-scattering intensity. Indeed, the structure factor
(8) simply reads [118]:

(1 − cos(2qzt)) , (15)

where t is the distance between the center of the QD layer and the sample
surface. Their period ∆qz equals π/t; it decreases when increasing the final
cap-layer thickness.
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Fig. 30. Experimental Raman spectra of a single InAs/InP QD layer before oxi-
dation (A and B) and after oxidation (A’ and B’) excited with the 488 nm Ar laser
line (i.e., close to resonance with the E1 gap of InAs). A and B have 9 and 15 nm
nominal InP cap layers, respectively. From [118]

Comparing (15) with experimental data, like those reported in Fig. 10,
is, however, somewhat disappointing. Whereas (15) accounts reasonably for
the frequencies of the intensity maxima, it fails to reproduce their intensities.
Sequences of strong and weak peaks can be identified easily, suggesting the
presence of an additional and slower modulation superimposed on the surface-
related oscillations discussed above.

The origin of this additional modulation was elucidated by varying sys-
tematically the thickness of the surface oxide layer [118]. The samples have
a thin native oxide layer. They were reoxidized using a UV-ozone treatment
in air. Figure 30 shows spectra of a single layer of InAs/InP QDs before and
after UV-ozone treatment [118]. Both spectra display sequences of strong and
weak peaks (i.e., the additional modulation just discussed). Obviously, oxida-
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Fig. 31. Simulated Raman spectra of: (a) a single InAs QD layer embedded in an
infinite InP medium and (b) a single InAs QD layer embedded in InP and located
15 nm beneath the sample surface. (c) same as in (b) plus a 1 nm oxide layer at the
surface. The height and diameter of the InAs QDs are 3 nm and 25 nm, respectively.
From [118]

tion yields pronounced intensity-modulation changes: intensity maxima shift
and that their relative intensities (from one maximum to the next) change.

Raman-scattering simulations provide an easy means of identifying, suc-
cessively, the roles of the surface and the oxide layer. Spectrum (a) in Fig. 31
was calculated considering a single InAs QD layer embedded in an infinite
InP matrix (i.e., no surface). Its spectral shape is determined by the Fourier
transform of the electronic density distribution. The spectrum vanishes at
zero wave number according to the activation of the acoustic phonon density
of states by the three-dimensional electronic confinement.

Except close to zero wave number, one observes a rather smoothly varying
spectrum. Spectrum (b) in Fig. 31 was calculated by considering the previ-
ous QD layer located 15 nm underneath the sample surface (i.e., embedded
between an infinite InP barrier and a 15 nm InP cap). It displays periodic
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oscillations, according to (15). They originate from the interaction of the QD
electronic states with standing acoustic waves. When the wavelength of the
acoustic mode varies (and thus the wave number in the spectrum), the elec-
tron centered on the QD experiences alternatively nodes and antinodes of the
standing wave: as a result the Raman intensity oscillates.

In spectrum (b), the amplitude of the oscillations changes smoothly if
one compares one intensity maximum to the next, since the envelope of the
surface-induced modulation is given by the Fourier transform of the elec-
tronic density, i.e., spectrum (a). This contrasts with the behavior pointed
out for the experimental data reported in Fig. 30 (see, for instance, spectra
B and B’). Simulations considering simply the acoustic-wave reflection at the
sample surface are obviously not able to account for the observed intensity
modulation. The intensity modulations in experimental spectra depend con-
siderably on the thickness of the oxide layer (Fig. 30). Spectrum (c) in Fig. 31
was calculated including an oxide layer at the surface. It displays a rather
complex intensity modulation, with respect to the oxide-free case. Unlike in
spectrum (b), the peaks are not regularly spaced. Below 30 cm−1, one ob-
serves an irregular sequence of strong and weak maxima. Above 30 cm−1, the
oscillations are strongly damped.

The mismatch between the oxide layer and InP is significant (unlike the
acoustic mismatch between InAs/InP, which is less than 2 %); it was esti-
mated to be about 35 %. The oxide layer behaves as an additional acoustic
cavity. With respect to the oxide-free structure, the acoustic-wave charac-
teristics are changed. Consequently, the phase conditions yielding intensity
maxima or minima in the interaction between the standing waves and the
localized electronic states are modified. The intensity modulation therefore
depends on the oxide layer thickness and on the acoustic mismatch between
the oxide layer and the structure beneath.

Figure 32 presents a comparison between simulations and experiments.
Striking changes are visible if one compares the experimental spectra B and
B’ (before and after oxidation, respectively). Whereas systematic doublet fea-
tures are observed before oxidation (B), a less-regular intensity modulation
is observed after oxidation (B’). In particular, one may identify in the 10 to
25 cm−1 range a characteristic triplet feature (a strong maximum surrounded
by two weaker ones) for B’. Simulations are also displayed. Good agreement
with experiments is obtained for both samples B and B’ (regular doublets
are obtained for B and the triplet feature is present for B’). The oxide-layer
obviously plays a crucial role in the scattering process. The cap-layer and
oxide-layer thicknesses considered in the simulations are consistent with the
oxidation sequence. The oxide layer grows, whereas the InP cap layer shrinks,
as expected. The cap-layer and oxide-layer thicknesses are 13.8 nm and 2.3 nm
for sample B and 12.8 nm and 3.2 nm for sample B’. One should note that,
owing to the very high phase sensitivity of the electron–acoustic-phonon in-
teraction (i.e., the interference-like nature of the phenomenon), very small
layer thickness changes can be detected.
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Fig. 32. Experimental (upper trace) and simulated (lower trace) Raman spectra
of a single InAs/InP QD layer (15 nm InP cap) before and after oxidation (B and
B’, respectively). The star denotes a plasma line. From [118]

No attempt to add more details in the model was made since it would have
obscured the fact that good agreement with experiment is already reached
using the current simple and verifiable model. Including QD size or thickness
fluctuations (which are obviously present in real samples) could be relevant,
however. Fluctuations or inhomogeneities reduce the oscillation contrast. At
zero wave number, the surface-induced modulation (15) has the same phase
whatever the cap-layer thickness (unlike the interlayer interferences). In a
single QD layer with QD size or cap-layer-thickness fluctuations, one expects
therefore the contrast to be reduced more and more when the wave num-
ber increases. This is likely to explain why the oscillation contrast above
≈ 25 cm−1 is lower in the experimental spectra than in the simulated ones
(Fig. 32).

For a given acoustic mode, its interaction with electronic states in QDs
(or in a QW) depends on the exact location with respect to the sample
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surface. Spectra excited in resonance with the QDs therefore do not display
the same modulation period as those excited in resonance with the wetting
layer (Fig. 10); the “acoustic paths” indeed differ. Choosing an appropriate
excitation energy allows us to select – by means of resonance – either the
QDs or the WL (upper and lower part in Fig. 10, respectively); see [11, 119].

The acoustic mirror and cavity effects are also relevant for the Raman
scattering in uncapped QDs. In this case, the spectral modulation of the
scattered intensity depends on the height of the QDs and on the thickness
of the oxide layer. Mean QD heights can be derived by comparing experi-
ments and simulations. As one deals with very short “acoustic paths”, even
the height fluctuations of the uncapped QDs can be estimated with a good
sensivity.

Phase shifts are a key issue in the acoustic mirror and cavity effects dis-
cussed here. Giehler et al. evidenced interference effects in acoustic-phonon
Raman scattering from GaAs/AlAs mirror-plane superlattices [90]. The mir-
ror plane symetry allows the introduction of controlled phase shifts. Addi-
tional phase shifts were obtained by introducing buffer layers in the center
of the mirror-plane superlattices. Raman scattering is very sensitive to these
phase changes. Rather complex stacking sequences were considered in [90].
The results discussed above deal with simple surface-related phase shifts.

4 Semiconductor and Metal Particles in the Strong
Acoustic Confinement Regime

In the previous sections we focused on the quantum confinement of elec-
trons and holes in QD and its consequences on the electron–acoustic-phonon
interaction. As underlined above, acoustic phonons are only weakly con-
fined in Ge/Si or InAs/InP QD because the mismatch between the acoustic
impedances of the dot and the barrier is rather small. Therefore, acoustic vi-
brations could extend over distances much larger than the QD size and even
than the average separation between quantum dots. This is at the origin
of the spatially coherent nature of the light-scattering process. In contrast,
confinement of acoustic phonons [120,121] is a characteristic feature of semi-
conductor CdS [122–124], Si [125, 126], Ge [127] and noble metal particles
Ag [128–133], Au [132], embedded in glass and polymers. In these systems, the
coherence length of the particle vibrations can be equated to the quantum-dot
size since penetration of the displacement field into the surrounding medium
is negligible. An important consequence is that the light-scattering process
loses its coherence in the sense that the overall scattering cross section from
the collection of quantum dots is simply the sum of the contributions of each
quantum dot (the scattering amplitudes must be squared and then summed).
Thus, the spatial arrangement of the QD inside the matrix will have no signa-
ture in the low-frequency Raman spectra. This is why, till now, all experimen-
tal data reporting the observation of acoustic phonons in matrix-embedded
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QD were interpreted in terms of single QD-effects. Collective effects are con-
sidered only in connection with inhomogeneous broadening of spectral lines
due to QD-size distribution. One can argue that collective effects, due to in-
teractions between QDs, should appear with increasing QD density, i.e., with
decreasing average separation. This situation occurs for silver particles that
were synthesized in reverse micelles and then deposited on a cleaved graphite
substrate [134,135]. The nanoparticles spontaneously self-organize and form a
monolayer of a perfectly ordered hexagonal network. The particles are spher-
ical (5 nm average diameter) and coated with dodecanethiol. The average
distance between particles (surface to surface) is 1.8 nm, which is comparable
to the length (2 nm) of a dodecanethiol chain [134,135]. Hence, the density of
particles is very large. Reflectivity and absorption measurements showed clear
evidence for interparticle interaction reflecting the delocalization of the elec-
tromagnetic field associated with the surface-plasmon oscillations [136, 137].
In contrast, the vibrational properties of these high-density and ordered par-
ticles can still be interpreted in terms of acoustic-phonon confinement in a
single particle [133]. Collective effects due to spatial ordering are absent be-
cause the dodecanethiol chains act as acoustic insulators. This underlines the
importance of the surrounding medium in determining not only the vibra-
tional properties of the quantum dots but also their optical properties.

4.1 Eigenfrequencies and Eigenmodes

4.1.1 Lamb’s Model

The vibrational dynamics of a continuous elastic and isotropic free sphere has
been first described by Lamb [18, 19]. The displacement field u is obtained
from Navier’s equation

ρ ∂2u/∂t2 = (λ + µ)∇(∇u) + µ∇2u , (16)

where ρ is the mass density and λ and µ are the Lamé coefficients. Equa-
tion (16) is solved by introducing a scalar potential and a vector potential
involving spherical harmonics labelled (l, m) and spherical Bessel functions of
the first kind. Continuity of the displacement and stress fields at the particle
surface are imposed [18,19]. These boundary conditions lead to secular equa-
tions that are solved numerically. The eigenmodes are labeled by the integer
n ≥ 1 in increasing order of frequencies. They can be classified into spheroidal
(breathing and twisting motion) and torsional (only twisting) modes. Each
frequency depends on the branch index n and angular momentum l, and is
2l + 1-fold degenerate. The quantized frequencies of confined acoustic vibra-
tions scale inversely with the particle size [138].

ωn,l = Sn,l
vT

cRp
, (17)
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where vT is the transverse sound velocity, c the light velocity and Rp the
particle radius; Sn,l is a factor depending on the mode (n, l) under consid-
eration. The frequencies of torsional modes depend only on the transverse
sound velocity, whereas those of spheroidal modes depend on the ratio of the
longitudinal and transverse sound velocities. For embedded particles Sn,l is
also affected by the acoustic-impedance mismatch between the particle and
the matrix [138–140].

4.1.2 Anisotropy in Lamb’s Model

The frequencies of fundamental (n = 1) spheroidal and torsional modes cal-
culated for a stress-free silicon particle [140] are quoted in Table 1. In the first
line of this table, the silicon nanocrystal is described as a continuous isotropic
sphere by uniformly averaging the longitudinal and transverse sound veloc-
ities over all crystallographic directions. The second line was obtained from
molecular dynamics simulations [141] recently reported by Saviot et al. [140].
These simulations give an estimation of the effect of anisotropy of the lon-
gitudinal and transverse sound velocities on the frequencies of the confined
acoustic-phonon modes. Table 1 shows that using averaged sound velocities
in Lamb’s model gives a reasonable agreement with the exact anisotropic
calculations based on molecular dynamics.

Table 1. Frequencies in cm−1 of the fundamental spheroidal and torsional vibration
modes of a free silicon nanoparticle. The particle radius is Rp = 3.4 nm. In Lamb’s
model, sound velocities uniformly averaged over all directions were used: vL =
(9017±233) m s−1 and vT = (5372±385) m s−1, where deviations due to anisotropy
are indicated. The frequencies calculated using molecular dynamics (MD) for a
sphere with cubic crystal elasticity are also shown. From [140]

Calculation method Lamb’s model Anisotropic MD

Spheroidal
l = 1 l = 2 l = 3 35.4 28.2 22.0 34.9 27.0 19.4
Torsional
l = 1 l = 2 48.3 21.0 50.4 19.4

4.1.3 Limitations of Lamb’s Model and Microscopic Approaches

With decreasing particle size, the validity of Lamb’s model becomes ques-
tionable. In particular the surface/volume ratio increases and the vibrational
dynamics of the particle becomes governed by the surface atoms rather than
by the inner atoms. Cheng et al. [21] used a microscopic valence force field
(VFF) model to investigate the phonon properties of Ge particles with sizes
between 47 and 7289 atoms. Two bond-stretching and bond-bending param-
eters were used for the calculation of the total energy change due to crystal
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Fig. 33. Phonon density of states of spherical Ge quantum dots. The largest
nanocrystal with N = 1147 has a radius Rp = 1.85 nm. The arrows indicate
the frequencies of surface vibrational modes that arise with decreasing QD size.
From [21]

vibrations. Figure 33 shows the phonon density of states (PDOS) of the Ge
quantum dots. Two peaks, indicated by arrows are visible at 25 and 37 cm−1

in the acoustic PDOS (0–100 cm−1). They emerge as sharp lines with de-
creasing quantum-dot size. Their frequencies are independent of the dot size.
In order to identify the origin of these peaks, Cheng et al. [21] calculated the
vibration squared-amplitude (VSA) of each atom and then selected the atoms
with the maximum VSA (MVSA). This allowed the atoms that participate
in a given displacement mode to be pinpointed. Thus, the vibration modes
could be classified as surface or volume modes with respect to the location of
the atoms having the maximum VSA. It is clear from Fig. 34, that the modes
below 50 cm−1 are basically surface modes. In particular, the surface charac-
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Fig. 34. Frequency dependence of the maximum value of squared amplitude
(MVSA). The VFF eigenmodes are classified into surface-like and body-like modes
according to the location of atoms with the maximum VSA. Plots of MVSA are
shown for different QD sizes; N indicates the number of atoms of the QD. From [21]

ter of the two low-frequency lines observed in the PDOS (Fig. 33) is strong.
What is the connection between the VFF eigenmodes of Figs. 33 and 34 and
the confined vibration modes of Lamb’s model? To connect the microscopic
and the continuous-medium approaches Cheng et al. [21] used a projection
of the atomic displacements obtained from the lattice-dynamical calculation,
along the displacement pattern calculated for the spheroidal (n = 1, l = 0)
and torsional (n = 1, l = 3) Lamb modes. The displacement-amplitude pro-
jections are then summed. The square of this sum is proportional to the total
vibration energy in the Lamb mode. It is therefore a measure of the contri-
bution of the particle eigenmodes to the Lamb mode onto which they are
projected [21].

For N larger than 800 (i.e., dot diameter ≈ 3 nm), the spectra of the
displacement-amplitude projections exhibit peaks at the frequencies pre-
dicted by Lamb’s model. These frequencies scale inversely with the dot di-
ameter, in agreement with (17).
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However, for N less than or about 800 the projections of the VFF
eigenmodes produce no peaks at the frequencies of the spheroidal (n =
1, l = 0) and torsional (n = 1, l = 3) Lamb modes. This is attributed
by Cheng et al. [21] to a breakdown of the Lamb model. Instead of confined
Lamb’s modes, surface lattice modes dominate the acoustic PDOS states and
become prominent for particles with N < 179 (Figs. 33 and 34). As a matter
of fact, for N ≈ 1700 nearly half of the atoms are located at the particle
surface and are therefore subjected to forces different from those experienced
by the inner atoms. Hence, the vibrational properties of very small clusters
consisting of a few hundreds of atoms can no longer be related to the bulk-
material parameters such as mass density and sound velocities. The concept
of phonon confinement itself becomes irrelevant.

The work of Fu et al. [22] on the vibrational properties of spherical GaP
quantum dots is also worth discussing. These authors investigated theoreti-
cally both acoustic and optical vibrations using an atomic force field model
developed for bulk GaP. Long-range Coulomb interaction was simulated by
points having the anion and cation effective charges and located at the ionic
positions. Short-range interactions were described by a VFF model [142,143]
taking into account coupling between bond stretching and bond bending and
between bond stretching of two nearest bonds. Fu et al. [22] used a dual tech-
nique (in real and reciprocal spaces) to analyze the vibrational eigenmodes
in terms of mode localization and mode mixing. This technique has been
also used by Qin et al. [144] to investigate the phonon modes of GaAs/AlAs
core-shell quantum dots.

In real space, the localization radius Rλ indicates the region of the QD in
which the vibration mode is localized (similarly to the MVAS parameter of
Cheng et al. [21])

R2
λ =

∑
i

∑
ρ

|Qρ
λ(i)|2|ri − rc|2 , (18)

where rc is the dot center and Qρ
λ(i) the ρ component of the phonon eigen-

vector of atom i vibrating in mode λ. Surface-like modes involve atoms at
the dot periphery Rλ ≈ Rp, whereas confined modes will be localized inside
the dot Rλ < Rp.

Moreover, instead of projecting the VFF vibration modes on Lamb’s
modes, as Cheng et al. [21] did, Fu et al. [22] used a projection on the bulk
vibrational states. The dot vibrations are analyzed in terms of spreading into
the Brillouin zone and branch mixing. The projection on Lamb modes al-
lows one to test the validity of the phonon-confinement model, based on the
continuous elastic-medium approximation, whereas the spread on bulk states
provides a valuable means of studying how the vibrations are modified by
surface and finite-size effects with respect to the infinite parent crystal. In
that sense, the approaches of Fu et al. [22] and Cheng et al. [21] are comple-
mentary.
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Following Fu et al. [22] the displacement vector uλ is expanded in terms of
the bulk vibration states ubulk

n,k belonging to branch n and with wavevector k

uλ(i) =
∑

n

∫
dk Cλ

n,k ubulk
n,k (i) . (19)

The coefficients Cn,k are calculated using the orthogonality of ubulk
n,k ; the

extension of vibration mode λ into the Brillouin zone [22] is then defined as

Pλ(k) =
∫

dkδ (|k| − k)
∑

n

|Cλ
n,k|2 . (20)

Pλ(k) is a Brillouin-zone parentage coefficient measuring the contribution
of bulk vibration states with wavevector length k to the dot vibration mode λ.

Figure 35 shows the acoustic and optic phonon density of states of GaP
quantum dots with diameter 2Rp ranging from 2.22 nm to 4.34 nm. The
PDOS of bulk GaP is also shown. With decreasing dot radius, new modes
emerge in the frequency gaps between acoustic and optical phonons, and
between transverse (TO) and longitudinal (LO) optical phonons. They can
be identified owing to their localization radius Rλ. Indeed, Fig. 35 presents
the frequency dependence of Rλ calculated using (18) and for a dot radius
Rp = 1.62 nm. The localization radii of gap modes are comparable to the dot
radius and are therefore classified as surface-like modes. This is particularly
verified for the modes located in the acoustic–optical phonon gap for which
Rλ = Rp. In the acoustic-phonon frequency range (ν2 = 0 − 50 THz2) the
surface character of the modes is rather strong: except for the modes around
9 THz2 and 40 THz2, the localization radii are larger than 1.1 nm, which is
around 0.7 Rp. The modes at 9, 40, 95, 113 and 138 THz2, showing local-
ization inside the dot (Rλ ≈ 0.8 nm) correspond to the sharp peaks in bulk
PDOS. The Brillouin-zone parentage Pλ(k) (20) indicate that these modes
have a strong contribution from zone-edge bulk states.

4.1.4 Matrix Effects

The investigated semiconductor and metal particles are far from being free:
They are embedded in a host matrix. However, the acoustic impedance of the
matrix is often either much smaller or much larger than that of the particle
and hence the particle surface can move freely or be rigidly fixed. In these
two limiting cases Lamb’s theory is still applicable and gives discrete sets of
vibrational eigenmodes [145]. Their frequencies depend on the size and on
the material parameters (density and sound velocities) of the particle only.
The eigenmodes are not broadened.

Dubrovski et al. [138] investigated theoretically the vibrations of an elas-
tic particle embedded in a homogeneous and infinite elastic matrix. Spherical
Hankel functions of the second kind were used for the displacement field inside
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Fig. 35. (a) Phonon density of states of GaP quantum dots and of bulk GaP
as a function of the square of the vibration frequency (1THz = 33 cm−1). The dot
diameter 2Rp ranges from 2.22 nm to 4.34 nm (given in Å in the figure). The arrows
indicate the bulk TO and LOphonons close to the Brillouin zone center. The shaded
areas show the gaps between acoustic and optic phonons and between the TO and
LO phonons of bulk GaP. (b) Localization radii from (18). The dot diameter is
2Rp = 3.25 nm. The arrows indicate the bulk states that contribute to the modes
with localization radii inside the dot interior. X, Σ and L refer to the Brillouin
zone edges in the [100], [110] and [111] directions, respectively. From [22]
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Fig. 36. Normalized mean-square displacements evaluated inside a silver particle
(Rp = 4.9 nm) embedded in BaO−P2O5 glass ; Rm/Rp = 100. Plots are shown from
bottom to top for spheroidal modes l = 0, 1, 2 and for torsional modes l = 1, 2.
Vertical and horizontal arrows indicate the frequencies and damping calculated
using the complex frequency model. The modes corresponding to horizontal arrows
that start at zero wave number are overdamped. From [20]

the matrix because it corresponds to an outgoing propagating wave. There-
fore, radiation of the vibrational energy from the particle to the surrounding
medium becomes possible and broadening of the vibrational eigenmodes takes
place, leading to complex-valued eigenfrequencies [138–140]. The radiated vi-
brations can be viewed as arising from the elastic scattering of the acoustic
plane waves, propagating inside the matrix, by the embedded particle [146].
In this complex frequency model (CFM) the eigenfrequencies are deduced
from the roots of the secular equations (continuity of the displacement and
stress fields) that can be solved numerically [140]. The CFM provides a good
description of the matrix influence on the nanoparticle vibrations in terms of
frequency shift and broadening of eigenmodes. However, othonormalized dis-
placement fields could not be obtained from the CFM, because their complex
amplitudes diverge with increasing particle size. This is due to the fact that
in the CFM the particle is embedded in an infinite matrix. Properly normal-
ized displacement fields are necessary not only for a complete understanding
of the matrix influence but also for the modeling of the interaction between
electronic excitations and acoustic vibrations [25].

Extending the work of Montagna and Dusi [147], Murray and Saviot [20]
and Saviot et al. [140], have recently proposed a model that allows one to
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obtain orthonormalized displacement fields for the particle vibrations. In this
core shell model (CSM) the spherical particle with radius Rp occupies the
center of a spherical cavity with radius Rm representing the matrix [148]. Rm

is much larger than Rp but finite. The particle and the matrix are homo-
geneous and isotropic as in the CFM. The equation of motion is solved for
Rm and Rp; continuity of the displacement and stress fields are fullfilled at
both Rm and Rp. In the macroscopic limit Rm/Rp 	 1, the boundary con-
ditions at Rm (rigid or stress-free surface) have no significant effect on the
calculated displacement fields. The displacement vectors are orthonormal-
ized according to total-energy conservation (time-independent energy in the
absence of dissipation) [20]. In order to evaluate the internal motion of the
particle vibrating in one of its eigenmodes, the displacement field is squared
and its mean value inside the particle calculated. Figure 36 shows plots of
the mean-square displacement as a function of frequency for spheroidal and
torsional modes of a silver particle (Rp = 4.9 nm) embedded in BaO−P2O5

glass. Vibration eigenmodes are obtained at all frequencies. They form a con-
tinuum, in contrast to the quantized eigenfrequencies of the free (Table 1)
and rigid-surface models. This is due to the fact that the eigenmodes are
no longer totally confined inside the particle. They are composed of particle
and matrix vibrations. For a given type of particle motion (breathing and
twisting or only twisting) and fixed value of the angular momentum l, the
amplitude of the displacement field inside the particle depends on frequency.
The first maximum of the mean-square displacement corresponds to the fun-
damental mode n = 1 and the maximum at higher frequencies to harmonics
(n > 1). The spheroidal mode l = 0 and all torsional modes are pure breath-
ing and twisting motions of the particle. For such modes, the mean-square
displacement changes rather smoothly with frequency. For the dipolar l = 1
and quadrupolar l = 2 spheroidal modes the plots are more complex because
these types of motion are composed of longitudinal and transverse vibrations
mixed together by the boundary conditions at Rp and Rm. The arrows in
Fig. 36 indicate the real and imaginary values of the complex frequencies,
calculated according to the CFM model. The CFM accounts well for the
frequency and broadening of the mean-square displacement from the CSM.
Some modes are predicted by the CFM but do not show up in the CSM. In
fact, the mean-square displacements displayed in Fig. 36 are representative
of the particle motion only. Matrix modes, predicted by the CFM, do not
appear in these plots.

As pointed out by Murray and Saviot [20] the matrix introduces new
modes [20, 140]. For instance, in the plot of spheroidal vibrations l = 1
(Fig. 36), both CSM and CFM predict modes around 3 cm−1, which are
identified as rattling modes (translational oscillations of the particles). They
originate from the restoring force imposed by the matrix on the particles. Sim-
ilarly, librational modes, corresponding to rotational oscillations of a nearly
rigid particle, were also found. An important issue of the core–shell model is
that it allows one to investigate the localization/delocalization of the vibra-
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Fig. 37. Normalized mean square displacement inside a silver particle (Rp =
4.9 nm) embedded in BaO–P2O5 glass; all plots are for spheroidal modes l = 0.
The sound speeds of the matrix are for BaO–P2O5. The mass density of the matrix
is scaled from BaO–P2O5 by factors 0.5, 1, 2.24, 4 and 6 (bottom to top). From [20]

tion modes by directly examining the displacement field. Figure 37 presents
plots of the mean-square displacement of the spheroidal mode l = 0 (same
as in Fig. 36) for various mass densities of the matrix [20]. The longitudinal
and transverse sound velocities are taken to be those of BaO–P2O5. Because,
for ρm = 0.5ρBaO−P2O5 and ρm = 6ρBaO−P2O5 , the acoustic-impedance mis-
match ρmvm/ρpvp between the particle and the matrix is large, the maxima
of the CSM agree well with the frequencies calculated for free and fixed parti-
cle surfaces (arrows in Fig. 37). In these two situations, the oscillations of the
mean-square displacement are well defined, reflecting the strong confinement
of the vibrations inside the particle. For ρm = 2.24ρBaO−P2O5 the acoustic
impedance of the particle matches that of the matrix for longitudinal waves.
The oscillations become weaker because the eigenmodes now also imply vi-
brations of the matrix. They can no longer be considered as solely modes
of the particle but rather as those of the particle/matrix system. In other
words, delocalization of the acoustic displacement field takes place when the
mechanical properties (mass density and sound speed) of the particle and the
matrix are very similar.

It is worthwhile mentioning that the concept of acoustic-impedance mis-
match ρmvm/ρpvp is defined for longitudinal (or transverse) plane waves
suitable for planar geometries (two-dimensional layering of the mechanical
properties) and must therefore be used with caution in the case of embedded
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quantum dots. Indeed, in spherical geometry the acoustic impedance depends
on both the longitudinal and transverse sound velocities. As a result, match-
ing of the boundary conditions at the matrix/particle interface could lead to
strong confinement of acoustic vibrations even when the longitudinal acous-
tic impedances of the matrix and the particle are very similar. This has been
recently pointed out by Saviot and Murray [149] for the case of gold particles
in diamond.

The CSM has been used [20] to study the vibrational properties of Na in
BaO–P2O5 glass, Si in glassy SiO2, CdS in SiO2 and in glassy GeO2. This
model provides the acoustic-phonon displacement fields of a spherical elastic
particle embedded in an elastic matrix. It is an important step towards a real-
istic description of the interaction between acoustic vibrations and electronic
excitations in quantum dots. Such a description is needed particularly for
a clear interpretations of the resonant Raman scattering and time-resolved
pump-probe experiments.

4.2 Optical Studies of Embedded Particles

The vibrations of matrix-embedded nanoparticles have been extensively stud-
ied using low-frequency Raman scattering [20,120–133,139,140,145,148,150–
152] and time-resolved pump-probe experiments [153–159]. Persistent spec-
tral hole burning was also used to investigate acoustic-phonon confinement in
NaCl, CuCl and KCl QD embedded in silicate [160–162]. Moreover, acoustic
phonons were observed recently as side bands in the tails of sharp lumines-
cence lines emitted by single CdTe/ZnTe [163] and InAs/GaAs [164] quantum
dots. In these systems the acoustic vibrations are bulk-like. We shall focus on
systems exhibiting strong localization of acoustic vibrations. Therefore, we
will not discuss the photoluminescence measurements performed on single
quantum dots even though they are very important for the understanding
of exciton dephasing processes and electron–phonon interaction in these sys-
tems [41, 163, 164].

Figure 38 shows low-frequency Raman spectra of silver nanoparticles em-
bedded in alumina [130]; The particles are roughly spherical and their diam-
eter ranges from 2.5 nm to 4.5 nm. The spectra were excited at 2.707 eV close
to resonance with the surface plasmon absorption band of silver QDs (around
3 eV). A peak is observed around 10 cm−1 for 2Rp = 4.5 nm; its frequency
increases with decreasing particle size.

Figure 39 presents the time-resolved transmission of silver particles (Rp =
13 nm) embedded in a BaO − P2O5 matrix [158]. Measurements were per-
formed using a two-color femtosecond pump-probe technique: a 80 fs near-
infrared pump first excites intraband transitions of the confined electron gas.
Then a 100 fs blue pulse probes the transmission change ∆T induced by the
pump around the plasmon absorption band. In these samples the reflectiv-
ity modulation is very weak and hence ∆T/T reflects mainly the change
of absorption. ∆T/T exhibits oscillations as a function of the pump-probe
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Fig. 38. Room-temperature Raman spectra of silver nanoparticles embedded in
alumina. The average diameter 2Rp of the particles is, from bottom to top, 2.5, 2.7,
3, 3.5, 3.8 and 4.5 nm. The excitation energy 2.707 eV is close to resonance with
the plasmon absorption band. From [130]

time delay (Fig. 39). The oscillations period and damping were extracted by
fitting an exponentially decaying cosine function to the experimental data.
For Rp = 13 nm, an oscillation period Tosc = 8.05 ps and a damping time
τ = 7.7 ps were deduced [158]. Del Fatti et al. [158] showed that the oscilla-
tions period increases with the particle size.

Figure 40 displays the frequencies of the Raman peak (Fig. 38) and of
the transmission modulation (Fig. 39) versus 1/Rp. Both frequencies scale
inversely with the average radius of the particles. The slopes are, however,
different. The vibration frequencies calculated using (17) and assuming a
free particle are shown in Fig. 40. The sound velocities of bulk silver were
used [158, 165]. The calculated frequencies of the fundamental quadrupolar
mode (n = 1, l = 2) agree rather well with the Raman measurements, whereas
those of the fundamental breathing mode (n = 1, l = 0) account well for the
time-resolved pump-probe experiments.

In Raman scattering, as well as in time-resolved pump-probe experiments,
the vibrational modes are revealed owing to their interaction with excitons or
plasmons depending on the semiconducting or metallic nature of the particle.
Therefore, only a few modes of the phonon density of states are optically
active: only those that couple efficiently to the electronic states are able to
scatter the light and modulate the optical absorption.

The Raman selection rules for a vibrating free sphere were discussed
by Duval [166]. According to the group symmetry of the proper and improper
rotations and to the symmetry of the polarizability tensor, only breathing
(n, l = 0) and quadrupolar spheroidal modes (n, l = 2) are Raman active.
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Fig. 39. Lower panel : time-resolved transmission of silver nanoparticles Rp =
13 nm embedded in BaO − P2O5. The insert shows the plasmon absorption peak
around 400 nm. Upper panel : oscillatory part of the transmission. The frequency
ωosc = 0.78 ps−1 and damping of the oscillations τ = 7.7 ps were determined using a
fit of an exponentially decaying cosine function to the experimental data. From [158]

Spheroidal modes with odd angular momentum (n, l = 1, 3, 5) and torsional
modes are forbidden. Moreover, Montagna and Dusi [147] predicted that
for cubic Bravais lattices and for scattering via the dipole–induced-dipole
mechanism only spheroidal modes (n, l = 2) are Raman active. These se-
lection rules hold for spherical free particles and nonresonant excitation of
the Raman scattering. Deviations are expected in the case of nonspherical
particles, noncubic lattices and for resonant excitation of the light scattering.
For instance, torsional modes become Raman active for ellipsoidal free parti-
cles [166] and matrix-embedded particles [140]. Moreover, for resonant exci-
tation the details of the coupling mechanisms between the confined phonons
and the electronic excitations should be taken into account in order to predict
the Raman activity [147, 167].

The agreement between calculated and measured frequencies in Fig. 40
allows one to assign the Raman scattering of Fig. 38 to the fundamen-
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Fig. 40. Frequencies of the vibration modes observed by resonant Raman scatter-
ing [130] and time-resolved pump-probe experiments [158] versus the average radius
of the particles. The solid lines show the frequencies of the (n, l) vibration modes
calculated using Lamb’s model ((17) and assuming stress-free boundary conditions
at the particle surface). The dashed line (mode (1,0)) was calculated for a silver
particle embedded in BaO − P2O5 glass. From [130, 158]

tal quadrupolar vibrational eigenmode (n = 1, l = 2) [129, 130, 166]. Al-
though allowed, Raman scattering by breathing eigenmodes (n, l = 0) is
very weak; it was reported only recently for silver particles with narrow
size distributions [132, 133]. All published measurements [120, 128, 129, 131–
133,150] confirm that Raman scattering in metal nanoparticles is dominated
by quadrupolar vibration eigenmodes. On the other hand, Fig. 40 shows that
the fundamental breathing mode (n = 1, l = 0) is responsible for the time
modulation of the optical transmission [158]. Quadrupolar vibration modes
(n, l = 2) of metal particles are not observed in time-resolved pump-probe
experiments. The vibration frequencies calculated using Lamb’s model agree,
for a stress-free particle, with both Raman and time-resolved measurements
(Fig. 40). This is remarkable since the particles (studied in Fig. 40) are not
free but matrix embedded. In fact, according to the CSM model of Murray
and Saviot [20], the BaO–P2O5 matrix has only a weak influence on the
vibration frequencies (see Fig. 37). As a matter of fact, the frequencies of
mode (1, 0) estimated assuming perfect particle/matrix contact (dashed line
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in Fig. 40) are only ∼ 5 % larger than those calculated for a stress-free par-
ticle [158]. In Fig. 40 one can notice that the calculated frequencies of mode
(n = 1, l = 2) are systematically somewhat overestimated with respect to
the measured Raman frequencies. As discussed by Palpant et al. [130] this is
likely due to resonance with the surface plasmon excitations. A matrix effect
would have shifted the vibration frequencies to higher values with respect to
the case of a free particle (dashed line in Fig. 37).

It is clear from Fig. 40 that resonant Raman scattering and time-resolved
optical measurements give complementary information on the vibrational
properties of QD since they measure different eigenmodes. This has been no-
ticed not only for metal particles but also for the semiconductor PbSe [168]
QD. Following the work of Montagna and Dusi [147], Ikezawa et al. [168]
suggested that, as for silver particles, the absence of spheroidal modes
(n, l = 0) in the Raman spectra of PbSe QD is due to the cubic-type crys-
tal structure. As a matter of fact, Verma et al. [139], Tanaka et al. [122],
Saviot et al. [124] and Ivanda et al. [169] observed Raman scattering involv-
ing quadrupolar (n = 1, l = 2) as well as pure radial (n = 1, 2, 3, l = 0)
vibration modes in CdS and CdSe nanoparticles that have a wurtzite-type
crystal structure. From the preceding discussion, some questions, which con-
tinue to stimulate experimental and theoretical studies of the vibrational and
optical properties of QDs, can be raised: 1. Why, in the metal particles, do
quadrupolar vibrations (n = 1, l = 2) dominate the Raman scattering, and
radial vibrations (n = 1, l = 0) the time dependence of the optical absorp-
tion? 2. What determines the Raman-intensity ratios in the semiconductor
quantum dots where both quadrupolar and pure radial vibrations are ob-
served [122, 124, 139]? 3. What are the main coupling mechanisms between
confined phonons and electronic excitations in metal and semiconducor quan-
tum dots?

4.3 Interactions between Confined Phonons
and Electronic Excitations

It is interesting to note that the Raman experiments reported in semicon-
ductor and metal particles have been performed in resonance, or close to
resonance, with excitonic or plasmonic transitions. For offresonance excita-
tion the particle signal becomes rarely detectable since scattering by acoustic
vibrations of the matrix dominates [124]. Therefore, selection rules, optical
activity of vibration modes and spectral lineshapes predicted for nonresonant
excitation of the Raman scattering [147, 166] should be reconsidered in the
case of resonant excitation. In particular, the electronic states involved as in-
termediate states in the resonant light scattering process and their coupling
mechanisms to the vibrations, play important roles.



298 Adnen Mlayah and Jesse Groenen

4.3.1 Exciton–Phonon Interaction in Semiconductor Particles

Sirenko et al. [25] investigated spin-flip and acoustic-phonon resonant Raman
scattering in CdS QD embedded in silica glass. The acoustic impedances of
the particle and the silica differ little, and hence phonon size-quantization
was not observed although it does exist [20]. Consequently, as for the Ge/Si
and InAs/InP QD, the scattering in CdS/silica glass is dominated by elec-
tronic confinement: the spectral shape of the Raman-scattering reflects the
probability density distribution of the electronic states excited inside the
quantum dots [25]. However, contrary to the Ge/Si and InAs/InP QD struc-
tures in which the electronic density is layered along (at least) one direc-
tion, the CdS particles are randomly distributed everywhere in the matrix.
Therefore, Raman-interference effects (as those discussed for Ge/Si multi-
layers) were not observed [25]. Sirenko et al. [25] showed that both spin-flip
and acoustic-phonon Raman scattering are well explained by the interaction
of confined excitons with bulk-like acoustic phonons via the deformation-
potential (DP) mechanism. Gupalov and Merkulov [167] extended the calcu-
lations of Sirenko et al. [25] by taking into account spin-orbit interaction in
the CdS valence band and acoustic-phonon confinement (Lamb’s model). In
particular, they obtained the Raman selection rules for deformation potential
exciton–phonon interaction: these selection rules are the same as those de-
duced from the symmetry of the polarizability tensor [147, 166], i.e., only
spheroidal modes (n, l = 0, 2) are allowed in the resonant Raman scat-
tering involving DP exciton–phonon interaction. Scattering by quadrupolar
(n, l = 2) modes is accompanied by hole spin-flip and gives rise to depolar-
ization of the emitted light [167]. Whereas, for scattering by radial modes
(n, l = 0) the incident and emitted polarizations are the same [167]. These
predicted selection rules and polarization behavior are in agreement with
experiments [122, 124, 139]. However, the relative intensities of the Raman
scattering due to (n, l = 2) and (n, l = 0) modes and their dependence on the
particle size and excitation energy still need to be investigated for a complete
understanding of the experimental data [122–124, 139]. Moreover, matrix ef-
fects should be taken into account in the calculations of the exciton–phonon
DP interaction and the Raman intensity, since the displacement field inside
the particle strongly depends on the dot/matrix acoustic properties. As al-
ready suggested by Murray and Saviot [20] this can be achieved by coupling
the CSM model with the Raman-efficiency calculations based on the approach
of Sirenko et al. [25] and Gupalov and Merkulov [167].

4.3.2 Plasmon–Phonon Interaction in Metal Particles

In their earlier work, Weitz et al. [120] and Gersten et al. [150] studied exper-
imentally the Raman scattering from rough metal surfaces produced by mild
anodization of silver and copper electrodes. They observed an intense low-
frequency peak that they ascribed to scattering by quadrupolar vibrations
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of size- and shape-distributed nanosized particles. For the interpretation of
their data Gersten et al. [150] developed a model based on the resonant exci-
tation of dipolar surface plasmons and on the plasmon-frequency modulation
due to the change of the electronic density with the particle motion. Only
quadrupolar (n = 1, l = 2) vibration modes were considered. Pure radial
vibrations (n, l = 0) were not expected to produce a significant modulation
of the plasmon frequency. The model of Gersten et al. [150] has been widely
referred to because it gives good agreement between calculated and measured
Raman frequencies and their dependence on excitation energy [120, 150]. In
addition, it is consistent with the experimentally proven fact that quadrupo-
lar vibrations dominate the Raman scattering in metal particles.

Nevertheless, coupling strengths of quadrupolar and radial vibrations with
surface plasmons, and their relative contribution to the light-scattering effi-
ciency, still need to be studied. The Raman experiments recently reported
by Courty and Pileni [133] and Portales et al. [132], where both quadrupolar
and pure radial vibrations are observed, open the way to interesting compar-
ison of calculations with experiments. Such a comparison should allow the
identification of the main coupling mechanisms between surface plasmons and
confined phonons responsible for light scattering and for time modulation of
the optical properties. Recently, Bachelier and Mlayah [170] reported calcu-
lations of the resonant Raman-scattering efficiency of silver particles. These
calculations are based on the three-step light-scattering process discussed
previously for semiconductor QD and QW. Various coupling mechanisms be-
tween confined vibrations and plasmons were discussed. Two of them, namely
deformation-potential interaction and surface-orientation modulation were
found to play important roles for Raman scattering as well as for the time
dependence of the optical absorption.

Surface Plasmon–Polariton States

For silver particles excited in the visible range, the intermediate electronic
states involved in the resonant light scattering are surface-plasmon–polariton
states (SPP). They were calculated in [170] using the dielectric confinement
model [171] that accounts well for the size dependence of the optical proper-
ties [136, 137, 172]. The metal dielectric response is given by

χ(ω, Rp) = −
ω2

p

ω2 + iωγ(ω, Rp)
+ χib(ω) , (21)

where ωp is the bare plasmon frequency and γ(ω, Rp) = γo + gs(ω)vF/Rp

the effective Drude damping due to electron scattering by the nanoparticle
surface [173]; vF is the Fermi velocity and gs(ω) describes the frequency
dependence of the electron-scattering rate by the particle surface. χib(ω) is
the interband dielectric response due to electronic transitons from the 4d
valence band to the 5 s conduction band [174]. According to Hovel et al. [175]
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χib(ω) is independent of the particle radius for Rp > 1 nm, and can therefore
be assumed to be equal to the interband susceptibility of bulk silver [176].

The electromagnetic field inside and outside the particle is computed from
Maxwell’s equations (i.e., including retardation effects). The usual boundary
conditions, continuity of the normal and tangential components of the mag-
netic and electric fields, are, respectively, applied. The electromagnetic field
Eω,L,M and polarization eigenvectors P ω,L,M form a continuum of states
distributed over all frequencies ω; (L, M) are integer numbers associated
with the spherical harmonics. The electric field inside the metal particle is
maximum at the particle surface. The surface character of the SPP states
increases with increasing L. Moreover, the electric field amplitude is fre-
quency dependent. It reaches a maximum at discrete values of ωL known
as Mie resonances [172]. For spherical particles, ωL is (2L + 1)-fold degen-
erate. It is worthwhile to underline that estimation of the light-scattering
efficiency requires a complete determination of the intermediate electronic
states. In particular, the normalization of eigenstates is of prime importance
for studying how the scattered intensity changes with particle size and excita-
tion energy. As in the core–shell model developed by Murray and Saviot [20]
for the particle vibrations, the SPP states in [170] were normalized by locat-
ing the particle at the center of a totally reflecting spherical vacuum cavity
and applying the electromagnetic boundary conditions at both particle and
cavity surfaces. The cavity radius was then made much larger than the parti-
cle radius. In this macroscopic limit, changing the cavity radius has no effect
on the electromagnetic field-amplitudes.

Deformation-Potential Coupling

In the framework of the dielectric confinement model, the interaction between
SPP states and confined phonons is treated in terms of modulation of the po-
larization vectors P ω,L,M by the particle motion. This interaction is respon-
sible for the scattering of surface plasmons–polaritons from state (ω, L, M)
to state (ω′, L′, M ′). The matrix element for vibration-induced dipolar inter-
action between SPP states reads [170]

Hvib−SPP = −
∫

particle

Eω′,L′,M ′δn,l,mP ω,L,MdV , (22)

where δn,l,mP ω,L,M is the polarization modulation of SPP state (ω, L, M)
by the vibration eigenmode (n, l, m); Eω′,L′,M ′ is the electric field associ-
ated with the final SPP state (ω′, L′, M ′). The integral in (22) runs over the
particle volume only, if the surrounding medium is vacuum.

Equation (22) is the interaction step of the resonant Raman process in-
volving the particle vibrations. δn,l,mP ω,L,M could have different origins.
For instance, Del Fatti et al. [158, 177] suggested that deformation-potential
coupling [178] between lattice vibrations and individual electronic states can
modulate the metal dielectric susceptibility and hence the SPP’s polarization
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vectors. Electronic interband transitions lead indeed to strong screening of
the bare-plasmon: the bare-plasmon energy in bulk silver is around 9 eV [179]
whereas the plasmon absorption band occurs around 3 eV. Hence, any modu-
lation of the interband dielectric susceptibility will reflect itself in the overall
dielectric response, thus leading to a modulation of the polarization vectors
δn,l,mP ω,L,M .

As mentioned above, size effects on the interband dielectric susceptibility
(χib(ω) in (21)) can be neglected for particles with Rp > 1 nm. Hence, the
modulation of χib(ω) can be derived by assuming bulk 4d and 5 s electrons
interacting with confined acoustic phonons via the DP mechanism. In this
case, the modulation δn,l,mP ω,L,M of the SPP polarization reads [170]

δn,l,mP ω,L,M = ε0χ
ib (ω)

(
De−ph

�ω − �Ωib
∇ · Dn,l,m

)
Eω,L,M , (23)

where De−ph (around −1.55 eV for silver) is the DP energy averaged over the
values calculated for zone center (Γ -point) and zone edge (L-point) electronic
states [180]; �Ωib is the energy of the 4 s − 5d interband transitions. Equa-
tion (23) holds for bulk metals as well. The only difference with a QD is the
displacement field Dn,l,m that accounts for the confinement of lattice vibra-
tions. Replacing (23) into (22) allows us to estimate and compare the coupling
strength of different vibration eigenmodes (n, l, m), provided the latter are
properly normalized. For instance, δ1,2,mP ω,L,M is found to be one order of
magnitude smaller than δ1,0,mP ω,L,M because of the weak displacement field
gradient associated with quadrupolar vibrations. This will obviously reflect
itself in the Raman activity of the vibration modes. Moreover, according to
(23), the DP SPP-vibration coupling strength is inversely proportional to
the energy difference �ω−�Ωib. It is therefore expected to be much stronger
when the interband transitions overlap with the surface plasmon excitations
as in gold and copper. However, damping of the interband transitions, not
taken into account in (23), should be an important limiting factor for the
coupling strength.

Surface Coupling Mechanisms

An important characteristic of nanosized particles is the large surface/volume
ratio. As discussed above, the surface atoms become very important for the
vibrational properties of small clusters (Figs. 33, 34 and 35). The surface
may also introduce new coupling mechanisms between vibrations and elec-
tronic excitations. This is well known for semiconductor quantum wells where
the confined electronic states are modulated by the rippling motion of the
QW/barrier interfaces [181]. In semiconductor quantum dots, the contribu-
tion of the ripple mechanism to the electron–acoustic-phonon interaction has
been studied by Alcalde et al. [182]. In metal particles, the equivalent of the
ripple mechanism would be the modulation of the SPP energies due to the
change of the particle size while oscillating. This coupling mechanism is in
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fact negligible for nanosized particles because in the long-wavelength limit
(2πc/ω 	 Rp), retardation effects are very weak and the SPP eigenfrequen-
cies depend only little on the particle size.

Moreover, according to (21) the effective Drude damping term is de-
termined by the collision rate of Fermi electrons on the particle surface.
Therefore, when the particle surface oscillates one expects a modulation
of the effective Drude damping term and hence of the intraband dielec-
tric susceptibility. According to [173], for a silver particle with Rp = 3 nm,
gs(ω)vF/Rp ≈ 220 meV that is rather small compared to the first SPP Mie
resonance (around 3 eV). Hence, modulation of the intraband susceptibility
via the Drude term should also be very weak.

As already pointed out by Palpant et al. [130], inhomogeneous broadening
of the surface-plasmon absorption band is due to the particle-shape distribu-
tion rather than to size distribution [183]. Hence, shape modulation of the
particle is expected to produce significant modulation of the surface plasmon.
As recently shown in [170], changes in the particle shape can indeed modulate
the SPP polarization vectors.

The polarization vectors P ω,L,M are associated with a distribution of po-
larization charges σω,L,M = P ω,L,Mn at the particle surface; (n being the
normal to the surface). Hence, while the particle oscillates, in its (n, l, m) vi-
bration mode, the surface orientation changes by (δn,l,mn); Therefore, the po-
larization charges are redistributed by δn,l,mσω,L,M = P ω,L,M .δn,l,mn. With
respect to the static situation (particle at rest) this can be interpreted in
terms of a polarization modulation δn,l,mσω,L,M = δn,l,mP ω,L,Mn.

To evaluate the polarization modulation δn,l,mP ω,L,M , δn,l,mσω,L,M is
expanded in terms of the basis of the surface polarization charges σω,L′,M ′ of
the motionless particle [170].

δn,l,mP ω,L,M = ε0χ(ω)
∑

L′,M ′

∫
σω,L′,M ′δn,l,mσω,L,M ·dS∫

σ2
ω,L′,M ′ · dS

Eω,L′,M ′ . (24)

The surface orientation (SO) mechanism [170] is very selective with re-
spect to the vibration-mode symmetry. Pure rotational and pure radial vi-
brations (n, l = 0) do not change the shape of the particle surface. Therefore,
they cannot interact with the SPP states via an SO mechanism. On the con-
trary, quadrupolar vibrations (n, l = 2) lead to a strong modulation of the
polarization charge distribution at the particle surface.

In the SO mechanism, the particle vibrations modulate the polarization
vector and not the dielectric susceptibility of the metal particle as in the DP
mechanism. Moreover, the modulation is proportional to the total dielectric
susceptibility χ(ω) (24), whereas for the DP mechanism it is proportional to
the interband dielectric susceptibility χib(ω) (23). Hence, the relative impor-
tance of DP and SO mechanisms depends on the SPP state energy �ω.
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Raman-Scattering Simulations

The Raman spectra of metal particles excited in resonance with SPP states
are obtained by assuming the three-step light-scattering process [40] in which
an SPP state (ω, L, M) is excited by the incoming photon, decays into another
state (ω′, L′, M ′), via emission or absorption of a confined (n, l, m) vibrational
quantum, and a scattered photon is emitted. Since the spherical symmetry is
preserved at the SPP-vibration interaction step, conservation of the angular
momentum implies the selection rules

|L − L′| ≤ l ≤ L + L′ , (25a)
L + L′ + l even , (25b)
M ′ − M = ±m . (25c)

On the other hand, there is no restriction on L and L′ because the spheri-
cal symmetry is not preserved at the photon absorption and emission steps
(interaction between plane waves and spherical harmonics).

According to Fermi’s golden rule [184] the decay rate of surface plasmon–
polaritons into electron–hole pairs is proportional to the electromagnetic field
amplitude inside the metal particle. The latter increases with increasing L,
i.e., with increasing confinement of the state. Hence, the SPP states with
L > 1 are strongly damped [175, 184] and their contribution to the resonant
Raman scattering can be neglected compared to that of the dipolar surface
plasmon–polariton states (ω, L = 1, M). Thus, when considering only dipolar
SPP states as the intermediate states in the resonant light-scattering process
(L = L′ = 1) selection rules (25a) and (25b) indicate that only pure ra-
dial (l = 0) and quadrupolar (l = 2) vibrations are Raman active. These
selection rules are the same as those deduced by Duval [166] from the sym-
metry of the polarizability tensor.

Figure 41 shows Raman spectra calculated for a silver particle with
Rp = 2.5 nm (from [170]). For deformation potential SPP-vibration coupling,
the Raman scattering (A) is dominated by the fundamental mode of pure
radial vibrations (n = 1, l = 0) and its first two harmonics. Quadrupolar
vibrations (n, l = 2) are allowed but their Raman intensity is very weak. Del
Fatti et al. [177] suggested that modulation of the interband susceptibility by
the particle vibrations via DP interaction is at the origin of the oscillations
observed [158] in time-resolved absorption measurement (Fig. 39). These os-
cillations (Fig. 40) are caused by pure radial vibrations (n = 1, l = 0). As
a matter of fact, calculations of the DP interaction between the SPP states
and the particle vibrations (23) indicate that pure radial modes couple more
efficiently than quadrupolar modes. On the other hand, Portales et al. [132]
proposed that the same modulation is responsible for the weak Raman bands
attributed [132, 133, 159] to pure radial vibrations (n = 1, l = 0). It is clear
from Fig. 41 that DP coupling could be responsible for the weak Raman bands
observed by Portales et al. [132] and Courty and Pileni [133]. However, it
cannot explain the fact that Raman scattering in metal particles is dominated
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Fig. 41. Raman spectra calculated for a silver nanoparticles with Rp = 2.5 nm
and for resonant excitation with the dipolar SPP state at 2.5 eV. The calculated
spectra correspond to the coupling via (A) deformation potential and (B) surface
orientation mechanisms. The frequency range 16–80 cm−1 is shown with ×10 mag-
nification for spectrum (B). The finite linewidths result from convolution with a
Lorentzian function. From [170]

by quadrupolar vibrational modes [131–133,150]. For SPP-vibration coupling
via the SO mechanism, the calculated Raman spectrum (B in Fig. 41) ex-
hibits peaks associated with the fundamental quadrupolar vibrational mode
(n = 1, l = 2) and its harmonics. As mentioned above, pure radial vibrations
are not active in the SO mechanism.

Since the acoustic displacement fields and plasmon–polariton electromag-
netic fields were properly normalized, it is possible to compare the Raman
efficiencies of DP and SO mechanisms. Figure 42 presents Raman spectra cal-
culated assuming both DP and SO interactions between the SPP states and
the particle vibrations. The particle radius is Rp = 2.5 nm and the spectra
were generated for resonant excitation of the SPP states at 2.5 eV and 2 eV.
Although matrix effects were not taken into account in the calculations of
the vibration eigenfrequencies, a size-dependent damping [158, 185] was in-
troduced. The intense low-frequency line in Fig. 42 is due to the fundamental
quadrupolar vibrations (n = 1, l = 2) emitted by the resonant SPP states
via SO coupling (see also spectrum B of Fig. 41). Scattering by the funda-
mental mode of pure radial vibrations (n = 1, l = 0) is responsible for the
weaker band around 22 cm−1 in Fig. 42 (see also spectrum A of Fig. 41). The
highest-frequency band has a mixed character: scattering by harmonic modes
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Fig. 42. Raman spectra calculated for a silver nanoparticle with Rp = 2.5 nm
and for resonant excitation with the SPP states at (A) 2.5 eV and (B) 2 eV. The
contribution of the deformation potentials and surface-orientation mechanisms are
represented by dotted and dashed lines, respectively. The total scattered intensity
is shown as bold lines. The linewidths result from the convolution with a Lorentzian
function (finite experimental resolution) and from the size dependence of the vi-
brational lifetime. From [170]

of quadrupolar (n = 4 and 5, l = 2) and pure radial vibrations (n = 2, l = 0).
Moreover, as mentioned previously, the DP/SO intensity ratio depends on
χib(ω)/χ(ω) (23 and 24). Hence, pure radial vibrations are more easily ob-
served for resonant excitation of SPP states with energy close to the interband
energy transition. The calculations of the resonant Raman spectra presented
in [170] are in agreement with the spectral lineshapes and intensity ratios
observed in silver particles [132, 133]. Moreover, the fact that scattering by
pure radial modes is more pronounced for gold particles than for silver [132]
is well explained by the smaller energy difference between surface-plasmon
excitations and interband transitions in gold (larger χib(ω)/χ(ω)).

It is interesting to note that both SO and DP coupling mechanisms con-
tribute to the Raman scattering. On the other hand, the dielectric suscep-
tibility of the particle is not affected by the SO mechanism. Only the DP
mechanism is expected to modulate the dielectric response of the particle.
This could explain why, in metal particles, quadrupolar vibrations dominate
the Raman scattering and pure radial vibrations the time evolution of the
optical absorption. Another possible explanation is that only pure radial vi-
brations can be emitted by the uniform charge density excited by the pump
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laser beam [159]. The calculations in [170] were performed for the simple
case of a spherical particle surrounded by vacuum. Nonsphericity and matrix
effects should be taken into account for a detailed comparison with experi-
ments. Such effects will affect both the vibrational and optical properties, as
well as the coupling between surface-plasmon states and particle vibrations.

5 Conclusions

In this Chapter we have discussed selected recent theoretical and experimen-
tal works on Raman scattering in low-dimensional systems. The Chapter was
limited to acoustic-phonon resonant Raman scattering in semiconductor and
metal quantum dots. The central idea that guided us was the use of acous-
tic phonons as a means of studying electrons and plasmons. The latter are
selected from the whole density of states using a resonant optical excitation.
When light and sound propagate freely over distances comparable to typical
lengths of localization and ordering of electronic states, diffraction and in-
terference effects in the Raman-scattering process appear. Strong similarities
between X-ray diffraction techniques and acoustic-phonon Raman scattering
can be found. The spectral distribution of the low-frequency Raman intensity
is the Fourier transform of the electronic-density distribution. It is, however,
carried out by sound instead of light. Moreover, we showed that simulations
of Raman spectra are an invaluable tool for extracting, from the experimental
data, information on the spatial localization and spatial correlation of elec-
tronic states. Inverse Fourier transform analysis of the low-frequency Raman
spectra is being developed in our laboratory for acoustic imaging of the prob-
ability density distribution of the excited electronic states. Throughout the
Chapter we have underlined the spatially coherent nature of the scattering
process. The transition from coherent to incoherent scattering is a very in-
teresting aspect that still needs to be investigated in connection with phonon
damping and localization.

The reflection of sound waves at a surface, and its effects on the electron–
phonon interaction, open up interesting prospects for the control of exciton
dephasing rates in quantum dots. For instance, surface patterning combined
with self-ordering of quantum dots could be used to enhance or inhibit the
electron–phonon interaction. Moreover, the wavelengths of acoustic phonons
revealed by Raman-scattering range typically from 1 to 30 nm. Hence, they
are specific probes of the surface roughness on the nanometer scale and the
nature of the surface itself. In this case, the buried quantum dots can be
viewed as built-in acoustic detectors. They only serve for scanning the reflec-
tion coefficient of the sound waves as a function of frequency.

For systems exhibiting strong acoustic-phonon confinement, the challenge
lies in the description of the various coupling mechanisms between the vi-
brations and the electronic excitations. For semiconductor quantum dots,
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deformation-potential electron–phonon interaction has been already investi-
gated by several groups; however, the relative Raman efficiencies due to the
different confined vibration modes as well as matrix effects on the electron–
phonon interaction still need to be investigated. For metal particles, in addi-
tion to deformation-potential electron–phonon coupling, the large dielectric
mismatch between the particle and the matrix introduces a coupling mech-
anism related to the surface polarization charges. The dependence of the
vibration–surface-plasmon interaction on particle shape, interparticle inter-
action and on the dielectric properties of the surrounding medium should be
investigated both theoretically and experimentally.

For very small particles, containing less than a thousand atoms, the con-
tinuous elastic models and the concept of phonon confinement itself become
questionable since the surface atoms predominate. As a result, not only mi-
croscopic approaches are required for the calculation of the vibration eigen-
modes, but the electron–phonon coupling mechanisms themselves must be
reconsidered.
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Abstract. This Chapter presents the current status of phonon-dispersion studies
using very high energy resolution inelastic X-ray scattering. The theoretical back-
ground and the instrumental principles are briefly summarized. This is followed by
a representative selection of studies on single crystals and polycrystalline materials,
including high-pressure work. The Chapter concludes with novel applications of the
technique.

1 Introduction

The study of phonon dispersion in condensed matter at momentum trans-
fers, Q, and energies, E, characteristic of collective motions has been tradi-
tionally the domain of neutron spectroscopy. The experimental observable is
the dynamic structure factor S(Q, E), which is the space and time Fourier
transform of the density–density correlation function. Neutrons as the prob-
ing particle are particularly suitable, since 1. the neutron–nucleus scattering
cross section is sufficiently weak to allow for a large penetration depth, 2. the
energy of neutrons with wavelengths of the order of interparticle distances
is about 100 meV, and therefore comparable to typical phonon energies, and
3. the momentum of the neutron allows the whole dispersion scheme to be
probed out to several tens of nm−1, in contrast to inelastic light-scattering
techniques such as Brillouin and Raman scattering that can only determine
acoustic and optical modes, respectively, at very small momentum transfers
close to the Γ -point in reciprocal space. While it has been pointed out in
several textbooks that X-rays can, in principle, also be utilized to determine
the S(Q, E), it was stressed, however, that this would represent a formidable
experimental challenge, mainly due to the fact that an X-ray instrument
would have to provide an extremely high energy resolution. This is under-
stood considering that photons with wavelength λ = 0.1 nm have an energy
of about 12 keV. Therefore, the study of phonon excitations in condensed
matter, which are in the meV region, requires a relative energy resolution of
at least ∆E/E = 10−7.

On the other hand, there are situations where the use of photons has im-
portant advantages over neutrons. One specific case is based on the general
M. Cardona, R. Merlin (Eds.): Light Scattering in Solid IX,
Topics Appl. Physics 108, 317–370 (2007)
© Springer-Verlag Berlin Heidelberg 2007
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consideration that it is not possible to study acoustic excitations propagat-
ing with a speed of sound vs using a probe particle with a speed v smaller
than vs. This limitation is not particularly relevant for inelastic neutron scat-
tering (INS) experiments of crystalline samples. Here, the translation invari-
ance allows acoustic excitations in high-order Brillouin zones to be studied,
thus overcoming the above-mentioned kinematics limit on phonon branches
with steep dispersions. On the contrary, the situation is very different for
topologically disordered systems such as liquids, glasses and gases. In these
systems, in fact, the absence of periodicity imposes that the acoustic exci-
tations must be measured at small momentum transfers. Thermal neutrons
have a velocity in the range of 1000 m/s, and only in disordered materials
with a speed of sound smaller than this value (mainly fluids and low-density
gases) the acoustic dynamics can be effectively investigated. A second spe-
cific case, particularly relevant in the present context, concerns the necessary
sample volume in order to perform an INS or IXS experiment. While INS ex-
periments need sample volumes of typically several mm3, IXS measurements
can be performed utilizing volumes several orders of magnitude smaller (10−5

to 10−4 mm3). This opens up possibilities to study materials only available in
very small quantities and/or their investigation in extreme thermodynamic
conditions, such as very high pressure.

The above-mentioned advantages of IXS motivated researchers in the
1980s to develop an X-ray instrument. Attempts utilizing an X-ray gener-
ator with a rotating anode yielded an instrumental energy resolution ∆E
of 42 meV, but the photon flux was not sufficient to conduct an IXS exper-
iment [1, 2]. Using synchrotron radiation from a bending magnet at HASY-
LAB provided the necessary high photon flux, and the first pioneering exper-
iments were performed on graphite and beryllium with an energy resolution
of ∆E = 55 meV [3, 4]. This modest energy resolution and photon flux were
significantly improved by the construction of a dedicated instrument located
at a wiggler source at HASYLAB, where an instrumental resolution of 9 meV
could be achieved [5]. With the advent of third-generation synchrotron radi-
ation sources, namely the European Synchrotron Radiation Facility (ESRF)
in Grenoble (France), the Advanced Photon Source (APS) at the Argonne
National Laboratory (USA) and the Super Photon Ring (SPring-8) in Kan-
sai (Japan) the IXS technique gained its full maturity within a few years.
Thanks to the high brilliance of the undulator X-ray sources and important
developments in X-ray optics, experiments are now routinely performed with
an energy resolution of 1.5 meV. At present, there are worldwide four instru-
ments dedicated to IXS from phonons: ID16 and ID28 at the ESRF [6–8],
3ID at the APS [9], and BL35XU at SPring-8 [10], and at least two further
projects in an advanced design stage.

IXS is nowadays applied to a large variety of very different materials
ranging from quantum liquids through high-Tc superconductors to biolog-
ical aggregates. The present Chapter will focus on crystalline systems; for
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Fig. 1. The inelastic scattering process. Ei,f, ki,f and εi,f denote the energy, the
wavevector and the polarization vector of the incident (scattered) photon, and θs is
the scattering angle. E and Q are the energy and momentum transfers, respectively
(� = 1)

complementary overviews the interested reader is referred to other review
papers [5, 11–13].

2 Scattering Kinematics and Inelastic X-ray Cross
Section

The inelastic scattering process is depicted schematically in Fig. 1. The mo-
mentum and energy conservation impose that:

Q = ki − kf (1a)
E = Ei − Ef (1b)

Q2 = k2
i + k2

f − 2kikf cos (θs) , (1c)

where θs is the scattering angle between the incident and scattered photons.
The relation between momentum and energy in the case of photons is given
by: E(k) = �ck. Considering that the energy losses or gains associated with
phonon-like excitations are always much smaller than the energy of the inci-
dent photon (E � Ei), one obtains:

(Q/ki) = 2 sin (θs/2) . (2)

The ratio between the exchanged momentum and the incident photon mo-
mentum is completely determined by the scattering angle. Therefore, for IXS,
there are no limitations in the energy transfer at a given momentum transfer
for phonon-like excitations, in strong contrast to INS where a strong coupling
between energy and momentum transfer exists.

The Hamiltonian, describing the electron–photon interaction in a scat-
tering process, is composed, in the weak relativistic limit, of four terms [14].
Neglecting resonance phenomena close to X-ray absorption thresholds and
the much weaker magnetic couplings, only the term arising from the Thom-
son interaction Hamiltonian has to be retained:

HX-Th =
1
2

r0

∑
j

A2 (rj , t) , (3)
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where r0 = e2/mec
2 is the classical electron radius, and A(rj , t) is the vector

potential of the electromagnetic field in the rj , coordinate of the jth electron.
The sum extends over all the electrons in the system.

The double differential cross section is proportional to the number of
incident probe particles scattered within an energy range ∆E and momentum
variation into a solid angle ∆Ω. In the process, where a photon of energy Ei,
wavevector ki, and polarization εi, is scattered into a final state of energy Ef ,
wavevector kf , and polarization εf , and the electron system goes from the
initial state |I〉 to the final state |F 〉, we obtain:

∂2σ

∂Ω∂E
= r2

0 (εi · εf)
2 ki

kf

∑
I,F

PI

∣∣∣∣∣∣〈F |
∑

j

eiQrj |I〉

∣∣∣∣∣∣
2

δ (E − Ef − Ei) . (4)

The sum over the initial and final states is the thermodynamic average,
and PI corresponds to the thermal population of the initial state. From
this expression, which implicitly contains the correlation function of the
electron density, one arrives at the correlation function of the atomic den-
sity, on the basis of the following considerations: 1. We assume the valid-
ity of the adiabatic approximation. This allows one to separate the system
quantum state |S〉 into the product of an electronic part, |Se〉, which de-
pends only parametrically from the nuclear coordinates, and a nuclear part,
|Sn〉 : |S〉 = |Se〉|Sn〉. This approximation is particularly good for exchanged
energies that are small with respect to the excitations energies of electrons in
bound core states: this is indeed the case in basically any atomic species when
considering phonon energies. In this approximation, one neglects the portion
of the total electron density contributing to the delocalized bonding states in
the valence-band region. 2. We limit ourselves to considering the case in which
the electronic part of the total wavefunction is not changed by the scattering
process, and therefore the difference between the initial state |I〉 = |Ie〉|In〉
and the final state |F 〉 = |Ie〉|Fn〉 is due only to excitations associated with
atomic density fluctuations. Using these two hypotheses we then obtain:

∂2σ

∂Ω∂E
= r2

0 (εi · εf)
2 ki

kf

×

⎧⎨
⎩

∑
In,Fn

PIn

∣∣∣∣∣〈Fn|
∑

k

fk (Q) eiQRk |In〉
∣∣∣∣∣
2

δ (E − Ef − Ei)

⎫⎬
⎭ , (5)

where fk(Q) is the atomic form factor of the atom k and Rk its position
vector. The expression in the curly brackets contains the dynamical structure
factor S(Q, E). Assuming that all the scattering units in the system are equal,
this expression can be simplified by the factorization of the form factor of
these scattering units:

∂2σ

∂Ω∂E
= r2

0 (εi · εf)
2 ki

kf
|f(Q)|2 S(Q, E) =

(
∂σ

∂Ω

)
Th

|f(Q)|2 S(Q, E) . (6)
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For this specific case, the coupling characteristics of the photons to the
system, the Thomson-scattering cross section, is separated from the dynam-
ical properties of the system, and the atomic form factor f(Q) appears only
as a multiplicative factor. The corresponding INS cross section is obtained
by replacing the Thomson cross section and the atomic form factor by the
coherent neutron scattering length b of the element under study. For this
specific case, INS and IXS both probe the S(Q, E) in the same fashion.

In the case of single-crystal studies, and within the harmonic approxi-
mation, the general form of S(Q, E) for single-phonon scattering takes the
following form:

S(E, Q) =
∑

j

〈
n(E) +

1
2
± 1

2

〉
(Ej(q))−1

Fin(Q)δ (E ± Ej(q)) , (7)

where the sum extends over the 3k phonon modes of a crystal with k atoms
per unit cell. The first term in angular brackets is the Bose factor, which
describes the phonon population at temperature T , with the upper and the
lower signs corresponding to phonon creation and annihilation, respectively.
The inelastic structure factor Fin(Q) involves a sum taken over all atoms in
the unit cell:

Fin(Q) =

∣∣∣∣∣
∑

k

M
−1/2
k fk(Q)

[
ej

k(q) · Q
]
exp(iQ · rk) exp(−wk)

∣∣∣∣∣
2

, (8)

where Mk is the mass, exp(−wk) is the Debye–Waller factor and rk is the
position of atom k in the unit cell. ej

k(q) denotes the phonon eigenvector with
wavevector q of atom k in mode j.

It is important to note that different atomic species contribute differ-
ently to the S(Q, E) for neutrons and X-rays. This arises from the fact that
both the Q-dependence and the atomic number, Z, dependence of the X-ray
form factor and of the neutron-scattering length are substantially different.
The IXS cross section is proportional to fk(Q)2. In the limit Q → 0, the
form factor is equal to the number of electrons in the scattering atom, Z;
for increasing values of Q, the form factor decays with a decay constant of
the order of the inverse of the atomic wavefunction dimensions of the elec-
trons in the atom. Furthermore, for X-rays that are linearly polarized in the
horizontal scattering plane, (εi · εf) = cos2(θs). Figure 2 shows the relative
intensity as a function of Q for three different elements, namely aluminum,
manganese and palladium [15]. The solid curve of each graph shows only the
factor fk(Q)2 · Q2, whereas in the dashed curve the polarization factor is in-
cluded. While for the relatively light element Al, the drop in the atomic form
factor is not compensated by the Q2-term, this is no longer true for the two
heavier elements, where the Q2-dependence becomes dominant. However, the
polarization term ultimately leads to a functional dependence with a max-
imum that is displaced towards larger Q-values as a function of increasing
atomic number Z.
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Fig. 2. The product (f(Q) · Q)2 (solid line) and (f(Q) · Q)2 cos2(θs) (dashed line)
as a function of the momentum transfer Q at 22 keV (from [15])

To conclude this section, further similarities and differences between the
IXS and INS cross section are summarized below:

– X-rays couple to the electrons of the system with a cross section propor-
tional to the square of the classical electron radius, r0 = 2.82×10−13 cm,
i.e., with a strength comparable to the neutron–nucleus scattering cross
section b.

– The total absorption cross section of X-rays above 10 keV energy is lim-
ited in almost all cases (Z > 4) by the photoelectric absorption process,
and not by the Thomson-scattering process. The photoelectric absorp-
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Fig. 3. Efficiency of the IXS technique. See text for details

tion, whose cross section, σt, is roughly proportional to Z4, determines
therefore the actual sample size along the scattering path. Consequently,
the Thomson-scattering channel is not very efficient for systems with
high Z in spite of the Z2 dependence of its cross section, σc. In fact, the
flux of scattered photons within an energy interval ∆E and within a solid
angle ∆Ω can be written as:

N = N0
∂σ

∂Ω∂E
∆Ω∆EρLe−µL , (9)

where N0 is the flux of the incident photons, ρ is the number of scattering
units per unit volume, L is the sample length and µ is the total absorp-
tion coefficient. The quantity σc/σt (with σc = (r0Z)2 and σt = µ/ρ)
therefore provides a measure of the efficiency of the method for a given
photon energy. This ratio is reported in Fig. 3 as a function of atomic
number for monoatomic systems with an optimal sample length L = 1/µ
and f(Q) = Z. The step between Z = 39 and Z = 40 signifies the energy
of the K-shell absorption edge with respect to the incident photon energy
(in this case 17.794 keV). If the photon energy is smaller than the K-shell
binding energy, more sample can be probed, whereas in the other case an
additional absorption channel opens up, and consequently the scattering
volume is reduced. From the above, it is obvious that low momentum
transfer studies, often performed on polycrystalline samples, become in-
creasingly difficult for high-Z materials. For single-crystal materials this
limitation can be overcome by working in higher Brillouin zones, where
the Q2-increase of the inelastic cross section partly compensates for the
decrease of the f(Q).

– The IXS cross section is highly coherent, contrary to neutrons where it
is sometimes necessary to separate “a posteriori” the coherent, Sc(Q, E),
and incoherent, Ss(Q, E), contributions.
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– The magnetic cross section is negligible for IXS, whereas it is comparable
to the nuclear cross section for neutrons. Therefore, X-rays are essentially
insensitive to magnetic excitations, which can be helpful for separating
magnetic and lattice contributions.

3 Instrumental Principles

All IXS instruments are based on the triple-axis spectrometer as developed
by Brockhouse for INS. The three axes comprise the very high energy resolu-
tion monochromator (first axis), the sample goniometry (second axis) and the
crystal analyzer (third axis). A detailed account of the instrumental develop-
ments and the two different types of very high energy resolution monochro-
mators is given in [12]. Figure 4 shows a comparison of the schematic setup
for the instruments at the ESRF, APS and SPring-8. The X-ray beam from
the undulator source is premonochromatized by a silicon or a diamond (1,1,1)
double-crystal monochromator to a relative bandwidth of ∆E/E ≈ 2×10−4.
Due to the high heat load produced by the intense undulator beam, the silicon
crystals have to be cooled down to cryogenic temperatures of about 125 K,
where silicon displays a maximum in the thermal conductivity and a min-
imum in the linear thermal expansion coefficient. This allows the thermal
deformation of the crystal to be kept below the limits where photon-flux
losses occur. In the case of diamond conventional water cooling is sufficient
thanks to its thermal and diffraction properties. The necessary very high en-
ergy resolution is then obtained by either a monochromator, operating very
close to the backscattering geometry (ESRF and SPring-8) or by a multiple
crystal inline monochromator (APS). The highly monochromatized X-rays
are then focused onto the sample position by focusing optics. The scattered
photons are energy analyzed by a spherical perfect silicon crystal analyzer,
operated in the Rowland geometry, and at a Bragg angle of 89.98◦. In the
case of the most widely spread spectrometers, the momentum vector Q is
selected by rotating the analyzer arm in the horizontal plane. Most of the
IXS spectrometers are equipped with more than one analyzer so that spectra
at several momentum transfers can be recorded simultaneously. The X-rays
diffracted from the analyzer crystal are recorded by solid-state detectors,
which provide a very low background.

The energy-resolution requirements of an IXS instrument are not only
very demanding for the incident X-rays, but also for the energy analysis
of the scattered photons. An effective method to obtain X-rays with high
resolving power is based on Bragg reflection from perfect crystals. It can be
shown that the resolving power (E/∆E) is given by [16]:

(
∆E

E

)
=

dhkl

πΛext
, (10)
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Fig. 4. Schematic optical setup of the IXS instruments at ESRF, APS and SPring-8.
U: undulator, PM: high heat load premonochromator, MM: high-resolution main
monochromator, LDPM: large vertical deflection Si (111) monochromator, FM: fo-
cusing mirror, FML: focusing multilayer, S: sample, A: analyzer crystal(s), D: de-
tector. Sizes, lengths, and angles are not to scale

where dhkl denotes the lattice spacing, associated with the (hkl) reflection
order, and Λext the primary extinction length, a quantity deduced within
the framework of the dynamical theory of X-ray diffraction [16]. Λext in-
creases with increasing reflection order. In order to reach a high resolving
power, it is therefore necessary to use high-order Bragg reflections, and to
have highly perfect crystals. Such a perfect crystal can be defined as a pe-
riodic lattice without defects and/or distortions in the reflecting volume ca-
pable to induce relative variations of the distance between the diffracting
planes, ∆d/d, larger than the desired relative energy resolution: within this
volume ∆d/d � (∆E/E)h ≈ 10−8. This stringent requirement practically
limits the choice of the material to silicon.
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Geometrical conditions, besides the energy-resolution issues, are another
important aspect to use efficiently a high-order Bragg reflection. From the
differentiation of Bragg’s law, one obtains a contribution to the relative
energy resolution due to the angular divergence ∆θ of the beam imping-
ing on the crystal: ∆E/E = ctg(θB) · ∆θ. In order to reach the intrin-
sic energy resolution of the considered reflection, this angular contribution
should be comparable to or smaller than the intrinsic energy resolution.
In typical Bragg-reflection geometries ctg(θB) ≈ 1: consequently for high-
order reflections with (∆E/E)h ≈ 10−8, the required angular divergence
should be in the nRad range, i.e., values much smaller than the collima-
tion of X-ray beams available even at third-generation synchrotron radia-
tion sources. This geometrical configuration would induce a dramatic re-
duction of the number of photons Bragg reflected from the monochroma-
tor and analyzer crystals within the desired spectral bandwidth. An ele-
gant solution to this problem is the extreme backscattering geometry, i.e.,
the use of Bragg angles very close to 90◦. This provides very small values
of ctg(θB) (θB ≈ 89.98◦, ctg(θB) ≈ 10−4 ). In such a way ∆θ is increased
to values well above ∼ 20 µRad, and therefore becomes comparable to the
typical divergence of synchrotron radiation from an undulator source. En-
ergy scans are conveniently done by changing the lattice constant via the
temperature T : ∆E/E = ∆d/d = α∆T , where α = 2.58 × 10−6 K−1 is the
thermal expansion coefficient of silicon at room temperature [17]. In order
to obtain an energy step of about one tenth of the energy resolution, i.e.,
∆E/E ∼ 10−9, it is necessary to control the monochromator crystal temper-
ature with a precision of about 0.5 mK [18]. An alternative solution consists
of using asymmetrically cut crystals, for which the extreme backscattering
condition can be relaxed. This approach needs a multiple crystal setup where
the “outer” crystal pair collimates the beam down to a typical divergence
of 1 µRad, and the second “inner” pair of asymmetrically cut crystals, utiliz-
ing a high-reflection order, provides the very high energy resolution [19]. The
energy tuning for such a four-crystal design is achieved by rotating the inner
crystal pair with µRad precision.

Although the problems connected to the energy resolution are concep-
tually the same for the monochromator and for the analyzer, the required
angular acceptances are very different. The monochromator can be realized
with a flat perfect crystal. In the case of the analyzer crystal, however, the
optimal angular acceptance is dictated by the desired momentum resolution.
Considering typical values of ∆Q in the range of 0.2 nm−1 to 0.5 nm−1 the
corresponding angular acceptance of the analyzer crystal must be ∼ 10 mRad
or higher, which is again an angular range well above acceptable values, i.e.,
also larger than the deviation of the Bragg angle from 90◦. The only way to
obtain such large angular acceptance is by the use of a focusing system that,
nevertheless, has to preserve the crystal-perfection properties, necessary to
obtain the energy resolution. This automatically excludes considering elasti-
cally bent crystals. A solution consists in laying a large number of undistorted
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Fig. 5. Left panel: Picture of a 6.5 m crystal analyser. Right panel: IXS scan
around zero energy transfer from a PMMA sample at Q = 10nm−1 and T = 10 K.
The experimental data were fitted to a pseudo-Voigt function (solid line)

perfect flat crystals on a spherical surface, with the aim to use a 1 :1 pseudo-
Rowland circle geometry with aberrations kept such that the desired energy
resolution is not degraded. Such a typical “perfect silicon crystal with spher-
ical shape”, consists of a spherical substrate of R = 6500 mm and 100 mm
diameter, on which approximately 12 000 perfect silicon crystals of surface
size 0.6 × 0.6 mm2 and thickness 3 mm are bonded [20, 21]. Figure 5 shows
a picture of such an analyzer and the best energy resolution so far obtained
(0.9 meV), utilizing the silicon (13,13,13) reflection order at 25 704 eV.

4 Phonons in Single Crystals

Inelastic neutron-scattering techniques are widely used to study lattice dy-
namics, and the use of IXS can only be justified in cases where INS techniques
cannot be applied. This concerns, for example, experiments at very high pres-
sure. These will be treated in a separate Chapter. Furthermore, this applies
to samples that are only available in such small quantities that an INS ex-
periment would not yield a sufficiently high signal, or samples that cannot
be grown with the required single-crystal quality and/or homogeneous sto-
ichiometry. Moreover, IXS is more suitable in cases where the constituent
atom is a strong incoherent scatterer (for example, H and He3), or where
the natural relative isotope abundances conspire numerically with the iso-
tope variation of the neutron-scattering length in such a fashion that the
resulting total coherent scattering length is almost completely canceled out
(vanadium).

As for INS studies, the interplay between experiment and theory is central,
not only in the correct interpretation of the results, but also in the prepa-
ration phase, in order to determine the optimum scattering configuration.
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Thanks to the rapid advances in computing power, ab-initio calculations can
be performed for increasingly complex systems. While in quite some cases
a remarkable agreement with theory is found, sometimes important discrep-
ancies are found, stimulating further development of the numerical tools.
In this context, the determination of phonon intensities (besides the pho-
non dispersion) is of particular interest, since it allows validation of phonon
eigenvectors, thus providing a very stringent test of the calculations.

4.1 Large-Bandgap Materials

Large-bandgap materials such as silicon carbide (SiC) and III–V nitride semi-
conductors are very promising candidates for applications in high-temperature
and high-frequency electronics, and for optical applications at short wave-
lengths. The behavior of carriers in such devices is affected by their interac-
tion with phonons, and therefore the determination of the lattice-dynamical
properties is of central importance in order to gain information on proper-
ties such as phonon-assisted photoemission, specific heat, thermal expansion
and conductivity. While their electronic and optical properties are in general
well studied and understood, the determination of the phonon spectrum was
limited in most of the cases to the study of optical modes by Raman spec-
troscopy. From the theoretical side phenomenological and ab-initio methods
are used to calculate the phonon-dispersion curves. They often yield very
differing and controversial results, for example, concerning the Raman-active
modes at the Γ -point.

4.1.1 SiC

SiC has generated interest not only because of its large bandgap, but also
because of its large thermal conductivity, high breakdown voltage, and its
outstanding mechanical and chemical stability. It exists in a large number
of polytypes, which are difficult to grow as single-phase crystals. Despite the
technical relevance of this material, little is known about its lattice-dynamical
properties. INS experiments provided the complete set of phonon branches
along the Γ–A direction and 14 out of 36 branches along the Γ–M direction in
hexagonal (6H) SiC [22]. Further information along the Γ–L direction could
be obtained by means of Raman spectroscopy on several polytypes (3C, 6H,
and 15R), using the conjecture that the phonon dispersion along the Γ–A
direction in the hexagonal modifications can be backfolded onto the Γ–L
direction of the zincblende structure [23, 24].

IXS experiments were performed on zincblende 3C-SiC and hexagonal
4H-SiC single crystals of 5 × 2 × 1.5 mm3 and 4 × 5 × 0.8 mm3 size, respec-
tively [25]. The instrumental energy and momentum resolution were set
to 3 meV and 0.28 nm−1. Figure 6 shows the phonon frequencies measured
for 3C-SiC (full circles) together with ab-initio calculations (solid lines). The
open diamonds correspond to Raman data for 6H- and 15R-SiC [24]. There
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Fig. 6. Phonon dispersion of 3C–SiC. IXS data (full circles) are shown together
with ab-initio calculations (solid lines) and Raman results (open diamonds) [23].
Figure taken from Serrano et al. [25]

is a very good agreement between the experimental data and the calculations
with deviations less than 3 %. Figure 7 shows the IXS data for 3C-SiC along
the Γ–L direction together with those obtained for the 4H-SiC, Raman data
from other hexagonal and rhombohedral polytypes along the [001] direction,
backfolded onto the 3C-SiC dispersion [24], and INS results on 6H-SiC [22].
The experimental results are reported together with ab-initio calculations for
the 3C and 4H forms. In the latter case, the different stacking of the lat-
tice planes along the c-axis gives rise to the observable discontinuity of the
phonon branches at q = 0.25 [111].

The main observation is a substantial overlap of the phonon frequencies
for hexagonal, rhombohedral and cubic polytypes. The direct comparison of
the IXS results on 3C–SiC and 4H–SiC with previous Raman results confirms
the validity of the backfolding technique. Agreement between experiment and
theory is good. The strongest deviation is observed for the transverse acoustic
branch in the 4H polytype, which might be related to the use of the local-
coupling transfer approximation for the interatomic force constants.

4.1.2 GaN and AlN

The most common form of GaN is the hexagonal wurtzite structure, for
which very good single crystals can be synthesized using a unique high-
pressure growth technique. IXS experiments were performed on a small
crystal of 2 × 2 × 0.2 mm3 size, using incident phonon energies of 17.79 keV
and 15.82 keV with an instrumental resolution of 3.0 meV and 5.5 meV, re-
spectively [26]. Figure 8 shows the experimentally determined phonon ener-
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Fig. 7. Comparison between 3C- (full circles) and 4H-SiC (open squares) IXS data
of the phonon frequencies along the c-axis and the [111] direction, respectively.
Open diamonds correspond to Raman data [24], and open triangles represent INS
data for 6H–SiC [22]. Solid and dashed lines show the calculated dispersion for 3C-
and 4H-SiC. Figure taken from Serrano et al. [25]

gies together with results from ab-initio calculations and Raman results [27].
The theoretical calculations have been scaled by a factor of 0.97 in order
to obtain optimum agreement with the experiment. The complete disper-
sion scheme along the Γ–A direction and several transverse branches along
Γ–K–M and Γ–M could be determined. One main result of the study is
the observation of the two silent B1 modes at the Γ -point, which cannot be
obtained by first-order Raman nor by infrared spectroscopy, and the deter-
mination of their dispersion throughout the Brillouin zone. These phonons
are rather important input parameters for fits of phenomenological lattice-
dynamical models. The IXS results allowed identification of some significant
discrepancies in these models, as well as in previous ab-initio calculations,
underlining that measurements are still indispensable.

Similar excellent agreement between experiment and theory could be ob-
tained in the case of AlN in its wurtzite structure [28].
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Fig. 8. Phonon dispersion of wurtzite-tupe GaN along several high-symmetry di-
rections. IXS results (full circles), Raman results (open diamonds) [27], ab-initio
calculations (solid lines). Figure taken from Ruf et al. [26]

4.2 Optical Phonons in Diamond

Despite the fact that diamond and silicon are neighboring elements in the
group IV of the periodical table and possess the same crystal structure with
tetrahedrally coordinated covalent bonds, their electronic band structure and
lattice dynamics are profoundly different. For example, diamond is a perfect
insulator of unparalleled hardness, while silicon is much softer and a semicon-
ductor. One of the unusual properties of diamond, absent in silicon, which
has intrigued scientists since its first observation in 1946, is the existence
of a peak in the second-order Raman spectra above twice the one-phonon
zone-center phonon energy [29, 30]. Various explanations were put forward,
but only the advent of reliable ab-initio computational methods has allowed
the reproduction of this unique feature. These calculations suggest that the
peak is due to an “overbending” of the LO phonon branches with a minimum
at the Γ -point, and maxima reached at some arbitrary points along all three
high-symmetry directions [31]. This prediction stimulated more detailed ex-
perimental work on this phonon mode, and an inelastic neutron scattering
(INS) study confirmed the LO overbending along the Γ -direction ([100]) [32].
A subsequent inelastic X-ray scattering (IXS) study claimed a quantitative
disagreement with the INS results, and, furthermore, contested the presence
of overbending in the other directions [33]. In order to resolve this controversy
and apparent disagreement between the theoretical predictions and the IXS
results, an accurate IXS study was performed at the ESRF [34].
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Fig. 9. IXS spectra (circles) at
the indicated reduced q-values and
their best fits (solid lines) for the
longitudinal optical phonon of dia-
mond along Λ. The vertical line in-
dicates the position of the Γ -point
phonon and serves to emphasize the
overbending. Figure adapted from
Kulda et al. [34]

The experiment was performed with a total energy resolution of 3 meV
full-width half-maximum (at 17 794 eV incident energy). The diamond single
crystal (4 mm diameter) was of excellent quality as testified by the narrow
width of its rocking curve of only 0.004◦. The stability and reproducibility
of the instrument was checked by recording the Stokes–anti-Stokes pair of
longitudinal acoustic phonons near the Brillouin-zone center, and by repeated
scans of the Γ -point phonon. Figure 9 shows representative spectra at reduced
momentum-transfer values, q, as indicated in the figure, obtained along the
Λ direction ([111]), together with their best fits to a Lorentzian profile. The
data clearly reveal an overbending for 0.15 < q < 0.25. It can, furthermore, be
noted that the measured Γ -point phonon energy of 164.75 meV is in excellent
agreement with Raman data, which yield 165.18 meV.

Figure 10 shows the resulting dispersion relations for the Σ and Λ sym-
metry directions, together with the INS results and the ab-initio calcula-
tions. The overbending, as determined by IXS, amounts to 1.5 meV, 0.5 meV
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Fig. 10. LO-phonon dispersion of diamond along Σ and Λ. IXS (full symbols),
INS (open symbols), and ab-initio calculations (solid lines). Figure adapted from
Kulda et al. [34]

and 0.2 meV along the three high-symmetry directions (∆, Σ and Λ). The
IXS data are in very good agreement with both the INS results and the
calculations. These results unambiguously reveal the LO overbending in all
three high-symmetry directions, finally providing the physical origin for the
anomalous peak in the two-phonon Raman spectrum.

4.3 Optical Phonon Dispersion in Graphite

Graphite is one of the very few elemental solids for which the complete phonon
dispersion is not yet experimentally determined. While the phonon disper-
sion of the acoustic branches of graphite up to 400 cm−1 were determined
by INS, data in the range of the optical branches (up to 1600 cm−1) are
scarce and widely scattered, and in the case of the K–M symmetry direc-
tion completely missing. Furthermore, existing calculations contradict each
other qualitatively and quantitatively in frequencies, slopes and crossings of
particular phonon branches. IXS data were recorded on a small microcrys-
tal of 100 × 200 µm2 size for the longitudinal and transverse optical phonons
along the in-plane Γ–M, Γ–K and K–M directions [35]. Figure 11 shows the
IXS results together with ab-initio calculations that were performed in par-
allel. The theoretical frequencies were corrected by 1 % to obtain a better
agreement with the experimental results. For the longitudinal branches the
overbending, the small splitting of the LO and LA branch at the M point, and
the local minimum of the lowest B1 branch between K and M are very well
described by the first-principles result. A good agreement for the TO branch
is found along the Γ–M direction, while along the Γ–K–M direction the ab-
initio dispersion is slightly less pronounced than the experimental result. The
bandwidth of the TO branch amounts to 320 cm−1, which is about 40 % larger
than in a very recent ab-initio calculation [36]. The better agreement of these
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Fig. 11. Phonon dispersion of graphite. Filled dots are the experimental data for
the LO, TO and the LA branches. The TO data are connected by a cubic spline
extrapolation (dashed line). Open dots represent the calculated phonon frequencies.
The lines are a spline extrapolation to the calculated points. The inset shows the
graphite Brillouin zone in the basal plane. Figure taken from Maultzsch et al. [35]

calculations with respect to previous published work is thought to be only
partly due to the generalized gradient approximation, but mainly due to the
use of a larger supercell, which allows the long-range nature of the in-plane
force constants of graphite to be properly taken into account.

4.4 Quantum Systems

Solid and liquid helium constitute the prototypical systems to study the in-
fluence of quantum effects in condensed matter thanks to the well-known
interatomic potential and the availability of two different isotopes with dif-
ferent quantum statistics and a large relative mass difference. INS results are
available only for 4He, while studies on 3He are hampered by the very high
absorption cross section for thermal neutrons. This limitation does not apply
to IXS, and motivated a comparative study of the lattice dynamics in 3He
and 4He [37].

Single crystals were grown in situ in a polycrystalline Be cell of 1.2 mm
inner diameter within a closed-cycle refrigerator. The Be cell was pressurized
through a steel capillary using an external pressure-generating system. The
cell was cooled below the freezing temperature of He at constant pressures
of 70 MPa and 90 MPa. Longitudinal phonons were recorded at a density
of 13.25 cm3 · mol−1 for both isotopes along the [001] direction and along the
[100] direction for 3He. Typical IXS spectra of 3He are shown in Fig. 12. These
are shown together with their corresponding best fit, using a Lorentz func-
tion to account for the elastic line (due to the Be sample cell) and a damped
harmonic oscillator model for the He LA phonons. The resulting two disper-
sion curves are shown in Fig. 13. They show a very similar shape, but the
phonon energies in 3He are in average about 11(5)% higher than in 4He.
This value is smaller than the ratio expected in a classical harmonic crystal,
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Fig. 12. IXS spectra of hcp 3He for different momentum transfers as indicated
on the right side of the figure along the [001] direction. The data were taken with
an energy resolution of 5.9 meV. The experimental points and their corresponding
error bars are shown together with the best-fit results as explained in the text.
Figure taken from Seyfert et al. [37]

Fig. 13. Comparison of the LA-dispersion curves in hcp 3He and 4He along the
[001] direction. The dashed lines result from a one-parameter fit to a monoatomic
linear-chain model. Figure taken from Seyfert et al. [37]
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i.e., the square root of the inverse masses,
√

4/3 = 1.155. Thermodynamic
measurements [38] and Raman spectroscopy [39] yield slightly higher values
of 1.18 and 1.17, respectively, indicating that the frequency ratio might be
mode dependent. Comparison of the experimental results with existing cal-
culations clearly demonstrate that there is not yet a satisfactory agreement:
The calculated phonon energies are about 20−30 % higher in the case of 3He,
and about 10−15 % for 4He [40, 41].

4.5 Correlated Electron Systems

4.5.1 Superconductors

MgB2

The discovery of superconductivity in MgB2 has generated an immense
amount of interest, since its Tc of ∼ 39 K is the highest for a simple metallic
system and unusually high according to standard estimates. In the present
understanding, MgB2 is a phonon-mediated Eliashberg superconductor with
multiple gaps. The presence of the large ∼ 7 meV isotropic gap on the sigma
hole Fermi surface governs the superconducting properties and is to a large
extent responsible for the unusually high Tc. The large gap is the result of
an extremely strong electron–phonon coupling (EPC) of this Fermi surface
to the basal-plane boron E2g mode. Such a coupling to a single mode is quite
unusual, and makes the investigation of this phonon mode particularly im-
portant. The simple crystallographic structure of MgB2 with three atoms per
unit cell and no magnetism allows reliable calculations to be performed, thus
gaining important insight into the mechanism of superconductivity, when
compared to experimental results.

The first IXS measurements using a sample of 400 × 470 × 40 µm3 size
determined several phonon modes along the Γ–M, Γ–A and A–L directions
with particular emphasis on the determination of the energy dispersion and
width of the crucial E2g mode [42]. Figure 14 shows the resulting phonon dis-
persion together with a first-principles calculation. The top panel of the figure
reports the phonon linewidths, which were obtained by deconvolving the ex-
perimental resolution function. Throughout the Γ–A direction the phonons
are very broad with a width ranging between 20 meV and 28 meV. Calcula-
tions using density-functional theory in the generalized gradient approxima-
tion are in very good agreement with the data. The calculated linewidth due
to electron–phonon interaction and the anharmonicity of the crystal poten-
tial reveal that the observed linewidth is almost exclusively due to EPC, and
the anharmonic contributions are at most 1.2 meV at room temperature.

A subsequent experiment focused the attention on the E2g mode along the
Γ–M direction, and the temperature dependence of the phonon modes [43].
In contrast to the Γ–A direction, here the phonon width shows a pronounced
q-dependence being at most 1 meV to 2 meV for q > 0.6 and then strongly
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Fig. 14. Bottom panel: Experimental (circles) and theoretical phonon dispersion
(solid line) in MgB2 along Γ–A, Γ–M, and A–L. In the region near the M point, the
probable detection of the E2g mode is indicated with a square symbol. The crosses
indicate a parasitic signal of unknown origin. Top panel: Intrinsic linewidth of
the E2g mode. The experimental widths (circles) are large along Γ–A and below
the experimental resolution (dashed line) near L and M. The theoretical result
(diamonds) for the electron–phonon coupling contribution to the linewidth is also
shown. Along A–L and Γ–M, where the E2g mode is nondegenerate, both theoretical
values are shown, when different. Figure taken from Shukla et al. [42]

Fig. 15. Measured and calculated E2g linewidth along Γ–M. The horizontal bars
show the diameters of the sigma Fermi surfaces projected onto the plane perpen-
dicular to the Γ–A axis. Figure taken from Baron et al. [43]
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increasing on approaching the Γ -point (see Fig. 15). This strong dispersion
is also confirmed by calculations, and can be understood by inspecting the
topology of the Fermi surfaces. The two sigma surfaces are of approximately
cylindrical symmetry with slightly different radii and their axes parallel to Γ–
A. For q < 2kF (kF is the Fermi wavevector) electrons can be promoted from
the filled states to the unfilled states across these surfaces, whereas for q >
2kF no electrons can be excited, and one observes consequently a narrowing
of the phonon mode corresponding to an increased lifetime. Furthermore, the
temperature dependence to below Tc of the E2g mode at [2 1 0.5] was studied,
and revealed that there is no observable change down to 16 K.

High-Tc Cuprates

Copper oxide superconductors exhibit the highest critical temperature found
so far. Since their discovery in 1986, the microscopic mechanism at the origin
of their superconductivity is still not fully understood [44]. While it is well
established that in conventional superconductors the coupling between elec-
trons and phonons (collective vibrations) leads to charge-carrier pairing and
therefore superconductivity, the role of this coupling in copper-oxide super-
conducting compounds is still the subject of intense research efforts. Inelastic
neutron-scattering studies on the hole-doped high-temperature copper oxide
superconductors YBa2Cu3O7−δ (YBCO) and La2−xSrxCuO4+δ (LSCO) sys-
tems revealed an anomalous behavior of the highest-energy optical phonon
mode, related to the Cu–O in-plane bond-stretching vibrations [45, 46, and
references therein]. This anomaly may be related to a strong coupling be-
tween the lattice vibrations and the charge carriers, as the conduction in the
copper-oxide superconductors takes place by charge hopping along the Cu–O
bond in the CuO2 planes. Within this framework the optical-phonon anomaly
is expected to be ubiquitous, and should therefore be observed in other high-
Tc cuprates, and, furthermore, not only be limited to hole-doped compounds,
but also be present in electron-doped compounds. A systematic study of the
relevant phonon modes is therefore highly desirable in order to understand
these anomalies and their role for the appearance of superconductivity.

For IXS, the study of the phonon modes related to the oxygen movements
is particularly difficult. Besides the low intensity due to the high phonon
energy (1/ω term in the dynamical structure factor) and the Bose factor, the
scattering strength from the oxygen atoms is weak with respect to the other
heavier atom species present in the sample (see (5)).

The first IXS study was conducted on the electron-doped compound
Nd1.86Ce0.14CuO4+δ (NCCO) and the parent compound Nd2CuO4 (NCO) [47,
48]. Figure 16 shows the phonon dispersion along the ∆ [ξ 0 0] direction, to-
gether with results of the highest optical branch of NCO as determined by
INS, and a lattice-dynamics calculation based on a shell model. While the cal-
culations are in good agreement with experiment for the acoustic modes and
the lower-energy optical modes, this is no longer true for the two highest op-
tical branches. Along the ∆ direction the highest branch, associated with the
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Fig. 16. Right panel: Dispersion of the longitudinal phonon modes in NCCO
(open circles) from IXS spectra at T = 15K along the [ξ 0 0] direction. Solid (dot-
dashed) lines indicate the results of a lattice-dynamics calculation with a screened
(unscreened) Coulomb interaction. Left panel: Magnification of the high-energy
portion. For comparison, the dispersion of the highest LO mode in NCO by INS is
shown as well (full triangles)

Cu–O bond stretching mode, is strongly renormalized with respect to the un-
doped parent compound, and, moreover, shows a softening of about 1.5 THz
between q = 0.1 and 0.2. The observed shift is comparable to the anomalous
shift observed in LSCO at q = 0.25−0.3 [49, 50], and might be linked to an
interaction between the in-plane oxygen vibration and a charge modulation
with a periodicity of about (3−4) ·a in the CuO2 planes. In the region be-
tween q = 0.25 and 0.3 the two modes are poorly defined in energy, which
is consistent with the observations for LSCO [49, 50]. These results reveal
that the anomalous softening previously observed in hole-doped compounds,
is also present in the electron-doped cuprates, therefore suggesting that this
is a generic feature of the high-temperature superconductors.

A further important step in establishing a potential systematic of electron–
phonon coupling mechanisms was the study of phonon dispersion in a mercury-
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Fig. 17. Left panel (a): High-energy part of the IXS spectra around the bond-
stretching mode in Hg-1201, recorded approximately along the [ξ 0 0] direction
for the indicated values. The data and their error bars are shown together with
the best-fit results (solid line). Right panel (b): Experimentally determined pho-
non dispersion. The vertical bars indicate the FWHM of the phonon widths as
determined from a fit to the IXS spectra. The results of a modified shell-model
calculation (see text) are shown as solid lines and indicate (from top to bottom)
the c-polarized apical oxygen mode, the a-polarized Cu–O bond stretching mode,
and the a-polarized in-plane Cu–O bending mode, respectively. Figure taken from
Uchiyama et al. [51]

based cuprate superconductor. The three-layer compound HgBa2Ca2Cu3O8+δ

(Hg-1223) has the highest known Tc of about 136 K at ambient pressure,
whereas the one-layer compound HgBa2CuO4+δ (Hg-1201) with its Tc of 97 K
is quite outstanding, considering that other one-layer hole-doped cuprates
have a Tc of 20 K to 40 K. At the same time it presents one of the simplest
crystal structures, a tetragonal primitive P/4 mmm symmetry, with very few
impurities, no distortions, and almost perfect square Cu–O2 planes.

A first IXS study determined the phonon dispersion of some selected
branches along the three main symmetry directions below 5 THz [52]. The
highest energy Cu–O bond stretching mode could not be clearly identified,
and was, moreover, only recorded for one q-value, so that no conclusion on its
dispersion could be drawn. A subsequent study [51] overcame this limitation
and provided the complete dispersion of the highest-energy mode along the
Γ–X direction. Figure 17 shows an enlargement of the high-energy portion of
the IXS spectra and the resulting dispersion, along with calculations, based
on a shell model. A marked softening of the Cu–O bond stretching mode is
observed, together with a substantial broadening of the phonon linewidth as
shown by the vertical bars in the figure. A modified shell model, including
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next-neighbor oxygen interactions, which constitute a phenomenological way
to describe a rhombic distortion of the CuO2 squares, is capable of qualita-
tively describing this anomalous dispersion, though it fails to reproduce the
shape.

4.5.2 Charge-Density Wave Systems

The physics of low-dimensional metals is the subject of active research due
to their very peculiar electronic and elastic properties. The low dimensional-
ity in the metal–metal interactions strongly enhances the electron–electron,
electron–phonon and spin–phonon coupling strengths that, under suitable
conditions result in the partial or complete condensation of the free carriers
by formation of a modulated state. Several of these systems develop a charge-
density wave (CDW), which is accompanied by a periodic lattice distortion.
Above TP – the transition temperature into such a state – the dynamics
is generally described in the framework of weak electron–phonon coupling
theory, which predicts a softening of the phonon mode coupled to the elec-
trons at 2kF (Kohn anomaly). Below TP, this soft mode then splits into two
branches, corresponding to the CDW-amplitude (amplitudon, optical-like)
and CDW-phase (phason, acoustic-like) excitations.

While prototypical CDW systems such as K0.3MoO3 (blue bronze), K2–
Pt(CN)4Br0.3, 3H2O (KCP), and (TaSe4)2I are available in good crystalline
quality and sufficiently large sizes for INS measurements, high-quality sin-
gle crystals of NbSe3 can only be obtained in very small sizes. The only
INS result was obtained utilizing a bunch-like assembly of several thousand
NbSe3 whiskers aligned parallel to each other along the b* reciprocal lat-
tice direction [54]. An IXS study on a single whisker of 0.3 × 3 × 0.003 mm3

size allowed access to the LA-phonon branch along (0,k,0), studied by INS
before, as well as the TA branch polarized along (h,0,0), propagating along
(0,k,0) [53]. Here, the advantage over neutrons not only resides in the possibil-
ity to probe smaller volumes, but also in the significantly better Q-resolution,
which is of importance for the study of sharp Kohn anomalies. These IXS
experiments confirm the previous INS results and significantly extend the
data further into the Brillouin zone. Moreover, for the first time, the phonon
dispersion of the transverse acoustic branch could be obtained. This is of
particular interest, since this TA branch is suspected to display an anoma-
lous softening as the Peierls transition temperature, TP, is approached, and
should give rise to phason and amplitudon excitations below it, in analogy
to observations in K0.3MoO3. As a matter of fact, a temperature-dependent
IXS study in the vicinity of the X-ray-diffraction satellite position, located
at a reduced lattice vector of q = [0; 0.241; 0], does not reveal any soften-
ing, but instead shows a significant broadening of the phonons (see Fig. 18).
This result indicates differences in the formation and the nature of the CDW
state of these two prototypical systems Nb3Se and K0.3MoO3. These might
be due to differences in the electronic properties (NbSe3 remains partially
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Fig. 18. Phonon dispersion (left panel) and linewidth (right panel) of the TA1

branch in NbSe3 around the CDW satellite position at different temperatures rang-
ing between 295 K and 136 K (= TP1 −9K). The black arrow indicates the position
of the q1 CDW satellite. Figure adapted from Requardt et al. [53]

metallic, while K0.3MoO3 and KCP become semiconducting) or the strength
of the electron–phonon interaction. As a matter of fact, a strong electron–
phonon coupling theory predicts an order–disorder type of dynamics for the
transition, due to the existence of bipolarons above TP.

Another IXS study on Rb0.3MoO3 focused on the low-temperature behav-
ior of the CDW-phase and -amplitude modes [55]. The experiment extended
previous INS results, and the temperature-dependent study – at fixed mo-
mentum transfer Q – reveals that the phason mode is no longer visible at
the lowest temperature of 40 K, indicating that it can not have the same dis-
persion as at higher temperatures. Possible explanations invoke a picture in
which the phason mode becomes optical-like at low temperatures.

4.5.3 Actinides

Actinides often display peculiar physical and chemical properties, which are
in one way or another associated with the unfilled 5f electronic shell. Experi-
mental phonon-dispersion curves, however, exist only for a few elements and
compounds. This has been largely due to the fact that many isotopes have
a large neutron-absorption section, and even in cases where suitable isotopes
exist, sufficiently large crystals for INS studies are not available. Further ob-
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Fig. 19. Phonon dispersion along high-symmetry directions in a δ-Pu-0.6 wt% Ga
alloy. The solid curves are the fourth-nearest-neighbor Born–van Kármán model
fit. The derived phonon density of states, normalized to three states per atom, is
plotted in the right panel. The dashed curves are DMFT calculations for pure
δ-Pu [60]. Figure taken from Wong et al. [57]

stacles arise from the fact that actinide systems are often radioactive and
highly toxic, thus requiring drastic safety and handling protocols, coupled to
limitations in the largest amount of material to be studied from a legal point
of view.

IXS studies have been performed so far on uranium [56] and pluto-
nium [57, 58]. In particular, plutonium and its alloys are of central impor-
tance for many fundamental and applied issues, such as, for example, its
safe handling and long-term storage. The many unusual properties of Pu,
such as its numerous crystallographic phases, its low melting temperature,
and the multitude of valence states in which Pu compounds can occur, are
intimately linked to the 5f electrons, whose character is midway between itin-
erant (and therefore participating in the bonding) and localized. Small single
crystals of Pu (alloyed with small amounts of either gallium or aluminum)
have become recently available thanks to a strain-enhanced recrystallization
technique [59]. The studied samples were large-grain polycrystalline speci-
mens prepared from a fcc Pu–Ga alloy containing ∼ 0.6 wt% Ga. Typical
single-grain sizes varied between 20 µm and 90 µm, with a sample thickness
of about 10 µm.

The complete phonon-dispersion scheme is plotted in Fig. 19. The solid
curves are calculated using a standard Born–von Kármán (B–vK) force-
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constant model. An adequate fit to the experimental data is obtained if
interactions up to the fourth-nearest neighbors are included. The dashed
curves are recent dynamical mean field theory (DMFT) results [60]. The elas-
tic moduli calculated from the slopes of the experimental phonon-dispersion
curves near the Γ point are: C11 = 35.3 ± 1.4 GPa, C12 = 25.5 ± 1.5 GPa
and C44 = 30.53± 1.1 GPa. These values are in excellent agreement with
those of the only other measurement on a similar alloy (1 wt % Ga) using
ultrasonic techniques as well as with those recently calculated from a com-
bined DMFT and linear response theory for pure δ-Pu [60]. Several unusual
features are observed, which can be related to the phase transitions of pluto-
nium and to strong coupling between the lattice structure and the 5f valence
instabilities. The shear moduli C44 and C′ = (C11−C12)/2 differ by a factor
of 6, identifying Pu as the most elastically anisotropic fcc metal known. The
T1 branch along [011] exhibits a “kink”, suggesting a Kohn anomaly similar
to that observed in the light actinide Th [61]. The most pronounced feature
is a soft-mode behavior for the TA branch along [111]. This soft mode has
been associated with the δ (fcc) to α′ (monoclinic) structural transition. This
α′ phase, which is stable below −110◦C, possesses a slightly distorted hcp
structure, and can be reached by layer parallel shear perpendicular to the
[111] fcc planes, in close analogy to the γ to β phase transition, observed in
Ce and La, for which the same soft-mode behavior is observed. In the latter
cases, the transition leads, instead, to a double-hcp structure, but the same
general concept of layer parallel shear applies.

5 Phonons in Polycrystals

In polycrystalline samples, there are no distinct crystallographic directions as
in single crystals, and therefore, the direction of the momentum transfer �Q
is not defined, but only its modulus. Keeping in mind that the dynamical
structure factor is proportional to (eq · Q)2 (see (8)), it is obvious that in
the general case, both longitudinal and transverse modes can be excited. The
IXS spectra have a complex shape and resemble the phonon density of states
(DOS). Formally, the DOS limit is only reached for very large momentum
transfer and/or an appropriate sampling over a sufficiently large Q region at
moderate Qs after proper subtraction of the multiphonon background [62].
Most studies on polycrystalline materials were performed in the first Brillouin
zone, in which Q = q. Under these conditions, only phonon modes with an
eigenvector component parallel to the Q-vector acquire a finite intensity, and
consequently, the IXS spectrum is dominated by longitudinal acoustic exci-
tations. In an ideal, nontextured powder, the orientational averaged sound
dispersion is measured.

Though the information content is much less than for single crystals,
studies on polycrystals still provide important information in cases in which
samples are only available in polycrystalline form, either because they can
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not be synthesized as a single crystal, or the single crystal is transformed into
a polycrystal when driven through a structural phase transition (see section
on high-pressure studies).

5.1 Ices

The water–ice system has attracted a lot of interest, not only due to its dom-
inating abundance in nature, but also due to its many unusual and intriguing
properties. Amongst these is amorphous polymorphism, i.e., the existence of
two or more amorphous states in the phase diagram of a substance. In water,
this phenomenon is of particular importance, since it is believed that the
two amorphous ice phases can be identfied as the glassy counterpart of the
postulated two distinct liquid phases in the deeply undercooled regime. IXS
studies aimed at determining the dynamic signatures of the two amorphous
phases and reveal possible relations to stable crystalline phases.

Experiments were performed on high-density amorphous (HDA, ρ =
1.17 g/cm3), low-density amorphous (LDA, ρ = 0.94 g/cm3) and cubic ice
(Ic, ρ = 0.93 g/cm3) [63]. A selection of the spectra is shown in Fig. 20. In
both LDA and HDA the resonances become broader with increasing momen-
tum transfer, but the width of the resonances remain significantly smaller
than the excitation energy over the whole spanned Q range, though quali-
tatively speaking, the HDA spectra look more disordered-like. This result is
very different from the observation made so far in other glassy systems, where
the linewidth displays an approximately quadratic dependence with Q up to
a value for which Ω(Q) = Q. At larger Q values, it is then no longer possi-
ble to observe well-defined exciations [64]. Comparison of the amorphous ice
spectra with those for ice Ic reveals resemblances of LDA and Ic. These con-
cern the sharpness of the excitation and the existence of a second excitation
at about 7 meV, which appears at higher Q. Though the similarity between
the IXS spectra is less pronounced for HDA, these results reveal a surprisingly
crystal-like dynamic response of the amorphous ices, indicating a high degree
of local order, characterized by an intact hydrogen-bond network. This local
order is seemingly more pronounced in LDA, maybe due to the fact that LDA
is annealed, and not obtained via a fast quench from the liquid state.

The observed similarity in the dynamic response of LDA and Ic motivated
a further study to identify an equivalent crystalline counterpart for HDA [65].
Due to their equivalent preparation procedure [66] and the close resemblance
of their mass densities, ice IX (ρ = 1.19 g/cm3) and ice XII (ρ = 1.29 g/cm3)
appear a priori as suitable reference systems. The IXS spectra of these two
ice phases are shown together with the results for HDA in Fig. 21. They
reveal that ice IX and ice XII possess a distinguishable dynamic response
throughout the sampled Q space. Ice XII has a single, well-defined excitation,
identified as the LA mode up to 5 nm−1, and shows above Q = 6.5 nm−1,
a second, nondispersive feature, associated with transverse optical modes. In
stark contrast, the inelastic response of ice IX has a sophisticated spectral
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Fig. 20. IXS spectra of HDA, LDA and ice Ic at the indicated Q values. The
dashed lines are fits to the signal using Lorentzian lineshapes convoluted with the
experimental resolution function (dotted line). The solid lines represent the inelastic
contribution to the total fits. The numbers in brackets on the left of the elastic line
give the elastic intensities in arbitrary units. Figure taken from Schober et al. [63]

shape already at the lowest Q values. The essential ice IX spectral features are
also found in HDA, and, furthermore, quantities such as the sound velocity
and the energy of the nondispersive, optical modes are identical in ice IX and
HDA. These properties are clearly distinguishable from the dynamics of the
ice XII, ice Ic and LDA phases.

5.2 Ice Clathrates

Clathrate hydrates have attracted a large amount of interest in recent years
since they are considered a model system for the study of hydrophobic inter-
actions and as a potential future energy resource, as well as one of the possible
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Fig. 21. IXS spectra of HDA, ice IX and ice XII at the indicated Q values. The
dashed lines are fits to the signal using Lorentzian lineshapes convoluted with the
experimental resolution function (dotted line). The solid lines represent the inelastic
contribution to the total fits. The numbers in brackets on the left of the elastic line
give the elastic intensities in arbitrary units. Figure taken from Koza et al. [65]

contributors to the greenhouse effect. In methane and xenon hydrate, the gas
molecules are situated in cages formed by an ice-like network of H-bonded
water molecules. They possess a cubic structure, forming six large ellipsoidal
and two small spherical cages in the unit cell. In the case of methane hydrate
each case is occupied by one gas guest molecule. Despite the fact that gas
hydrates consist of more than 80 % of hydrogen-bonded water molecules, the
temperature dependence of the thermal conductivity is very different from
that of ordinary ice, and resembles that of glasses. This behavior was at-
tributed to a resonant scattering of the acoustic phonons by the localized
guest vibrations in the cage [67].
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Fig. 22. IXS spectra of methane hydrate at the indicated Q values, recorded
at 100 K. The lines are fits to the experimental data using Lorentzian functions
convoluted with the experimental resolution. The spectra are normalized to their
integrated intensity. The inset shows the respective dispersion relation of the two
distinct inelastic features. Figure taken from Baumert et al. [68]

Figure 22 shows a selection of the IXS spectra for methane hydrate,
recorded with 1.6 meV overall energy resolution [68]. The spectra display
a well-defined dispersive mode, and, for Q > 3 nm−1, a second nondispersive
feature. The dispersive excitation can be unambiguously identified with the
LA host lattice branch, while the correct assignment of the second excita-
tion, centred around 5 meV, could be done thanks to previous IXS results on
polycrystalline ice Ih [69, 70], and density-of-states measurements on CH4–
D2O by INS [71]. It is attributed to the guest vibrations inside the large
cage. These vibrations become visible in the spectrum after their intersection
with the LA lattice mode at about Q = 2.5 nm−1. This behavior is provid-
ing strong evidence for the validity of the resonant scattering model, which
predicts an avoided crossing between acoustic (host)-lattice phonons and lo-
calized guest modes of the same symmetry leading to a mixing of guest and
host modes with a subsequent energy exchange. At this avoided crossing, the
guest molecules receive a strong longitudinal polarization through a mixing
of the eigenvectors of the guest and host modes. At these Q values the guest
vibrations are no longer independent rattlers in the cages, but their vibra-
tions are modulated by the host lattice, leading to a transfer of scattered
intensity from the acoustic lattice mode to the guest vibrations, and thus
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to the observed optical modes. The resulting intensity decrease of the LA
lattice mode, which is closely related to the thermal conductivity, can there-
fore account for its unusual temperature dependence. This interpretation of
the experimental results is further validated by lattice-dynamics calculations
and a comparative study on xenon clathrate [68], which reproduce very well
the dynamical properties of the hydrate clathrates. Further studies, focusing
on the dynamics of the high-pressure methane clathrate phases II and III
unveiled the evolution of the effective elastic and shear modulus. The elastic
properties were found to differ substantially from the ones of high pressure
ice structures, while strongly reflecting the transition from a cage clathrate
(phase II) to a filled ice structure (phase III) [72].

6 Phonon Studies at High Pressure

The investigation of materials under high-pressure conditions is one of the
challenging topics in condensed-matter research, both for understanding ba-
sic physical phenomena and in applied sciences with an important interdisci-
plinary impact in chemistry, biology, earth science, materials science, physics
and engineering. INS studies are, despite important progress in the develop-
ment of high-pressure devices, limited typically to pressures around 10 GPa
due to the relatively large sample size of at least 10 mm3, necessary to have
sufficient signal to conduct the experiment [73]. This limitation does not ex-
ist for IXS. Thanks to very efficient optics X-rays can nowadays be focused
down to micrometer sizes, and even submicrometer sizes have been obtained.
These dimensions are well compatible with the constraints of diamond anvil
cells (DAC) [74], which allow extremely high pressures above 100 GPa to be
reached. Figure 23 shows a schematic view of such a device. It consists of two
opposed diamonds of about 0.2−0.5 carats, which compress a thin metal
gasket. The sample is placed into a small hole of the metal gasket, together
with the pressure-transmitting medium. Thanks to the large surface ratio of
the upper to the lower flat part of the diamonds (up to 103) and its hard-
ness, a relatively small pressure exerted on the diamonds leads to very high
pressures at the sample location. The acceptable sample size and thickness
depends on the pressure range needed, and varies typically between 100 µm
and 20 µm in diameter, and 40 µm to 10 µm in thickness, corresponding to
a volume between 3 × 10−4 mm3 and 3 × 10−6 mm3. The optimum IXS signal
is obtained, if the X-ray beam fully intercepts the sample, and the sample
thickness topt = 1/µ (see Fig. 3). Consequently, high-pressure studies become
increasingly more difficult for light elements, for which topt can be as much
as 1 mm, or even more. This is illustrated in Fig. 24, where the signal ra-
tio for a sample of 20 µm thickness versus a sample of optimum thickness
is displayed. While indeed, the inefficiency for low-Z materials is evident,
for Z > 20, the size constraints imposed by the DAC, lead only to moder-
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Fig. 23. Schematic view of a diamond anvil cell and an enlarged view of the sample
chamber. Typical sizes are a diameter of 50 mm with a height of 30 mm

Fig. 24. Ratio of IXS signal at 17 794 eV and small scattering angles (f(Q) = Z)
for a sample thickness of 20 µm over optimum thickness topt = 1/µ as a function
of Z. The horizontal line indicates a loss of a factor two

ate losses. Despite this, IXS experiments could be successfully conducted on
low-Z materials such as H2O [75] and MgO [76].

Other high-pressure devices such as the Paris–Edinburgh cell [77] can
accommodate significantly larger volumes, and can therefore overcome the
above-mentioned limitations, at least to pressures up to 10 GPa. The first test
experiments were performed with such a device and an IXS spectrum from
a single crystal of silicon (2.5 mm3 volume) at 4 GPa could be recorded [78].
The first experiments in a DAC were conducted on polycrystalline CdTe [79]
and on a single crystal of Ar [80]. In the following, several representative
examples of more recent studies will be presented.
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Fig. 25. IXS spectra of Cs at Q = (100) in the bcc phase at 0.9 GPa and in the fcc
phase at 3.8 GPa (T = 300 K). The open symbols represent the experimental data,
the solid lines the fitted spectra, and the dashed and dotted lines the phonon and
elastic contributions, respectively. Figure taken from Loa et al. [81]

6.1 Zone-Boundary Modes in Cesium

Pressure-induced structural phase transitions in alkali metals have been stud-
ied in much detail, and theoretical treatments have been quite successful in
reproducing the observed structural sequences as a function of pressure, and
in many cases they also gave transition pressures in good agreement with
the experimental data. Most of these theoretical studies considered the static
lattice. Structural transitions, may, however, also be driven by dynamical in-
stabilities due to phonon softening. In the case of bcc and fcc cesium recent
theoretical work predicted a pronounced phonon softening near the upper
limit of the fcc-Cs stability range that could lead to a dynamical instability of
the fcc lattice with increasing pressure. This phonon softening is predicted to
be accompanied by a decrease of the shear elastic constant C′ = (C11−C12)/2,
associated with a tetragonal deformation, that would lead to an elastic in-
stability when C′ becomes negative.

An IXS study of the LA phonon at Q = (100) in the bcc and fcc phases
of Cs was performed up to 4 GPa [81]. The crystals were grown in a DAC
by heating the sample close to its melting line and then cooling it slowly to
ambient temperature. The experiments were complemented by first-principles
calculations. Figure 25 shows representative IXS spectra of Cs in the bcc
and fcc phases. The pressure dependences of the zone-boundary phonon are
reported in Fig. 26. In the bcc phase, the phonon frequency initially increases
as expected with pressure, but with a slope approaching zero near the bcc–
fcc transition. In the fcc phase the LA (100) phonon frequency is pressure
independent within the experimental uncertainty.

The phonon-frequency calculations also indicate an anomaly near the bcc-
fcc transition, but not quite as pronounced as in the experiment. This devi-
ation may arise from differences in the thermal population of the electronic
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Fig. 26. Experimental and calculated phonon frequencies of Cs in the bcc and fcc
phases. Solid symbols and lines refer to the experimental data, open symbols and
dashed lines to the theoretical data. The experiment was performed at T = 300 K;
finite-temperature effects were not included in the theory. Also shown (by stars)
are the results of two ambient-pressure INS experiments [82,83]. Figure taken from
Loa et al. [81]

levels, as the experiment was performed at T = 300 K, while the theory cor-
responds to T = 0. For the fcc phase, the calculation shows a small overall
variation with pressure, with a maximum near the center of the fcc stability
range. The overall mode Grüneisen parameter for the fcc phase is almost
zero, while its value amounts to 1.3 in the bcc phase. The general picture
that emerges from the experimental and theoretical results is that of 1. a
gradual decrease of the pressure dependence of the bcc LA (100) phonon
frequency when the bcc–fcc transition is approached, and 2. an anomalously
small pressure dependence in the fcc phase, with a small softening near the
upper fcc stability limit in the calculation.
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Fig. 27. Dispersion relation for the LA [111] branch of SmS at T = 300 K for
several pressures. Lines through the points are guides for the eye. The open circles
in the second panel correspond to data obtained at 1.2 GPa. The dashed line and
the dot-dashed line show the ZB value at ambient and high pressures, respectively.
The upper part shows the variation with q of the mode Grüneisen parameter γq.
The dotted line indicates γq = 0. Figure taken from Raymond et al. [85]

6.2 Acoustic Branch Softening in SmS

SmS belongs to the class of strongly correlated electron systems and possesses
a complex temperature–pressure phase diagram. It undergoes a first-order
isostructural (NaCl-type) pressure-induced semiconductor (black phase) to
metal (gold phase) transition at a pressure of only 0.65 GPa. In this phase,
the Sm ion has an intermediate valence achieved by promoting a 4f electron
into the conduction band: Sm2+ ↔ Sm3+ + 5d. This leads to a volume re-
duction of 15 % at the transition, and to strong anomalies in the phonon
spectrum. These anomalies were investigated by inelastic neutron scattering
to 0.7 GPa [84], and recently extended to 7.6 GPa by IXS [85].

The IXS measurements were carried out on a single crystal of SmS
(size: 150 × 100 × 40 µm3) placed in a DAC with an overall energy resolu-
tion of 3 meV. The dispersion of longitudinal acoustic (LA) phonons along
the [111] direction were recorded for pressures between 0.1 GPa and 7.6 GPa,
and they are displayed in Fig. 27. A softening of the mode from halfway
and up to the zone boundary (ZB) is observed when entering the metallic
phase. The anomalous phonon-softening effects observed are attributed to
the electron–phonon interaction occurring at the valence transition of SmS
where the delocalization of a 4f electron into the conduction band induces
a breathing of the Sm atom that couples resonantly to lattice vibrations.
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Furthermore, the ZB LA [111] phonon energy does not evolve further up
to 7.6 GPa while a gradual hardening of the low and intermediate q modes
occur in parallel. The first effect is due to the unusually strong pressure de-
pendence of the bulk modulus in the metallic phase, whereas the latter is
probably linked to an increasing density of states (DOS) at the Fermi level
with pressure parallel to (or in cooperation with) the change of valence.

6.3 Sound Velocities in hcp Iron

The knowledge of the elastic properties of iron is of central importance to
further constrain existing models of the Earth’s core, which is thought to
be predominantly composed of hcp-iron alloyed with some light elements.
Theoretical attempts to calculate the elastic moduli of iron with the aim
to reproduce the seismic observations yield very different results, and, fur-
thermore, are in disagreement with the scarce experimental results [86, 87].
Possible causes for this are: 1. the difficulty to perform reliable calculations
at high pressures and temperatures, and 2. the impossibility to carry out
experiments on single-crystal hcp-iron, because of the bcc-to-hcp transition
at about 13 GPa, which does not allow preservation of the single-crystalline
state. As already stressed previously, experiments on polycrystalline systems
allow only extraction of averaged properties. If performed within the 1. Bril-
louin zone these measurements yield the orientation-averaged LA dispersion.

IXS experiments were carried out at high pressure on iron with an overall
energy resolution of 5.5 meV [87, 88]. The dispersion of longitudinal acoustic
phonons has been measured from 0.2 GPa to 110 GPa at momentum transfers
Q varying from 4 nm−1 to 12 nm−1 on polycrystalline iron compressed in a
DAC. Typical IXS spectra and their corresponding fits are shown in Fig. 28.
The strong inelastic signal at high energy transfers at the lowest recorded
Q-value corresponds to the transverse acoustic (TA) phonon of diamond,
whereas the remaining peak can be attributed to the longitudinal acoustic
(LA) phonon of iron. These inelastic contributions shift towards higher ener-
gies with increasing Q-values, so that the diamond phonon is rapidly out of
the energy-transfer window at Q-values larger than 4 nm−1 due to its higher
sound speed with respect to iron. A sine function was fitted to the experimen-
tal data points, and the sound velocity VP was determined from the initial
slope of the so-fitted dispersion curve. The Q-value (Qmax) at which the sine
function attains its maximum, was kept either free in the fit, or fixed to the
value determined from an orientation average of the Wigner–Seitz–Brillouin
zone [87].

Figure 29 reports the density evolution of VP, together with the re-
sults obtained by other experimental techniques and calculations. Here, the
density–velocity representation has been chosen to display the data. Within
the quasiharmonic approximation, this allows comparison of results, which
were obtained at different pressure or temperature conditions. The IXS val-
ues for VP compare well with the ultrasonic measurements reported at low
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Fig. 28. Representative IXS spectra of polycrystalline hcp-iron at 28GPa and at
the indicated Q-values in nm−1. The data are shown together with the best-fit
results (solid line) and their individual components (dashed line). The LA phonons
of iron are indicated by ticks, while a possible additional excitation is marked by
broken ticks. Figure taken from Fiquet et al. [88]

pressure [90, 91], and follow a nearly linear evolution with density. A lin-
ear extrapolation to higher densities is close to the VP values given by the
PREM seismic model for the Earth’s inner core [99]. As a matter of fact,
the linear extrapolations of the two sets of IXS data (Qmax free and fixed)
straddle the seismic data. The IXS results are in reasonably good agreement
with results obtained by impulsive stimulated light scattering (ISLS) [100], as
well as with nuclear resonant inelastic X-ray scattering (NRIXS) [89] and X-
ray radial diffraction (XRD) [90–92], though disagreements can be observed
at low densities. The longitudinal sound velocities derived from shock-wave
measurements [93] are lower by 3−4 % than all other experimental data de-
termined at room temperature, indicating that anharmonic effects gain an
increasing importance at high temperature. In contrast, velocities determined
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Fig. 29. Aggregate compressional (VP) and shear (VS) velocities as a function
of density. No texture and temperature effects have been considered. Solid cir-
cles (squares): IXS results with the parameter Qmax left free (Qmax fixed); the
lines represent linear fits to the density evolution of the IXS data: solid line
(Qmax free), dashed line (Qmax fixed). Measurements: inverted triangles, NRIXS
data [89]; hexagons and asterisks, XRD data [90–92]; triangles, shock-wave Hugo-
niot measurements [93]; star, ultrasonic measurements [90,91]. Calculations: crossed
squares [94, 95]; crossed circles [96] and crossed diamonds [97, 98]. Preliminary ref-
erence Earth model seismic data [99] are reported for comparison as full diamonds.
Figure taken from Antonangeli et al. [87]

through theoretical calculations are systematically higher than experimental
data [87].

Combining the results for VP with the measured density ρ and the bulk
modulus K obtained from the ε-iron equation of state, the shear velocity VS

can be derived:

V 2
S =

3
4

(
V 2

P − K

ρ

)
. (11)

The resulting density evolution of VS is also reported in Fig. 29. For
clarity, only the IXS data set for which VP was determined keeping Qmax

fixed is reported (employing the other method gives results that differ by
a few per cent). In the case of VS, a substantial agreement with other exper-
imental results is also observed. In the density region between 9000 kg/m3

and 10 000 kg/m3 the IXS data lie slightly above the NRIXS and XRD re-
sults, as a direct consequence of the higher VP values in this density region.
The overall agreement is, however, still satisfactory, although a linear fit to
the IXS data shows a reduced slope as a function of density with respect
the trend of NRIXS and XRD. Independently of the particular experimental
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data set used, an extrapolation to core densities leads to VS values that are
significantly higher than what is shown by the PREM model. This obser-
vation is in agreement with theoretical results [101], which showed that the
shear modulus for ε-iron at core pressures is reduced by 70 % going from room
temperature to 5400 K. It has also been speculated that partial melting could
occur in the inner core, dramatically reducing the composite shear velocities
(with respect to pure crystalline hcp iron) in that region.

Further studies on hcp-iron aimed at determining differences in the sound
velocity, exploiting the strong texture development of iron, and different ori-
entations of the momentum transfer with respect to the loading axis of the
DAC, revealed a 4−5 % difference [87]. This difference is of the same order
as that of compressional seismic waves that travel along the Earth’s rotation
axis and in the equatorial plane, respectively. These results therefore suggest
that already a very moderate alignment of hcp-iron is sufficient to explain the
seismic observations, in stark contrast to previously proposed models of an
almost perfectly aligned single crystal. In addition, a series of measurements
that show the influence of light elements such as sulfur, silicon, or oxygen on
acoustic sound velocities of iron alloys at high-pressure was conducted [86].
Combining these results with X-ray diffraction measurements and seismic ob-
servations should provide constraints on the amount of light elements in the
Earth’s inner core.

6.4 Elasticity of cobalt to 39 GPa

In contrast to hcp iron the hcp phase of cobalt is stable at ambient tem-
perature to about 100 GPa [102]. The mechanical and thermal properties of
these two elements are close, and most importantly, ab initio calculations [95]
show that they display a very similar pressure evolution of the elastic moduli.
Cobalt can therefore serve as an analogue to hcp iron, and the availability of
high-quality single crystals allows the determination of the five independent
elastic moduli via the linear part of the acoustic phonon branches and the
Christoffel equation [103].

The single crystals (45 to 85 µm diameter, 20 µm thickness) were pre-
pared at the Lawrence Livermore National Laboratory, using femtosecond
laser cutting and state-of-the-art polishing techniques [106]. The samples were
loaded in DACs, using helium as pressure transmitting medium in order to
ensure hydrostatic pressure conditions. Typical mosaic spreads amounted to
0.1−0.2◦, and no degradation was observed up to the highest pressure point
of 39 GPa. All crystals were cut with the surface normal parallel to the [110]
direction. By simple rotation of the cell around the incident beam direction
the longitudinal acoustic (LA) phonon branches along the [100] and [001]
direction, the two transverse acoustic (TA) branches along the [110] direc-
tion, and the quasi-longitudinal branch along the [101] direction could be
determined [105]. For the first four directions, the sound velocity is directly
related to a specific elastic modulus, while the longitudinal sound velocity
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Fig. 30. Pressure evolution of the hcp Co elastic moduli. IXS results, obtained us-
ing helium (full squares) and neon (open squares) as pressure transmitting medium;
ambient pressure ultrasonic measurements (open diamonds) [104]; ab initio calcu-
lations within the GGA (full circles) and LDA approximation (open circles) [95].
The solid line is a linear fit to the data. Figure taken from Antonangeli et al. [105]

along the [101] direction is a function of all five elastic moduli, so that the
knowledge of the first four allows determining C13. Figure 30 reports the
pressure evolution of the five independent elastic moduli C11, C33, C44, C12,
and C13 (as well as C66 = 1/2(C11 − C12), together with ambient pressure
ultrasonic measurements [104] and ab initio calculations [95]. At ambient
conditions there is a good agreement between IXS and ultrasonic results, ex-
cept for C12, where the difference amounts to 11 %. Results from ab initio
calculations yield mostly higher values, with the exception of C13, while the
respective pressure derivatives are close to the experimental ones for C11,
C33, C66, and C12, but ∂C44/∂P and ∂C13/∂P are, respectively, too high
and too low. A better quantitative agreement is observed with calculations
performed within the local density approximation (LDA), especially for C11

and C66, rather than within the generalised gradient approximation (GGA),
while the IXS values for C33 and C12 lie in between the two approximations.
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These results illustrate the power of IXS as a tool to study elasticity un-
der extreme conditions with an accuracy of a few percent. The technique
can be applied to a large variety of samples (opaque or transparent, insulat-
ing or metallic), therefore complementing and extending other experimental
methods such as Brillouin light scattering and ultrasonics.

6.5 Lattice Dynamics of Molybdenum

This study was mainly motivated by the open questions, related to the H-
point anomaly of the LA branch, as revealed by INS measurements at 1 atm
and room temperature [107], and as a function of temperature to 1203 K [108].
With increasing temperature, the H-point phonon displays anomalous stiff-
ening that has been proposed to arise from either intrinsic anharmonicity of
the inter-atomic potential or electron phonon coupling. To address the nature
of these phonon anomalies, a high-pressure experimental study was under-
taken, since lattice compression provides a very convenient way to probe the
inter-atomic potential as well as electron-phonon interactions.

The sample was a high-quality molybdenum single-crystal, cut with the
surface normal parallel to the [110] direction, ∼ 60 µm diameter and 20 µm
thickness. It was loaded in a DAC, using helium as pressure transmitting
medium. Phonon dispersions of all the branches were recorded at a pressure
of 17 GPa, and a partial set of dispersions (lacking only the transverse modes
along [001] and [111]) at 37 GPa with an overall instrumental resolution of
3 meV [109]. The experimental results were confronted with ab initio calcu-
lations within density functional theory (DFT) and linear response theory,
using the ABINIT code [110, 111].

Figure 31 shows the pressure evolution of the LA[00ξ] phonon branch,
which displays, in analogy to the high-temperature INS results, a significant
decrease in the relative magnitude of the H-point phonon anomaly upon com-
pression. This is further highlighted in the inset, where the differing density
evolutions of the Grüneisen parameters at the maximum of the dispersion
(q ∼ 0.65) and at the H-point (q = 1.0) are reported. The calculations
capture quite well, both qualitatively and quantitatively, the experimental
phonon dispersion branch.

The joint study provides several arguments that the explanation for the
disappearance of the H-point anomaly with pressure is a decrease in the
magnitude of the electron-phonon coupling. Responsible are the nested p-like
bands, which are located near the Fermi level, εF, at one atmosphere. Firstly,
the calculated H-point anomaly showed to be very sensitive to the Gaussian
broadening of the bands. Secondly, on compression band broadening also oc-
curs, but now solely due to the perturbation of the electronic structure in
the compressed lattice. Furthermore, since the Fermi level increases under
compression, at high pressure, the energy of the nested bands will be lower
relative to εF (effectively moving outside of kBT from εF). Therefore, both the
pressure induced band broadening, and the lowering of nested bands relative
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Fig. 31. Phonon dispersions along [001] as a function of pressure. Filled symbols
are IXS data (circles, 17 GPa; triangles, 37 GPa), the unfilled squares are inelastic
neutron scattering data (one atmosphere). Calculations are shown as solid lines.
The inset shows the Grüneisen parameter as a function of density for a q ∼ 0.65,
corresponding to the maximum in the dispersion, and at the H-point (q = 1.0).
Figure taken from Farber et al. [109]

to εF, should favor a decrease in the H-point phonon anomaly, yielding a more
‘normal’ bcc phonon spectrum, as experimentally observed. Finally, impor-
tant anharmonic effects can be ruled out, since the calculations, performed
within the quasi-harmonic approximation, reproduce the experimental results
quite accurately.

7 Further Applications

7.1 Determination of the Phonon Density-of-States

The experimental determination of the energy distribution function g(E), or
vibrational density-of-states (VDOS), gives important insight into the phys-
ical properties of materials, since it allows the derivation of many thermody-
namic and elastic properties. If single crystals are available, the VDOS can
in principle be derived from a Born-von Kármán (BvK) fit to the experimen-
tally determined phonon dispersion curves. In cases, where sufficiently perfect
single crystals are not available, or for non-crystalline systems such as liquids
and glasses, g(E) has to be determined directly. This is commonly done by
inelastic neutron scattering (INS), or more recently as well by IXS [62]. As
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Fig. 32. Reconstructed vibrational density of states of diamond versus calculated
ab initio results [115]. The data are normalised to equal surfaces. Figure taken
from Bossak et al. [62]

inelastic X-ray scattering (IXS) from phonons is essentially a coherent scat-
tering process, the same incoherent approximation as for coherent INS has to
be applied. This necessitates a correct 1. directional averaging in polycrys-
talline samples and 2. an appropriate reciprocal space sampling [112–114].
The sampling procedure of this so-called “incoherent approximation” is usu-
ally obtained empirically. For systems with different atomic species, only the
generalized density of states can be obtained, for which the individual contri-
butions of the different constituent atoms are weighted by their corresponding
scattering strength.

Several aspects have to be considered in order to ensure a correct VDOS
approximation. The momentum transfer range corresponding to the first Bril-
louin zone has to be excluded, since in this case the total momentum transfer
Q is equal to the phonon wave vector q, and only phonon modes with a
eigenvector component parallel to Q acquire finite intensity. Another aspect
concerns the thickness of the integration shell, since for X-rays the atomic
form factor f(Q) displays a pronounced Q-dependence with an approximately
exponential decay. This leads to a distortion of the VDOS, if the integration
is performed over a large Q-range. In general, no recipe exists for the choice
of the shell sampling, but it was be shown that quantitative criteria for a
uniform sampling can be established, which are independent of any specific
lattice dynamics model, and only result from simple symmetry considera-
tions [62].

The validity of the above approach was checked by comparison of results
for polycrystalline diamond with ab initio lattice dynamics calculations and
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macroscopic thermodynamic and elastic measurements [62]. Ten IXS spectra
were recorded, covering a Q -range of about 15 nm−1 (approximately from
60 to 75 nm−1) with a momentum resolution of 0.7 nm−1 both in horizontal
and vertical directions. Prior to summing, the individual IXS spectra were
corrected for the individual crystal analyser efficiency, the polarisation factor
of the X-rays (see equation (4)) and the diamond form factor. The further
data treatment followed the same approach as for nuclear inelastic scattering,
where the multiphonon term is eliminated simultaneously with the deconvo-
lution of the data with the instrumental function [116]. Figure 32 shows the
thus obtained VDOS, together with the result of an ab initio calculation [115].
The agreement is quite remarkable: the position of special points is nearly
identical, and the high-energy peak, due to the overbending of the optical
phonon branch, is clearly seen. Several macroscopic parameters such as, for
example, the specific heat at constant volume, the low- and high–temperature
limit of the Debye temperature θD, and the average sound velocity vD were
derived from the VDOS, and yielded good agreement with available thermo-
dynamic and elastic results [62].

7.2 Phonons in Surface-Sensitive Geometry

Inelastic X-ray scattering offers the unique possibility to study surface and
bulk dynamics in a single experiment. This can be achieved by setting the
sample in grazing incidence condition thus holding the incoming X-rays be-
low the critical angle of total external reflection. In this case, the incident
electromagnetic field displays an exponential decay in the sample bulk with
a typical probing depth of only a few nm. By increasing the incidence angle
beyond the critical angle one can penetrate deep into the sample bulk. Such a
surface sensitive set-up was utilised to study the lattice dynamics of NbSe2, a
quasi-two-dimensional van der Waals layered material [117]. A metal at room
temperature, NbSe2 undergoes a charge density wave (CDW) transition at
about 33 K and a superconducting transition at about 5 K. This CDW tran-
sition is interesting on many fronts, not least as it is an incommensurate,
continuous phase transition and the CDW phase remains incommensurate
right down to the formation of the superconducting phase [118, 119].

The IXS experiment was performed with an energy resolution of 3 meV,
and the depth sensitivity was varied from 4 nm – the topmost four atomic
layers contribute 50 % to the scattered signal – to 100 nm. IXS data were
recorded along the [ξ00] direction for longitudinal acoustic and optical
branches around the (200) surface reflection. Figure 33 shows an overview
of the determined phonon dispersions and a comparison with previous INS
results [118, 119] as well as calculations [120, 121]. The overall form of the
experimental dispersion relation – with exception of the surface anomaly –
agrees well with the bulk calculations, which included an effective ion-ion
interaction. In both configurations the longitudinal Σ1 ω2 mode displays sig-
nificant softening in energy at 2/3 of the Brillouin zone. This points to a
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Fig. 33. (a) Room temperature surface (open stars) and bulk (filled triangles)
phonon dispersion curve of 2H−NbSe2, obtained by grazing incidence IXS. Bulk
sensitive INS data [118, 119] (solid circles) are shown for comparison. The cal-
culations by Motizuki et al. [120] and Feldman [121] are displayed by solid and
dashed lines, respectively. (b) Enlarged view of the low energy part of the phonon
dispersion (lines are guide to the eye). Figure taken from Murphy et al. [117]

strong interaction between the phonons and the conduction electrons. The
increased anomaly at the surface is evidence that some change is occurring
in the topmost layers. One possibility is that the surface electronic state cuts
the Fermi surface at a different position than the bulk Fermi wave vector,
as deduced by Benedek et al. from Helium scattering results [122]. Another
possibility would involve an increased electron-phonon interaction, which is
consistent with the change of symmetry and coordination of the upper atomic
layers with respect to that of the bulk.

8 Concluding Remarks

It was the aim of this Chapter to give a representative overview on the vari-
ous applications of phonon studies in crystalline solids using inelastic X-ray
scattering with very high energy resolution. The Chapter was not meant to
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be a complete compendium, and therefore several studies were not discussed.
These comprise work, for example, on quasicrystals [123–126], SiO2 [127] and
biological systems [128–130], as well as the large number of studies on liquids
and amorphous materials that are outside the scope of the present Chapter.

Within the last ten years the IXS technique has gained a high level of ma-
turity and has made important contributions to various fields of research. At
present, the number of instruments around the world is limited to only four,
but several projects are in an advanced design stage or are planned, reflecting
the interest of the scientific community. These new instruments will bene-
fit from the latest advances in storage-ring design, X-ray optics, spectrome-
ters and detectors. In turn, the existing instruments are being continuously
improved. Further gains in photon flux by the increase of the storage-ring
current and undulators with a shorter magnetic period, as well as the imple-
mentation of advanced focusing schemes, aiming at a further reduction of the
X-ray beam size on the sample, will enhance the current capabilities of IXS.
Even smaller samples will be studied, utilizing an increasingly complex sam-
ple environment. One example concerns high-pressure studies at very high
temperatures, using laser heating techniques. Finally, the advent of X-ray
lasers will also pave new avenues for IXS, making studies possible that are
today only visions.

References

[1] H. Egger, W. Hofmann, J. Kalus: Appl. Phys. A 35, 41 (1984) 318
[2] W. G. Hofmann: Ph.D. thesis, University of Bayreuth (1989) 318
[3] E. Burkel, J. Peisl, B. Dorner: Europhys. Lett. 3 (8), 957 (1987) 318
[4] B. Dorner, E. Burkel, T. Illini, J. Peisl: Z. Phys. B: Condens. Matter 69, 179

(1987) 318
[5] E. Burkel: in Inelastic Scattering of X-rays with Very High Energy Resolu-

tion, vol. 125, Springer Tracts in Modern Physics (Springer Verlag, Berlin,
Heidelberg 1991) 318, 319

[6] F. Sette, M. Krisch: ESRF Newsletter 22, 15 (1994) 318
[7] F. Sette, G. Ruocco, M. Krisch, C. Masciovecchio, R. Verbeni: Phys. Scr.

T66, 48 (1996) 318
[8] M. Krisch, M. Lorenzen: (1999), unpublished 318
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[82] N. Nücker, U. Buchenau: Phys. Rev. B 31, 5479 (1985) 352
[83] J. Mizuki, C. Stassis: Phys. Rev. B 34, 5890 (1986) 352
[84] H. Mook, D. B. McWhan, F. Holtzberg: Phys. Rev. B 25, 4321 (1982) 353
[85] S. Raymond, J.-P. Rueff, M. D’Astuto, D. Braithwaite, M. Krisch, J. Flou-

quet: Phys. Rev. B 66, 220301 (R) (2002) 353
[86] G. Fiquet, J. Badro, F. Guyot, C. Bellin, M. Krisch, D. Antonangeli, A. Mer-

met, H. Requardt, D. Farber, J. Zhang: Phys. Earth Planet. Int. 143–144, 5
(2004) 354, 357

[87] D. Antonangeli, F. Occelli, H. Requardt, J. Badro, G. Fiquet, M. Krisch:
Earth Planet. Sci. Lett. (2004) 354, 356, 357

[88] G. Fiquet, J. Badro, F. Guyot, H. Requardt, M. Krisch: Science 291, 468
(2001) 354, 355

[89] H. K. Mao, J. Xu, V. V. Struzhkin, J. Shu, R. J. Hemley, W. Sturhahn,
M. Y. Hu, E. E. Alp, L. Vocadlo, D. Alfè, G. D. Price, M. J. Gillan, M. Schwo-
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Abstract. X-rays are a valuable probe for studying structural dynamics in solids
because of their short wavelength, long penetration depth and relatively strong
interaction with core electrons. Recent advances in accelerator- and laser-based
pulsed X-ray sources have opened up the possibility of probing nonequilibrium
dynamics in real time with atomic-scale spatial resolution. The timescale of interest
is a single vibrational period, which can be as fast as a few femtoseconds. To date,
almost all such experiments on this timescale have been carried out optically, which
only indirectly measure atomic motion through changes in the dielectric function.
X-rays have the advantage that they are a direct probe of the atomic positions.

1 Introduction

The field of ultrafast X-ray physics is still in its infancy. Ultrafast sources of
X-ray radiation are significantly less developed than lasers. The advance-
ment of ultrafast X-ray science shows many parallels to ultrafast optical
science. As was the case with the development of femtosecond lasers, a
strong synergy exists between improvements in sources and experimental
techniques that increases our ability to answer ever more sophisticated sci-
entific questions. There are a number of examples of important experiments
that have helped propel ultrafast X-ray science. For example, researchers have
used time-resolved X-ray scattering from solids to study transient dynamics
in metals [1], organic solids and biomolecules [2–4], laser-generated shock
waves [5–7], impulsive strain generation and melting in semiconductors [8–
21] and nanoparticles [22, 23], electron-hole plasma diffusion [24], solid-solid
phase transitions [25–27], folded acoustic phonons [28, 29] and coherent opti-
cal phonons [30]. A number of early reviews and surveys exist in the literature,
for example [31–33].

We have not attempted here to give a complete account of the progress
in the field. A number of important experiments are notably absent. For
example, we do not discuss molecular dynamics [34–39] or spectroscopic ex-
periments in the solid state [27, 40, 41]. Instead, we highlight a number of
seminal experiments in ultrafast X-ray scattering from solids with the goal of
giving a reader who may not be familiar with the field a flavor of its progress
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and potential. The Chapter is organized as follows: first, in Sect. 2, we pres-
ent a brief survey of ultrafast X-ray sources. These sources fall under two
broad categories, namely, laser based and accelerator based, and each has its
own advantages and disadvantages. While this work emphasizes past experi-
ments, it would not be complete without a reference to the X-ray free-electron
laser (FEL), the first of which is currently under construction at the Stanford
Linear Accelerator Center (SLAC). The X-ray FEL is expected to operate
with seven orders of magnitude enhancement in peak brightness compared
to the brightest existing source, the Subpicosecond Pulse Source (SPPS) also
at SLAC. The hard X-ray radiation will have full transverse coherence – and
potentially has the capability of attosecond pulse generation with full lon-
gitudinal coherence. After the discussion of sources, in Sect. 3, we discuss
time-resolved diffraction experiments on coherent phonons. Here, the vast
majority of experiments have looked at the generation and propagation of
coherent acoustic phonons (i.e., ultrasound) in semiconductors, in more and
more detail. Recent experiments have also looked at phonon propagation
across single heterostructure boundaries and in superlattices as well as at
coherent optical-phonon excitations in semimetals. Ultrafast diffraction can
be an important tool for studying phase transitions, and in Sect. 4, we pres-
ent experiments on the so-called nonthermal melting transition including a
number of recent experiments at SPPS that are shedding new light on the
solid-liquid transition. We then discuss two experiments on solid-solid transi-
tions, one in a correlated electron system (VO2) and the other a paraelectric
to ferroelectric transition in a charge-transfer molecular crystal (TTF-CA).
We conclude, in Sect. 5, with a few brief remarks.

2 Ultrafast X-Ray Sources

Advances in the understanding of ultrafast phenomena have depended cru-
cially on technological advances in both femtosecond optical and X-ray
sources. There now exist a wide variety of sources of picosecond and sub-
picosecond X-ray pulses that have been used to probe structural dynamics
in solids. These vary in size from table-top to many kilometers in length. In
this section, we briefly review some of the methods used for producing short
bursts of X-rays, focusing on recent developments in the field.

Laser-produced plasmas are table-top sources in which an intense laser
pulse incident on a solid creates a plasma of high-energy electrons that,
through collisions with the solid, produces bremsstrahlung and characteristic
X-ray line radiation. The duration of the X-ray pulses can be comparable to
the excitation pulse [42–45] although, at the present time, no direct measure
of the pulse duration of these sources has been made. The fluorescent lines
from a plasma source are emitted isotropically, such that many experiments
require collection and focusing optics, although a large divergence angle can
be used to access a wide range of reciprocal space. State-of-the-art laser-
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plasma sources produce on the order of 106 photons/s in a focal spot on a
sample to be probed [46,47]. We refer the reader to the review by Sokolowski-
Tinten et al. [46] for more detail on these sources.

Third-generation X-ray sources are orders of magnitude brighter than
laser-based sources and offer greater tunability. However, their ability to re-
solve ultrafast dynamics is limited by their pulse duration, on the order of
100 ps (FWHM), set by the equilibrium electron-bunch length in the stor-
age ring [48, 49]. Reviews describing these sources can be found in [50–54].
X-ray streak cameras are able to extend the temporal resolution achievable
at synchrotron sources to a single picosecond [55–58]. Although the quantum
efficiency of these detectors is low, work is ongoing on improving this [59].
A variety of other techniques have been proposed to produce femtosecond
X-ray pulses at synchrotron sources including electron [60–62] and X-ray [63]
beam-slicing techniques. Electron beam slicing is now being developed at a
number of synchrotrons worldwide. In this technique, a short laser pulse co-
propagates with the electron beam through a wiggler to produce a significant
energy modulation (on the order of 10 MeV under resonant conditions [60]) of
those electrons that temporally overlap the laser pulse. The energy-modulated
electrons are then spatially separated from the main bunch by a dispersive
section and used to produce femtosecond X-ray pulses in a bending magnet or
undulator, leaving a femtosecond hole behind. A source under development
at the Advanced Light Source at Lawrence Berkeley National Laboratory is
expected to produce on the order of 106 photons/s in a narrow bandwidth, al-
beit with significant background scattering from the spatial wings of the long
X-ray pulse. The first experiments using a lower-flux version of this source
have recently been carried out by Cavalleri et al. [27].

In recent years, sources of ultrafast X-rays based on linear-accelerator
technology have been developed that in many ways compete favorably with
the sources described above. Research and development on X-ray free-electron
lasers is underway at several places around the world. These sources are ex-
pected to produce intense, coherent, ultrafast X-ray pulses, based on self-
amplified spontaneous emission in a long undulator [64–66]. The basic prin-
ciple makes use of a highly relativistic, compressed electron bunch propa-
gating through an undulator (a periodic magnetic field). Under conditions
similar to those found at third-generation synchrotrons worldwide, the elec-
trons within a bunch radiate independently. But under the right conditions
(sufficiently optimized emittance, energy spread, current) the emitted radi-
ation acts back on the electron bunch (in a process similar to the electron
beam slicing described above) leading to longitudinal density modulations
with period corresponding to the wavelength of the undulator fundamental.
The constructive interference of the radiation from the bunched electrons
leads to further bunching and exponential gain. Calculations indicate one
may expect gains on the order of 108 in a 100 m undulator, corresponding
to ∼ 1012 photons/pulse with full transverse coherence. Construction of the
first X-ray FEL, the Linac Coherent Light Source (LCLS) project at the
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Stanford Linear Accelerator Center (SLAC), is currently underway and hard
X-rays should be available by 2009. A soft-X-ray free-electron laser at the
Deutsches Elektronen-Synchrotron (DESY) in Hamburg Germany is now op-
erational [67, 68], also with a planned extension to the hard-X-ray regime.
A review by Feldhaus et al. [65] provides a good introduction to the basic
principles of hard-X-ray free-electron lasers.

While many of the sources mentioned above are still years from comple-
tion, R&D efforts for the LCLS X-ray FEL have led to the development of
the Sub-Picosecond Pulse Source (SPPS) at SLAC [20, 69–71]. SPPS uses
the same linac-based acceleration and electron-bunch-compression schemes
as those of future X-ray FELs, but the X-rays are produced through sponta-
neous emission in a short undulator. The electron bunches are compressed in
two stages by first chirping them (i.e., creating a correlation between energy
and length along the bunch) and then passing them through a dispersive sec-
tion consisting of a series of bend magnets such that the back of the bunch
catches up with the front. In the first compression stage, the chirp is applied
by an RF field with optimized phase with respect to the electron bunch.
In the second stage, the chirp on the electron bunch is self-induced by the
wakefields it produces acting back on itself. Calculations predict an electron
bunch of FWHM 80 fs with a peak current of 30 kA. After the undulator, we
measure approximately 108 photons/s in a 1.5 % bandwidth at 10 Hz, tun-
able between 8–10 keV. Recent experiments conducted with this source are
described in this Chapter.

One of the key issues with accelerator-based sources is the inability to
precisely time an external laser pulse to the X-rays. This is typically not an
issue with laser-based sources because the same laser provides both the pump
and probe pulses. It is also not typically an issue at third-generation syn-
chrotrons, where, with appropriate care, external lasers can be synchronized
to the source to much better than the pulse duration. However, the pulse du-
ration at the SPPS and LCLS is considerably shorter than the level to which
an external laser can be synchronized. Cavalieri et al. [71] demonstrated that
the arrival time of the X-rays could be measured on a shot-by-shot basis using
single-shot electro-optic sampling of the ultrarelativistically enhanced field of
the SPPS electron bunch.

Figure 1 compares various accelerated sources discussed above in terms of
peak brightness and pulse duration. Laser plasma-based sources are consid-
erably less bright than the sources shown here, in part due to their large di-
vergence; however, we note that peak brightness may not always be the most
appropriate figure of merit. The oval marked ERL refers to proposed energy-
recovery linac schemes [64]. The line represents a line of constant single-pulse
time-integrated brightness passing through current third-generation sources,
for comparison. One observes that FELs represent many orders of magnitude
increase in brightness compared to third-generation sources, even account-
ing for the shorter pulse duration, and should make possible significant new
advances in the field of ultrafast X-ray scattering.
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Fig. 1. Peak brightness for various accelerator X-ray sources as a function of pulse
duration. Current sources are hashed and future sources are shaded. Also shown is
a line of constant single-pulse time-integrated brightness. Modified from a graph
courtesy of H. Winick and H. Nuhn

3 X-Ray Diffraction from Coherent Phonons

In the following sections we will present a number of experiments on pico-
second time-resolved X-ray diffraction from crystalline solids. In these exper-
iments an ultrafast laser pulse creates a transient distortion in the crystal.
In order to understand what information can be obtained about the ionic
motion in these experiments, we first consider the effect of lattice vibrations
on ordinary X-ray diffraction.

Recall that X-rays interact with the electronic density of a solid primar-
ily through Thomson scattering and are thus very sensitive to the atomic
positions (see, for example, [72, 73]). The scattered electric field, Es, at a
distance R from the solid can be considered as a sum of partial waves due
to the scattering from the electron densities of the individual atoms (ions) j,
that for an incident plane wave, of amplitude, E0, and angular frequency, ω0,
is

Es =
e2

mc2R
E0eiω0t

∑
j

fjei((k0−k′) · rj) . (1)
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Here, k0, k
′ are the incident and scattered wavevectors, rj and fj are the

position and atomic form factor (which depends on energy, momentum trans-
fer and the X-ray polarization) for the jth atom, respectively, and e2/mc2

is the classical electron radius. The scattered intensity is I = (c/8π)EsE
∗
s

and involves a double sum over all the ions. For an infinite crystal (ignoring
zero-point motion) this intensity is zero except for Bragg diffraction, i.e., in
directions where the momentum transfer equals a reciprocal lattice vector,

k′ − k0 = G . (2)

In the kinematic limit of weak scattering, the scattered field is thus the three-
dimensional Fourier transform of the electron density. In the presence of
lattice vibrations, the positions of the ions differ from their equilibrium posi-
tion Rj such that rj = Rj +uj . The primary effect of thermal vibrations is a
reduction in the Bragg-scattered intensity, the Debye–Waller effect. Inelastic
scattering from one or more phonons contributes to scattering outside the
Bragg peak in what is known as thermal diffuse scattering.

Unlike neutron scattering, inelastic X-ray scattering involves little change
in X-ray energy and extremely high resolution spectrometers are required
to observe the small energy shifts associated with the absorption or emis-
sion of a phonon. In X-ray diffuse scattering, it is not the energy shifts, but
the momentum transfer that is measured. Alternatively, in the time domain,
the energy shifts from coherent lattice motion can be observed through the
heterodyne detection of inelastically and elastically scattered photons at a
given momentum transfer. In this case, the difference frequency between X-
rays scattered through stimulated Brillouin or Raman scattering and those
that are elastically scattered is the phonon frequency. The inelastically scat-
tered X-rays satisfy energy and crystal-momentum conservation. For a given
momentum transfer, nonzero scattering occurs when

k′ − k0 = G ± q , (3)

where q is the phonon wavevector and the +(−) corresponds to phonon
absorption (emission). This leads to sidebands of the Bragg peak, as shown
schematically in Fig. 2. For the case where q is parallel to G, the angular
offset, ∆θ, of the sideband (relative to the Bragg angle, θB) is [74]

∆θ = ± q

G
tan θB , (4)

while the frequency of the inelastically scattered photons is

ω′ = ω0 ± Ω(q) , (5)

where Ω(q) is the angular frequency corresponding to a phonon of wavevec-
tor q.
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Fig. 2. Schematic of sidebands on a Bragg peak due to a single-phonon mode of
wavevector q. The central peak is the zero-phonon contribution corresponding to
k0 −k′ = G. The two subpeaks correspond to scattering that involves the emission
or absorption of a single phonon of wavevector q. The diagram in the upper right
shows the phase-matching condition for absorption of a phonon (in this case with
q parallel to G). The peak height of the sidebands oscillates at the frequency of the
phonon

At the detector, we expect to see a signal that is the combination of
elastically and inelastically scattered photons. The contribution from a single-
phonon mode with angular frequency Ω is

I(Ω, t) =
c

8π
|Ei + Ee|2

=
c

8π

(
|Ei|2 + |Ee|2 + 2|Ei||Ee| cos(Ωt + φ)

)
. (6)

Here, E(i)e is the (in)elastic scattered amplitude, which may itself be time
dependent, and φ is an overall phase difference. We therefore see that the
scattered signal has a term that oscillates with the frequency of the phonon.
In practice, we do not pick out a single mode, but a collection, each of which
may have a random phase and a different scattering amplitude. Thus, time-
domain inelastic scattering, as in the optical case [75], is sensitive to the
coherent phonon signal due to a large number of modes with the same initial
phase. Note that it is possible for either Ei or Ee to be comparable to E0,
when scattering occurs close to the Bragg peak.

In the case of coherent acoustic phonons and perfect crystals, kinematic
diffraction theory is often not sufficient. In this case, the dynamical theory of
X-ray diffraction [73, 76] is modified to incorporate the phonons in the form
of strain. In the case where the X-rays are nearly phase matched for diffrac-
tion from a single set of planes, H = (hkl), Takagi [77] and, independently,
Taupin [78], developed an eikonal approximation for the field amplitudes in
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the presence of static strain. The electric displacement amplitudes are given
by two coupled differential equations,

i
λ

π
β0 ·∇D0(r) = ψ0D0(r) + ψHDH(r) , and (7)

i
λ

π
βH ·∇DH(r) = ψ0DH(r) + ψHD0(r) − αHDH(r) , (8)

where λ is the X-ray wavelength in vacuum, D0,H are the electric displace-
ment fields inside the crystal, αH = −2(θ − θB) sin 2θB is the offset from the
Bragg condition, ψ0,H are the (000) and H = (hkl) Fourier coefficients of the
periodic electric susceptibility (directly related to the structure factor F0,H),
and β0,H are the wavevectors inside the crystal. For simplicity, we have as-
sumed that the crystal is centrosymmetric. Strain is taken into account by
modifying αH to represent a crystal with a slightly modified lattice spacing.
Wie et al. [79] give a single differential equation for the ratio of the field am-
plitudes x = DH/D0 in the Bragg geometry. Since the index of refraction in
the X-ray region of the spectrum is very nearly unity, DH ≈ EH , such that
|x|2 is, to a good approximation, the X-ray reflectivity (I/I0).

Because the difference in the X-ray and phonon energies is so great, it
is often an excellent approximation to treat the scattering process as elastic,
placing all time dependence ad hoc into the elastically scattered amplitudes.
In particular, the Takagi–Taupin approximation is valid when the spatial
strain gradient varies slowly compared with the spacing of the diffracting
planes (i.e., |q| � |G|) a condition that is well satisfied for laser-generated
strains. In addition, we require that the time derivatives of the field ampli-
tudes be negligible, corresponding to the limits that the phonon frequency is
small compared to the X-ray frequency and that the X-ray propagation time
through the crystal is small compared to the X-ray pulse duration [80, 81].
The time dependence is reintroduced by solving these equations at different
time delays between the X-ray probe and the laser pump with the associated
strain propagation.

Things are very different in the case of optical-phonon distortions. For
small crystals, or other cases where the kinematic limit to diffraction is valid,
the measured intensities will depend on the square of the time-dependent
structure factor, |FH(t)|2. However, for strong scattering from perfect crys-
tals, the usual Takagi–Taupin equations are not valid because the distor-
tions occur within a unit cell. In this case, the time dependence is in the
Fourier components of the electronic susceptibilities. Recently, Sondhauss
et al. [82] and Adams [83] have extended the Takagi–Taupin formalism to
include optical-phonon distortions.

3.1 Coherent Acoustic Phonons

Time-resolved X-ray diffraction is well suited for investigation of the dynam-
ics of high-frequency coherent acoustic phonons. In general, provided the
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momentum transfer is large compared to the Darwin width [72, 73, 76], the
coherent lattice motion adds sidebands to ordinary Bragg reflection peaks
due to X-ray Brillouin scattering. For strong reflections from perfect crys-
tals this corresponds to phonons of GHz frequency. Such sidebands were
observed many years ago using acoustoelectrically amplified phonons and a
conventional X-ray tube [84, 85]; however, in these experiments there was
not sufficient temporal resolution to observe the expected oscillations. An
alternate method of producing high-frequency coherent acoustic phonons is
through the absorption of femtosecond laser pulses. When a femtosecond laser
excites electrons in an opaque material, acoustic phonons are generated in
the form of a wavepacket with a spatial extent on the order of the absorption
depth of the light. Consequently, the wavepacket frequency components often
extend to a fraction of a THz. In this case, we expect a spectrum of sidebands
each corresponding to a particular phonon mode. Under appropriate condi-
tions, oscillations of the sidebands can be observed, and details of the phonon
generation and propagation can be obtained from the frequency, phase and
amplitude of the sidebands.

The physics of photoexcited carrier and lattice dynamics following intense
ultrafast laser excitation are complex and intricately coupled. The dynamics
occur over a wide range of timescales from subpicosecond to microsecond
and longer (see, for example, [86, 87]). Large uniaxial stresses are produced
that can easily exceed tens of MPa under modest optical excitation densities.
Typically, the stress develops on a timescale much shorter than the acoustic
propagation time across the laser absorption depth. As a result, the strain
comprises a broad spectrum of coherent acoustic phonons with frequencies
extending upward of a THz, limited by electron–phonon coupling. Such ultra-
fast acoustic pulses have applications in the study of thin films and interfaces
as well as bulk materials and have been studied extensively in optical ex-
periments [88–98]. Phonons produced by femtosecond lasers have found use
in all-optical measurements of the quality of bonded interfaces [92], thermal
conductivity [96, 97] and thermal boundary resistance of solid/solid [91] and
solid/liquid interfaces [90]. In each case the laser plays a dual role in both
creating the phonons (coherent or incoherent) and detecting them indirectly
through changes in the optical properties.

In semiconductors, the phonons are generated by a variety of mechanisms
including the volume deformation potential interaction, optical-phonon emis-
sion and subsequent decay and Auger heating [99]. Both the electron-hole
plasma (through the deformation potential) and the heated lattice (through
thermal expansion) contribute to the stress. Consider a cubic crystal. In the
limit when the laser-spot dimensions are large compared to the penetration
depth, the stress will be approximately uniaxial. Accordingly, the strain will
be uniaxial for a (100), (111) or other high-symmetry surface orientation. Let-
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ting the z-direction be along the inward pointing surface normal, the stress
is

σzz(z, t) = −3Bβ∆T (z, t)− B
∂Eg

∂P
∆n(z, t) + ρv2ηzz(z, t) , (9)

where B is the bulk modulus, β the linear expansion coefficient, T is the
lattice temperature, n is the photoexcited carrier density, ρ is the mass den-
sity, v is the longitudinal speed of sound and ηzz is the resultant strain [89].
The last term is the elastic response of the crystal. The stress and strain are
related to the atomic displacements (uz) by

∂σzz

∂z
= ρ

∂2uz

∂t2
and (10)

ηzz =
∂uz

∂z
, (11)

subject to the boundary conditions that the strain is initally zero everywhere,
η(z, 0) = 0, and the stress is always zero at the (free) surface, σ(0, t) = 0.
The stress is time dependent because of thermal and carrier relaxation. As-
suming that the time evolution is governed by diffusion, and that Auger
recombination instantaneously heats the lattice,

dn

dt
= Dp

d2
n

dz2
− An3 and (12)

dT

dt
= DT

d2
T

dz2
+ An3 Eg

Cv
, (13)

where Dp(DT ) is the ambipolar carrier (thermal) diffusivity, A is the Auger
recombination rate, Eg is the bandgap and Cv is the specific heat. Here, we
assume that the carriers thermalize quickly giving their excess energy to the
lattice such that, for laser photon energy El,

T (z, t = 0) = n(z, t = 0)
El − Eg

Cv
. (14)

In the simple case of linear absorption the electron-hole plasma density follows
an exponential decay from the surface,

n(z, t = 0) =
(1 − R)F

Elζ
e−z/ζ , (15)

where R is the reflectivity of the surface, F is the incident fluence, and ζ is the
absorption length of the light. If the laser pulse duration and the electron–
phonon relaxation time are both short compared to the acoustic transit time
across the penetration depth, then a nearly instantaneous stress is set up that
leads to impulsive strain generation (a coherent acoustic pulse). In this case,
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Fig. 3. Normalized strain due to an instantaneous and uniaxial stress that follows
an exponential spatial profile. A few representative times are shown. The spectrum
of the acoustic pulse, peaked at the inverse of the absorption length, is shown in
the inset

the work of Thomsen et al. [89] provides a simple analytical solution to the
resultant strain for a purely thermal stress, and we have

η33(z, t) =

(1 − R)
Fβ

ζCv

v2ρ

3B

[
e−z/ζ − 1

2

(
e−(z+vt)/ζ + e−|z−vt|/ζ sgn(z − vt)

)]
. (16)

This equation contains two separate components: a static thermal layer pro-
portional to the instantaneous stress and a bipolar coherent acoustic pulse
that travels away from the surface at the speed of sound: see Fig. 3. Note
that the spectrum of the acoustic pulse is broad and that it is peaked at the
inverse of the optical penetration depth. Deviations from an instantaneous
stress lead to a time-dependent surface strain and an asymmetric acoustic
pulse with different spectral content. For example, diffusion can significantly
alter the shape of the acoustic pulse when D/vζ � 1, i.e., when the diffu-
sion length is comparable to the penetration length in a time given by the
propagation of sound across the same distance.

The first time-domain experiment on picosecond coherent acoustic pho-
nons was carried out by Rose-Petruck et al. [12] using a single femtosecond
laser both to generate a large acoustic strain in GaAs and produce the short-
pulse X rays [12]. The strain is produced by the absorption of the laser in a
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Fig. 4. Experimentally measured (a), theoretically calculated (b) and genetic algo-
rithm inverted (c) time- and angle-resolved diffraction curves from optically excited
GaAs [12]

thin region near the surface of the single crystal, as described above, while the
X-rays are K-shell flourescence produced by focusing a portion of the laser
on a moving copper wire. These X-rays are then diffracted from the strained
crystal at various time delays and detected by an X-ray CCD camera. Fig-
ure 4a shows the results with 2400 shots accumulated for each time delay. In
this figure, one can clearly see diffraction of both the Kα and Kβ fluorescence
lines from the (111) lattice planes modified by the large acoustic response of
the material. Figure 4b shows theoretical calculations of the diffraction profile
using the Takagi–Taupin equations and the phenomenological model for the
strain generation and propagation put forward by Thomsen et al. Qualita-
tively, there is excellent agreement with the thermoelastic model. The authors
also compared other strain profiles, using an iterative genetic-algorithm to
best fit the data. The calculated diffraction pattern for the best results is
shown in Fig. 4c. While the resultant strain produced a calculated diffraction
profile that was similar to both the data and the theoretical calculations,
the strain profile was significantly different from that predicted by Thomsen
et al. in that it comprises a static surface expansion and a unipolar tensile
pulse without the associated compression.

The previous results, while consistent with the production of a coherent
acoustic pulse did not show temporal oscillations in the X-ray reflectivity that
one could have expected from the arguments we previously presented. This is
most likely due to the mismatch between the large penetration depth of the
near-infrared laser in GaAs and the finite penetration depth of the X-rays. In
a similar experiment by Lindenberg et al. [14] using synchrotron X-rays, and
laser-excited InSb, temporal oscillations were observed. These experiments
utilized a picosecond X-ray streak camera triggered by a photoconductive



Ultrafast X-Ray Scattering in Solids 383

switch [56] in order to resolve temporal features that occurred within the
diffraction of a single ∼ 80 ps pulse. The Ti:sapphire laser used to trigger
the streak camera and excite the crystal was synchronized to ∼ 5 ps with an
individual electron bunch in the Advanced Light Source storage ring. Because
of the small bandgap, the penetration depth of InSb is ∼ 100 nm at the
excitation of 1.55 eV used in the experiment. In an attempt to better match
the X-ray penetration depth and that of the laser, an asymmetric geometry
was used in which the X-rays exit the crystal at 3◦ [14]. The results show
striking oscillations corresponding to coherent acoustic-phonon sidebands,
as can be seen in Fig. 5. The data are taken at different angles relative
to the Bragg peak, corresponding to a compressed lattice spacing. From the
measured oscillation frequencies as a function of angle, the phonon dispersion
can be determined. Within experimental error, Lindenberg et al. found a
linear dispersion with a slope corresponding to the longitudinal speed of
sound in the [111] direction (3900 m/s), as expected for a coherent acoustic-
phonon pulse.

The results were compared with calculations based on dynamical diffrac-
tion theory, as presented earlier. The authors found that their results could
be accounted for by a two-component stress, an instantaneous component
attributed to photoexcited carriers and a delayed component attributed to
thermal stress (due to the finite electron–phonon coupling time). As can be
seen in Fig. 5, the calculations are a good match to the data. The measured
strain corresponds to a 0.17 % thermal and 0.08 % nonthermal component
within a 100 nm attenuation length, and with an electron–phonon coupling
time of 12 ps. It was not necessary to include the effects of carrier or thermal
diffusion to match the experiment.

Reis et al. [17] also looked at impulsive-strain generation in InSb using
hard X-rays from the Advanced Photon Source synchrotron. As with other
synchrotron experiments, the excitation laser is synchronized to a single X-ray
pulse in the ring. Unlike in Lindenberg et al. [14], where an X-ray streak cam-
era was used, Reis et al. made use of an avalanche photodiode for pump-probe
experiments. In this experiment, a symmetric X-ray diffraction geometry was
chosen where the lattice planes are parallel to the (111) surface. Because the
X-ray penetration depth (which is limited by the shorter of extinction or
absorption) is much longer than the optical penetration depth, the strain
can be followed as it propagates into the bulk of the crystal. Although the
temporal resolution is worse than in previous experiments, this allows for a
more complete view of the strain dynamics and for the surface and bulk con-
tributions of the strain to be separately resolved. Because of the symmetric
geometry, the data revealed both the compression and expansion associated
with the strain wave. Figures 7a and d show the results for two diffraction
peaks: the strong (111) and nearly forbidden (222). A two-dimensional fast
Fourier transform of the data shows clear signs of acoustic-phonon dispersion.

Dynamical-diffraction calculations were performed assuming that the
strain results from thermoelastic effects. The data are best fit with a peak
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Fig. 5. Experimentally measured (solid line) and simulated (dashed line) time-
resolved diffracted intensity at crystal angles of 0, 120, and 140 arcsecond from the
InSb (111) Bragg peak [14]

strain of 0.51 % across a 100 nm absorption depth and a 0.51 % peak-to-peak
acoustic pulse. The effects of a delayed stress, as seen by Lindenberg et al.
and others [10, 12, 13], could not be resolved with the 100 ps resolution of
these experiments. The results are presented in Fig. 7. Even though the the-
oretical expressions qualitatively reproduce many of the features of the data,
Fig. 8 shows that they significantly underestimate the fraction of the strain
in the coherent acoustic pulse. In fact, a least squares fit to the data that
allowed for separate partitioning into the surface and bulk contributions to
the strain gives a 0.39 % surface strain with a nearly doubled 0.76 % peak-to-
peak acoustic pulse. It is likely that this discrepancy is due to photoexcited
carrier-induced stress.

For the most part, time-resolved diffraction experiments concentrate on
features in the vicinity of strong Bragg reflections and, as such, they are
limited to the study of strain within the near-surface region defined by the
X-ray extinction depth. This is typically ∼ 1 µm but can be considerably
smaller for asymmetric geometries. A quasiforbidden reflection such as (222)
in InSb (and other zincblende materials) increases the probe length by an
order of magnitude or more to be limited by X-ray absorption. However, the
diffraction efficiency of these reflections is small, as is the spectral acceptance,
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Fig. 6. From [14] Experimentally observed oscillation frequency of the diffracted
intensity as a function of crystal angle for laser-excited InSb. The solid line is a fit
to the data. Inset : Calculated laser-induced strain profile, which propagates at the
sound velocity into the material

such that it is difficult to make precise measurements of the strain with X-ray
fluorescence lines or conventional double-crystal monochromators.

A major advantage of synchrotron-based sources is that arbitrary time
delays can be achieved by purely electronic means because the laser pump
and the X-ray probe are independent (the mechanical delay stage required to
optically separate two pulses to introduce a variable delay from picoseconds
to microseconds or longer would be too long to implement). At the same time,
this can also be a major disadvantage of accelerator-based sources, for there
is a lack of intrinsic synchronization between the pump and probe that can
lead to reduced temporal resolution due to timing jitter [71]. Figure 9 from
DeCamp et al. [33] shows the X-ray diffraction intensity as a function of time
following an impulsive laser excitation of the surface of a 280 µm thick single-
crystal Ge (001) sample. The maximum time delay exceeds a microsecond
while maintaining the ∼ 100 ps resolution limit of the X-ray pulse duration.
The sharp temporal peaks correspond to diffraction when the acoustic pulse
is traveling within the probe region of the X-rays diffracting from the (004)
lattice planes. The timed delay between subsequent peaks corresponds to the
roundtrip propagation through the crystal (reflecting off the highly polished
rear surface and back), ∆t = 2L/v = 110 ns, where L is the crystal thickness
and v ≈ 5000 m/s is the longitudinal speed of sound. One can easily make out
the contribution to the time-resolved diffraction from the surface component
of the strain as the slowly varying background that decays over hundreds
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Fig. 7. Time-resolved rocking curves of impulsively strained InSb. (a),(d) Data
and (b),(e) dynamical diffraction simulation for a 0.51 % peak strain with a
100 nm laser absorption depth and a 100 ps, 1.25 mdeg (2.5 mdeg for the (222))
FWHM Gaussian resolution functions (normalized to the peak unstrained signal);
and (c),(f) dynamical diffraction simulation for the reflectivity of a monochromatic
X-ray pulse with ideal temporal resolution for the (111) and (222) reflections, re-
spectively [17]

Fig. 8. Rocking curve of the (111) peak at 150 ps time delay (normalized to the
peak unstrained value). The solid circles are the data and the line is the simulation.
The discrepancy is ascribed to an excess population of coherent acoustic modes [17]



Ultrafast X-Ray Scattering in Solids 387

Fig. 9. Relative reflected intensity as a function of time delay, for the symmetric
(004) Bragg peak in Ge following an impulsive excitation [33]

Fig. 10. Diffraction image of an acoustic pulse in Ge after propagating one pass
through the 280 µm crystal (left) and 10 passes through the crystal (right) [33]

of nanoseconds due to thermal diffusion. The contribution of the surface
strain can be removed by measuring the time-resolved diffraction pattern due
to the acoustic pulse off the opposite face of the crystal. In this geometry,
DeCamp et al. obtained detailed time- and angle-resolved diffraction patterns
that show the evolution of different frequency components of the strain pulse
leading to significant pulse broadening [33], as seen in Fig. 10.

All of the experiments listed above were performed in the Bragg or re-
flection geometry for which the diffracted X-rays are directed away from the
crystal. However, it is also possible to have the diffracted beam directed such
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that it propagates through the bulk crystal. This is known as the Laue ge-
ometry [72, 73] (not to be confused with the Laue or white-beam diffraction
technique in which a broad spectrum of X-rays is used to simultaneously
meet the Bragg condition for numerous sets of diffracting planes). In general,
photoelectric absorption will limit the transmission to relatively thin crystals.
High-energy X-rays can mitigate these effects because the absorption cross
section decreases with energy (far from an absorption edge). In this geome-
try, Liss et al. observed X-ray diffraction from MHz frequency acoustic waves
using 30 keV X-rays [100].

In the case of strong diffraction, the X-rays can still propagate through
many ordinary (incoherent) absorption lengths in what is known as the Borr-
mann effect, or X-ray anomalous transmission [73, 76]. Here, two diffracted
beams are produced, the forward diffracted, or 0-beam, in the direction of
the incident X-rays and the deflected diffracted, or H-beam, in the direction
given by Bragg’s law (2), as shown schematically in Fig. 11. The amplitude of
the forward and diffracted beams do not represent the eigensolutions for the
electric field inside the medium. When the boundary conditions are such that
a single diffraction condition is met, the solutions to Maxwell’s equations in
a periodic media are two waves that propagate along the lattice planes with
a transverse profile corresponding to mutually orthogonal standing waves.
This is the essence of dynamical-diffraction theory. The only difference be-
tween this and the Bragg case are the particular solutions that are excited,
as determined by the boundary conditions. It is also formally equivalent to
electron band theory except that the electric and magnetic fields are vector
quantities [101]. The solutions are analogous to the symmetric and asymmet-
ric wavefunctions and the opening of a bandgap. In fact, the width of the
Bragg peaks is determined by the Fourier coefficients of the electron den-
sity in much the same way that the bandgaps are determined by the Fourier
coefficients of the periodic crystal potential in which the electrons move.

In the Borrmann effect, the wavelength of the transverse standing waves
is twice the planar spacing. In the case of strong diffraction, one of the so-
lutions, α, has nodes in regions of high electron density and the other, β, in
the regions of low electron density. Since the dominant absorption process
is photoelectric, the α solution has low absorption (the anomalous trans-
mission solution) whereas the β solution has enhanced absorption. The two
modes α and β oscillate in and out of phase as they propagate through the
crystal. The wavelength of the interference, Λ = |kα−kβ |−1, is known as the
Pendellösung length that is typically a few micrometers and is often shorter
than the absorption length. The external, forward and diffracted, amplitudes
are linear combinations of these two solutions. In the case of a thick crystal
(compared to the β absorption length), the output beams are both derived
from the α solution and, except for possible geometrical differences, they are
identical. In the case of a thin crystal, the relative diffraction efficiency of the
two beams depends on the phase difference between the two modes at the
exit face.
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Fig. 11. Schematic of Borrmann Effect, adapted [18]

Anomalous transmission is extremely sensitive to the crystalline quality.
Borrmann’s original experiments demonstrated the loss of X-ray anomalous
transmission due to a small thermal gradient [102]. In these experiments,
a thick calcite crystal was exposed to a temperature gradient of 0.2 ◦C/cm
that was sufficient to remove the anomaly. The thermal strain was enough
to disrupt the X-ray wave-guiding effect causing complete absorption. More
recent experiments show that acoustic waves can spatially modulate [103]
and strongly attenuate [85, 104, 105] the anomalous transmission. This also
applies to lattice dislocations and other deffects [106, 107]. These distortions
mix the α and β solutions, an effect that has been used as a means to control
the relative diffraction efficiency into the forward and diffracted beams [18].

In these experiments by DeCamp et al. [18], a laser-induced acoustic pulse
produces a localized disturbance in a thick Ge crystal, as was discussed ear-
lier in the Bragg experiments on multiple acoustic reflections. In this case,
the acoustic pulse modulates the ratio of the two anomalous transmission
beams for the asymmetric (202̄) diffraction condition by coupling the α and
β solutions. The relative time delay between the X-rays and the acoustic
pulse is used as a means to control the exit beams to preferentially switch
energy from one beam to another, to modulate the two beams together, or
even to enhance the anomalous transmission, as shown in Fig. 12. Before
t = 0, the energy in the two beams is mainly due to the α solution. At t = 0
approximately 75 % of the energy in the forward beam is switched to the
deflected beam. The boundary conditions determine whether the switching
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Fig. 12. Time-resolved diffraction measurement of the (202̄) asymmetric Laue
diffraction peak following laser-impulsive excitation of an acoustic wave on the exit
face of a thick Ge (001) crystal. Top: Forward and deflected X-ray intensity as a
function of time following excitation. Bottom: expanded scale showing the regions
where the acoustic pulse is near the exit or entrance crystal surface as well as time-
and angle-resolved diffraction images [18]

occurs between the forward and deflected, or vice versa, as would be the case
if the (2̄02) diffraction conditions were met. Following the initial switch, Pen-
dellösung oscillations are apparent in both the forward and deflected beams.
The oscillations appear to be 180◦ out of phase with each other and occur
with a frequency of ∼ 1 GHz. This frequency is consistent with the passage
of an acoustic impulse that redistributes energy from the α wave to a linear
combination of α and β as it moves along the perpendicular to the (001)
surface, at the speed of sound. These oscillations decay with a time constant
∼ 5 ns, determined by the absorption length of the β solution and the speed
of sound. At approximately 55 ns the acoustic pulse approaches the X-ray
input face of the crystal. At this point, the diffraction efficiency increases be-
cause the initial β wave has not yet decayed. As a result, more than 50 % of
the input intensity couples to the α wave. What is left of the β wave will be
nearly completely attenuated upon propagation through the bulk of the crys-
tal. Thus, the Pendellösung oscillations are in phase because the exit beams
are now determined solely by the α solution, as modified at the interface.

The initial transient shown in Fig. 12 occurs too fast to be accounted
for by an acoustic wave produced only by instantaneous stress. The authors
suggest that the strain may be modified significantly by the ambipolar diffu-
sion of the dense electron-hole plasma. In a follow-up experiment, DeCamp
et al. [24] used the time-resolved Borrmann and Pendellösung effects to study
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the details of the strain-generation process. Deviations from purely impulsive-
strain generation have been seen in a number of X-ray diffraction experiments
including [13,14,17,25]. In particular, Cavalleri et al. [13,25] studied coherent
strain near the melting threshold in Ge utilizing X-ray Bragg diffraction. They
concluded that the strain is produced over a region that is thick compared
to the optical penetration depth, likely due to ambipolar diffusion. However,
their experiment was only sensitive to structural changes in the near-surface
region due to the short X-ray extinction depth. In the Laue geometry, devi-
ations from impulsive-strain generation are evident in the relative phase of
the Pendellösung oscillations and the amplitude of the transient, providing
information about the strain-generation process at times shorter than the
X-ray probe duration. By studying these effects at different excitation densi-
ties and comparing the results to dynamical diffraction simulations, DeCamp
et al. were able to demonstrate that the development of the coherent strain
pulse is dominated by rapid ambipolar diffusion and coupling to the lattice by
the deformation potential. Because the electron-hole plasma diffusion is not
limited by the sound speed of the material, the strain front initially advances
at a speed greater than that of sound. The period of the Pendellösung oscilla-
tions is unchanged as the resulting acoustic pulse travels into the crystal bulk
at the longitudinal sound speed. While electron-hole plasma dynamics have
been studied extensively in ultrafast optical experiments such as in [108–116],
this experiment represents a true bulk measurement of the diffusion.

In addition to studying bulk properties, ultrafast X-ray diffraction is also
a useful tool to probe dynamics on the nanoscale [13, 22, 23, 29, 117, 118].
The physics of nanoscale thermal transport is of fundamental and practical
interest where interfaces play an especially important role [98]. Ultimately,
phonons transfer heat between materials and their scattering is particularly
sensitive to the details of interfaces [119, 120]. Early studies of phonon prop-
agation across a superlattice used superconducting tunnel junctions as the
phonon source and detector [121]. Recently, femtosecond lasers have found
use in nanoscale thermal transport measurements as the source and detec-
tion of phonons. Examples include the all-optical measurements of thermal
conductivity [96, 97] and thermal boundary resistance of solid/solid [91] and
solid/liquid interfaces [90]. In contrast to all optical techniques, X-ray meth-
ods yield quantitative information about atomic positions. In this approach,
the laser is used as the source of the phonons and picosecond X-ray diffraction
is the probe. In the case of thin films and interfaces, picosecond diffraction
has been used to study phonon damping [13], the generation of folded acous-
tic modes in superlattices [29, 117] and in the reflection and transmission of
phonons across a single heterostructure interface [118].

In the novel experiments of Lee et al. [118], picosecond X-ray diffraction
was used to study the propagation of acoustic phonons across the nearly
ideal Al1–xGaxAs/GaAs interface. As with previously discussed experiments,
a femtosecond laser creates a coherent acoustic wavepacket. However, because
the particular alloy of the Al1–xGaxAs film (x = 0.3) was chosen to be trans-
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Fig. 13. Simulations of a the coherent acoustic wavepacket produced by impulsive
stress localized on the bulk side of a heterostructure interface [118]

parent to the laser, the strain generation is localized at the GaAs substrate.
In this case, the boundary conditions that give rise to the generation of a
bipolar acoustic pulse (Fig. 3) no longer hold; instead the solutions to the
elastic equations give the pulse shown in Fig. 13.

Even though the lattice constants of the Al1–xGaxAs and GaAs are very
close, high-resolution X-ray diffraction can distinguish between the bulk and
the substrate, as can be seen by the two peaks of the static rocking curve
on the left of Fig. 14. Note that the fringes, due to a finite thickness and
interference between the wings of the Al1–xGaxAs and GaAs peaks, are pre-
dicted by the dynamical theory of X-ray diffraction. Because the two peaks
are well separated, it is possible to use X-ray diffraction as a means to iso-
late and measure the strain in either the film or the bulk. On the right-hand
side of Fig. 14, we show slices of the time-resolved X-ray diffraction from
the high- and low-angle side of the Al1–xGaxAs peak and the low-angle side
of the GaAs peak. The data are consistent with dynamical-diffraction cal-
culations for two counterpropagating unipolar compression pulses, as shown
in Fig. 13, and with an acoustic-mismatch model of the heterostructure and
film/air interfaces [119, 121]. These interfaces represent the extreme limits
of a near-perfect acoustic match between the film and substrate (near unity
transmission) and a near-infinite acoustic mismatch between the film and
air (near unity reflection, with a π phase shift). It is also important to note
that the data are consistent with a strain profile produced predominantly by
an impulsive stress. This is to be expected because diffusion is slow on the
timescale of the experiments and the photoexcited carriers were confined to
the substrate.
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Fig. 14. (Left) High-resolution diffraction image from the (004) Bragg peak of a
single AlGaAs/GaAs heterostructure, showing the individual peaks of the AlGaAs
film and the GaAs substrate. (Right) Relative time-resolved X-ray diffraction in-
tensity for three different angles: (a) 27.546 0, on the high-angle side of the AlGaAs
peak; (b) 27.541 5, on the low-angle side of the AlGaAs peak; and (c) 27.569 0, on
the low-angle side of the GaAs peak [118]

Experiments using shorter-wavelength, higher-frequency coherent pho-
nons, could provide frequency-dependent reflection and transmission coef-
ficients. Here, multiple quantum wells or metallic films can be used as the
source. In addition to providing further insight into the strain-generation
process, the added specificity of X-ray diffraction combined with the abil-
ity to measure phonons at a given wavevector, as well as measure the local
temperature, should prove a useful tool in measuring frequency-dependent
thermal and mechanical properties of thin films and interfaces. For complete
information of the phonon dynamics, time-resolved diffuse scattering holds
tremendous promise [122].

3.2 Coherent Optical Phonons

We have seen that time-resolved X-ray diffraction is a particularly sensitive
probe of coherent motion. Most of the ultrafast experiments to date have
centered around coherent acoustic modes in bulk materials, although the
technique has recently been used to study folded acoustic-phonon modes
in an artificial superlattice [29, 117]. Conspicuously, the literature is almost
devoid of studies of coherent optical modes in bulk materials. Optical modes
are, of course, fundamental in carrier-relaxation processes and are known to
play an important role in various phase transitions [123]. There are two main
difficulties in the direct observations of the atomic motion associated with
coherent optical phonons. One is the fact that the typical phonon period is
considerably shorter than even the shortest X-ray sources. The other is that
typically the phonon amplitudes are very small, making it difficult to separate
the effect of near-zone-center phonons from the usual diffraction.
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This is not to say that there hasn’t been significant interest in X-ray scat-
tering from optical phonons. There have even been proposals to use optical
phonons as the basis of an ultrafast X-ray switch, in which a Bragg mirror
has its reflectivity switched on and off on an ultrafast timescale. One advan-
tage of such a device would be that it could be used as an insertion device
to an existing X-ray beamline at a synchrotron to significantly shorten the
X-ray pulse duration for time-resolved experiments. This idea was proposed
by Bucksbaum and Merlin [63]. Their phonon Bragg switch would work by
setting up a relatively large wavevector phonon field using a pair of ultra-
fast laser pulses. The phonons are generated by impulsive stimulated Raman
scattering with a wavevector sufficiently large to put sidebands on the Bragg
peak for a perfect crystal. The periodicity of the phonon field produces a
superlattice on top of a crystal lattice, producing sidebands on the ordinary
X-ray diffraction similar to that seen in the case of the acoustic-phonon scat-
tering. By tuning the crystal to a sideband, a high contrast can be achieved
between the elastically scattered X-rays in the tail of the Bragg peak and
the phase-matched inelastically scattered X-rays. In order to make a switch,
a second set of laser pulses is timed such that the coherent-phonon ampli-
tude is completely cancelled. In this manner, the reflectivity of the Bragg
mirror can be switched on and off in roughly half a phonon period. In the
case of GaAs and for tranverse optical phonons, this can be as short as 50 fs
(in principle, shorter pulses can be made, using laser pulses of unequal am-
plitude; albeit at a reduced efficiency) and as long as the phonon lifetime.
It has been noted that the anomalous transmission experiments of DeCamp
et al. [18] (using coherent acoustic phonons) can also be scaled to optical-
phonon excitations and may offer a number of advantages over the Bragg
geometry. Recently, Nazarkin et al. [124] proposed that high-order Raman
scattering in this geometry would lead to even faster switching. As noted
previously, in calculating the effect of an optical phonon field on dynamical
X-ray diffraction, the usual Takagi–Taupin equations do not hold and must
be modified [82, 83].

The first experiments on time-resolved X-ray diffraction from coherent
optical phonons were performed by Sokolowski-Tinten et al. on photoexcited
bismuth [30]. This system is well known in that it exhibits very large am-
plitude and relatively low-frequency oscillations. Bismuth is not well suited
for the Bragg switch described above because it is difficult to grow high-
quality single crystals and the photoexcited phonons are typically produced
in a very small penetration depth. However, bismuth is an almost ideal sys-
tem for studying a number of high-density excitation effects. Despite the
fact that high-amplitude coherent-phonon generation in bismuth has been
well studied using ultrafast laser pump-probe techniques techniques [125–
133], there is much controversy over the very strong softening observed in
the experiments [134, 135]. In a number of experiments, the authors have
claimed to probe anharmonicity in the form of an amplitude-dependent pho-
non frequency [130], quantum effects such as collapse and revival [131] and
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Fig. 15. Geometry for the Bragg switch. Optical pulse trains with wavevectors k1

and k2 turn on and off a transient standing-wave phonon lattice with periodicity
2π/|q|. An ultrafast slice of the X-rays with incident wavevector K can Bragg
scatter from the superlattice if it satisfies the Bragg condition ∆K = G ± q [63]

even Bose–Einstein condensation [132]. Murray et al. [133] appear to have
resolved this controversy showing both theoretically and experimentally (us-
ing two-pulse coherent control) that the observed effects are due primarily to
electronic softening of the interatomic bonds and the complex dynamics of
the photoexcited electron-hole plasma. While certainly present, anharmonic-
ity plays a minor role in the motion of the ions for the optically generated
amplitudes. X-ray diffraction could play an important role in studying the
complex dynamics because of its sensitivity to the atomic positions.

The structure of bismuth is rhombohedral (A7), which is a Peierls dis-
tortion of the simple cubic structure, with two atoms per unit cell [136].
The three zone-center modes transform like the A1g mode and the doubly
degenerate Eg mode. Optical excitation of electron-hole pairs by an ultra-
fast laser pulse generate large-amplitude coherent A1g phonons by displacive
excitation [137], which has recently been shown to be a special case of stim-
ulated Raman scattering involving the imaginary component of the suscepti-
bility [138]. The A1g mode corresponds to the beating of the two atoms in the
unit cell against each other, resulting in a modulation of the X-ray structure
factor. In this case, the hklth Fourier component is:

Fhkl(t) = 2fBi cos

(
2π

(
h + k + l

)(
1
4 − δ(t)

))
, (17)

where fBi is the scattering factor of a bismuth ion and δ is the fractional
displacement of each ion along the trigonal axis with respect to the simple
cubic case. The equilibrium position at room temperature has δ = 0.015 9,
and we see that the structure is very slightly distorted.

In the experiments by Sokolowski-Tinten et al. [30], Ti Kα radiation at
λ = 2.74 Å is produced at 10 Hz using a laser-produced plasma source. These
X-rays were focused onto a thin bismuth film using a toroidally bent silicon
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Fig. 16. Time-resolved X-ray diffraction from coherent A1g phonons in bismuth as
seen by the (111) Bragg peak, from [30]

Fig. 17. Time-resolved X-ray diffraction from coherent A1g phonons in bismuth as
seen by the (222) Bragg peak. The slow decay was attributed to the Debye–Waller
effect, i.e., the reduction of the X-ray intensity due to an increase in the root-mean
squared displacement of the ions [30]

crystal. Because the X-ray penetration depth is much longer than the optical
penetration depth (∼ 10–20 nm), these authors used a thin film to restrict the
X-ray probe region. The bismuth film used in these experiments was grown
epitaxially on (111) silicon and had its c-axis perpendicular to the surface.
The film thickness was 50 nm, such that the X-rays still see a nonuniform
excitation density. Time-resolved X-ray diffraction following laser-excitation
(800 nm, 100 fs, 6 mJ/cm2) are shown in Fig. 16 and Fig. 17 for the (111)
and (222) Bragg peaks. As can be seen from (17), the (111) peak becomes
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Fig. 18. Comparison of experimental results with calculations, modified from [133].
The solid line shows the phonon frequency including the effects of anharmonicity
as a function of per cent valence exciation, while the dashed line shows only the
harmonic frequency. The dotted line shows the full range of motion. The filled circle
is the results of [30] for a softening to 2.12 THz. The open circle is a crude estimate
from typical optical data showing a peak softening of ∼ 2.5THz

completely forbidden in the case of a simple cubic crystal (δ = 0), whereas
the (222) attains its maximally allowed value. Because the films are thin,
the diffraction occurs in the kinematic limit where the diffracted intensity is
proportional to the square of the structure factor.

The data are consistent with the scenario whereby the optical excitation
suddenly drives the bismuth towards a higher-symmetry structure by re-
moving the Peierls distortion. The ions oscillate coherently about their new
equilibrium positions at a significantly softened frequency (2.12 THz, com-
pared to the 2.92 THz for the low-amplitude mode). The phonon amplitude
was estimated to be 5–8 % of the nearest-neighbor separation, with the un-
certainty limited by the depth-dependent excitation and the finite duration
of the X-ray probe (estimated at 300 fs). At higher fluences, corresponding to
motion of more than 10 % of the nearest-neighbor separation, no oscillations
were observed. The strong reduction of the X-ray intensity was attributed to
a loss of long-range order and most probably melting.

The softening seen in both optical experiments [125–133] and the X-ray
experiments of Sokolowski-Tinten et al. [30] were compared with density-
functional theory calculations by Murray et al. [133]. The full results of these
calculations are shown in Fig. 18. In this figure, we indicate the results of
the X-ray and typical optical experiments. For optical experiments, which
cannot measure the atomic displacement directly, one can make a crude es-
timate based on the changes in the reflectivity [129]: a 1 % relative change
corresponds approximately to a displacement of 10 pm. For the X-ray exper-



398 David A. Reis and Aaron M. Lindenberg

iment, the observed softening of 2.12 THz coincides with a carrier density
corresponding to excitation of 1.5 % of the valence electrons. At this density,
the calculations indicate that the amplitude of motion would correspond to
18 pm, which is consistent with the measured amplitude of 20± 5 pm. At the
excitation densities of the optical experiments the effect of anharmonicity on
the phonon period is expected to be negligible. Even for the strong softening
seen in the X-ray experiments, Murray et al. expect that anharmonicity will
manifest itself in the phonon frequency at the few per cent level, which is
much smaller than the nearly 30 % effect on the frequency due to electronic
softening.

4 X-Ray Studies of Ultrafast Phase Transitions

4.1 Nonthermal Melting

The development of X-ray probes with femtosecond time resolution have led
to the capability of capturing the first dynamical steps during structural
phase transitions. Here, one is interested in not just the initial and final
states, but in the pathway the atoms follow, the transition states, and as-
sociated timescales. In this context, a new class of “nonthermal” processes
governing the ultrafast solid-liquid melting transition have recently emerged,
as supported by time-resolved optical [111,139–141] and X-ray [11,16,19] ex-
periments, and with technological applications ranging from micromachining
to eye surgery [142]. Femtosecond excitation of direct-bandgap semiconductor
materials, in particular III-V polar semiconductors, is usually understood in
terms of a phenomological model involving the initial excitation from valence
to conduction band followed by carrier relaxation involving many optical-
phonon emission processes (see [141, 143] for good reviews on this topic).
However, theoretical work [144–150] also indicates that excitation of a dense
electron-hole plasma leads to accompanying dramatic changes in the inter-
atomic potential, i.e., softening of the potential-energy surface and result-
ing large-amplitude atomic motion on timescales shorter than the electron–
phonon coupling times [10, 151–153].

Advances in the understanding of these phenomena have followed the
development of new sources and new ways of probing. The first optical ex-
periments, carried out by Shank and coworkers [109,139] measured the time-
resolved reflectivity or second-harmonic generation efficiency following in-
tense femtosecond excitation. Changes in the optical reflectivity and reflected
second harmonic (expected to vanish during the transition from crystalline to
centrosymmetric liquid state) provided the first indications, albeit indirect,
of a transition to the liquid state on timescales faster than electron–phonon
coupling timescales. It was later observed [111, 140, 154] that the changes
in the second harmonic (i.e., changes in the second-order susceptibility, χ(2))
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Fig. 19. Time-resolved changes in reflectivity and second-harmonic generation in
GaAs and InSb [140]

occurred on faster timescales than the changes in the optical reflectivity, high-
lighting the uncertainty of interpreting the optical measurements in terms of
structural changes. Later work by Mazur and coworkers [155, 156] probed
reflectivity changes over a range of wavelengths. They were able to extract
changes in the real and imaginary parts of the dielectric function, providing
evidence for a semiconductor-to-metal transition at high fluences. Neverthe-
less, the pathways the atoms followed during the disordering process remained
unclear.

In the past decade, short-pulse hard-X-ray probes were applied to this
problem, and began to provide the first direct evidence for ultrafast struc-
tural changes. Femtosecond X-ray pulses produced by laser-generated plas-
mas were used to measure changes in the intensity of a single Bragg peak
following excitation, confirming the interpretation that loss of order was oc-
curring on subpicosecond timescales [3,11,16,19,157] (as we show below, one
must be careful in how one interprets the disappearence of a single Bragg
peak). Experiments by Siders et al. [11] and Sokolowski-Tinten et al. [16]
made use of semiconductor heterostructures in which a thin epitaxial layer
of germanium on silicon was excited at 800 nm and probed by a short X-ray
pulse at variable delays, measuring only the (111) reflection. Figure 20 shows
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Fig. 20. Integrated (111) reflectivity on germanium as a function of time for two
difference fluences following femtosecond excitation. (inset) Extended timescale [16]

measurements by Sokolowski-Tinten et al. of the (111) X-ray diffraction effi-
ciency for two fluences. A decrease on a timescale of order 300 fs is observed.
Similar measurements on InSb were carried out by Rousse et al. [19] using
bulk crystals and asymmetric reflections in order to match pump and probe
penetration depths. Changes in the (111) diffraction peak were observed to
occur on the scale of 400 fs. From this, the dependence of the thickness of the
molten film as a function of laser fluence could be extracted. However, the
question of how the disordering occurred or what the extracted timescales
correspond to remained unanswered.

In parallel with the development of laser-plasma X-ray sources, sources
of ultrafast X-rays based on accelerator technology have been developed
that in many ways compete favorably with laser-plasma sources. Linac-based
sources, in particular, in which electron bunches are compressed to 100 fs du-
ration and then used to produce ultrashort X-ray pulses have recently expe-
rienced impressive technological advances. In the form of X-ray free-electron
lasers (FEL), research and development is underway at several places around
the world to produce intense, coherent, ultrafast X-ray pulses using self-
amplified spontaneous emission in a long undulator [64]. While these sources
are still years from completion, research efforts directed towards the Linac
Coherent Light Source (LCLS) X-ray FEL have led to the development of
the Sub-Picosecond Pulse Source (SPPS) [20, 69, 71], using the same linac-
based acceleration and electron-bunch compression schemes as future X-ray
FELs, but spontaneous production of X-rays in a short undulator. In the
following, we describe the first application of this new source, in which the
ultrafast structural changes associated with high carrier density excitation
were revisited [20].

Experiments focused on InSb, and measurements of the time-resolved
diffracted intensity were made at two different X-ray reflections. An extreme
asymmetric geometry [158] was used in order to match X-ray and laser pen-
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Fig. 21. Experimental setup showing a technique in which a range of times can be
measured, in a single shot, by use of a crossbeam topography

Fig. 22. Single-shot images of scattered X-rays from an InSb sample. The top
image is measured from the unperturbed sample. The bottom image captures the
transient changes in the diffracted intensity over a time window of ∼ 8 ps. Time
runs from left to right and the dashed curves show the region excited by the laser
pulse

etration depths. By adjusting the azimuthal angle of an asymmetrically cut
crystal, the asymmetry angle for different reflections can be continuously
tuned in such a way that different reflections can be studied on the same
crystal under identical excitation conditions (with laser/X-ray incidence an-
gle unchanged). In this way, the X-ray incidence angle was fixed at 0.4 de-
grees, near the critical angle for total external reflection. Experiments were
conducted in a crossbeam geometry in order to overcome the intrinsic jitter
between the independent pump and probe sources [71,159,160]. With the op-
tical pump pulse incident at an angle with respect to the X-ray probe pulse,
as shown in Fig. 21, a temporal sweep is created along the crystal surface.
In this way, temporal information is transformed into spatial information as
a result of the difference in propagation times across the sample surface. By
imaging the diffracted X-ray spot with a CCD camera, the complete time
history around t = 0 is obtained in a single shot.

Figure 22 shows typical single-shot images. The top image displays X-
rays diffracted from the unperturbed sample. The bottom image is obtained
when the pump and probe pulses overlap in space and time on the sample.
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Fig. 23. Time-dependent diffracted intensity for the (111) (top) and (220) (bottom)
reflections of InSb, measured under identical excitation conditions. Gaussian fits
to the data are displayed, corresponding to 10–90 fall times of 430 fs and 280 fs,
respectively. For comparison, an exponential fit to the (111) reflection is also shown.
Inset : Fluence dependence of the time constant for (111) data

The sharp edge in the bottom image indicates time zero. To the left of this
edge, X-rays scatter from the unperturbed sample before the optical exci-
tation pulse arrives. To the right, X-rays probe the optically induced liquid
state, resulting in a strong decrease in the diffracted intensity. Note that the
temporal resolution of the measurement is set not only by the pulse duration
of the pump and probe, but also the accuracy with which the surface topog-
raphy can be imaged; an estimate obtained by imaging the edge of a razor
blade placed on the sample surface gives ∼ 130 fs for the (111) reflection and
∼ 80 fs for the (220) reflection by imaging the sharp edge of a razor blade
placed on the sample surface. The finite bandwidth of the X-ray source leads
to a divergence in the diffracted beams, which in turn, requires the placement
of the detector as close as possible to the sample.
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Figure 23 shows the time-dependent intensity I(Q, t) for both the (111)
and (220) reflections, averaged over 10 single-shot images, measured on the
same crystal under identical fluence conditions. The data are shown fit to
both exponential and Gaussian decays. One observes, first, that for short
times after excitation, the diffracted intensity is nonexponential and well
fitted by a Gaussian with peak centered at the excitation time. Moreover,
the (220) reflection decays with a time constant qualitatively faster than the
(111). The time for the intensity to fall from 90 % to 10 % of its initial value
for the (111) and (220) reflections is 430 and 280 fs, respectively, with ratio
τ111/τ220 = 1.5 ± 0.2. This value is equal (within experimental error) to the
ratio of the magnitude of the reciprocal lattice vectors for the two reflections
(Q220/Q111 =

√
8/3).

This inverse-Q-dependent scaling and Gaussian time dependence strongly
implies uncorrelated atomic motion and suggests that the data can be de-
scribed using a time-dependent Debye–Waller (DW) model, which relates
the time-dependent decrease in scattered intensity to a time-dependent rms
displacement:

I(Q, t) ∼ e−Q2〈u2(t)〉/3 . (18)

Here, Q is the reciprocal lattice vector for the reflection probed, and 〈u2(t)〉
is the time-dependent mean-square displacement of the photoexcited atoms,
averaged spatially over the sample [72, 161]. This is the same factor nor-
mally used to describe the effect of thermal fluctuations of atoms about
their equilibrium lattice sites on the intensity of a Bragg peak. Although
the DW factor is usually thought of as a time-averaged quantity, it may be
shown [72, 162] that (18) is exact for the case of a Gaussian distribution of
atomic displacements. Deviations from a Gaussian distribution due, for ex-
ample, to anharmonicity in the potentials, lead to Q-dependent correction
factors, as described in [163–165]. Thus, time-dependent changes of, for ex-
ample, the width of the Gaussian distribution of atomic displacements may
be modeled exactly. As a model for the time-dependent phenomena described
above, this makes physical sense if the first step in the disordering process
corresponds to an effective amplification of the rms displacements character-
istic of a room-temperature thermal distribution, preserving 〈u(t)〉 = 0. For
the case of a sudden, impulsive softening of the interatomic potential, a time-
dependent increase in the rms displacement is indeed expected [145, 150]. In
contrast to displacive excitation, in which the atomic motion is induced by
impulsively shifting a potential, this effect corresponds to a sudden change
in the frequency of the potential. Moreover, although the exact change in the
atomic-distribution function depends sensitively on the exact time-dependent
shape of the interatomic potential, to first order in time, the atoms will con-
tinue to move with velocities set by their initial conditions. This is just a
restatement of Newton’s first law saying that inertial dynamics dominate for



404 David A. Reis and Aaron M. Lindenberg

small times. In this approximation, with 〈u2(t)〉1/2 = vrmst, the time-resolved
diffracted intensity I(Q, t) is then expected to decay as

I(Q, t) ∼ e
−Q2v2

rmst2

3 , (19)

i.e., Gaussian in both Q and t, as observed. Taking vrms = (3kBT/M)1/2

in accordance with equipartition, we extract a (1/e) Gaussian time constant
from (19) of the form

τ =
(

M

Q2kBT

)1/2

. (20)

This corresponds to values of 410 fs and 250 fs for the (111) and (220) re-
flections, respectively, in good agreement with the experimental data. We
note that a similar time-dependent DW model has been applied to describe
visible-light Bragg scattering off atoms trapped in optical lattices [166, 167].
On turning off the light-induced potential, the rms displacement of the atoms
again increases inertially, with the velocity set by the initial temperature of
the lattice. This leads to a Gaussian-like decay in the diffracted light, with a
time constant that depends on the initial lattice temperature.

The validity of the model sketched out above was checked in three dif-
ferent ways: 1. Comparison of the extracted rms displacements for the (111)
and (220) reflections; 2. Comparison of the measured velocity of the atoms to
room-temperature excitations; 3. Fluence dependence of the time constants
of the decay of the diffracted intensity. Extracted rms displacements for the
(111) and (220) reflections are shown in Fig. 24, obtained by using (18) to
invert the raw I(Q, t) data. For short times, the two curves overlap within
error, indicating an initial, isotropic disordering process, independent of re-
ciprocal lattice vector. Second, for short times, we observe that the rms dis-
placements are linear in t, with slope (corresponding to a velocity) 2.3 Å/ps.
This value is in good agreement with room-temperature rms velocities in
InSb – (3kBT/M)1/2 = 2.5 Å/ps where M is the average mass of InSb and
T = 300 K [168]. Finally, the inset to Fig. 23 shows the fluence dependence
of the time constants for the (111) reflection. There is little variation with
fluence (a similar result is obtained for the 220 reflection). Thus, as might be
expected, for short times, it is difficult to tell the difference between a flat
potential (corresponding to a free particle) and a motion driven by a softened
phonon with an imaginary frequency (corresponding to a saddle point on the
potential energy surface). From the data, we can place both an upper and
lower bound on the extent of the softening of the potential surface. In effect,
the amplitude of the inertial response determines the extent of the soften-
ing. At very large softening, we expect to observe acceleration of the atoms
as they fall down the potential-energy surface. Because we observe that the
dynamics remain inertial for at least 250 fs, it can be shown, neglecting anhar-
monicities in the potential, that this requires a negative curvature ≤ 1 eV/Å

2
.
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Fig. 24. Change in the root-mean-square displacement of InSb, extracted from the
time-dependent diffracted intensity. For short times, the measured displacements
agree well for both the (111) and (220) X-ray reflections. The slope corresponds to
a velocity in good agreement with the room-temperature rms atomic velocity

Similarly, the fact that we observe displacements of order 1 Å from the equi-
librium position implies a maximum positive curvature (corresponding to a
real frequency) of ∼ 0.1 eV/Å

2
, which represents a dramatic change in the

interatomic potential. Figure 25 illustrates the changes in the interatomic
potential and atomic-scale displacements, based on a simple one-dimensional
model. We emphasize that the timescale of the change of the diffracted in-
tensity is set by the initial equilibrium thermal fluctuations in the lattice,
despite the highly nonequilibrium nature of the transition. Prior to these ex-
periments, there was considerable confusion as to how large-amplitude atomic
motion could occur on a timescale faster than that of the electron–phonon
coupling time.

An elegant means of describing the changes in the atomic-distribution
function is to depict the dynamics in a velocity vs. position phase space. The
insets to Fig. 26 show the distribution of atomic displacements and velocities
for various times following impulsive softening of the potential, in a simplified
one-dimensional model. Initally, the distribution is set by the unperturbed
harmonic-oscillator potential. The average displacement and velocity of each
atom is zero but there exists a Gaussian distribution of displacements and
velocities about their equilibrium values, indicated by the horizontal and
vertical extent of the phase-space ellipse. Following the softening of the po-
tential, in the limit where the frequency goes to zero, the distribution of
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Fig. 25. One-dimensional illustration of changes in the interatomic potential
(dashed) and distribution of atomic displacements (solid) from the equilibrium
state in InSb. At t = 200 fs, we measure rms displacements ∼ 0.5 Å corresponding
to a substantial fraction of the interatomic spacing. The softened potential shown
corresponds to the mininum softening required (0.1 eV/Å

2
) to be consistent with

the experimental results

atomic displacements broadens due to the ballistic motion of the atoms, but
the distribution is unchanged in velocity space as there are no forces acting
on the atoms. As the phase-space density remains consant, this gives rise to
a shear deformation of the distribution as indicated in the successive insets
in Fig. 26. The rms displacement as a function of time is given by

σ(t) =
√

σ2
0 + v2t2 , (21)

where σ0 is the initial rms displacement before excitation. This curve is dis-
played in Fig. 26. One observes that the curve rapidly approaches the bal-
listic limit, with the rms width proportional to time. However, note that for
t ≤ σ0/v (of order 50 fs for InSb), σ(t) is actually quadratic in t. In these
experiments, the temporal resolution to observe this effect is insufficient.

For the case in which the frequency does not go all the way to zero, one
would expect impulsive softening to induce oscillations in the rms displace-
ment about the new equilibrium value. Such oscillations have been observed
for atoms trapped in optical lattices [167,169,170]. The oscillations probed in
the Bragg-scattered light correspond to breathing-mode excitations in atomic
wavepackets. Such impulsive changes in frequency are a means of generating
classical squeezed states, in which the rms distribution may be focused or
compressed for a fraction of a vibrational period.

The interpretation of the data becomes more difficult for long times. As
can be observed in Fig. 24, after ∼ 350 fs, the extracted rms displacements
for the (111) and (220) reflections no longer agree. This may be a result of
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Fig. 26. Calculated change in rms displacements in the limit of perfect softening.
The curve rapidly approaches the ballistic limit. Insets show phase-space plots of
the atomic distributions as a function of time

non-Gaussian corrections arising as the atoms sense anharmonicity in the
potential at large displacements. Alternatively, this may be interpreted as
indicative of anisotropic softening of the potential. The force an atom feels
depends on its nearest neighbors, and, at large displacements, the surrounding
cage of atoms may influence the dynamics, such that the independent atom
approximation breaks down. One may gain some insight into the behavior at
longer times by comparing the X-ray results to frequency-domain inelastic
neutron-scattering measurements or molecular-dynamics simulations [171–
174] in studies of liquid-state dynamics. Here, the width of the self-correlation
function Gs(r, t) is found to be linear in time at small t (representing inertial
dynamics) but crosses over to square-root behavior for times significantly
larger than a typical collision time. This represents a transition to diffusive
dynamics as a result of multiple collisions with surrounding atoms. Indeed,
one may show that the mean-square displacement in a liquid [175] can be
expanded as

〈u2(t)〉 =
3kBT

M
t2 − kBT

4M
Ω2t4 + · · · , (22)
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where Ω is the collision frequency, and the second term is the first correction
factor to the ballistic motion of the atoms. Perfect diffusive motion, with
〈u2(t)〉 ∼ t would manifest itself in the tail of the decay in the diffracted
intensity as an exponential rather than Gaussian time response [21]. It is only
in this limit that the memory of the initial crystalline atomic positions is lost.
Thus, after a few hundred femtoseconds, although we observe an inertially
driven divergence of the mean-square displacements [176], the transition to
the liquid state is not yet complete.

4.2 Solid-Solid Phase Transitions

In this section, we briefly review some of the recent ultrafast X-ray scat-
tering investigations probing solid-solid phase transitions. These studies are
motivated by the goal of creating novel transient structures with light. In
these cases, one does not simply measure the disappearance of a Bragg peak
but also the appearance of new ones due to the different symmetry of the
transient state. The early experiments have involved materials that exhibit
strong coupling between lattice and electronic degrees of freedom, as well as
cooperative structural effects.

Cavalleri et al. [25] investigated subpicosecond structural changes in VO2,
a material with strongly correlated electrons, which undergoes a thermody-
namic insulator-to-metal phase transition. This transition can also be driven
by optical excitation. In both case, changes in the electronic band structure
are associated with changes in the atomic structure. Time-resolved techniques
may be able to decouple the electronic from the structural degrees of freedom.
Measurements on the (110) diffraction peak were made on a thin 200 nm film
with initial state in the low-temperature phase. Following optical excitation
at 800 nm, a shoulder was observed on the low-angle side of the diffraction
peak, corresponding to growth of the high-temperature phase, appearing on
a timescale of a few hundred femtoseconds. The evidence thus points to the
appearance of the new optically induced structural phase on subpicosecond
timescales. Further experiments with higher time resolution are necessary
to elucidate the correlation between the electronic and structural degrees
of freedom. We note that very recently, measurements under similar optical
excitation conditions were made using femtosecond X-ray absorption spec-
troscopy [27].

Collet et al. [26, 177] studied optically induced solid-solid phase transi-
tions in the charge-transfer molecular material tetrathiafulvalene-p-chloranil
(TTF-CA, C6H4S4C6Cl4O2) using 100 ps synchrotron-based X-ray pulses.
In this system, optical excitation leads to a transition from a paraelec-
tric stuctural phase to a macroscopically ordered ferroelectric phase on a
500 ps timescale. Absorption by this molecule is followed by an intermolecular
charge-transfer process that, through an unusual cooperative effect, leads to a
three-dimensional ordered ionic state. Interestingly [177], the transient phase
is the lower-symmetry phase. Thus, this experiment illustrates the power of
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Fig. 27. (top) X-ray diffracted signal from VO2 at time delays of −300 fs and
1 ps. The low-temperature and high-temperature structural phases are also shown.
(bottom) X-ray reflectivity ratio between excited and unexcited states shown at
various pump-probe delay times [25]

using atomic-scale probes in conjuction with optical excitation to control the
evolution of complex systems. Figure 28 shows the raw data for this experi-
ment, showing changes in a variety of reflections on 100 ps timescales.

As in the previous example, more work is required to fully explore the
fundamental dynamics associated with this phase transition. In particular,
higher time-resolution measurements are needed to capture the first steps
in the transition, and their relationship to the large-scale cooperative effects
observed.

5 Concluding Remarks

We hope the reader finds this a valuable overview of ultrafast X-ray scat-
tering in solids. A number of seminal experiments were discussed including
the diffraction of X-rays from coherent acoustic and optical phonons and the
study of ultrafast solid-liquid and solid-solid phase transitions. The experi-
ments presented here have been made possible by advances in both ultrafast
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Fig. 28. Intensity of various Bragg reflections in TTF-CA as a function of time
following excitation. Changes are associated with a symmetry-lowering neutral-to-
ionic transformation [26]

laser technology and X-ray sources. In particular, fourth-generation sources
such as the LCLS will provide femtosecond pulses that are orders of mag-
nitude brighter than existing sources [64–66]. These pulses will be of suffi-
cient intensity to drive nonlinear processes in atoms and of sufficient flux to
image nonperiodic structures in a single shot. In addition, plans for future
upgrades to third-generation synchrotrons promise to provide few-picosecond
X-rays with high-average brightness [178, 179]. This is an exciting and piv-
otal time for ultrafast X-ray science. As we refine our techniques and new
high-brightness short-pulse sources become available, we expect that ultra-
fast X-ray scattering will provide useful insights into the motion of atoms on
the fastest timescales.
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electronic transitions

dipolar allowed, 18
electronic wavefunction

distribution, 238, 240, 246, 247, 249,
255, 262, 264–266, 272, 273

extension, 253, 272
impurity-like, 272
localization, 260
ordering, 238, 306
spatial correlation, 238, 240, 255,

262, 264
spatial localization, 247

embedded particles, 293
emission

boser, 21
dipole, 20
single-photon, 21
spontaneous, 20, 45
stimulated, 20

energy conservation
in the scattering process, 89

excitations
plasmon, 18

exciton, 151, 158
binding energy, 158–160
exciton–phonon excitations, 161
of the QWs, 38
phonon side bands, 161

excitonic transitions, 168
extended tight-binding model, 148

Fabry–Perot
confocal resonator, 27
performance, 28
Q, 28
resonators, 44
standing wave, 27

Fano lineshape, 190
far field, 45
Fermi level, 195
Fermi’s golden rule, 20
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final states
accessible, 90

finesse, 49, 75
effective, 30

finite-size effects, 81
folded

acoustic phonons, 52
forward-scattered modes, 64
forward-scattering, 76, 79
frequencies

LO, 59
TO, 59

Fresnel reflection coefficients, 45
frozen-phonon approximation, 197, 199

G line, 136
G mode, 209, 213
Ga0.8Al0.2As, 41
Ga0.8Al0.2As/AlAs, 38, 41
Ga1−xAlxAs, 36
GaAs, 24, 29, 31, 36, 47, 50, 61

substrate, 56
GaAs-like

optical phonon, 61
vibrations, 64

GaAs/AlAs, 24, 26, 41, 45, 75, 91
MQW, 92, 94
parameters, 27
quarter-wave layers, 49
Stokes and anti-Stokes spectra, 70

Ge, 207
Ginzburg, 6
graphene, 117, 118, 126, 199

cylinder limit, 206
electronic band structure, 146
empirical formula, 186
Kohn anomalies, 143
semimetal, 145
trigonal distortion, 155

graphene LO mode
overbending, 140

graphite, 116, 137, 140, 168, 333
D mode, 116, 172
optical modes, 139
phonon dispersion, 137
Raman spectrum, 212
sound velocities, 131
tight-binding parameters, 116

Gross, 6

H2

antibonding states, 42
bonding states, 42
molecule, 42

half-cavity
low-Q, 21

half-width at half maximum (HWHM),
51

Hamiltonian
exciton plus cavity photon, 88
of light–matter interaction, 34

hcp-cobalt, 357
hcp-iron, 354
helical quantum numbers, 143
helium, 334
high-energy mode (HEM), 188, 191

single-walled tubes, 163
high-energy phonon, 130
high-pressure, 317
high-pressure

studies, 350
hypersound, 17

ICORS, 1, 3
Iijima, 115
impulsive stimulated light scattering

(ISLS), 355
In0.14Ga0.86As, 91
in-plane ordering, 267
inelastic light scattering

polariton-mediated, 22
inelastic scattering, 376, 394
inelastic X-ray data

on graphite, 215
inelastic X-ray scattering, 317
inorganic molecules, 125
interband transitions, 18
interface modes, 59
interferences, 168
interlayer coupling, 134
intermediate states, 165
isogonal point groups, 127
isotope shift, 164
IXS instruments, 324

joint density of electronic states, 152

Kataura plot, 154, 155, 160, 178, 180,
187, 204
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Kohn anomaly, 139, 140, 190, 196, 204,
206

graphene, 143
Krishnan, 11

Lamb’s model, 239, 283, 284, 286, 287,
296, 298

Lamb-shift
atom-vacuum-field, 20

large-bandgap materials, 328, 329
laser, 74

ablation, 122
excitation

self-interference, 46
HeNe, 38
Ti-sapphire, 38
tunable, 38

lateral nanostructuring, 104
lattice dynamics, 317, 327, 328, 336,

338, 343, 351, 354
in-plane, 334

Laue geometry, 388, 390–391
lifetime

detuning dependent, 90
light–matter interaction, 17, 74

absorption, 20
emission, 20

line groups, 126
linewidths

cavity-photon, 99
exciton, 99

LO GaAs-like phonons
GaAlAs, 65

LO phonon, 51
in bulk GaAs, 99
Stokes frequency, 50

Lorentzian probability function, 90
luminescence, 20, 42

magnons, 18
Mandelstam–Brillouin scattering, 6
Mandelstam–Landsberg, 6
matrix element, 203

electron–phonon, 197, 207
squared, 34

melting, nonthermal, 398–408
metallic tips, 20
metallic tubes, 155

condition for, 150

MgB2, 336
microcavity

amplification power, 36
confinement, 35
confocal, 22
for Raman enhancement, 17
high-finesse, 23
II–VI, 96
III–V, 93
optical, 17
piezoelectrically controlled, 21
planar, 17, 22, 39, 90
Polaritons, 86
semiconductor, 29
strongly coupled, 19, 83, 86

microcavity modes
parity, 63

minigaps, 58
mirror

dispersive, 23
losses, 93
low-reflection, 32
superlattices, 81

mode anticrossing, 86
molecular beam epitaxy (MBE), 19, 36
multiple quantum well (MQW), 37

nanocavities
acoustic, 19, 74

nanoparticle
CdS, 297
CdSe, 297
self-assembled, 19

nanostructures
metallic (SERS), 18

nanotube, 118
achiral, 121
armchair, 121, 130
axial vibrations, 130
branches and families, 182
bundled, 191
bundles, 123
charge transfer, 193
chiral, 121

angle, 118
index, 118

chiralities, 123
circumferential vibrations, 130
classifications, 157
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curvature, 132, 150
diameter, 118
doping, 193
double-walled, 135
families, 157

and branches, 155
forest, 124
interference effects, 202
light-absorption, 174
luminescence, 177
metallic, 121, 149, 187, 193
multiwalled, 174
neighbor rule, 157
phonon branch, 192
plasmons, 190
point group, 129
Raman active, 130
semiconducting, 121, 149
single-walled, 127
structural parameters, 119
symmetry, 126

operations, 127
zigzag, 121, 130

near-field optical microscopy, 20
neutron spectroscopy, 317
Nobel Prize, 10

optical absorption, 152
optical matrix elements, 152
optical modes, 317
optical phonon

double-cavity dispersion, 67
in finite superlattices, 64

optical reflectivity
for different angles, 40

optical resonance
double (DOR), 35

optical resonant, 22
optical selection rules

carbon nanotubes, 153
overbending, 138

graphene LO branches, 138
graphene LO mode, 140

overtone, 172, 173, 212
Raman spectrum, 163

peapods, 125
Peierls distortion, 204, 395, 397
Peierls-like

mechanism, 190
softening, 196

Pendellösung length, 388, 390–391
perturbation theory

second-order, 18
third-order, 18

phason, 341
phonon, 18

cavity, 76
cavity design, 75
confined, 59
density of states of GaP, 289
dispersion

bulk-like, 73
graphite, 215
inplane wavevector, 62, 63

dispersion curves, 142, 171
armachair tube, 142

eigenvectors, 129
engineering, 74
forbidden and allowed, 82
interface, 50, 59
lasing, 74
longitudinal optical, 50
phonon

m confined, 66
mirror reflectivity, 75
odd and even, 81
optical, 47
plasmon coupled modes, 188, 190,

194
sideband, 376, 379, 383, 394
softening, 394–398, 403–406
symmetries, 129

carbon nanotubes, 129
photoelastic

constant, 69, 82, 261
mechanism, 69
model, 72

photoluminescence, 38
photon

confined, 48
confinement, 17

photonic
bandgap materials, 21
molecule, 42
structures, 21

π wavefunctions, 145
picotubes, 211
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pillars, 104
plasmon, 18
plasmon-polariton states

Drude damping, 299, 302
interaction with acoustic vibrations

deformation potential mechanism,
299, 300, 303, 305, 307

surface orientation mechanism, 299,
302, 304, 305

interband susceptibility, 300, 301,
303, 305

intraband susceptibility, 293, 302
Raman scattering mediated by,

303–306
surface coupling, 301
surface polarization charge, 302, 307

Plutonium, 343
polar dielectric materials, 58
polariton

cavity, 17, 19
damping, 89
damping factors, 102
dephasing, 89
dynamics, 85
exciton, 83
gap, 84
inplane dispersion, 37
low (LP), 88, 101
medium (MP), 101
radiatively stable, 86
upper, 88

polariton-mediated scattering
in bulk materials, 90

polycrystals, 344
porous silicon, 21
process

Stokes, 33
pyramidalization angle, 132

Q-factor, 21, 35
quantization condition

electronic band structure, 144
quantum dots, 83

Ge/Si, 256–259, 267, 274
InAs/AlInAs, 268
InAs/GaAs, 267
InAs/InP, 252, 277
ordering, 249
self-assembled, 248

quantum well
GaAs/GaP, 240
multilayer, 265

quantum wells, 83
quantum wires, 83
quartz, 8
quasimetallic tubes, 140

Rabi gap, 91, 96
large, 94
small, 96

Rabi oscillations
coherent, 86

Rabi splitting, 87, 89, 91, 93, 99
radial-breathing mode (RBM), 130,

162, 177, 196
radial-breathing vibration, 130
radiation pattern

azimuthal angle, 46
Raman

amplification, 17, 21, 48
by optical confinement, 33

cross section, 18, 20, 165
total, 48

double resonance, 211
in Ge, 172

double-resonance, 55
effect, 11

carbon nanotubes, 162
efficiency, 103, 167

amplifications, 21
is enhanced, 103
maximum for zero detuning, 98
photoelastic model, 68, 78
Stokes scattering, 165
theoretical, 57

enhancement, 20
by optical confinement, 19

form factor, 247, 250, 252, 261, 262,
267

intensity
single-resonance scans, 55

interference contrast, 265, 266
luminescence, 77
matrix element, 165, 166, 170, 188
optical resonances, 23
photons and luminescence, 93
scattering, 22, 317, 331

cavity-polariton-mediated, 17, 104
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confined photons, 80
DOR, 41
double optical resonance, 91
double optical resonant, 21
double-resonant, 163
double-resonance, 54
droplets, 21
efficiency, 96
efficiency enhancement, 30
forward, 74
in cavities, 17
in microcavities, 43
interference, 99
interference-enhanced (IERS), 21
lower polariton, 93
on droplets, 39
optical resonant, 17, 19
optically confined structures, 22
organic molecules, 21
planar cavities, 88
polariton-mediated, 85, 88
resonant (RRS), 17, 18, 22, 35
stimulated, 39, 103
surface-enhanced (SERS), 18
tensor, 35
under optical confinement, 17
upper polariton, 93

scattering amplitute
in microcavities, 35

selection rule, 243, 295, 298
spectra

single-walled nanotubes, 162
spectroscopy

of single low-dimensional nano-
structures, 103

optically confined, 57
structure factor, 247, 255, 258, 262,

267, 273, 275, 277
Raman-active vibrations, 136
ratio problem, 179
Rayleigh scattering, 6, 8
reflection

cavity at boundaries, 29
refractive index

neff, 29
contrast, 23
modulation, 25

resonance
incoming, 165

morphology-dependent, 21
outgoing, 165
profiles

of nanotubes, 180
Raman scattering, 162

resonant
Raman

experiments outgoing, 96
Raman effect, 150
Raman scattering

ingoing, 84
optical, 35
outgoing, 84

resonators
Fabry–Perot (FP), 27

Rytov’s model, 70, 259

scattering
deformation-potential, 63
efficiency, 245
probabilities, 18
volumes

small, 18
scissors operator, 182
second-harmonic generation, 31
secondary gap, 140
selection

intermediate-state, 247
rule, 148, 152
R = 3, 210

self-correlation function, 407
semiconducting tubes, 155

condition for, 150
semiconductor

II–VI, 36, 85
III–V, 36, 85

semimetal
graphene, 145

SERS
chemical effect, 19
electromagnetic effect, 19
hot-spots, 19

shape anisotropy, 174
shape depolarization, 212
Si/Ge, 75
SiC, 328
single resonance, 164
Smekal, 7
sodium dodecyl sulfate, 177
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solid-solid phase transition, 408–409
space-resolved imaging, 209
spacer, 45
spatial localization, 250
spectral density, 90
spectroelectrochemistry, 193
SrTiO3, 76
standing optical vibrations, 64
standing waves

optical, 22
states

antibonding, 42
bonding, 42

stimulated
Brillouin scattering, 376, 379
emission

of coherent phonons, 104
Raman scattering, 376, 394–395

Stokes and anti-Stokes frequencies, 172
Stokes energy, 50, 52
Stokes peaks, 21
Stokes-shifted photon, 34
stop band, 23, 31, 42

edge, 79
reflectivity, 23
width, 23

stratified media, 45
streak camera, 373, 382
stress/strain

ultrafast laser generated, 379–381
strong coupling, 30

polaritonic, 34
superconductivity, 336, 338
superlattices

mirror-like, 68
surface

chemically roughened, 19
modes, 58
vibrations, 59

synchrotron radiation, 13, 324

Takagi–Taupin equations, 378
tangential modes, 136
Third Reich, 10
third-neighbor interaction, 145
three-oscillator model, 101
tight-binding

approximation, 197
energies, 185

model, 145, 159
timing jitter, linac-based source, 374,

401
Toronto arc, 2
transfer-matrix formalism, 44
transmission

factor
bulk, 89

time-resolved, 293, 295
transport properties, 189
triple spectrometer

additive mode, 79
subtractive mode, 80

TTF-CA, 408
tunability

of energies, 37
tunnel barriers, 32
two-photon absorption, 160

ultrasound
THz, 23

uranium, 343

vacuum-field fluctuations, 20
valence force field model (VFF), 134,

239, 284, 286, 287
van-der-Waals

forces, 123
interaction, 185

van-Hove singularity, 154
vertical ordering, 262
virtual process, 35
VO2, 408

wakefield, 374
waves

evanescent, 45
leaky, 45

wavevector
partial conservation, 64
scan, 171

Web of Science, 5
whispering-gallery modes, 21, 104
WS2, 176

X-ray sources
energy-recovery linac, 374
free-electron laser, 372–374
laser-produced plasma, 372
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sub-picosecond pulse source, 374

synchrotron, 373

zeolite, 174
zigzag tubes, 133
zone folding, 137, 138, 144, 155, 185
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