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Abstract

The optical properties of single-walled carbon nanotubes (SWNTs) are studied within a
symmetry-adapted density-functional-theory-based non-orthogonal tight-binding model
using 2s and 2p electrons of carbon. The use of symmetry-adapted model for the
calculation of the electronic band structure and the optical properties allows reducing
significantly the size of the matrix electronic eigenvalue problem. Consequently, it could
be possible to do these calculations for all 48 SWNTs with radii between 2 Å and 5 Å.
The obtained band structures for several nanotube types agree well with ab-initio results
up to ~ 3.5 eV above the Fermi energy. Similarly to the ab-initio calculations, the tight-
binding model predicts deviations from the predictions of the band structure within the
zone-folding method. It is demonstrated that, e.g., nanotube (5,0) is metallic while the
zone-folding method predicts it as semiconducting. Secondly, the dielectric function for
the same nanotube types is calculated within the random phase approximation for
energies up to 7 eV. The peak positions of the imaginary part of the dielectric function
for parallel light polarisation versus nanotube radius are illustrated on a chart. 

1.  Introduction

The discovery of the carbon nanotubes in 1991 [1] and the speculations about their
amazing properties directed much attention to their experimental and theoretical study
(for reviews, see, e.g. [2-4]). In the simplest case, a nanotube consists of a single
graphitic layer, the so-called single-walled carbon nanotube (SWNT). The SWNT can
be viewed as a long strip of graphene sheet rolled up into a seamless cylindrical surface
and can be characterised uniquely by a pair of indices (L1,L2). Based on a π-band tight-
binding model within the zone-folding approximation (π-TB ZFA) for the non-
optimised (“rolled-up”) structure, the nanotubes were predicted to be metallic (zero-gap
semiconductors) if L1–L2 is a multiple of 3 or semiconducting else [5]. It was also shown
that extending this model to encompass σ and π bands, some metallic nanotubes are
very-small-gap semiconducting nanotubes [5]. The predictions of such π-band tight-
binding models for the optical transitions energies has been widely used for assignment
of the peaks in the optical absorption spectra of nanotube samples [6]. Recently, a π-
tight-binding model with a chirality- and diameter-dependent nearest–neighbour
hopping integral was used to relate well resolved features in the UV-VIS-NIR spectra of
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individual SWNTs to electronic excitations in specific tube types [7]. Using a non-
orthogonal σ- and π-band tight-binding approach [8], a first-principles, self-consistent,
all-electron Gaussian-orbital based local-density-functional (LDA) approach [9], and a
plane-wave ab-initio pseudopotential LDA approach [10] dealing directly with the
optimised nanotube structure, it was possible to study in more detail the curvature-
induced σ- and π-band mixing and deviation from the sp2 hybridisation. In particular,
these effects were found to alter significantly the electronic structure of small nanotubes
compared to the predictions of the π-band tight-binding model [10]. In the case of small-
radius insulating SWNTs, strongly modified low-lying non-degenerate conduction band
states are introduced into the band gap due to σ*-π* rehybridisation. As a result, the
LDA gaps of some tubes are lowered by more than 50% and the tube (6,0) previously
predicted to be semiconducting is shown to be metallic. Similar effects are observed in
the electronic properties of carbon nanotubes with polygonised cross sections calculated
within a plane-wave ab-initio pseudopotential LDA approach [11]. Recently, it was
shown by extensive ab-initio LDA calculations that even for nanotubes with large radii
R (5 Å < R < 7.5 Å) a shift of ~0.1 eV is predicted relative to the results of the π-TB
(ZFA) [12].

The optical properties of SWNTs have been treated exclusively within π-band tight-
binding models within the gradient approximation for the matrix elements of the linear
momentum. The selection rules for allowed dipole transitions were first discussed by
Ajiki and Ando [13] in the study of the low-energy optical absorption due to interband
transitions as a probe of the Aharonov-Bohm effect. π-band tight-binding calculations of
the plasmons and optical properties of carbon nanotube systems were presented by
several groups [14-16]. A symmetry-adapted approach was implemented in Ref. [16].
Ab-initio calculations of the dielectric function were carried out for a (5,7) nanotube
[17] and for three small-radius nanotubes, (3,3), (5,0), and (4,2) [18,19]. The π-band
tight-binding models cannot reproduce satisfactory the electronic structure and optical
properties of nanotubes with R < 5 Å. On the other hand, such calculations are much less
computer-time consuming than within the ab-initio approaches. An alternative approach
will be to use 1) a well-tuned non-orthogonal tight-binding model which reproduces
fairly well the electronic structure of graphite up to ≈5 eV and 2) a symmetry-adapted
approach which will allow one to handle nanotubes with a large number of carbon atoms
in the unit cell [20].

Here, the results of a non-orthogonal tight-binding study of the electronic band structure
and the optical properties of all SWNTs with radii in the range 2 Å < R < 5 Å are
presented. First, the main relations between the structural parameters of a nanotube are
introduced in Sec. II. The symmetry-adapted non-orthogonal tight-binding model is
presented in Sec. III. The obtained electronic band structure and the dielectric function
for three SWNTs is given in Sec. IV together with the chart of the radius dependence of
the optical transition energies for all 48 SWNTs with radii between 2 Å and 5 Å. The
report ends with conclusions (Section V).
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2.  The nanotube structure

The ideal single-walled carbon nanotube can be viewed as obtained by rolling up of an
infinite strip of a graphene sheet into a seamless cylinder [5,8,21]. The seamlessness of
the tube means coincidence of lattice points previously connected on the sheet by a
lattice vector L1a1 + L2a2 (a1 and a2 are the primitive translations vectors of the sheet, L1
and L2 are integer numbers). This ideal nanotube can be specified uniquely by the pair
(L1,L2).  We recall that a two-atom unit cell can be mapped onto the entire graphene
sheet by use of two primitive translation vectors. Similarly, a two-atom unit cell can be
mapped onto the entire tube by use of two different screw operators. By definition, a
screw operator {Si|ti} (i=1,2) executes a rotation of the position vector of an atom at an
angle φi about the tube axis with rotation matrix Si and a translation of the position
vector at a vector ti along the tube axis. Thus the equilibrium position vector x(l1l2k) of
the k-th atom in the (l1l2)-th cell is obtained from x(k) ≡ x(00k)  as 
(1) 1 21 2

1 2 1 1 2 2 1 2 1 1 2 2( ) { | } { | } ( ) ( )= = + +l ll lk S S k S S k l lx l l t t x x t t

We adopt the abbreviated notation 1 2
1 1 2( ) = l lS S Sl and 1 1 2 2( ) = +l lt l t t and rewrite Eq. (1)

in the form 
(2) ( ) { ( ) | ( )} ( ) ( ) ( ) ( )= = +k S k S kx l l t l x l x t l .
Here the vector index l = (l1,l2) labels the two-atom unit cells and k = 1, 2, labels the
atoms in a given cell. In a similar way, one of the atoms in the two-atom unit cell can
be mapped unto the other atom by use of a screw operation defined by the angle φ' and
the translation t'.

The primitive rotation angles and the primitive translations of the two types of screw
operations can be found from the translational periodicity and rotational boundary
conditions
(3) 1 1 2 2 0ϕ ϕ+ =N N , 1 1 2 2 2ϕ ϕ π+ =L L , 1 1 2 2+ =N Nt t T , 1 1 2 2+ =L Lt t 0 .
Here, T is the primitive translation vector of the nanotube. N1 and N2 are integer
numbers determining the primitive translation vector and are given by the relations
(4) 1 1 2( 2 ) /= +N L L d , 2 1 2(2 ) /= − +N L L d .
Here d is equal to the highest common divisor d' of L1 and L2 if L1–L2 is not a multiple
of 3d'or d is equal to 3d' if L1–L2 is a multiple of 3d'. From Eqs. (3) and (4) one obtains
(5) 1 22 /ϕ π= cN N , 2 12 /ϕ π= − cN N , ( )1 2 /= cL Nt T , ( )2 1 /= − cL Nt T .
Here, the total number of the atomic pairs in the unit cell, Nc, is
(6) ( )2 2

1 2 2 1 1 1 2 22 /= − = + +cN N L N L L L L L d

The atomic position vectors can be written as ( ) ( )= +n k k nx l x l T , where the integer
number n labels the (translational) unit cells. 

A nanotube can be characterised alternatively by its radius R and chiral angle (or
wrapping angle) θ which is the angle between the tube circumference and the nearest
zigzag of C-C bonds, 0° ≤ θ  < 30° [5]. For the “rolled-up” structure these two quantities
are given by 
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(7) ( )2 2
1 1 2 23 / 2π−= + + C CR L L L L a , ( )( )1

2 2 1tan 3 / 2θ −= +L L L ,

where aC-C is the C-C bond length in graphene. The “rolled-up” structure is useful when
the nanotube structure cannot be optimised as is the case with some tight-binding
models of the electronic structure with fixed parameters or in dynamical models based
on fixed force constants. However, in other tight-binding models with explicit
dependence of the parameters on the interatomic separations and in all ab-initio models
of the electronic structure, as well as in the potential-based dynamical models, one
should optimise the tube structure. In the simplest case, only the bond lengths and
valence angles for the two atoms in the unit cell are varied in the optimisation procedure
preserving the screw symmetry of the tube. Thus as independent structural parameters
can be considered R, T, φ', and t'. For the optimised structure the above relations
between L1, L2 and R, θ will generally no longer hold. 

1. The symmetry-adapted non-orthogonal tight-binding model

The electronic band structure of a periodic structure is usually obtained solving the one-
electron Schrödinger equation

(8) 
2 2

( ) ( ) ( )
2

ψ ψ
 ∇
− + = 
 

V r E r
m k k kr ,

where V(r) is the effective periodic potential, ψk(r) and Ek are the one-electron
wavefunction and energy depending on the wavevector  k. This equation can be solved
by representing ψk(r)  as a linear combination of basis functions φrk(r)
(9) ( ) ( )ψ ϕ=∑ r r

r

ck k kr r

In the tight-binding approach, the φ's are constructed from atomic orbitals centered at
the atoms. Let us denote by χr(R(l)–r) the r–th atomic orbital centered at an atom with
position vector R(l) in the l–th unit cell. Bloch's condition for the electron wave function
φ of a system consisting of N unit cells is satisfied for the linear combination of χ's

(10) 1( ) ( ( ) )ϕ χ= −∑ ii
r re

N
k l

k
l

r R l r .

Equation (10) is applicable to any nanotube as well. The number of atoms in the unit cell
of the nanotube can be very large leading to large-size matrix equations for the band
problem. 

We notice, however, that any nanotube has a screw symmetry, which allows one to use
only a two-atom unit cell for the electronic problem. In this case, Eq. (10) is still valid
but for the transformed χ's

(11) ' '
1( ) ( ( ) )ϕ χ= −∑ ii

r rr re T
N

k l
k

l

r R l r .

Here k=(k1,k2) is an yet undefined two-component wave vector of the tube and Trr' is the
matrix realizing a representation of the screw symmetry group in the space of the χ's.
Substituting Eq. (11) in Eq. (8), we obtain
(12) ' ' ' '

' '

( ) ( ) ( ) ( )=∑ ∑r rr r rr
r r

c H E c Skk k k k ,
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where 
(13) ' '' '' '

''

( ) ( ) ( )= ∑ ii
rr rr r r

r

H e H Tk l

l

k l l , ' '' '' '
''

( ) ( ) ( )= ∑ ii
rr rr r r

r

S e S Tk l

l

k l l

and
(14) 

' '( ) ( ( ) ) ( '( ) )χ χ= − −∫rr r rH d Hl r R 0 r R l r ,

' '( ) ( ( ) ) ( '( ) )χ χ= − −∫rr r rS dl r R 0 r R l r .
The quantities Hrr'(l) and Srr'(l)  are the matrix elements of the Hamiltonian Ĥ and the
overlap matrix elements, respectively. 

The wave vector components k1 and k2 can be determined imposing the rotational
boundary and translational periodicity conditions
(15) 1 1 2 2 2π+ =k L k L l , 1 1 2 2+ =k N k N k .
Here k is the one-dimensional wave vector of the tube (–π ≤ k ≤ π) and the integer
number l labels the electronic energy levels with a given k (l = 0,1,…, Nc–1). From Eq.
(15) we obtain k1 and k2

(16) ( )1 2 22 /π= − ck N l L k N , ( )2 1 12 /π= − ck L k N l N .
The substitution of Eq. (15) in Eqs. (11) – (13) yields

(17) ( )( ) ( )
' '

1( ) ( ( ) )αϕ χ+= −∑ i l z k
r rr re T

N
l l

k
l

r R l r ,

(18) ' ' ' '
' '

( ) ( ) ( ) ( )=∑ ∑r rr kl r rr
r r

c kl H kl E c kl S kl ,

(19) ( )( ) ( )
' '' '' '

''
( ) ( ) ( )α += ∑ i l z k

rr rr r r
r

H e H Tl l

l

k l l , ( )( ) ( )
' '' '' '

''
( ) ( ) ( )α += ∑ i l z k

rr rr r r
r

S e S Tl l

l

k l l .

The quantities α(l) and z(l) are given by
(20) ( )1 2 2 1( ) 2 /α π= − cl N l N Nl , ( )1 2 2 1( ) /= − cz L l L l Nl .
The set of linear algebraic equations Eq. (17) has non-trivial solutions for the
coefficients c only for energies E which satisfy the characteristic equation
(21) ' '( ) ( ) 0− =rr kl rrH kl E S kl .
The solutions of Eq. (21), Eklm, are the electronic energy levels; the energy bands are
labeled by the composite index lm (m = 1, 2,…). The corresponding eigenfunctions are
cr(klm) apart from an omitted index labeling the degenerate eigenfunctions belonging to
the same energy level Eklm.

The total energy of a nanotube (per unit cell) is given by

(22) 1 ( )
2

φ= +∑ ∑∑
occ

klm ij
klm i j

E E r ,

where the first term is the band energy (the summation is over all occupied states) and
the second term is the repulsive energy, consisting of repulsive pair potentials between
pairs of nearest neighbors.  The force in α direction on atom with position vector R(0) is
the sum of the band and repulsion contributions; the former is given by the Hellmann-
Feynman theorem
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(23) ( )' '*
'

'

( ) ( )
( ) ( )α

α α

∂ −∂
= =

∂ ∂∑ ∑∑
occ occ

rr klm rrklm
r r

klm klm rr

H E SEF c klm c klm
R R0 0

.

The imaginary part of the dielectric function in the random-phase approximation is
given by [22]

(24) ( )
2 2

2

2 , '2 2

4 2( )
2 µ

π
ε ω δ ω

πω
= − −∑ ∫ cv kl c klv

cv

e dk p E E
m

,

where ħω is the photon energy, and e and  m are the elementary charge and the electron
mass. The sum is over all occupied (v) and unoccupied (c) states. The matrix element of
the momentum pcv,µ in the direction µ of the light polarisation is
(25) ( )( ) ( )*

, ' ' '', ''
' ''

' ( ' ) ( ) ( ') ( ) ( )α
µ µ µ µ

− += = ∑ ∑ i l z k
cv r r r r rr

rr r

p kl c p klv c kl c c klv f ll e p Tl l

l

l l .

Here, ', 1 ', 1( ') ( ') ( ) / 2δ δ+ −= = +x y l l l lf ll f ll  and '( ') δ=z llf ll  (z-axis is along the tube axis)
are the conditions for non-zero matrix elements pcv,µ and express the optical transitions
selection rules (see [13]). From Maxwell’s relation 2ε = n ( n is the complex refractive
index), the refractive index Re=n n and the extinction coefficient Imκ = n are readily
obtained. The relations 2 /α ωκ= c (c is the light velocity in vacuum) and

( ) ( ) 2
1 / 1= − +R n n  allow one to derive the absorption coefficient α and the reflection

coefficient for normal incidence R.

Let us consider a single pair of v- and c-bands with maximum and minimum separated
by a direct gap El'clv. Assuming that the matrix elements pcv,µ are independent of k, it is
straightforward to show that the contribution to ε2 from these bands is given by

(26) 
*2

2'
2 ,2 2 2

'

22 1
µ

π
ε

ω ω
=

−
l clv

cv
l clv

me p
m E

.

Here m* is the reduced effective mass for the two bands. Alternatively, for a pair of v-
and c-bands with minimum and maximum separated by energy El'clv one readily obtains

(27) 
*2

2'
2 ,2 2 2

'

22 1
µ

π
ε

ω ω
=

−
l clv

cv
l clv

me p
m E

.

In the general case, the graph ε2(ω) will consist of two types of spikes close to those
described by Eqn. (25) and (26). From the derivation of the latter two equations it is
clear that the electron density of states (DOS) versus ω will have the same two types of
spikes. 

2. Results and discussion

The parameters of the non-orthogonal tight-binding model were taken from a density-
functional-based study [23]. In the case of graphite, these parameters showed excellent
performance in the calculation of the equilibrium lattice parameter and the cohesive
energy. The tight-binding electronic structure of graphite corresponds fairly well to the
ab-initio results for the valence bands and for the unoccupied bands up to ~3.5 eV above
the Fermi energy. This implies that the optical properties of graphite should be
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reproduced well up to about 7 eV. The same reliability region should be valid for carbon
nanotubes as well.

Fig. 1. Calculated electronic band structure of SWNTs (5,0), (3,3), and (4,2) in the
energy range between –4 eV and 4 eV with respect to the Fermi energy.

Here, the structure of all 48 SWNTs with radii R in the range from 2 Å to 5 Å was
optimised. The optimisation was carried out under the constraint that all atom lie on a
cylindrical surface and as independent structural parameters were considered R, T, φ',
and t'. The electronic band structure and the imaginary part of the dielectric function for
parallel and perpendicular light polarisation were calculated for all mentioned SWNTs.
In Fig. 1, the electronic band structure of three small-radius nanotubes, (5,0), (3,3), and
(4,2), is shown. In all three cases, the predicted band structure corresponds
semiquantitatively to the results in Refs. [18,19]. In particular, the expected large σ*–π*
rehybridisation in thin tubes due to curvature effects [10] is demonstrated here as in
Refs. [18,19]: the (5,0) nanotube is metallic contrary to the predictions of π-TB (ZFA);
the crossing of the bands at the Fermi level in (3,3) nanotube is at k ≈ 0.25 π/T instead at
k = 2/3 π/T; nanotube (4,2) has an indirect band gap of ≈0.83 eV which is twice smaller
than the direct gap of the π-TB (ZFA) but is larger than the ab-initio one [18,19]. The
effects of rehybridisation are found to decrease with the increase of the tube radius and
to become unimportant for R close to 5 Å.

The calculated imaginary part of the dielectric function of SWNTs (5,0), (3,3), and (4,2)
for parallel and perpendicular polarisation in the energy range from 0 to 6 eV are shown
in Fig. 3. The peaks in parallel polarisation originate from minima and maxima of
occupied and unoccupied bands with the same quantum number l. For example, peak A1
in Fig. 1 (tube (3,3)) can be associated with an optical transition between a maximum of
an occupied band of ~ –2 eV and a minimum of an unoccupied band of ~1 eV. These
minima and maxima give rise to spikes in the electronic density of states of the SWNTs.
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The peaks in perpendicular polarisation originate from minima and maxima of occupied
Fig. 2. Calculated dielectric function ε2 of SWNTs (5,0) (solid line), (3,3) (dotted line),
and (4,2) (dashed line) for parallel and perpendicular polarisation in the energy range
from 0 to 6 eV.  

and unoccupied bands as well from states on parallel parts of occupied and unoccupied
bands with quantum numbers l and l±1. For example, peaks B1 and B2 come from such 
transitions near the crossing point of the bands at the Fermi level; peak B3 comes from
states near the Brillouin zone boundary; peak B4 is due to transitions between minima
and maxima of bands at the zone centre.  It should be noted that in the calculation of ε2
for perpendicular polarisation, the local field effects were not accounted for here. On the
other hand, the small lateral size of the nanotubes leads to strong depolarisation effect
and to significant reduction of the dielectric function [13]. The precise inclusion of the
local field effects is expected to lead to improvement of the dielectric function for
perpendicular polarisation mainly in the peak height. The importance of the knowledge
of the dielectric function for both parallel and perpendicular polarisation has been
stressed recently in a cross-polarised resonant Raman study of SWNTs [24].

The energies of the optical transitions in nanotubes determine the conditions for
resonant Raman scattering of light from nanotubes. Previous results for these energies
versus tube radius were derived within a π-TB (ZFA) [6]. In view of the inadequacy of
these results for small-radius tubes it is important to correct them taking into account the
curvature effects. Here, we present the transition energies versus tube radius for all 48
tubes with radii between 2 Å and 5 Å (Fig. 3).  It is seen in Fig. 3 that as a result of
curvature-induced hybridisation effects the nanotubes, predicted to be metallic within
the π-TB (ZFA), are small-gap semiconducting tubes except for the armchair tubes that
are always metallic due to their symmetry. In both metallic and semiconducting
nanotubes, the energy bands come lower thus decreasing the energy of the optical
transitions. These differences are large for very-small-radius nanotubes and tend to
disappear for radii close to 5 Å. 
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Fig. 3. Calculated optical transitions versus tube radius for parallel polarisation for all 48
tubes with radii between 2 Å and 5 Å in comparison with π-TB (ZFA) results from Ref.
[6]. The circles denote semiconducting tubes and the triangles denote metallic tubes
(according to the π-TB (ZFA)); open symbols are data from Ref. [6] and solid symbols
are results obtained here.

3. Conclusions
The optical properties of single-walled carbon nanotubes (SWNTs) are studied within a
density-functional-theory-based non-orthogonal tight-binding model. The model is
symmetry-adapted which allows for significant reduction of the size of the matrix
electronic eigenvalue problem. It is shown that the calculated electronic band structure
of three small-radius nanotubes agrees well with ab-initio simulations up to several eV
above the Fermi energy and exhibits large differences with the π-TB (ZFA) results. For
example, nanotube (5,0) is found to be metallic while the π-TB (ZFA) predicts it as
semiconducting. Secondly, the dielectric function for the same nanotube types is
calculated within the random phase approximation for energies up to 7 eV. The obtained
peak positions of the imaginary part of the dielectric function versus nanotube radius can
be useful for determination of the conditions for resonant Raman scattering from
nanotubes. 
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