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a b s t r a c t

The phonon dispersion of all metallic carbon nanotubes in the diameter range from 0.8 to 3.0 nm was

calculated using a perturbative approach within a density-functional-based symmetry-adapted non-

orthogonal tight-binding model. The obtained dispersion curves, corrected for non-adiabatic effects,

exhibit Kohn anomalies at the Brillouin zone centre and at two mirror points inside the zone. These

anomalies are efficiently removed upon charge doping for Fermi energy shift larger than 0.3 eV, which is

illustrated in the case of nanotube (12,0). The obtained results for the G band frequencies of all the

nanotubes in the studied diameter range confirm previous theoretical results.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

The carbon nanotubes are cylindrical structures, consisting
entirely of carbon atoms, and have amazing physical properties,
which are favourable for nanotechnology applications [1]. Though
there are hundreds of different nanotube types, in average one-
third of them are metallic (M) and two-thirds are semiconducting
(S). The electronic properties of the metallic nanotubes can easily
be tuned in gated devices [2–4]. The gate voltage has been found to
strongly affect the electron–phonon coupling [3,5] and, in parti-
cular, the Raman shift and Raman intensity of the G� band [6,7] in
metallic nanotubes. This feature is advantageous for the practical
determination of the doping level of the nanotubes by means of
Raman spectroscopy.

The G� band arises from tangential optical phonons of the
nanotubes [8]. The sensitivity of this band of metallic nanotubes to
doping is proven to stem from the strong electron–phonon
coupling, which effectively renormalizes the phonon frequency
and lifetime via creation and annihilation of electron–hole pairs [3].
As a result, the phonon dispersion close to the Brillouin zone centre
exhibits characteristic behaviour, known as the Kohn anomaly.
Additionally, the strong electron–phonon interactions bring forth
Kohn anomaly of certain phonon branches at two mirror points
inside the Brillouin zone [9], which is important for modelling
defect-induced and two-phonon Raman bands.

The Kohn anomaly can be described explicitly by taking into
account the electron–phonon interactions in the linear-response
approximation within the adiabatic approximation [9,10]. How-
ever, the correct description of the doping effect on the phonon

dispersion cannot be accomplished within the adiabatic approx-
imation and requires the explicit account of dynamic corrections.
The latter are usually estimated by use of the perturbation theory
[10,11]. The work done so far focuses on the Kohn anomalies of the
phonon dispersion around the G point, as well as the effect of
doping on the G� band frequency and linewidth.

Here, we present the results of calculations of the doping effect
on the phonon dispersion of the metallic nanotube (12,0) using a
density-functional-based symmetry-adapted non-orthogonal
tight-binding (NTB) model [9]. We also derive the G� band
frequency and linewidth for all metallic nanotubes in the diameter
range between 0.8 and 3.0 nm. The paper is organized as follows.
The general theoretical background is given in Section 2. The
calculated phonon dispersion of nanotube (12,0) and the G� band
frequencies of metallic nanotubes are discussed in Section 3. The
paper ends up with conclusions (Section 4).

2. Theoretical part

The phonon dispersion of metallic nanotubes was calculated in
the adiabatic approximation within a lattice-dynamical model [9]
based on the NTB model [12]. The dynamical matrix was derived
from the expansion of the deformation energy of the nanotube due
to a static perturbation (a ‘‘’frozen’’ phonon) up to second order in
the atomic displacements. In this expansion, the change of the
electronic wave functions was derived in the linear response
approximation. The obtained phonon dispersion corresponds
well with the available experimental data with the exception of
overestimation of the high-frequency phonon branches by E11%.
However, the agreement with the experiment was improved when
the dispersion was downscaled by a factor of 0.9. For this reason, all
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presented frequencies were downscaled by this factor. The tem-
perature dependence of the dispersion was introduced by
smearing the electron occupation by use of the Fermi–Dirac
distribution function. All calculations were done for temperature
of 300 K.

It is convenient to relate the electronic states and phonons of
nanotubes to those of graphene. First of all, the boundary condi-
tions on the electron wavefunction and the phonon eigenvector
restrict the allowed wavevectors to those on equidistant lines,
parallel to the nanotube axis, (so-called cutting lines) in the
Brillouin zone of graphene. The latter structure has touching
valence and conduction electronic bands at the K point of
the Brillouin zone. In average, for 1/3 of the nanotubes there
are two cutting lines through two non-equivalent K points, which
are characterized by the one-dimensional wavevectors 7kn of
the nanotube and, therefore, such nanotubes are metallic. The
presence of states of the valence and conduction bands with
separation less than the phonon energy and the existence of
strong electron–phonon interactions are favourable for scattering
of electrons between such states by phonons with wavevectors
close to 0 and 7qn

¼72kn, and belonging to branches for
cutting lines through the G and K points of graphene, respectively.
In the adiabatic approximation, these scattering processes lead
to logarithmic Kohn anomalies of the phonon dispersion in the
vicinity of the wavevectors 7kn [9]. However, close to these
two wavevectors the adiabatic approximation fails and the
dynamic corrections to the phonon dispersion have to be taken
into account [10,11]. We remind that the adiabatic approximation
implies much slower atomic motion compared to the electronic
one or, in other words, much smaller phonon energy compared to
the energy of the electronic transitions. Thus, the phonon fre-
quency is neglected in the energy denominator of the phonon self-
energy, which enters the dynamical matrix. When the conditions
for the adiabatic approximation are not fulfilled, as it is the case
with nanotubes close to wavevectors 7kn, the phonon frequency
and the phonon linewidth times the imaginary unit should be left in
the phonon self-energy, which gives rise to dynamic corrections
over the adiabatic approximation. The elaboration of the formulas
for the dynamic corrections is provided in the regular papers
Refs. [10,11].

The charge doping of the metallic nanotubes induced Fermi
energy shift reduces the number of pairs of electronic states
for scattering processes and thus essentially smears and eventually
removes the Kohn anomalies [5]. The dynamic and doping effects
are exemplified with the results of calculations in Section 3.

3. Results and discussion

The calculated phonon dispersion of the metallic nanotube
(12,0) in the adiabatic approximation, shown in Fig. 1, has Kohn
anomalies in the form of logarithmic softening of two phonon
branches only at the Brillouin zone centre because all the three
points 0 and 7qn

¼0 coincide [9]. These branches are (1) the
longitudinal optical (LO) one in the vicinity of G point of graphene,
hereafter denoted by LO(G) and (2) the transverse optical (TO)
branch in the vicinity of the K point of graphene, denoted by TO(K).
The phonons of these branches at theG and K points of graphene are
denoted here by G� and A01, respectively, again with reference to
graphene.

The dynamic corrections modify the Kohn anomalies, as seen in
Figs. 2–4. The correction to the transverse optical branch for cutting
line through the G point of graphene (or just TO(G)) is small for the
phonon at theG point, denoted here by G+. However, the frequency
and linewidth of the TO(G) phonons undergo large changes close to
the wavevector qnnE:o/b, where :o is the phonon energy and b

the slope of the electronic bands at the Fermi energy [10] (Fig. 2).
The corrections to the frequency and the linewidth of the LO(G) and
TO(K) branches are largest for the G� phonon (Fig. 3) and for the A01
phonon (Fig. 4) but decrease with the increase of the wavevector.
The latter two branches have a dip at the wavevector qnn and tend
asymptotically to the adiabatic ones away from this wavevector;
the phonon linewidths are largest for the G� and A01 phonons, and
decrease monotonously away from q¼0. The similarity in the
behaviour of the latter two branches is generally associated with
backscattering of electrons from such phonons, while the beha-
viour of the TO(G) branch can be explained with forward scattering
of electrons [13].

The effect of charge doping is exemplified in Figs. 2–4 for Fermi
energy shifts EF of 0.0, 0.1, 0.2, and 0.3 eV. The increase of the doping

Fig. 1. Phonon dispersion of nanotube (12,0). T is the nanotube translation period.

The phonon branches for cutting lines through the G and K points of the Brillouin

zone of graphene are drawn by solid and dashed lines, respectively. The branches for

all other cutting lines are given by dotted lines.

Fig. 2. TO(G) branch frequency (left) and linewidth DG (right) of nanotube (12,0).

The data for the adiabatic approximation are given by short dotted line and those

with dynamic effect are given by solid lines, dashed lines, dotted lines, and dash

dotted lines for Fermi energy shift EF¼0.0, 0.1, 0.2, and 0.3 eV, respectively.
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level decreases the amplitude of the singularity of the TO(K) branch
at qnn and for EF¼0.3 eV this singularity is no longer noticeable. The
LO(G) and TO(K) branches generally shift upwards with the
increase of the doping level, while the linewidth of these branches
decreases monotonously to values below 1 cm�1 for EF¼0.3 eV.
The doping dependence of the G� phonon and A01 phonon
frequencies is given in Fig. 5, left. The two dips of the curves are
at 9EF9¼:o/2. They define the largest Fermi energy shift, for which
the phonon renormalization is effective, and mark the crossover
between regimes with strong and weak phonon renormalization.
This is clearly illustrated in Fig. 5, right, where the linewidth is large
for 9EF9o:o/2 and small for 9EF94:o/2 [3,5].

The obtained G� and G+ phonon frequencies for all metallic
nanotubes with diameters d between 0.8 and 3.0 nm are shown in
Fig. 6 in comparison with the data for all semiconducting nano-
tubes in the same range from Ref. [9], theoretical results from Ref.
[10], and available experimental data from Ref. [14]. According to
Fig. 6, the G� and G+ phonon frequencies for metallic and
semiconducting nanotubes can be grouped in two strips, which
correspond to the observed Raman bands of nanotube samples: G+

band at E1590 cm�1 and G� band in the range 1540–1570 cm�1

[14]. Our results allow us to identify the phonons contributing to
either band. Namely, the G+ band originates from G+(M) and G+(S)
phonons with transverse and longitudinal polarization,

respectively, and the G� band is due to G�(M) and G�(S) phonons
with longitudinal and transverse polarization, respectively. The
large diameter limit of the four strips is the frequency of the G

phonon of graphene of 1582 cm�1. For diameters of about 2 nm, a
crossing of the two G� strips is observed, which is in agreement
with available ab-initio results [10]. For smaller diameters, the four
strips have the following order: G�(M), G�(S), G+(S), and G+(M)
with increasing frequency, in agreement with other theoretical
data [10] and available experimental data [14]. The inset of Fig. 6
shows that the linewidth of the G�(M) phonons decreases mono-
tonously with the increase of the diameter following roughly 1/d
law. The precise comparison of our results with Raman data
requires measurements on isolated, well-identified nanotubes,
which are quite rare at present.

Fig. 3. LO(G) branch frequency (left) and linewidth DG (right) of nanotube (12,0).

See the caption of Fig. 2 for details.

Fig. 4. TO(K) branch frequency (left) and linewidth DG (right) of nanotube (12,0).

See the caption of Fig. 2 for details.

Fig. 5. G� , G+ , and A’1 phonon frequencies (left) and linewidth DG (right) vs. EF.

Fig. 6. G� and G+ phonon frequencies for all metallic and semiconducting

nanotubes for diameters d from 0.8 to 3.0 nm vs. 1/d. The theoretical results

from Ref. [10] are given by solid lines and the experimental data for the G� phonons

from Ref. [14] are given by dashed lines. The inset shows the linewidth of the G� and

G+ phonons of the metallic nanotubes subset vs. 1/d.
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4. Conclusions

We showed that the dynamic corrections have significant effect
on the phonon dispersion of metallic nanotubes in the vicinity of
the G and K points of graphene and modify the Kohn anomalies,
predicted in the adiabatic approximation. We reproduced the
ab-initio results for the LO and TO phonon frequencies and
predicted the dynamic correction to their linewidths. We also
derived similar results for the TO phonons close to the K point of
graphene, which can be important for the interpretation of the
experimental data on double-resonance Raman scattering as well
as for modelling of electron–phonon scattering processes in
metallic nanotubes. We also studied the doping dependence of
the phonon dispersion close to the two points, the major doping
effect being the smearing out the Kohn anomalies with the increase
of the doping level.
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