
Comparative study of the optical properties of single-walled carbon nanotubes
within orthogonal and nonorthogonal tight-binding models

Valentin N. Popov* and Luc Henrard
Laboratoire de Physique du Solide, Facultés Universitaires Notre-Dame de la Paix, Rue de Bruxelles, 61. B-5000 Namur, Belgium

(Received 5 February 2004; revised manuscript received 13 May 2004; published 13 September 2004)

The dielectric response function of single-walled carbon nanotubes is calculated within tight-binding models
with different levels of complexity. First, the effects of the orbital basis set of the model, the orbitals overlap,
and the structural optimization on the electronic band structure and the dielectric function of three small-radius
nanotubes are investigated in detail. Second, the optical transition energies for a large number of nanotubes are
derived from the peak positions of the imaginary part of the dielectric function for parallel and perpendicular
light polarization. These results can be useful for the assignment of absorption spectra of nanotube samples and
for the determination of the conditions for resonant Raman scattering from nanotubes. The obtained results are
compared to recent spectrofluorimetric data on isolated single-walled carbon nanotubes.
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I. INTRODUCTION

Since the discovery of the carbon nanotubes in 19911 sig-
nificant efforts have been directed toward their experimental
and theoretical investigation inspired by the speculations
about their amazing properties.2 The simplest nanotube is a
single graphitic layer(graphene) wrapped seamlessly into a
cylinder and is called the single-walled nanotube(SWNT or,
simply, nanotube). It can be characterized uniquely by a pair
of integer numberssL1,L2d. The electronic structure of any
nanotube can be obtained within thep-band tight-binding
model of graphene(p-TB model) by folding the p-band
along a certain direction in the two-dimensional Brillouin
zone.3 In this approach, it is predicted that a nanotube is a
metal if L1−L2 is a multiple of 3 or a semiconductor other-
wise. Band structure calculations within an all-valence non-
orthogonal tight-binding model4 revealed that nanotubes
with L1−L2=3n sn=1,2, . . . ,d are very-small-gap semicon-
ductors. A similar model based on a symmetry-adapted
scheme5 was used for band structure calculations of a num-
ber of nanotubes. The electronic structure of nanotubes can
be predicted with high accuracy byab initio calculations.
Using a plane-waveab initio pseudopotential local-density-
functional (LDA ) approach,6 it was possible to study in
more detail the curvature-induceds- andp-band mixing and
the deviation from thesp2 hybridization. In particular, these
effects were found to alter significantly the electronic struc-
ture of narrow nanotubes compared to the predictions of the
p-TB model.6 In the case of small-radius insulating nano-
tubes, due to strongs*−p* rehybridization, strongly modi-
fied low-lying nondegenerate conduction band states are in-
troduced into the band gap thus lowering the gap down to
50%. Similar effects were observed in the electronic proper-
ties of carbon nanotubes with polygonized cross section cal-
culated within a plane-waveab initio pseudopotential LDA
approach.7 LDA calculations on the narrowest nanotube(5,0)
revealed total closure of the gap.8,9 By extensive LDA calcu-
lations it was shown that even for nanotubes with moderate
radii R s0.5 nm,R,0.75 nmd the energy bands are shifted
by ,0.1 eV relative to thep-TB ones.10

The theoretical optical transition energies of nanotubes
are of primary importance for the assignment of the peaks in
the optical absorption spectra and for the interpretation of the
resonant Raman spectra of nanotube samples. Most of the
work on optical properties of nanotubes was based on the use
of the p-TB model. The selection rules for allowed dipole
transitions were first discussed by Ajiki and Ando.11 The di-
electric function of nanotubes was calculated in the random
phase approximation and the gradient approximation was
used for the matrix elements of the momentum.12 A theoret-
ical study on the optical properties of several nanotubes en-
compassed optical absorption, optical rotatory power, and
circular dichroism and, in particular, the parallel and perpen-
dicular (with depolarization effects) dielectric function.13

The optical transition energies of all nanotubes with diam-
eters between 0.6 and 1.8 nm for energies up to 3.5 eV were
derived from the separations between the mirror-image
spikes of thep-TB electronic density of states.14 The p-TB
transition energies were corrected for curvature effects by
introducing a chirality- and diameter-dependent nearest-
neighbor hopping integral in thep-TB model.15 A precise
description of the curvature effects on the optical properties
was accomplished within all-valence symmetry-adapted TB
models5,16,17 and ab initio models.8,9 Up to now, however,
high-precision results for the optical transitions have been
reported only for a relatively small number of nanotubes
while for the purpose of sample characterization the theoret-
ical optical transitions for all experimentally observed nano-
tubes are needed.

The experimentally observed absorption and Raman scat-
tering spectra are currently assigned using the predictions of
the p-TB models14 and, rarely, using improvedp-TB
models.15 The first and second lowest peaks in the optical
absorption spectrum of purified SWNT thin films were found
to correspond to the density of state(DOS) peaks of semi-
conducting tubes and the third one—to the DOS of metallic
tubes.14 The reflectance spectrum of an unaligned mat of
SWNTs in the range 0.003–3 eV exhibited several peaks
which were assigned to several nanotubes.18 The detailed
analysis of the optical properties of laser-ablation-produced
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SWNTs, based on measurements of the optical absorption
and high-resolution electron energy-loss spectroscopy in
transmission, allowed the determinination of the mean diam-
eter and diameter distribution in the SWNT samples.19 Ab-
sorption spectra with well-resolved spectral features in
mixed samples of individual SWNTs were assigned to tran-
sitions in specific tube type by means of an improvedp-TB
model.15 Polarized optical absorption spectra of single-
walled nanotubes of 4 Å diameter grown in the channels of
an AlPO4−5 single crystal were reported.20 The observed
three bands in the spectra for parallel polarization of the
incident light were assigned to tubes(5,0), (3,3), and(4,2) by
using ab initio predictions. In cross polarization the nano-
tubes were nearly transparent in the measured region
0.5–4.1 eV which was attributed to strong depolarization
effects.9

By exciting semiconducting tubes between the second
pair of van Hove singularities followed by fluorescence be-
tween the first pair of van Hove singularities, absorption and
bright fluorescence from isolated SWNTs were observed.21

This experimental technique was applied in a systematical
spectrofluorimetric investigation of SWNTs, isolated in
aqueous surfactant suspensions, and the absorption and emis-
sion transitions of 33 different semiconducting tubes were
derived.22 The combined fluorescence and Raman spectros-
copy study of a few isolated SWNTs allowed for the precise
correlation between the experimental data and the structure
of the tubes.23 SWNTs prepared by laser vaporization, dis-
persed and surfactant stabilized, showed photoluminescence
peaks corresponding to the lowest electronic interband tran-
sitions in semiconducting tubes.24 The obtained data in Ref.
22 were fitted to empirical expressions which were then used
to obtain model-independent predictions for the first and sec-
ond van Hove optical transitions(E11 andE22) as a function
of the tube structural parameters for a wide range of semi-
conducting tubes.25 The derived empirical relations were
found to overestimate thep-TB results forE11 andE22 up to
25%. This was attributed to a combination of effects such as
trigonal warping, curvature, and exciton binding. While the
first two effects can be well described within the band struc-
ture picture: modifiedp-TB models,15 all-valence tight-
binding models,5,16,17andab initio models,8,9 the description
of the excitonic effects requires a different approach.26,27 It
can be concluded that the recent experimental results ques-
tion the assignment of the spectroscopic data based onp-TB
models, as well as on more advanced tight-binding andab
initio models. Therefore, it is important to perform large-
scale precise band structure calculations and to compare the
obtained results for the optical transitions to the optical and
spectrofluorimetric data in order to gain deeper insight on the
nature of the disagreement between them.

Here the dielectric function for parallel and perpendicular
light polarization of a large number of nanotubes in the ra-
dius range from 2 to 15 Å is calculated within ap-TB
model and two all-valence TB models using four valence
electrons per carbon atom: an orthogonal TB(o-TB) model
and a nonorthogonal TB(n-TB) model. Then-TB model is
based on a symmetry-adapted scheme28 that allows for great
reduction of the computational time. It is shown that the use
of all four valence electrons of carbon in theo-TB model

instead of a singlep-band introduces curvature-induced re-
hybridization corrections to the electronic band structure.
Additionally, the accounting for orbitals overlap in then-TB
model leads to a better description of the effect of the cur-
vature on the electron band structure than by theo-TB
model. It is demonstrated that then-TB model yields predic-
tions for the band structure that are close to those of theab
initio models for energies up to a few electron volts around
the Fermi level. The optical transition energies are derived
from the positions of the peaks of the imaginary part of the
dielectric function and are presented versus nanotube radius
in charts. These charts can be used for the assignment of the
features in the optical absorption spectra and for clarifying
the conditions for resonant Raman scattering of light from
nanotubes. The paper is arranged as follows. First, the nano-
tube structure, the TB models, and the dielectric function are
introduced in Sec. II. The results of the structural optimiza-
tion of a number of nanotubes and the calculations of the
band structure and the dielectric function for three small-
radius nanotubes, and the derived charts of the optical tran-
sition energies for parallel and perpendicular light polariza-
tion are presented and discussed in Sec. III. The paper ends
with conclusions(Sec. IV).

II. THEORETICAL PART

A. Nanotube structure

The nanotube can be viewed as obtained by rolling up of
an infinite strip of graphene with width defined by the chiral
vector Ch=L1a1+L2a2 (a1 and a2 are the primitive transla-
tion vectors of graphene) into a seamless cylinder.3–5 The
integer numbersL1 andL2 sL1ùL2ù0d uniquely specify the
nanotube. Tubes withL1=L2 (“armchair” tubes) or L1ÞL2
=0 (“zigzag” tubes) are termed achiral and the remaining
tubes are termed chiral. The nanotube can alternatively be
described by its radiusR and chiral angleu which is the
angle between the chiral vector and the nearest zigzag of
carbon-carbon bonds. All nanotubes have a specific symme-
try defined by two different screw operators. A screw opera-
tor Si executes a rotation at a given anglewi around the tube
axis and a translation at a given distanceti along the tube
axis si =1,2d. A combination of screw operatorsS1

l1S2
l2 [de-

noted for brevity asSsld] leads to coincidence of the zeroth
lattice point of the tube with the lattice point with indexl
=sl1, l2d. Accepting the same two-atom unit cells for the
nanotube as for graphene, the unit cell at the origin can be
mapped onto the entire tube by means of operatorsSsld. The
second atom in each two-atom unit cell can be obtained by
application on the first atom of a third screw operator with a
rotation anglew8 and a translation periodt8.5,28

The rolled-up nanotube has a translational symmetry with
a translation periodT given by the length of the graphene
lattice vectorN1a1+N2a2 where

N1 = sL1 + 2L2d/d, s1d

N2 = − s2L1 + L2d/d. s2d

Hered is equal to the highest common divisord8 of L1 and
L2 if L1−L2 is not a multiple of 3d8 or d is equal to 3d8 if
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L1−L2 is a multiple of 3d8. Each nanotube containsNc
atomic pairs andNa=2Nc atoms in the unit cell where

Nc = 2sL1
2 + L1L2 + L2

2d/d. s3d

The parameters of the three screw operators can be expressed
as

w1 = 2pN2/Nc, s4d

w2 = − 2pN1/Nc, s5d

w8 = 2psN1 − N2d/3Nc, s6d

t1 = L2T/Nc, s7d

t2 = − L1T/Nc, s8d

t8 = sL1 − L2dT/3Nc. s9d

The rolled-up nanotube structure can serve as an input for
structural optimization of the nanotube. It is important to
note that the optimized structure of chiral tubes may not have
translational symmetry. Here, such a symmetry is assumed
for conformity with other studies and because the deviation
of the optimized structure from the optimized structure with
imposed translational periodicity is usually very small. We
also assume that the screw symmetry of the tube is pre-
served. Therefore, Eqs.(4), (5), (7), and (8) will be still
valid, but Eqs.(6) and (9) may no longer be applicable. As
independent structural parameters we can chooseR, T, t8,
andw8. The radiusR0, translation periodT0, and chiral angle
u0 for the rolled-up structure are given by the relations

R0 = Î3sL1
2 + L1L2 + L2

2daC-C/2p, s10d

T0 = 2Î3pR0/d, s11d

u0 = tan−1sÎ3L2/sL2 + 2L1dd. s12d

Here aC-C is the carbon-carbon bond length for graphene.
The chiral angleu for the optimized structure can be
expressed by means of the optimizedR and T as u
=tan−1s−L2T/2pN2Rd. In Sec. III A, the obtained relative
changes ofR, T, andu are discussed.

B. Tight-binding models

The screw symmetry of the nanotubes allows for the con-
struction of a tight-binding model that is based on a two-
atom unit cell rather than on the translational unit cell with
Nc two-atom unit cells.5,29 Such a symmetry-adapted tight-
binding model has advantages with respect to computational
time and resources that will be discussed below.

In the independent-electron approximation, the one-
electron wave functions of a nanotubecklsr d are labeled by
the one-dimensional wave vectorks−pøkøpd and the dis-
crete quantum numberlsl =0,1, . . . ,Nc−1d as a consequence
of the rotational and translational symmetry of the nano-
tubes. These wave functions can be represented as linear

combinations of basis functionswklrsr d. In the tight-binding
method, the basis functions are expressed by atomic orbitals
xrsRsld−r d. The orbitals are centered on atoms with position
vectorsRsld. The indexr runs over the orbitals on all atoms
in the two-atom unit cell. For example, in the case ofn
orbitals per carbon atom,r =1,2, . . . ,2n (n=1 for thep-TB
model andn=4 for the all-valence TB models). The basis
functions satisfy a generalized Bloch theorem for any screw
operatorSsld

o
r8

Trr8sldwklr8sr d = eifasldl+zsldkgwklrsr d. s13d

HereTrr8sld are the matrices of the representation of the sym-
metry group of the screw operatorsSsld in the space of the
basis functions; asld=2psl1N2− l2N1d /Nc and zsld=sL1l2
−L2l1d /Nc are the dimensionless coordinates of the origin of
the lth cell along the circumference and along the tube axis,
respectively. Consequently, the basis functions can be cast in
the Bloch form

wklrsr d =
1

ÎN
o
lr8

eifasldl+zsldkgTrr8sldxr8fRsld − r g, s14d

whereN is the number of two-atom unit cells in the tube and
the summation overl is carried out over these two-atom unit
cells. Using the representation for the electron wave function
cklsr d as a linear combination ofw’s

cklsr d = o
r

cklrwklrsr d s15d

in the one-electron equation of SchrödingerĤckl=Eklckl,
one obtains the matrix equation for the coefficientscklr

o
r8

sHklrr8 − EklSklrr8dcklr8 = 0, s16d

where

Hklrr8 = o
lr9

eisasldl+zsldkdHrr9sldTr9r8s− ld s17d

and

Sklrr8 = o
lr9

eisasldl+zsldkdSrr9sldTr9r8s− ld. s18d

Here, the matrix elements of the HamiltonianHrr8sld and the
overlap matrix elementsSrr8sld are defined by

Hrr8sld =E drxrfRs0d − r gĤxr8fRsld − r g s19d

and

Srr8sld =E drxrfRs0d − r gxr8fRsld − r g. s20d

In the orthogonal tight-binding models, the overlap of the
atomic orbitals centered on different atoms is ignored and
Srr8sld is approximated by a unit matrix. However, it is clear
that the overlap of orbitals on different atoms is not always
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negligible and that it may have an effect on the band struc-
ture. The overlap is included in the nonorthogonal tight-
binding models.

The solutions of Eq.(16) are the electronic energies
Eklmand the expansion coefficientscklmr, m=1,2, . . . ,2n. For
eachk, this equation has to be solved for all values ofl, i.e.,
Nc times. Therefore, the computational time for solving the
eigenvalue problem for eachk by standard diagonalization
techniques scales ass2nd3Nc in the symmetry-adapted TB
scheme and ass2nNcd3 in any nonsymmetry-adapted TB
scheme. The advantage of the former is obvious and it makes
possible large-scale calculations of the dielectric function of
nanotubes where a sampling of a large number of wave vec-
tors is required for the numerical integration over the one-
dimensional Brillouin zone of the nanotube.

Finally, the total energy of a nanotube(per unit cell) E is
given by

E = o
klm

occ

Eklm +
1

2o
i j

fsr ijd, s21d

where the first term is the band energy(the summation is
over all occupied states) and the second term is the repulsive
energy expressed by pair potentialsfsr ijd between atomsi
and j . From Eq.(21), the forceF acting on an atom with a
position vectorR can be found in the form

F = − o
klm

occ

cklmr
*

]sHklrr8 − EklmSklrr8d

]R
cklmr8 −

1

2o
i j

]fsr ijd
]R

,

s22d

where the Hellmann-Feynman theorem is used for the band
contribution to the force.

C. Dielectric function

In the process of absorption of incident on the nanotube
electromagnetic radiation, electrons are excited from occu-
pied statessvd into empty statesscd. In the random-phase
approximation and neglecting the local field corrections, the
imaginary part of the dielectric function for direct dipole
transitions and radiation polarized in them-direction is given
as a function of the photon energy"v as30.

«2 =
4p2e2

m2v2 o
l8clv

2

2p
E dkupkl8cklv,mu2dsEkl8c − Eklv − "vd.

s23d

Here,e is the elementary charge,m is the electron mass, and
Eklv andEkl8c are energies of occupied and empty electronic
states, respectively. The matrix element of them-component
of the operator of the linear momentump̂

pkl8cklv,m =E drckl8c
* sr dp̂mcklvsr d s24d

can be cast in the form

pkl8cklv,m = f ll8,mo
rr8

ckl8cr8
* cklvro

lr9

eifasldl+zsldkgpr8r9,msldTr9rs− ld.

s25d

Here pr8r9,msld is the matrix element ofp̂m between atomic
orbitals given by an expression similar to Eqs.(19) and(20).
The quantities f ll8,m are defined as follows:f ll8,x= f ll8,y
=sdl8,l+1+dl8,l−1d /2 and f ll8,z=dll8 (the z axis is chosen along
the tube;dll8 is Kronecker delta). From Eq.(25), the selec-
tion rules for direct dipole transitions follow: allowed are
only transitions withl8= l for parallel light polarization and
l8= l ±1 for perpendicular polarization. This general result
includes as a particular case thep-TB result of Ref. 11. If the
atomic orbitals of carbonxr are known, the matrix elements
of the momentum can be calculated from Eq.(25). In most
tight-binding models, the atomic orbitals are unknown and
this difficulty is usually circumvented by the so-called gra-
dient approximation,31 where, by using the operator relation

p̂= im/"fĤ , r̂ g, the matrix element of the momentum is ob-
tained as

pkl8cklv,m = i
m

"
f ll8,mo

rr8

ckl8cr8
* cklvro

lr9

eifasldl+zsldkgfRmsld

− Rms0dgHr8r9sldTr9rs− ld. s26d

This expression excludes, however, intra-atomic contribu-
tions that can be important in some cases.32

III. RESULTS AND DISCUSSION

A. Optimized nanotube structure

Here, we carried out structural optimization of all 187
nanotubes in the radius range 2Å,R,15 Åand Na,800
within the n-TB model. The parameters of then-TB model
were taken from a LDA study of carbon clusters33 where
they were shown to have excellent performance in the calcu-
lation of the equilibrium lattice parameters and the cohesive
energy of graphite. Then-TB electronic structure of
graphene corresponds well toab initio results in the range
from −3 to 3 eV around the Fermi energy. This implies that
the optical properties of graphene as well as those of the
nanotubes should be reproduced well at least up to about
3 eV. As independent parameters in the optimization proce-
dure were chosenR, T, w8, andt8.

The careful study of the convergence of the total energy
and forces on atoms revealed that a large number ofk-points
was necessary for narrow tubes[e.g., for the tube(3,3) nearly
60 k-points had to be considered] and that this number was
smaller for larger tubes[e.g., 30k-points were enough for the
tube (9,9)]. It was found that the minimal numbersNk of
k-points for a small number of achiral and chiral tubes with
radii in the considered range lie on a monotonous curve only
when drawn as a function ofNc. To explain this, we recall
that the nanotube band structure can be obtained from that of
graphene by folding itNc times along a certain direction. The
folded curves will become flatter and will a require a lesser
number ofk-points with the increase ofNc. The fit of Nk
versusNc yielded the relationNk<200/Nc

0.65 that was further
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used for all tubes. The maximal residual force on the sepa-
rate atoms was set to 0.001 eV/Å.

The results of the structural optimization show that with
respect to the rolled-up nanotube structure the nanotubes
widen laterally and shorten in length, which has as a conse-
quence a decrease of the chiral angle. This effect depends on
the nanotube radius and chirality. In particular, the relative
changesDR/R0, uDT/T0u, and uDu /u0u are large for small
radii and tend to zero with the increase of the radius.DR/R0
versusR0 has the largest values close to 5% for small radii. It
is almost independent on chirality and can be fitted by the
power law 0.202/R0

2.295. uDT/T0u is below 1% but shows a
wide spread mainly for radii smaller than 8 Å. It is negligible
for armchair tubes, larger for zigzag tubes and, for chiral
tubes, it increases with the increase ofNc. Du /u0 versusR0
shows behavior, intermediate between that ofDR/R0 and
DT/T0 because the optimized value ofu is derived by means
of R andT. As a whole,uDu /u0u is largests<4%d for small
radii and tends to zero for large radii; it is zero for zigzag
tubes (by definition), intermediate for armchair tubes and
largest for chiral tubes where it increases with the increase of
Nc. The maximum values of the absolute changes ofR, u,
and T are about 0.1 Å, 1°, and 0.4 Å, respectively. More
details can be found in Ref. 29.

The trend of change of the structural parameters corre-
sponds to theab initio results for several nanotubes in Refs.
8 and 34. For example, we obtain an increase of the radius
for tubes(4,4) and(10,10) of 1.6 and 0.3% compared to 1.2
and 0.2%.34 For tubes(5,0), (3,3), and (4,2) with nonopti-
mized radii of 1.96, 2.03, and 2.07 Å, we obtain 2.02, 2.12,
and 2.14 Å that are in fair agreement with theab initio re-
sults 2.04, 2.10, and 2.14 Å.8 The optimized nanotube struc-
ture is characterized with nonequal bond lengths and bond
angles. The bond lengths and bond angles calculated here for
tubes (5,0), (3,3), and (4,2) differ slightly from the corre-
spondingab initio results8 (see Table I).

The difference between the optimized and nonoptimized
structures decreases with the increase of the radius and can
be ignored for large radii. It is of primary importance to
study how this difference will affect the electronic band
structure and the dielectric function of the nanotubes. Before
proceeding further, it is interesting to compare the strain en-
ergy calculated here to theab initio results.35,34,36Fitting the
strain energy versus radius withEst=C/R2 (Ref. 37) we ob-
tain the valueC=2.133 eV/atom that agrees well with

2.20 eV/atom [tubes sn,nd, n=3, . . . ,9],35 2.00 eV/atom
[tubessn,nd, n=8, . . . ,12],36 2.00 eV/atom[tubessn,nd, n
=4, . . . ,10],34 and 2.05 eV/atom[tubessn,nd, n=4, . . . ,10,
(10,0), (8,4)].34

B. Electronic band structure and dielectric function

The principal goal of this work is to study the effects of
(a) the choice of the atomic orbital basis set for the tight-
binding model,(b) the overlap of the atomic orbitals on dif-
ferent atoms, and(c) the structural optimization on the elec-
tronic band structure and the dielectric function of
nanotubes. The band structure and the dielectric function are
calculated within thep-TB model, theo-TB model, and the
n-TB model for the rolled-up structure(n-TB1) and then-TB
model for the optimized structure(n-TB2). For the p-TB
calculations, a hopping parameterg0=2.75 eV was used
(see, Ref. 14). The o-TB model implements parameters
Hsss=−4.80, Hsps=4.75, Hpps=4.39, andHppp=−2.56 eV,
derived by fitting to the ab initio band structure of
graphene38 and used in Ref. 39. Then-TB parametrization is
the same as in Sec. III A. Since the mentioned effects are
supposed to be larger for smaller-radius tubes, for better il-
lustration, we first consider the three nanotubes(5,0), (3,3),
and (4,2) with almost equal radii of<2 Å but different
chirality.

First, the extension of the basis set from onesp−d orbital
to four orbitals(s, px, py, and pz) per carbon atom and the
neglect of orbital overlap corresponds too-TB calculations.
As seen in Fig. 1, the band structures of the three tubes
within the p-TB model (dotted lines) and theo-TB model
(full lines), differ mainly quantitatively in the values of the
band energies while showing the same characteristic fea-
tures: direct gaps for tubes(5,0) and(4.2), and band crossing
at the Fermi energy close tok=2/3p for tube (3,3). For all
three tubes, the vertical band energy separations of theo-TB
model are smaller than those of thep-TB model. In
graphene, due to the symmetry of thesp2 hybridized orbitals
and thep orbital, oriented perpendicularly to the surface,
there is no mixing between the evolvings andp, s* and p*
graphene bands.2 When graphene is rolled up into a nano-
tube, these bands become hybridized giving rise to modifi-
cation of theo-TB bands relative to thep-TB ones.

Second, we consider the effects of inclusion of overlap for
the rolled-up nanotube structure which corresponds to use of

TABLE I. Calculated bond lengths(first lines) and bond angles(second lines) for three small-radius tubes
in comparison with the nonoptimized ones andab initio results(Ref. 8).

Tube

Bond lengths(in Å) and bond angles(in rad)

Nonoptimized8 Ref. 8 This work

(5, 0) 1.407, 1.407, 1.425 1.450, 1.450, 1.412 1.453, 1.453, 1.402

120.4, 120.4, 110.2 119.8, 119.8, 111.2 119.4, 119.4, 111.9

(3, 3) 1.423, 1.423, 1.396 1.438, 1.438, 1.433 1.442, 1.442, 1.439

115.6, 115.6, 120.3 118.7, 118.7, 116.2 117.0, 117.0, 116.9

(4, 2) 1.420, 1.399, 1.425 1.443, 1.440, 1.421 1.446, 1.431, 1.422

118.7, 120.4, 113.3 118.7, 118.7, 114.1 119.0, 118.3, 114.2
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the n-TB1 model. As shown in Fig. 2, the calculated band
structure within then-TB1 model(full lines) exhibits major
qualitative differences from that of theo-TB model (dotted
lines). These differences can be summarized as follows: clos-
ing up of the direct gap of tube(5,0), displacing of the cross-
ing point of the bands at the Fermi energy fromk
=2/3p to k<0.4p for tube (3,3), and transforming the di-
rect gap of tube(4,2) into an indirect one. For the three tubes
there is an overall decrease of the absolute value of the band
energies relative to the Fermi energy in comparison with the
o-TB bands. The drastic changes of the band structure are
due to the switching on of an additional mechanism for re-
hybridization through the overlap. The wrapping of the
graphene sheet into a nanotube introduces nonorthogonality
between thesp2 hybridized orbitals and thep orbitals, ori-
ented perpendicularly to the graphene sheet, which results in

nonzero overlap. Therefore, this rehybridization mechanism
is curvature-induced and will disappear in the limit of large
tube radius. The dramatic improvement of the band structure
upon inclusion of overlap was illustrated as well within a
third nearest-neighbor nonorthogonal tight-binding model
with model parameters fitted toab initio data.40

Third, the effects of structural optimization on the band
structure are investigated comparing again the results for the
three small-radius tubes. It is seen in Fig. 3 that there are
small differences between then-TB1 and n-TB2 bands
around the Fermi energy. This leads to the conclusion that
the rolled-up nanotube structure may be used instead of the
optimized one even for small-radius tubes. As a whole, the
comparison between the band structures of the four models
shows a clear trend for the decreasing of the vertical separa-
tion between the band energies around the Fermi energy with

FIG. 1. Calculated electronic band structure
of nanotubes(5,0), (3,3), and(4,2) in the energy
range between −4 and 4 eV with respect to the
Fermi energy within theo-TB model (full lines)
and thep-TB model (dotted lines)

FIG. 2. Same as for Fig. 1 but for then-TB1
model (full lines) and theo-TB model (dotted
lines).
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the improvement of the model. Then-TB2 results are, how-
ever, closest to previously reportedab initio results.8,20 In
particular, the band structure of thin tubes is modified com-
pared to thep-TB predictions: the nanotube(5,0) is metallic,
the crossing of the bands at the Fermi energy in(3,3) nano-
tube is atk<0.5p instead atk=2/3p, and nanotube(4,2)
has an indirect band gap of 0.83 eV that is twice smaller than
the p-TB direct gap but is a bit larger than theab initio
one.8,20 This is an indication that then-TB2 model predicts
similar curvature-induced rehybridization in thin tubes asab
initio models.

The imaginary part of the dielectric function«2 of the
three small-radius tubes(5, 0), (3, 3), and(4, 2) was calcu-
lated in the energy range from 0 to 6 eV with the step of
0.005 eV using a sampling of 1200k-points in the numerical
integration over the Brillouin zone[see, Eq.(23)]. In the

n-TB model, the matrix element of the momentum was cal-
culated directly while in thep-TB and o-TB models the
basis orbitals are unknown and the gradient approximation
was used. The resulting«2 for parallel and perpendicular
polarization within the three TB models is shown in Fig. 4.
The peaks for parallel polarization originate from minima
and maxima of occupied and unoccupied bands with the
same quantum numberl. For example, the single peak of«2
for tube (3, 3) in Fig. 4 can be associated with an optical
transition between a maximum of an occupied band and a
minimum of an unoccupied band inside the Brillouin zone.
These minima and maxima give rise to similar spikes in the
electronic density of states of the nanotubes. The peaks for
perpendicular polarization originate from minima and
maxima of occupied and unoccupied bands or from states on
parallel parts of occupied and unoccupied bands with quan-

FIG. 3. Same as for Fig. 1 but for then-TB2
model (full lines) and then-TB1 model (dotted
lines).

FIG. 4. Calculated dielectric
function «2 of nanotubes(5,0),
(3,3), and (4,2) for parallel and
perpendicular polarization in the
energy range from 0 to 6 eV
within the p-TB, o-TB, n-TB1,
and n-TB2 models. Theab initio
data (Ref. 8) are denoted by
asterisks.
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tum numbersl and l ±1, respectively. The comparison be-
tween the«2 curves of the four models shows a trend of the
decreasing of transition energies upon improvement of the
model by extending the basis set, including orbitals overlap,
and optimizing the tube structure.

The firstn-TB2 transition energiesE11 for parallel polar-
ization for tubes(5, 0) (1.0, 1.2 eV), (3, 3) s2.9 eVd, and(4,
2) (1.85, 1.96 eV) correspond well to the LDA results 1.2,
2.9, and 1.9 eV(denoted by asterisks),8 and 1.2, 2.9, and
2.0 eV (Ref. 9) (see Fig. 4). The smaller number of peaks in
Refs. 8 and 9 is possibly due larger peak widths used in the
calculations and resulting overlap of closely situated peaks.
The agreement with theab initio results for perpendicular
polarization, which do not include depolarization effects, is
good for the first optical transitions of tubes(3, 3) and(4, 2)
but not for tube(5, 0). For both light polarizations, the
higher-energy optical transitions deviate from theab initio
data for the considered very-small-radius tubes. This can be
explained with the use of a small number of atomic orbitals
and the neglect of three-center integrals in the derivation
procedure for then-TB parameters. Consequently, this model
will describe well the effects of curvature for relatively small
departures from the puresp2 hybridization. On the other
hand, the synthesized nanotubes have normally moderate ra-
dii in which case then-TB parameters are expected to have a
better performance. It is important to stress that the predic-
tions of the widely usedp-TB models overestimate the pre-
dictions of theab initio and then-TB2 models for the three
considered tubes up to two times.

It should be noted that the depolarization effects were not
accounted for in the calculation of«2 for perpendicular po-
larization. On the other hand, the small lateral size of the
nanotubes leads to strong depolarization effects and signifi-
cant modification of the dielectric function.11 An estimate of
the depolarization field based on the classical electrodynam-
ics exhibits that the polarization-induced correction of«2 di-
minishes with the increase of the tube radius.11 The precise
inclusion of the depolarization effects leads to a reduction of
the peak height and smearing of the peaks themselves.9 The
importance of knowing the dielectric function for both par-
allel and perpendicular polarization has been pointed out re-
cently in a cross-polarized resonant Raman study of
nanotubes.41

The calculated«2 for 26 semiconducting tubes with
Na,800 for which spectrofluorimetric data exists22 is shown
in Fig. 5. It is seen in the left panel that each of the curves for
parallel polarization exhibits from two to four peaks with
decreasing height with the increase of the radius. The peaks
originate from transitions between occupied and empty
bands with the samel. The right panel presents the curves for
perpendicular polarization each of which has one or two
dominant peaks that come from transitions between occupied
and empty bands with indicesl and l ±1 close to the Fermi
energy. In thep-TB approach, the bands with the samel give
rise to mirror spikes in the density of states and, conse-
quently, the peaks of«2 from transitionsl → l ±1 and l ±1
→ l will coincide. Therefore, a single peak is expected to
dominate each curve. The presence of two close peaks in-
stead of a single peak can be explained with the asymmetry
of the p and p* bands of graphene relative to the Fermi

energy and with the warping effect both of which are ac-
counted for in the all-electron TB models. The peaks of«2
for perpendicular polarization are about five times lower than
for parallel polarization.

C. Optical transition energies

Next, we study the effects of the atomic orbital basis set,
orbitals overlap, and structural optimization on the dielectric

FIG. 5. Calculated dielectric function«2 of 26 nanotubes with
Na,800 (Ref. 22) for parallel and perpendicular polarization in the
energy range from 0 to 3.5 eV within then-TB2 model. The
curves are arranged upwards in order of increasing tube radius from
about 3.1 to 6.1Å.
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function of nanotubes within the four TB models. For better
illustration of these effects, we first consider only all arm-
chair and zigzag nanotubes in the range 2 Å,R,15 Å. The
dielectric function was calculated as described in the previ-
ous section. The lowest two transition energiesE11 andE22,
derived from the peaks of«2 for parallel polarization, are
shown versus tube radius in Fig. 6 for the series of armchair
tubes s4+n,4+nd sn=0,1, . . . ,22d and zigzag tubess5
+3n,0d, s6+3n,0d, and s7+3n,0d sn=0,1, . . . ,10d. For
small radii, the predictions of the four models forE11 andE22
exhibit large differences that tend to decrease with the in-
crease of the radius. For a given tube, the transition energies
of all models fall in an energy interval with width of about
0.2 eV for R*7 Å. In some cases, theo-TB and n-TB
curves are downshifted by about 0.1 eV relative to thep-TB
curves. These energy shifts correspond to the results ofab
initio LDA calculations that predict downward shifts of
,0.1 eV for radii in the range 5 Å,R,7.5 Å.10 Most of
the work on sample characterization by optical absorption
and resonant Raman scattering has been based on the use of
the p-TB predictions.14 The calculations here show that the
p-TB results deviate significantly from then-TB ones for
small-radius tubes and, consequently, the use the former may
lead to misinterpretation of the absorption and Raman spec-
tra.

Next, the optical transition energies for all nanotubes in
the range 2 Å,R,15 Å with Na,800 were derived from
the peaks of«2. In Fig. 7, the obtained transition energies for
parallel polarization within theo-TB andn-TB2 models(full
symbols) are compared to thep-TB ones(empty symbols). It
is clearly seen that there is a large difference between the
p-TB predictions from those of the more sophisticated TB
models especially for tubes with small radii. This difference
decreases with the increase of the tube radius and becomes
smaller than about 0.2 eV for tubes withR*7 Å in the con-
sidered energy range. The transition energies for perpendicu-
lar polarization, given in Fig. 8, are situated in a strip whose
width is decreasing rapidly with the increase of the tube ra-
dius. The lowest-energy pair of peaks for any tube arises
from energy bands closest to the Fermi energy. As discussed
above, the appearence of pairs rather than single peaks is due
to the asymmetry of thep and p* bands of graphene and
with the warping efect.

The analysis of recent absorption data on semiconducting
nanotubes,27 supported by Raman and transmission electron
microscope data, revealed a large upward shift of the first
transition energyE11 and a negligible one of the second tran-
sition energyE22 in comparison with thep-TB results. The
curve ofE11 versusR was fitted with a power lawR−1.3 while
the p-TB model yields aR−1 dependence. The upshift was

FIG. 6. Calculated optical transition energies
E11 and E22 for parallel polarization versus tube
radiusR for all armchair and zigzag nanotubes in
the range 2 Å,R,15 Å within thep-TB, o-TB,
n-TB1, andn-TB2 models.
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attributed to Coulomb and excitonic effects that are not ac-
counted for in thep-TB model.26 Recent extensive spectrof-
luorimetric data on isolated semiconducting SWNTs(Refs.
22–24) were found inconsistent with thep-TB results as
well. The optical transitions data for 33 tubes with
3.1 Å,R,6.1 Å were assigned by means of power laws
with chirality dependent parameters.22,25 The observed up-
shift of the experimental data was attributed to effects such
as the trigonal warping, curvature, and exciton binding that
are not included in thep-TB picture. Since then-TB2 model
describes realistically the warping effect and tube curvature,
the deviation of its predictions from the experimental data
can be described by including self-energy and excitonic cor-
rections. The self-energy can be approximated by a rigid
shift of about 15% of the unoccupied bands with respect to
the occupied ones while the excitonic corrections depend on
the tube type and are generally small.42 We chose for the
purpose of comparison the spectrofluorimetric data for all 26
tubes withNa,800 from Ref. 22 for which«2 is plotted in
Fig. 5. It is seen in Fig. 9 that then-TB2 points, when shifted
upward by 0.3 eV, coincide well with the experimental data

for E11 andE22 with deviations below 0.05 eV. It is evident
from Fig. 9 that thep-TB data cannot be coincided with the
experimental ones by means of any chirality independent
shift. The comparison of then-TB2 points with the transition
energies for all 59 tubes withNa,800 and radii up to 10 Å
from Ref. 25 shows that the upshift decreases with the in-
crease of the radius and has values of about 0.2 eV for radii
close to 10 Å. Such a behavior of the upshift is consistent
with the finding that the increase of the transition energies in
nanotubes in comparison with the band structure ones is a
consequence of the spatial confinement of the electrons in
them and that this increase should be smaller for larger
radii.26 It can be concluded that the upshift is mainly due to
self-energy corrections since it is in the range of these cor-
rections. This conclusion does not rule out a possible exci-
tonic contribution. A recent analysis of the dynamics of the
photoexcitations spectra of carbon nanotube films is in favor
of the excitonic character of the optical transitions in carbon
nanotubes.43 The precise determination of the radius and
chirality dependence of the exciton shift can be done only
within a theory of the excitonic effects in nanotubes, which
goes beyond the band structure picture and the goal of this
paper.

IV. CONCLUSIONS

Orthogonal and nonorthogonal tight-binding models are
used for band structure and optical transitions calculations of

FIG. 7. Calculated optical transition energiesEii for parallel
polarization for all nanotubes in the range 2 Å,R,15 Å and
Na,800 within theo-TB model (left panel, full symbols) and the
n-TB2 model(right panel, full symbols) in comparison with those
of the p-TB model (empty symbols). Data for metallic and semi-
conducting tubes are designated by triangles and circles,
respectively.

FIG. 8. Calculated optical transition energiesEii for perpendicu-
lar polarization for all nanotubes as in Fig. 7.
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a large number of single-walled carbon nanotubes. The mod-
els implement a symmetry-adapted scheme which allows for
a significant reduction of the size of the matrix electronic
eigenvalue problem and is advantageous with respect to
computational time and resources over the nonsymmetry-
adapted models. The models are used to study the effects of
the orbital basis set, orbitals overlap, and structural optimi-
zation. The calculated electronic band structure and dielectric
function of three small-radius relaxed nanotubes within the
nonorthogonal tight-binding model agree well withab initio
LDA simulations. The optical transition energies of all 187
nanotubes with radii in the range 2 Å,R,15 Å and
Na,800 nanotubes are calculated and compared to thep-TB
predictions. It is shown that the calculated transition ener-
gies, upshitted by 0.3 eV, coincide well with available spec-

trofluorimetric data on nanotubes. This shift can be attributed
mainly to self-energy corrections to the electronic energies.
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