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FIG. 19. Performance of entropy estimators and entropy measures for fractionally integrated autoregressive processes. Plots depict the
theoretical values (lines) and the estimated distributions (mean and 25%–75% percentiles over 100 realizations lasting N = 300 samples,
colored symbols and error bars) of entropy (a, d, g), conditional entropy (b), (e), (h), and information storage (c), (f), (i) computed using the
linear estimator (a)–(c), the kernel estimator implemented with threshold r = 0.2 (d)–(f), and the knn estimator implemented with k = 10
neighbors (g)–(i). Each measure is computed as a function of the AR amplitude varying in the range ρ ∈ (0,0.9) for fixed AR frequency
(f = 0.25) and different values of the differencing parameter (d = −0.5, red crosses and solid lines; ρ = −0.25, blue long-dashed lines and
open squares; ρ = 0, pink short-dashed lines and full triangles; ρ = 0.25, green dotted lines and open circles; ρ = 0.5, gray dash-dotted lines
and open circles). Results: The presence of strong positive correlation alters markedly the dependence of conditional entropy and information
storage on the AR amplitude, whereas anticorrelation induces only a shift in the measures without affecting substantially the dependence on
ρ. All estimators are biased in approximating conditional entropy and information storage for fractionally correlated AR signals. The bias is
more evident for positive than negative correlations and for stronger than weaker correlations.

062114-27



WANTING XIONG, LUCA FAES, AND PLAMEN CH. IVANOV PHYSICAL REVIEW E 95, 062114 (2017)

FIG. 20. Exemplary signals of consecutive heart beat intervals for one healthy subject (a), (c) and one CHF subject (b), (d), during day (a),
(b) and night (c), (d). The original signals of healthy subjects typically exhibit larger variability and amplitude than those of CHF subjects.

the information storage does not increase) while increasing
the regularity of the stochastic oscillations.

IV. APPLICATION TO HEART RATE VARIABILITY

Heart rate variability (HRV), the variation over time of the
period between consecutive heartbeats, is a reliable reflection
of the many physiological factors modulating the rhythm of the
heart in healthy conditions, as well as of the alteration of these
factors related to pathological states [114,115]. It is widely
accepted that the assessment of HRV over temporal scales
ranging from seconds to a few minutes allows the indirect
investigation of the short-term mechanisms underlying car-
diovascular control [116–118]. To investigate these short-term
dynamics and their structural complexity, a viable and widely
exploited approach is the use of entropy-based methods such
as approximate entropy (ApEn), sample entropy (SampEn),
corrected conditional entropy (CCE), and various refinements
of these measures [2–4,19,20,30,119,120]. On the other hand,
it is also known that heartbeat fluctuations exhibit long-
range correlation properties manifested in 1/f -like behavior,
power-law correlations, multifractal spectrum and scaling
behaviors that change with physiological state and disease
[57,58,66,68,69,121,122]. Therefore, the assessment of the
dynamical complexity of HRV remains a challenge because
of the poorly investigated effects of long-range correlation
properties on the patterns of short-term dynamics, and of the
unclear role played by nonstandardized preprocessing steps
and utilization of different entropy measures and estimators.

In order to test the ability of entropy measures in detecting
changes in the static and dynamical properties of HRV signals
in different physiological states and clinical conditions, as
well as to assess the sensitivity of these measures to the
adopted entropy estimator and preprocessing steps, here we
study heartbeat dynamics measured in healthy subjects and
congestive heart failure patients (CHF) during wake and sleep
conditions [123]. Specifically, we considered a group of 18
healthy subjects (13 females and 5 males, with ages between
20 and 50, average 34.3 years) and a group of 12 patients
suffering from CHF (3 females and 9 males, with ages between
22 and 71, average 60.8 years), in whom the time series of the
consecutive heartbeat intervals were measured from the holter
ECG recordings acquired continuously during six hours of
wake (12 p.m. to 6 p.m.) and 6 h of sleep (12 a.m. to 6 a.m.);
an example for one healthy subject and one CHF patient is
reported in Fig. 20.

For each recording, entropy, conditional entropy, and in-
formation storage were computed over consecutive sequences
of 300 interbeat intervals overlapped by half using the linear,
kernel, and nearest-neighbor estimators. The analyses were

performed under three types of preprocessing procedure:
(1) the originally measured HRV time series in which the
mean is removed within each 300-point window (local mean
removal); note that removing the mean within each window
will not affect the computation of entropy measures, but only
serves as a prerequisite for the linear estimator because it
was implemented without a constant term; (2) the same time
series normalized to zero mean and unit variance within each
300-point window (local normalization); and (3) the same time
series filtered by a linear high-pass filter (IIR with zero-phase,
cutoff frequency at 3dB: 0.02 cycles/beat [124]) to remove
slow trends and normalized to zero mean and unit variance
within each 300-point window (slow-trend removal and local
normalization). Exemplary signals for all three preprocessing
procedures are given in Fig. 21.

Estimations were performed by setting standard commonly
used values for the embedding and estimator-specific param-
eters, which also correspond to those used in the simulations:
m = 2 points were chosen for representing the past of the
processes; kernel entropy estimates were computed setting the
threshold r equal to 0.2 times the standard deviation of the
time series, and knn estimates were computed using k = 10
neighbors.

Then, the median value of the distribution of each entropy
measure computed for each healthy subject or CHF patients
during wake (W) and sleep (S) was retained for statistical
analysis. A paired t-test was used to test the difference between
measures derived during W and S inside the same group
(Healthy or CHF), while an unpaired t-test was used to check
differences between Healthy and CHF for a given analysis
condition (W or S). A p < 0.05 was always considered as
statistically significant.

Figure 22 collects the results of the analysis of the
three entropy measures, computed using the three considered
estimators applied to the HRV time series measured from the
CHF patients and the healthy controls during wake and sleep
conditions, as well as to the normalized and filtered versions
of these time series. Results illustrate that different entropy
measures can reflect different aspects of cardiac dynamics
across physiological states and pathological conditions. They
also provide evidence for the sensitivity of the measures to the
estimator adopted and the preprocessing procedures applied.
Our major findings are listed in the following.

A. Static measure of complexity in HRV signals: Entropy

Let us start by analyzing the entropy of the cardiac dynamics
[Figs. 22(a), 22(d), and 22(g)]. Note that estimated values of
Entropy measured by the linear and knn estimators depend on
the units of measure of the time series amplitudes (in this case,
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FIG. 21. Exemplary HRV time series of 300 points measured from the same CHF subject during day shown in Fig. 20(b) under different
pre-processing procedures. Panels depict the original signal (a), the same signal in (a) normalized to zero mean (b), the same signal in (a)
normalized to zero mean and unit variance (c), the same signal in (a) with slow trends removed by a linear high pass filter and normalized to
zero mean and unit variance.

seconds), thus being little informative. As shown in Figs. 22(a)
and 22(g), the values of entropy measured by the linear and knn
estimators were negative for signals that are not normalized to
unit variance and were positive for signals with unit variance,
which is reasonable given that their estimations are dependent
on signal variance [Eqs. (10) and (20)]. On the other hand, the
kernel estimation of Entropy, being implemented by taking
a percentage of the signal variance as similarity threshold
when computing probabilities, is not sensitive to alterations
in variance and thus yields very stable estimates for all
preprocessing conditions [Fig. 22(d)].

The main finding about entropy is that it was markedly
lower in CHF patients than in healthy subjects both during
wake and sleep and was higher during sleep than during wake
in both groups. These results, which were observed using the
linear and knn estimators and hold only for the zero-mean
time series without pre-processing, reflect, respectively, a
depressed HRV in CHF patients [125,126] and a higher
variance of the cardiac dynamics during sleep. Normalization
of the time series to unit variance affects dramatically the
values of Entropy as well as their variations across conditions:
since the linear estimator relies only on variance to estimate
entropy, after normalization it fails to detect changes in the
overall signal variability [Fig. 22(a)]; the decrease of the knn
estimates of entropy from wake to sleep in healthy subjects
was statistically significant after normalization to unit variance
[Fig. 22(g)], suggesting that the amplitude distribution of HRV
is less skewed during sleep than wake.

B. Dynamic measures of complexity in HRV signals:
Conditional entropy and information storage

Moving to the analysis of the measures of dynamical
complexity of HRV, the first main finding is the significant
increase of the conditional entropy and decrease of the
information storage, observed moving from wake to sleep
in healthy subjects. This behavior was consistently found
for all three estimators and for both the original and the
normalized time series (Figs. 22(b), 22(c), 22(e), 22(f), 22(h),
and 22(i)] and confirms previous findings showing that HRV

displays a higher short-term complexity during nighttime than
during daytime, potentially due to the sympathetic withdrawal
and parasympathetic enhancement commonly observed dur-
ing sleep [21,120]. Interestingly, this increase of the HRV
complexity during sleep was not observed anymore when
conditional entropy and information storage were computed
on the time series without slow trends obtained through the
high-pass filtering. Thus, also according to our simulation
results (see, e.g., Fig. 17), the higher conditional entropy
and lower information storage during sleep than during wake
for unfiltered signals with slow trends are likely to reflect a
decrease of long-range correlations from wake to sleep, rather
than alterations in the short-term dynamics. To support this
hypothesis, we performed detrended fluctuation analysis on
the whole 6-h time series measured for each subject in the wake
and sleep conditions under the above mentioned preprocessing
steps. Similar to previous work [52,53,66,67,69,127], we
found that significant differences exist in the DFA exponents
between wake and sleep as well as between healthy and CHF
subjects for original time series, indicating stronger long range
correlations during wake than during sleep, for CHF subjects
than healthy subjects. Moreover, after normalizing and filtering
the data, the DFA exponents decrease for all signals and the
differences in DFA exponents across physiological states and
clinical conditions are diminished, indicating the removal of
long-range correlations due to the preprocessing procedure of
normalization and filtering.

The second main result is the higher complexity in the short-
term dynamics of HRV signals displayed by the CHF patients
compared with the healthy subjects during both wake and
sleep, which is consistent with previous findings [128]. This
finding is documented by the significantly higher conditional
entropy [Figs. 22(b), 22(e), and 22(h)] and lower information
storage (Figs. 22(c), 22(f), and 22(i)] measured in CHF patients
than healthy subjects in most cases of physiological condition
and for most preprocessing procedures. This observation
is consistent for all estimators applied to the preprocessed
signals after normalization and detrending, suggesting that the
short-term dynamics of HRV play a crucial role in de-
termining the difference in the cardiac dynamics between
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FIG. 22. Performance of entropy estimators and entropy measures for heart rate variability signals of healthy subjects and congestive heart
failure (CHF) patients measured during wake (W) and sleep (S) states. Panels contain the behavior of entropy (a), (d), (g), conditional entropy
(b), (e), (h), and information storage (c), (f), (i) computed for signals normalized to zero mean within each window (shaded bar), signals
normalized to zero mean and unit standard deviation within each window (open bar), and signals detrended by a linear high-pass filter and
normalized to zero mean and unit standard deviation within each window (solid bar) for healthy subjects (left side with white background
and red bars) and CHF subjects (right side with gray background and blue bars) during wake (W) and sleep (S). Barplots depict the mean +
standard deviation across subjects of the median value of entropy measures computed for consecutive windows of 300 data points with a 150
points overlap using m = 2 lagged components and implemented with the linear estimator (a)–(c), the kernel estimator with threshold r = 0.2
(d)–(f), and the knn estimator with k = 10 neighbors (g)–(i). Symbols denote statistical significance (p < 0.05) of the differences between W
and S (∗, paired t-test) or between healthy and CHF (#, unpaired t-test). Results: Compared to healthy subjects, CHF patients exhibit lower
entropy values reflecting depressed HRV, and higher conditional entropy and lower information storage reflecting higher dynamical complexity.
Healthy subjects display a day-to-night increase of the dynamical complexity (higher conditional entropy and lower information storage during
S than during W) that is not observed in CHF patients.
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CHF patients and healthy subjects, as was also reported in
previous studies of the short-term dynamics of HRV time
series [120].

On the other hand, the results for signals without slow
trends removal evidence nonunivocal behaviors of the entropy
measures and entropy estimators. This suggests the impact of
normalization and the role of trends on the short-term analysis
of HRV complexity, which complicates the interpretation of
results. Using the linear estimator, the conditional entropy
computed for the original zero-mean signals is lower in CHF
patients than healthy subjects, while it is higher if computed on
signals normalized to unit variance [Fig. 22(b)]. Nevertheless,
such a discrepancy in the comparison between the healthy and
CHF groups before and after normalization to unit variance
was not observed for the linear estimation of information
storage. This result documents the importance of normal-
ization to unit variance, or of using the information storage
as measure of dynamical complexity, in situations where
the signal variance changes substantially across conditions.
Using the kernel estimator, results for conditional entropy
were independent of the pre-processing [Figs. 22(e) and 22(f)],
confirming that this estimator is less sensitive to alterations in
the signal variance across conditions. Using the knn estimator,
results were highly dependent on the preprocessing, with
CHF patients exhibiting lower conditional entropy and higher
storage than healthy subjects for the original HRV series, no
significant differences for the normalized series, and higher
conditional entropy and lower storage for the detrended series
(Figs. 22(h) and 22(i)]; besides the effects of changes in the
signal variance, these different trends may be also ascribed to
changes in the shape of the probability distribution of the
HRV time series related to different impact of trends and
long-range correlations in the CHF group. Indeed, the effect of
stronger long-range correlations documented for CHF patients
[67,126,129] may explain the lower dynamical complexity that
was associated with heart failure in previous studies [128] and
is here documented by the low conditional entropy and high
storage measured for the original HRV series.

To summarize, in this section we reported a paradigmatic
application to show on real signals the performance of entropy
measures and entropy estimators in a field in which a big
volume of work was performed using these approaches. The
analysis of physiological time series reported in this Section
indicates that entropy measures can only reveal specific types
of dynamical features of real-world complex systems, which
are also dependent on the choice of entropy estimators and
preprocessing procedure. To achieve correct estimation and
meaningful interpretations, careful assessment of entropy
estimators and appropriate signal preprocessing have to be
carried out. Specifically, our results document the usefulness
of entropy measures to assess the overall signal variance, and
also the importance of normalization in order to detect more
cleanly alterations of the dynamical structure across states or
conditions. They document also the big impact of long-range
correlations on the values of entropy measures, which makes
it important to remove slow trends in computing conditional
entropy and information storage when the purpose is to
use these measures to characterize the short-term dynamical
properties of the observed system.

V. SUMMARY AND CONCLUSIONS

There is a large volume of studies in the literature where
various entropy measures with different entropy estimators
are applied to diverse dynamical systems across the fields
of physics, biology, engineering, medicine, and economics.
These studies consider a range of experimental conditions
with different types of data artifacts and data limitations.
It is a challenge to compare results obtained for different
entropy measures applied to different systems, and to deduce
information about the intrinsic complexity and underlying
mechanisms. Thus, it is of paramount importance to assess
the performance of entropy measures for different types of
dynamics, often in the presence of nonstationarity and artifacts,
and to be aware of how estimated values of these measures are
affected by the choice of estimator-specific parameters. This
paper provides a detailed recipe for the application of the
most widely used entropy measures and entropy estimators on
the most general dynamic processes encountered in physical
and biological systems, and is a first account of the biases and
limitations of entropy methods in presence of nonstationarities
and data artifacts.

In this paper, we investigate the theoretical behavior of
entropy measures, as well as the performance of entropy
estimators, for various types of dynamical processes encoun-
tered in real-world systems. Specifically, we consider the
measures of entropy, conditional entropy and information
storage, computed by means of linear parametric estimators,
and nonlinear nonparametric estimators, such as the kernel and
nearest-neighbor methods.

We first define a set of models to generate stochastic
processes. We obtain theoretically the true values of the
entropy measures through analytical derivations where we
incorporate the known parameter values of the models used
to simulate stochastic processes. We next compare the true
theoretical values of the entropy measures with the numerically
estimated values of the same measures obtained from the
generated time series.

Our investigations include the following dynamic pro-
cesses: (i) stationary AR processes; (ii) nonstationary AR
processes corrupted by sinusoidal trends, random spikes, and
local changes in variance; (iii) fractionally integrated processes
with long-range power-law correlations; (iv) AR processes
combined with long-range correlations. We also apply linear,
kernel, and nearest-neighbor estimators of entropy, conditional
entropy, and information storage to physiological signals of
consecutive heartbeat intervals recorded in different popula-
tions (healthy and congestive heart failure) and during different
physiological states (wake and sleep).

Our major findings and observations are listed in the
following points:

(i) We find that even for a process as simple as the
stationary AR process, both the theoretical interpretation and
the practical estimation of entropy measures are not always
straightforward (Figs. 8 and 10). The dynamical complexity
of the AR process, reflected by high values of conditional
entropy and low values of information storage, varies not only
with the AR amplitude ρ, a parameter which controls the
predictability of the process, but also with the AR frequency
parameter f , which defines the frequency of the stochastic
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oscillations. Moreover, the accuracy in the estimation of
entropy measures by all estimators is higher for longer time
series [Figs. 8(d)–8(f)]. We find that the kernel and knn
estimates of all entropy measures are biased and provide low
accuracy for processes with high AR amplitude and very low
or very high AR frequency. This bias is significantly reduced
for AR processes with low and intermediate values of the
AR amplitude in combination with intermediate values of AR
frequency parameter. In contrast, we find that the accuracy of
the linear estimator does not depend on the AR parameters
[Figs. 8(g)–8(l)].

(ii) We also find that the estimation results of nonparamet-
ric estimators are affected by estimator-specific parameters
(Fig. 9). For the knn estimator, changes in the number of
neighbors k only have negligible impacts whereas the kernel
estimates of entropy and conditional entropy can be strongly
biased and highly variant when the threshold r (the width of
Heaviside kernel function) varies. The sensitive dependence
of the kernel estimator on its model parameter is not specific
to any particular kernel function but results from the general
approach adopted by the kernel methods to partition the
state space. Despite such a defect, the kernel estimates of
the conditional entropy are ubiquitously employed by the
approximate entropy (ApEn) and sample entropy (SampEn)
measures to assess the dynamical complexity of time series in
a wide range of empirical studies. Although it is commonplace
to consider a range of values for the threshold parameter r as
appropriate for the computation of ApEn or SampEn (typically
r is chosen between 0.1 and 0.3 times the standard deviation
of the observed signal), it is noteworthy that kernel estimates
of the conditional entropy can vary with the threshold r to
an extent that can easily exceed any difference between the
intrinsic complexity of the studied dynamics [Figs. 9(d)–9(f)].

(iii) The effects of nonstationarities due to various data
artifacts on the estimation of entropy measures vary with
the type of nonstationary behavior and with the type of the
estimator that is used. Sinusoidal trends are detrimental to all
estimators, reducing dramatically the capability of conditional
entropy and information storage to reflect changes in the
dynamical complexity of these processes (Figs. 11 and 12).
Spikes impair the performance of the linear model-based
estimates of dynamical complexity, while they affect less
model-free methods, such as the kernel and nearest-neighbor
estimators (Figs. 13 and 14). Local changes in signal variance
appear to be less problematic, as they do not compromise
the ability of all estimators to detect changes in dynamical
complexity despite introducing a bias (Figs. 15 and 16).
In addition to these systematical studies on the effects of
nonstationarities, future studies are foreseeable, which assess
comparatively the performance of different nonparametric
entropy estimators in describing the complexity of signals
exhibiting nonlinear and/or chaotic dynamics.

(iv) For processes with power-law long-range correlations
(Fig. 17), we establish the theoretical dependence of the en-
tropy measures on the correlation strength using the analytical
derivations of the true values of entropy measures based
on given parameters of the stochastic processes presented
in the Appendix. We observe lower theoretical values of
conditional entropy and higher values of information storage
when increasing the strength of positive correlations or

anticorrelations, while the theoretical values of entropy remain
unchanged as it depends only the variance and is independent
of the correlations in the signal. Moreover, we find that
when the strength of long-range correlations is the same, the
conditional entropy is higher and the information storage is
lower for signals with anticorrelations than for signals with
positive correlations. Such theoretical properties of conditional
entropy and information storage are approximated fairly well
by all estimators. The estimation bias is related to not only
data length but also the sign and strength of the long-range
correlations. In specific, the estimations by all estimators
are less accurate when the data length is shorter and the
absolute correlation strength is higher. In addition, for data
with the same absolute correlation strength, the entropy
estimates are more biased for signals with positive correlations
than for signals with negative correlations.

(v) For processes with both AR dynamics and long-range
power-law correlations (Fig. 19), we study both the theoretical
behaviors of the entropy measures and the corresponding esti-
mates by all three estimators. We show that the combined effect
of autoregression and long-range correlations complicates the
interpretation of conditional entropy and information storage
already at the theoretical level. Specifically, for anticorrelated
signals, we find that the response of conditional entropy and
information storage to changes in the correlation strength or in
the AR amplitude is preserved compared with the cases of pure
correlated noise or pure AR process: the conditional entropy
decreases and the information storage increases with stronger
short-term dependence due to autoregression and with stronger
long-range correlations (either positive or anticorrelations). On
the contrary, for signals with positive long-range correlations,
such a response may be inverted: when increasing the strength
of short-term dependence due to autoregression in the presence
of strong positive long-range correlations or when increasing
the strength of positive long-range correlations in the presence
of strong short-term dependence due to autoregression, the
conditional entropy increases and the information storage
decreases. As regards the estimation accuracy of entropy
estimators we find that, with relatively short data length
common of real-world time series, all estimators display a
non-negligible bias, which is more pronounced when long-
range correlations are positive and/or strong.

(vi) The practical analysis of the HRV series (Fig. 22)
documents that, when properly applied, entropy measures are
able to characterize changes of specific types in the cardiac
system that are associated with different physiological and
clinical states. However, a correct interpretation of the behavior
of entropy measures for varying conditions requires clear
understandings of the properties of the specific chosen measure
and adopted estimator, and proper choice of preprocessing
applied to the measured signals. In the reported application,
(1) we observe that the linear estimate of entropy for data
not normalized to unit variance successfully detected the
wake-to-sleep increase of HRV and the depressed HRV of
heart failure patients (smaller standard deviation). In contrast,
such difference in the estimated values of entropy across
physiological states and clinical conditions is not observed
when other estimators are adopted or when the analyzed
signals are normalized. This finding indicates that Entropy
is a useful measure in characterizing the variability in the data
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value, which is preferable to be computed on the original time
series prior to any normalization; (2) for healthy subjects, we
find that the conditional entropy is lower and the information
storage is higher during wake than sleep (indicating higher
dynamical complexity) when their estimated values are ob-
tained by all three estimators both for the original and for
the normalized signals. Such changes of these two entropy
measures are lost when slow trends are removed from the
analyzed signals through high-pass filtering. In addition, by
comparing the results of detrended fluctuation analysis for
the same data set before and after filtering as well as during
wake and during sleep, we find that both the preprocessing
procedure of detrending and the switch of physiological
state from wake to sleep leads to decrease of long-range
correlations, which indicates that the observed changes in
conditional entropy and information storage may result from
the variations of trending behaviors in the signals due to
long-range correlations; (3) during both wake and sleep, we
find that for normalized and detrended signals the estimates of
conditional entropy are lower and the estimates of information
storage are higher by all estimators for healthy subjects than
CHF patients [black bars in Figs. 22(c), 22(f), 22(i)], indicating
higher predictability in the short-term dynamics of HRV
recordings in healthy subjects compared to CHF patients.
For normalized signals without detrending, the results are
inconsistent across entropy estimators and entropy measures
when comparing clinical conditions and physiological states.
When entropy methods are directly applied to original HRV
signals, there are various factors present in the data, such as
different signal variance, trends, or long-range correlations,
which affect differently the entropy measures and estima-
tors, and may thus lead to inconsistent results and impairs
interpretation.

In conclusion, this paper provides a systematic overview
of the entropy-based approaches to the quantification of the
complexity of time series measured from dynamical systems.
Entropy measures and estimators used in this paper represent
or directly relate to very popular measures of complexity such
as approximate entropy (ApEn), sample entropy (SampEn),
multiscale entropy and permutation entropy, which are utilized
in thousands of publications in all possible fields. We demon-
strate that it is a challenging task to choose an entropy measure
that adequately quantifies the target dynamical process and to
provide a correct estimate of this measure from real-life time
series.

Based on the summarized findings above, we give the
following recommendations for the practical application of
the discussed entropy methods:

(1) Entropy reflects the static properties of the investigated
process, describing its amplitude distribution; it should be
computed on original, nonnormalized time series, as this
measure is related to the variance of the signal.

(2) Conditional entropy and information storage are com-
plementary measures of the dynamical structure of the process,
reflecting respectively its complexity and regularity intended
in terms of predictability of the present given the past.

(3) Information storage should be preferred to conditional
entropy, as it is less dependent on the signal variance and
in general its estimated values are less biased for all entropy
estimators.

(4) Linear estimates of the entropy measures are the
most appropriate for Gaussian processes; this property is lost
for nonstationary and nonlinear dynamics, which should be
studied employing nonparametric and model-free estimators.

(5) Among model-free approaches, the knn estimator
outperforms the kernel estimator in terms of bias and ro-
bustness for short time series. The kernel estimator, despite
being extremely popular for the computations of approximate
entropy and sample entropy computation, is highly biased
with strong dependence on the threshold parameter r . Thus,
we recommend to compute the conditional entropy using the
knn estimator rather than the kernel estimator. If the kernel
estimates of conditional entropy are computed (as in the
extensive literature based on approximate entropy and sample
entropy), we advise against the utilization of different values
of the threshold r when comparing different experimental
conditions.

(6) Entropy measures are affected in a different way by
different types of artifacts and nonstationarities in the time
series: slow trends are the most detrimental for all entropy
estimators, and should be removed in preprocessing; spikes
impair the linear estimation but have less impact on the kernel
and the nearest neighbor estimators; in comparison, local
changes in the variance of the time series lead to less bias
for all three estimators considered in this study.

(7) In order to ensure that the variations in conditional
entropy and information storage purely reflect changes in
the dynamical properties of the underlying process (e.g.,
autoregression or long-range correlations), these measures
should be computed after the normalization of the time series
to zero mean and unit variance.

(8) In order to ensure that the variations in conditional
entropy and information storage purely reflect short-term
dynamical properties of the process (and not due to long-range
correlations), conditional entropy and information storage
should be computed after removing the slow trends in the time
series through a high-pass filter with an appropriate cutoff
frequency.

(9) The computation of conditional entropy and information
storage on the original time series with intrinsic trends may
reveal alterations of the long-range correlation properties
across conditions, with a sensitivity that increases with the
length of the analyzed time series.

The comprehensive evaluation of entropy measures and
entropy estimators provided here can be used as a reference
guide to compare and interpret results of existing studies.
This systematic investigation of the performance of entropy
measures and entropy estimators and their bias when applied
to real-life time series from diverse systems with complex
dynamics, nonstationarities, and artifacts can serve as a primer
for researchers who apply entropy methods.

ACKNOWLEDGMENTS

We acknowledge support from the Fundamental Research
Funds for the Central Universities (Grants No. 2014KJJCB29
and No. 2015KJJCA06), W. M. Keck Foundation, National
Institutes of Health (NIH Grant No. 1R01-HL098437), and the
Office of Naval Research (ONR Grant No. 000141010078).

062114-33



WANTING XIONG, LUCA FAES, AND PLAMEN CH. IVANOV PHYSICAL REVIEW E 95, 062114 (2017)

APPENDIX: THEORETICAL COMPUTATION OF
ENTROPY MEASURES FOR AUTOREGRESSIVE

FRACTIONALLY INTEGRATED PROCESSES

The practical computation of the entropy measures pre-
supposes to provide estimates of the entropy and conditional
entropy for vector variables. In the most general case, and
when nonlinear effects are relevant, nonparametric approaches
are recommended to yield model-free estimates. In the case
of Gaussian processes, exact computation can be performed
according to the approach proposed in Ref. [13] for pure
autoregressive processes, which is here extended to the more
general case of fractionally integrated autoregressive processes
with Gaussian distribution. In such a case, exact values of
entropy, conditional entropy, and information storage are those
obtained by Eqs. (10), (12), and (13), showing that these
measures can be derived from the variance of the zero-mean
process X, σ 2

X = E[X2
n], and from the partial variance of the

process given its past, σ 2
U = E[U 2

n ], where U is the residual
of a linear regression of the present of X on its past values
[Eq. (11)]. A known result [96] is that for Gaussian variables
the partial variance of Xn given Xl

n = [Xn−1 · · · Xn−l] (l is the
number of points used to approximate the past of the process)
can be expressed in terms of covariance matrices as

σ
(
Xn|Xl

n

) = σ 2
U = σ 2

X − �
(
Xn; Xl

n

)
�

(
Xl

n

)−1
�

(
Xn; Xl

n

)T
,

(A1)

with �(·) and �(·; ·) indicating, respectively, covariance and
cross-covariance matrix. Thus, the computation of entropy
measures amounts to calculate the terms in (A1) and use
them in the definitions given by Eqs. (10), (12), and (13).
In order to determine the subtrahend of Eq. (A1), we have to
compute the autocovariance of the process X, which is defined
as Rk = E[XnXn−k] for any time lag k � 0. In the following,
we describe the procedure to derive the autocovariance of
autoregressive fractionally integrated (ARFI) processes from
the parametric representation of these processes.

The representation of an ARFI process is given by Eq. (30),
from which the polynomial part can be rewritten as

A(L)(1 − L)d =
(

1 +
m∑

k=1

AkL
k

)( ∞∑
k=0

GkL
k

)
, (A2)

where Gk = �(k−d)
�(−d)�(k+1) (note that G0 = 1). Thus, the ARFI

process can be approximated as a finite order AR repre-
sentation by truncating the fractional integration part at a
given (arbitrarily high) lag q and solving the polynomial
multiplication of Eq. (A2). This leads to representing the ARFI
process as an AR process of order p = m + q:

Xn =
p∑

k=1

BkXn−k + Un, (A3)

where the coefficients Bk results from the polynomial multi-
plication. In the simulations treated in this paper where m = 2
[Eq. (27)], the coefficients become

B1 = A1 − G1, (A4)

Bk = A2Gk−2 + A1Gk−1 − Gk, ∀k � 2, (A5)

Bq+1 = A2Gq−1 + A1Gq, (A6)

Bq+2 = A2Gq. (A7)

Then, we recall that the autocovariance of the process
Eq. (A3) is related to the AR parameters Bk via the well-known
Yule-Walker equations:

Rk =
p∑

l=1

BlRk−l + δk0σ
2
U , (A8)

where δk0 is the Kronecker product. In order to solve Eq. (A8)
for Rk,k = 0,1, . . . ,p − 1, we first express Eq. (A3) in a
compact form as �n = A�n−1 + En, where

�n = [XnXn−1 · · · Xn−p+1]T , (A9)

A =

⎡
⎢⎢⎣

A1 · · · Ap−1 Ap

1 · · · 0 0
...

. . .
...

...
1 · · · 0 0

⎤
⎥⎥⎦, (A10)

En = [
σ 2

U 0 · · · 0
]T

. (A11)

Then, the covariance matrix of �n, �, takes the following
form:

� = E
[
�n�

T
n

] =

⎡
⎢⎢⎣

R0 R1 · · · Rp−1

R1 R0 · · · Rp−2
...

...
. . .

...
Rp−1 Rp−2 · · · R0

⎤
⎥⎥⎦. (A12)

Since � can be also expressed as a discrete-time Lyapunov
equation, � = A� AT + �, where � = E[En ET

n ] is the
covariance of En, we can solve for � and obtain the auto-
covariance values R0 = σ 2

X and R1, . . . ,Rp−1. Afterwards, by
repeatedly applying Eq. (A8), the autocovariance Rk can be
calculated recursively for any lag k � 0. This shows how the
autocovariance sequence can be computed up to arbitrarily
high lags starting from the parameters of ARFI representation
of the observed Gaussian process. The autocovariances can
then be used as elements in the covariance matrices in Eq. (A1)
to obtain the partial variance of Xn given Xl

n.
The parameters determining the accuracy of the procedure

are the number of lags q used to truncate the AR representation
of the ARFI process, and the number of lags l used to
approximate the past history of the process for the calculation
of conditional entropy and information storage. In fact,
considering the past up to lag l corresponds to calculating
the autocovariance of the process Eq. (A3) up to the element
Rl . As a rule of thumb, given that for a pure AR process
the autocovariance decays exponentially with the lag, with
a rate of decay depending on the modulus of the largest
eigenvalue of A, ρ(A), it has been suggested to compute the
autocovariance up to a lag l such that ρ(A)l is smaller than
a predefined numerical tolerance [130]. This approximation
should hold also for a stationary ARFI process when the lag
q is chosen sufficiently high to detect the decay over time
of the coefficients Gk in Eq. (A2). In this study, we set
q = 100, observing that for this value both the coefficients
Gk and the autocorrelation Rk (which was computed up to
k = p = q + m = 102) decayed to very low values.
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Abstract

Entropy measures are widely applied to quantify the complexity of dynamical systems in diverse

fields. However, the practical application of entropy methods is challenging, due to the variety of

entropy measures and estimators and the complexity of real-world time series, including

nonstationarities and long-range correlations (LRC). We conduct a systematic study on the

performance, bias, and limitations of three basic measures (entropy, conditional entropy, information

storage) and three traditionally used estimators (linear, kernel, nearest neighbor). We investigate the

dependence of entropy measures on estimator-and process-specific parameters, and we show the

effects of three types of nonstationarities due to artifacts (trends, spikes, local variance change) in

simulations of stochastic autoregressive processes. We also analyze the impact of LRC on the

theoretical and estimated values of entropy measures. Finally, we apply entropy methods on heart

rate variability data from subjects in different physiological states and clinical conditions. We find that

entropy measures can only differentiate changes of specific types in cardiac dynamics and that

appropriate preprocessing is vital for correct estimation and interpretation. Demonstrating the

limitations of entropy methods and shedding light on how to mitigate bias and provide correct

interpretations of results, this work can serve as a comprehensive reference for the application of

entropy methods and the evaluation of existing studies.
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Barkhausen effect in ferromagnetic materials provides an excellent area for investigating scaling phenomena
found in disordered systems exhibiting crackling noise. The critical dynamics is characterized by random pulses
or avalanches with scale-invariant properties, power-law distributions, and universal features. However, the
traditional Barkhausen avalanches statistics may not be sufficient to fully characterize the complex temporal
correlation of the magnetic domain walls dynamics. Here we focus on the multifractal scenario to quantify the
temporal scaling characteristics of Barkhausen avalanches in polycrystalline and amorphous ferromagnetic
films with thicknesses from 50 to 1000 nm. We show that the multifractal properties are dependent on
film thickness, although they seem to be insensitive to the structural character of the materials. Moreover,
we observe for the first time the vanishing of the multifractality in the domain walls dynamics. As the
thickness is reduced, the multifractal behavior gives place to a monofractal one over the entire range of time
scales. This reorganization in the temporal scaling characteristics of Barkhausen avalanches is understood as a
universal restructuring associated to the dimensional crossover, from three- to two-dimensional magnetization
dynamics.

DOI: 10.1103/PhysRevE.96.022159

I. INTRODUCTION

Universal power laws are a central focus of investigations
in statistical mechanics as they relate to underlying criti-
cality in a wide variety of phenomena [1], such as plastic
deformation [2,3] and microfractures [4], shear response of
a granular media [5], seismic activity in earthquakes [6,7],
vortex dynamics in superconductors [8,9], fluctuations in the
stock market [10], and Barkhausen effect in ferromagnetic
materials [11–18]. In ferromagnetic materials under external
magnetic field, the complex microscopic magnetization pro-
cess through the jerky motion of magnetic domain walls (DWs)
is a classic example of self-organization and nonequilibrium
critical dynamics [19]. The dynamical response to a smooth,
slowly varying external magnetic field is a series of abrupt
and irregular Barkhausen avalanches with a broad range
of sizes and durations, characterized by universal scaling
laws with critical exponents independent of the material
microstructure [11].

Much efforts to understand the criticality in ferromagnetic
materials have been devoted to studies of the traditional
probability distributions of Barkhausen avalanche sizes and
avalanche durations, average avalanche size as a function of its
duration, and average temporal avalanche shape [1,11]. Empir-
ical investigations compared with theoretical predictions and
simulations have uncovered that critical exponents associated
with such Barkhausen avalanches reflect the general features
of the underlying magnetization dynamics [1,11]. Further,
different scaling exponents have been verified according to the

*felipebohn@fisica.ufrn.br

structural character of the sample, placing polycrystalline and
amorphous materials in distinct universality classes associated
with the range of interactions governing the DW dynamics,
as well as the exponents have been found to be dependent
on the sample thickness, which is directly related to system
dimensionality, thus splitting bulk material/thick films and thin
films in distinct classes [11–18].

However, the quantitative understanding of Barkhausen
avalanches and DW dynamics in ferromagnetic materials
is far from complete. In contrast to this aforementioned
traditional Barkhausen statistics, investigations on the tem-
poral structure of consecutive Barkhausen avalanches are
still at the beginning [20,21]—an analysis widely performed
for several natural complex systems, as heartbeat dynamics
[22,23], earthquakes [24], brain dynamics during sleep [25],
fluctuations in financial markets [26], and complex networks
[27]. As a consequence, there are questions that still remained
elusive, e.g., doubts whether linear and nonlinear features
of the temporal organization of avalanches are characterized
by scaling laws that exhibit universality classes for different
materials and whether temporal characteristics change with the
thickness.

In this article, we report an experimental investigation of
the temporal scaling characteristics of Barkhausen avalanches
in ferromagnetic films. Specifically, we ask whether the
avalanches caused by the irregular and irreversible motion
of domain walls exhibit correlation properties characterized
by monofractal and/or multifractal scaling features. Further,
we address the question of if these features change with the
universality class, i.e., whether they are influenced by the film
dimensionality and range of interactions governing the DW
dynamics.

2470-0045/2017/96(2)/022159(9) 022159-1 ©2017 American Physical Society

https://doi.org/10.1103/PhysRevE.96.022159


LIMA, CORSO, CORREA, SOMMER, IVANOV, AND BOHN PHYSICAL REVIEW E 96, 022159 (2017)

II. EXPERIMENT AND ANALYSIS

A. Ferromagnetic films and experiment

We perform Barkhausen experiments in polycrystalline
Ni81Fe19 (NiFe) and amorphous Fe75Si15B10 (FeSiB) ferro-
magnetic films with the thicknesses of 50, 100, 150, 200, 500,
and 1000 nm. The films are deposited by magnetron sputtering
onto glass substrates, with dimensions 10 × 4 mm, covered
with a 2-nm-thick Ta buffer layer. The deposition process is
carried out with the following parameters: base vacuum of
10−7 Torr, deposition pressure of 5.2 mTorr with a 99.99% pure
Ar at 20 sccm constant flow, and DC source with current of
50 mA and 65 W set in the RF power supply for the deposition
of the Ta and ferromagnetic layers, respectively. During the
deposition, the substrate moves at constant speed through the
plasma to improve the film uniformity, and a constant magnetic
field of 1 kOe is applied along the main axis of the substrate to
induce magnetic anisotropy. X-ray diffraction is employed to
calibrate the sample thickness and also to verify the structural
character of all films. Quasistatic magnetization curves are
obtained along and perpendicular to the main axis of the
films, to verify the magnetic properties. Detailed information
on the structural and magnetic characterizations is found in
Refs. [15–17].

We record Barkhausen noise using the traditional inductive
technique in an open magnetic circuit, in which one detects
time series of voltage pulses with a pickup coil wound around a
ferromagnetic material submitted to a slow-varying magnetic
field. In our setup, sample and pick up coils are inserted in
a long solenoid with compensation for the borders, to ensure
an homogeneous magnetic field on the sample. The sample is
driven by a triangular magnetic field, applied along the main
axis of the sample, with an amplitude high enough to saturate
it magnetically. Here we perform experiments with driving
field frequency in the range 0.05–0.4 Hz. Barkhausen noise is
detected by a pickup coil (400 turns, 3.5 mm long and 4.5 mm
wide) wound around the central part of the sample. A second
pickup coil, with the same cross section and number of turns,
is adapted to compensate the signal induced by the varying
magnetic field. The Barkhausen signal is then amplified and
filtered using a 100-kHz low-pass preamplifier filter, and
finally digitized by an analog-to-digital converter board with
sampling rate of 4 × 106 samples per second. Barkhausen
noise measurements for all driving field frequencies are
performed under similar experimental conditions. The time
series are acquired just around the central part of the hysteresis
loop, near the coercive field, where the domain walls motion
is the main magnetization mechanism and the noise achieves
the condition of stationarity [11]. At a preanalysis stage, we
employ a Wiener deconvolution [15], which optimally filters
the background noise and removes distortions introduced
by the response functions of the measurement apparatus in
the original voltage pulses, thus providing reliable statistics
despite the reduced intensity of the signal. In particular, for
each ferromagnetic film, the following analyses are obtained
from 200 time series.

The universality class of the Barkhausen noise in a sample
is commonly identified by measuring the distributions of
Barkhausen avalanche sizes and avalanche durations, the
average avalanche size as a function of its duration, and

the average temporal avalanche shape [11]. The first three
statistical functions typically display scaling in a quite large
range and are, respectively, described by the critical exponents
τ , α′, and 1/σνz [28]. The average shape evolves with
the universality class, and corroborates the exponent 1/σνz

[11,29].
Several theoretical models have been proposed to explain

the DW dynamics and the traditional Barkhausen noise sta-
tistical properties. Taking into account theoretical predictions
found in literature [30–32], we interpret our experimental data
in terms of different universality classes, according to the
system dimensionality and range of interactions governing the
DW dynamics. Our experiments allow us to infer that the ex-
ponents measured for the polycrystalline NiFe and amorphous
FeSiB films with distinct thicknesses assume values consistent
with three well-defined universality classes. Thus, we analyze
the temporal characteristics of Barkhausen avalanches in the
following classes of materials: (i) polycrystalline NiFe films
with thicknesses above 100 nm, characterized by exponents
τ ∼ 1.5, α′ ∼ 2.0, and 1/σνz ∼ 2.0, obtained for the smallest
magnetic field rate, presenting universal three-dimensional
magnetization dynamics governed by long-range dipolar in-
teractions [15,16,18]; (ii) amorphous FeSiB films thicker than
100 nm, with exponents τ ∼ 1.27, α′ ∼ 1.5, and 1/σνz ∼
1.77, having a three-dimensional dynamics governed by short-
range elastic interactions of the DWs [17,18]; (iii) polycrys-
talline NiFe and amorphous FeSiB films with thicknesses
below 100 nm, with τ ∼ 1.33, α′ ∼ 1.5, and 1/σνz ∼ ϑ ∼
1.55, indicating a two-dimensional magnetization dynamics
dominated by strong long-range dipolar interactions, arisen
due to the appearance of DWs with zigzag morphology
[13,14,31] as the thickness is reduced, irrespectively on the
structural character of the films.

B. Data analysis

We employ the detrended fluctuation analysis (DFA) [33]
and the generalized multifractal detrended fluctuation analysis
(MF-DFA) [20,34,35] to investigate the temporal nonlinear
characteristics of Barkhausen avalanches in ferromagnetic
films.

The detrended fluctuation analysis [33] has been developed
initially to quantify dynamic characteristics of physiological
fluctuations embedded in nonstationary physiological sig-
nals. Compared with traditional correlation analyses, such
as autocorrelation, power spectrum, and Hurst analysis, the
advantage of the DFA resides in the accurate quantification
of the correlation property of signals masked by polynomial
trends [36]. The DFA quantifies the detrended fluctuation
function F (s) of a signal at different time scales s. A
power-law functional form F (s) ≈ sα indicates the presence
of self-similar fractal organization in the fluctuations. The
parameter α, here also called scaling exponent, quantifies
the correlation properties of the signal. Furthermore, α = 0.5
indicates absence of correlations, similar to a white noise; if
α = 1.5, the signal behaves as a random walk and indicates
a Brownian motionlike dynamics; if 0.5 < α < 1.5, there are
positive correlations, i.e., large avalanches are more likely to
be followed by large avalanches (and vice versa for small
avalanches); and if α < 0.5, the signal is anticorrelated, i.e.,
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large avalanches are likely to be followed by small ones (vice
versa for small avalanches), with stronger anticorrelations
when α is closer to 0. A striking advantage of the DFA
resides in the fact that it allows the quantification of signals
with α > 1.0, which cannot be done using the traditional
autocorrelation and Hurst analysis, as well as of signals with
strong anticorrelations [36]. In contrast to the conventional
methods, DFA avoids spurious detection of apparent long-
range correlations that are artifacts of nonstationarity [37].
Thus, DFA is able to detect subtle temporal structures in highly
heterogeneous time series. However, its inherent limitation is
the maximum time scale smax for which the fluctuation function
F (s) can be reliably calculated. To overcome this issue and
ensure sufficient statistics at large scales, smax shall be chosen
smax � N/4, where N is the length of the signal [36].

While DFA quantifies linear fractal characteristics related
to two-point correlation, MF-DFA probes long-term nonlinear
properties of the time series. In particular, it has been already
verified that signals with identical self-similar temporal orga-
nization, quantified by the DFA scaling exponent α, can exhibit
very different nonlinear properties captured by the MF-DFA
[38]. The generalized multifractal DFA consists of a sequence
of five steps, in which the first ones are essentially identical to
that of the conventional DFA procedure. In this sense, MF-DFA
is an extension of the DFA with a range of q, i.e., an average
over all segments to obtain the qth-order fluctuation function
Fq(s) where, in general, the index variable q can assume any
real value, except zero.

In our experiment, the Barkhausen noise corresponds to a
time series, of length N , of the voltage signal V (t). To the
analysis, initially we assume that xk is a voltage time series of
length i, where i can be varied between 1 and N . Thus, in the
first step, the accumulated profile Y of the time series V (t) is
determined by the following equation [35]:

Y (i) ≡
i∑

k=1

[xk − 〈x〉], i = 1,...,N, (1)

where 〈x〉 denotes the mean of the time series xk .
In step two, for a given time scale s, the accumulated profile

from Eq. (1) is divided into Ns ≡ int(N/s) integer disjoint
segments of equal length s. In step three, for each one of the
Ns segments, the local trend is determined by a polynomial
fitting of the data, and then the variance for each segment
ν = 1,...,Ns is estimated through

F 2(ν,s) ≡ 1

s

s∑
i=1

{Y [(ν − 1)s + i] − yν(i)}2, (2)

where yν(i) is the polynomial fitting for the segment ν.
In step four, the average of the variances over all segments

is computed to obtain the qth-order fluctuation function Fq(s).
In this case, for q �= 0, the fluctuation function is given by

Fq(s) ≡
{

1

Ns

Ns∑
ν=1

[F 2(ν,s)]q/2

}1/q

, (3)

while for q = 0,

F0(s) ≡ exp

{
1

Ns

Ns∑
ν=1

ln[F 2(ν,s)]

}
. (4)

In particular, for q = 2, the standard DFA is retrieved.
However, here, we are concerned with how the generalized
q dependent fluctuation function Fq(s) depends on the time
scale s, for some values of q. For this purpose, steps two to
four must be repeated for different values of time scale s.
According to Ref. [34], for very large scales s � N/4, the
employed procedure becomes statistically unreliable, due to
the number of segments Ns averaging in Eqs. (3) and (4) be
very small. Thus, we take for our Barkhausen signal analysis
the maximum scale value of N/4.

Finally, in the last step, the scaling behavior of the
fluctuation functions Fq(s) is estimated by the slope of the
plot of log10[Fq(s)] versus log10[s], for a range of q values.
In particular, we use q between −4 to 4. If the experimental
Barkhausen noise time series present power-law correlation,
then Fq(s) increases for sufficiently large values of s according
to the relation

Fq(s) ≈ sh(q), (5)

where h(q) is the so-called generalized Hurst exponent.
To estimate h(q) for several q values, we regress h(q)

on Fq(s), Eq. (5). Thereby, strengthening this idea, for
monofractal time series, h(q) is independent of q, since the
variance scale behavior F 2(ν,s) is identical for all segments
ν, resulting in h(q) = H . On the other hand, when small and
large fluctuations differ, it is observed a dependence of h(q)
with q which characterizes the multifractal behavior.

From this point, the multifractal scaling exponent τ (q) can
be determined from h(q) by the relation

τ (q) = qh(q) − 1. (6)

In this case, if there is a linear dependence of the spectrum τ (q)
with q, the time series is considered monofractal, otherwise it
is multifractal.

Futhermore, it is possible to characterize the multifractality
of time series by considering the multifractal spectrum f (α),
where α is the Hölder exponent. The multifractal spectrum
f (α) is related to τ (q) via Legendre transform [39] through

α = τ ′(q), (7)

and

f (α) = qα − τ (q). (8)

The magnitude of multifractality in a time series can be
determined by the width of the spectrum �α = αmax − αmin.
Intuitively, the wider is the multifractal spectrum, the stronger
is the multifractality.

III. RESULTS AND DISCUSSION

A. Temporal correlations characteristics in the
dynamics of Barkhausen avalanches

We systematically analyze the temporal characteristics,
over a wide range of time scales, of Barkhausen avalanches
in polycrystalline NiFe and amorphous FeSiB ferromagnetic
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FIG. 1. Representative Barkhausen noise in ferromagnetic films and its dependence with thickness. In the left side, schematic representation
of the dimensionality of the films with thickness. It is important to point out that films thicker than 100 nm present three-dimensional magnetic
behavior, while films thinner than 100 nm are in the two-dimensional regime. In the right, experimental Barkhausen time series, measured for
the smallest driving magnetic field frequency, 50 mHz, obtained for amorphous FeSiB films with selected thicknesses. Similar behavior with
thickness is verified for the polycrystalline NiFe films. Barkhausen noise in different time windows of observation (insets in the top panel)
reveals statistical self-similarity of avalanches at smaller scales, indicating an underlying scale-invariant temporal organization.

films with thicknesses from 50 to 1000 nm. As mentioned,
the films split into three well-established classes of materials:
(i) polycrystalline NiFe films thicker than 100 nm, with uni-
versal three-dimensional magnetization dynamics governed
by long-range dipolar interactions [15,16,18]; (ii) amorphous
FeSiB films thicker than 100 nm, with three-dimensional
dynamics governed by short-range elastic interactions of the
DWs [17,18]; (iii) both polycrystalline NiFe and amorphous
FeSiB films with thicknesses below 100 nm, presenting two-
dimensional magnetization dynamics dominated by strong
long-range dipolar interactions [13,14,31]. Thus, the influence
on the temporal characteristics of Barkhausen avalanches of
the system dimensionality and range of interactions governing
the DW dynamics can be investigated in an experimentally
controlled manner.

Figure 1 shows representative experimental Barkhausen
time series measured in ferromagnetic films with different
thicknesses. Barkhausen noise is composed by a series of
intermittent voltage pulses, i.e., avalanches, combined with
background instrumental noise. The discrete and irregular
avalanches are caused by the complex, jerky motion of the
DWs during the magnetization process, and is related to sudden
and irreversible changes in the magnetization.

Remarkably, empirical observations of Barkhausen noise
at different time scales reveal seemingly self-similar cascades
formed by large, intermediate, and small avalanches at each
time window, suggesting the presence of scale-invariant
structure embedded in its temporal organization (see insets in
the top panel in Fig. 1). This is a first idea of the fractal behavior
in the Barkhausen avalanches. Actually, previous reports have
indicated self-similarity properties in the Barkhausen noise, at
sufficiently low domain wall velocity, as well as have suggested
the critical exponent obtained for the distribution of avalanche
sizes as an indirect measurement of the fractal dimension of
the pinning field [40].

Further, the profile of Barkhausen noise significantly
changes with the film thickness, i.e., system dimensionality,
although it seems to be insensitive to the range of interactions
governing the DW dynamics, since similar behavior with
thickness is verified for amorphous FeSiB and polycrystalline
NiFe films (the latter not shown here). The Barkhausen
noise for three-dimensional films thicker than 100 nm is
inhomogeneous, with high amplitude and frequent avalanches
associated with changes in the magnetization through DW
motion. In contrast, the noise for two-dimensional ones, with
thickness below 100 nm, is more homogeneous, with reduced
occurrence of large avalanches. Such characteristics of the
Barkhausen noise for films with different thicknesses rise the
hypothesis that the system dimensionality may be associated
with distinct correlations and scaling temporal organization
of Barkhausen noise, suggesting dissimilar underlying DW
dynamics.

B. Scale-invariant organization and crossover phenomenon

To probe for scale-invariant structure in the temporal
organization of Barkhausen avalanches, and whether this
structure changes with the system dimensionality and range
of interactions governing the DW dynamics, we apply the
detrended fluctuation analysis.

Figure 2 shows the dependence of the general behavior of
the fluctuation function with the film thickness. Amorphous
FeSiB and polycrystalline NiFe films share similar behavior
(the latter not shown here). For all thicknesses, the Barkhausen
noise exhibits correlations of a power-law type, indicating a
robust scale-invariant organization of the avalanches over a
broad range of time scales. However, the scaling exponent
associated with this scale-invariant behavior significantly
changes with the thickness. For the 1000-nm-thick film [top
panel in Fig. 2(a)], we clearly see a pronounced crossover
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at thickness of 100 nm, i.e., α = 1.0, characterizing an imminent transition. (a) Log-log plot of the fluctuation function F (s) as a function of
the time scale s, obtained from the DFA applied to experimental Barkhausen noise time series measured with driving magnetic field frequency
of 50 mHz in amorphous FeSiB films with the selected thicknesses of 1000, 100, and 50 nm. Each panel in (a) shows ten F (s) curves, from
different time series, indicating consistent scaling behavior. To guide the eyes, the black solid lines are power laws with the slope α. (b)
Dependence of the crossover time scale tx with thickness for amorphous FeSiB (blue triangles) and polycrystalline NiFe (blue circles) films.
In the inset, tx as a function of the film thickness in the log-log scale, indicating a power-law scaling behavior. (c) Dependence of the scaling
exponents α and αLR with thickness for the amorphous FeSiB and polycrystalline NiFe films. Here, α (blue filled symbols) represents the
correlation behavior at scales shorter than tx , while αLR (red open symbols) is obtained over long-range scales [for instance, above 3 ms, as
marked by the fitting line in the top panel of (a)]. In particular, for each film, the analyses are obtained from 200 experimental Barkhausen time
series. The error bars are estimated using the standard deviation.

at the time scale tx ≈ 0.25 ms, from a regime with robust
power-law correlations spanning over one decade at short time
scales, characterized by a scaling exponent α = 1.20 ± 0.02,
to a regime close to random behavior, i.e., with absence of
correlation, characterized an exponent αLR = 0.54 ± 0.05 for
long time scales.

We note that this crossover to random behavior at large
time scale is not an artifact of electronic white noise present in
the experimental recordings. It is worthwhile to mention that
we also analyze background instrumental noise time series,
measuring the instrumental response without the sample. The
observed temporal characteristics infer that the background
instrumental noise has fingerprints of white-noise-like time
series, Hurst exponent α ∼ 0.5, and do not reveal any evidence
of multifractal behavior [17]. The amplitude of electronic
noise is one order of magnitude smaller than the Barkhausen
avalanches, therefore the contribution of electronic noise to
the fluctuation function F (s) is negligible. Moreover, external
white noise does affect the scaling of long-range positively
correlated fractal signals, but only at very short time scales
and when the standard deviation of the white noise exceeds

by a decade the amplitude of fluctuations in the correlated
signal [36]. In this way, for three-dimensional films, our results
indicate a genuine crossover in the Barkhausen avalanches
temporal characteristics, from strongly correlated (at short
time scales) to random (at long time scales).

With decreasing thickness, we observe that the crossover
time scale tx gradually shifts to longer time scales. For the
50-nm-thick film, with two-dimensional magnetic behavior,
we find that the temporal dynamics of Barkhausen avalanches
exhibits scale-invariant behavior with long-range power-law
correlations and exponent α = 0.80 ± 0.04 over the entire
range of time scales, spanning more than three decades
[bottom panel in Fig. 2(a)]. Thus, we verify that Barkhausen
avalanches have markedly different temporal characteristics
in films with different dimensionality, i.e., a typical crossover
from correlated to uncorrelated behavior for films with three-
dimensional magnetic behavior, and in contrast, absence of
crossover and a single scaling behavior in two-dimensional
films. Remarkably, we find that for the 100-nm-thick film
[middle panel in Fig. 2(a)], practically over the entire range
of time scales, a scaling behavior with a critical exponent
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α = 1.00 ± 0.03 emerges, indicating an imminent transition
in the temporal scaling characteristics of the avalanches at the
border between three- and two-dimensional behaviors.

Further, we investigate the dependence of the crossover time
scale tx and the scaling exponents α and αLR with the thickness.
Our analyses show that tx remains relatively stable over a
broad range of thicknesses, from 1000 to 200 nm, abruptly
increases with the approach of the thickness to 100 nm, and
becomes infinite (i.e., reaches the finite size of the recorded
time series) for films with thickness below 100 nm [Fig. 2(b)].
In particular, we verify that the thickness dependence of tx
follows a power-law scaling behavior with slope μ = 1.0 [see
inset of Fig. 2(b)].

We observe a simultaneous evolution for the scaling
exponents α and αLR. The α value, which characterize the DW
dynamics at short time scales, remains ≈1.2 for thicknesses in
the broad interval from 1000 to 200 nm, indicating strong
avalanche correlations for time scales below tx , abruptly
decreases to a critical value of α ≈ 1.0 at 100 nm, and drops to
α ≈ 0.8 over the entire range of the time scales for films thinner
than 100 nm [Fig. 2(c)]. In contrast to α, the scaling exponent
αLR, characterizing DW dynamics at large time scales, is ≈0.54
for thicknesses in the interval between 1000 and 200 nm,
indicating an uncorrelated behavior, abruptly increases con-
verging to αLR = α ≈ 1.0 at 100 nm, and coincides with α

for thickness below 100 nm. It is important to notice that in
the border line at thickness ≈100 nm, the peculiar behavior
of the scaling characteristics tx , α, and αLR occurs simultane-
ously to the dimensional transition in the magnetic behavior,
from three to two-dimensional magnetization dynamics. No-
tably, the scaling behaviors are consistent for all Barkhausen
noise time series recorded for each film, as evidenced by the
small error bars for the scaling exponents [Fig. 2(c)]. Remark-
ably, we also find that both amorphous FeSiB and polycrys-
talline NiFe films exhibit the very same scaling behavior with
the same exponent and the same dependence with thickness.

C. Multifractal complexity and vanishing of the multifractality

In the sequence, we find not only that the autocorrelations of
Barkhausen avalanches exhibit scaling laws, but that all other
moments also follow power laws forming an entire multifractal
spectrum, i.e., fractals within fractals, one of the highest forms
of complexity in nature. We perform the scaling analysis of the
fluctuation function Fq(s) for a range of q moments applying
the multifractal detrended fluctuation analysis, a procedure
that requires a spectrum of exponents to fully characterize the
temporal structure.

Figure 3 shows the dependence of the behavior of the
generalized q-dependent fluctuation function with the film
thickness. Remarkably, amorphous FeSiB and polycrystalline
NiFe films share similar behavior (the latter not shown here).
For the 1000-nm-thick film we find that the dynamics at short
time scales �sF exhibits the same scaling behavior shown in
Fig. 2, with exponent α ≈ 1.2 for all q moments, indicating
a monofractal behavior. In addition, at intermediate time
scales �sMF the fluctuation function Fq(s) is characterized by
distinct scaling exponents for different q moments, suggesting
a multifractal behavior [top panel in Fig. 3(a)].

A crossover from monofractal to multifractal behavior
is consistently verified for the films with three-dimensional
magnetic behavior, irrespective on the thickness. However,
with decreasing thickness, the crossover time scale tx shifts,
and the range of time scales �sF, corresponding to monofractal
scales, expands from short to intermediate and long time
scales. At the same time, the range of scales �sMF, where
the multifractality is observed, abruptly shrinks [bottom panel
in Fig. 3(a)]. This can be clearly visualized in Fig. 3(b), which
shows the evolution of the estimation of the multifractal time
scales �sMF with thickness. For the 100-nm-thick film, the
Barkhausen avalanches exhibit a monofractal behavior with
exponent α ≈ 1.0 roughly spanning the entire time scales
range, and the dynamics exhibits multifractality only in a very
short range �sMF < 0.5 decades [bottom panel in Fig. 3(a)].
For the thinner film with 50 nm the multifractality vanishes
(the time scales multifractal range �sMF disappears) and
Barkhausen avalanches exhibit monofractal behavior over the
entire range of time scales, characterized by exponent α ≈ 0.8
for all q moments.

The results indicate that the three-dimensional films exhibit
DW dynamics with high degree of multifractality. Figure 3(c)
shows that the robust multifractal spectrum with magnitude
�α ≈ 1.0 remains stable for the thickness range 1000 to
100 nm, although �sMF significantly changes with the prox-
imity to 100 nm. Despite the �α stability, the exponents error
bar increases as the thickness approaches 100 nm, a fingerprint
associated to the imminent vanishing of range of time scales
�sMF. Thus, the multifractality gives place to a monofractal
behavior in the two-dimensional regime, films with thick-
ness of 50 nm, with the transition occurring just below
100 nm.

D. Evolution of temporal characteristics with film thickness

The temporal characteristics of Barkhausen avalanches are
strongly dependent on the film thickness. First of all, it should
be mentioned that we kept our focus on the results obtained for
the smallest frequency of driving magnetic field (see Figs. 1, 2,
and 3), although Barkhausen noise time series acquired using
different field frequencies, from 0.05 up to 0.4 Hz, have been
also investigated. Here, well-known rate effects are observed,
including the frequency dependence of the critical exponents
for each universality class [12,15–17,30–32,41–44], and the
modifications of the time series with field frequency. At low
field frequencies, Barkhausen noise comes out as a sequence
of distinguishable and separated avalanches. With increasing
frequency, larger avalanches become more frequent, the quiet
time between avalanches is progressively reduced, and the
noise resembles a continuous sequence of peaks, in which
the avalanches may even superpose [1,11]. Irrespectively on
the film thickness, multifractal analysis and quantities as Fq (s),
tx , α, αLR , �sMF , f (α), and �α are not affected by the field
rate employed in the experiment, suggesting the multifractal
analysis is a robust method to study Barkhausen avalanches.
The behavior of these quantities is in agreement with results
previously reported by our group [20]. As a consequence, it is
clear that the temporal scaling characteristics are intrinsic to
the underlying DW dynamics.
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the scaling curve for q = 2, corresponding to the DFA fluctuation function F (s), and tx , the crossover time scale, are the very same previously
presented in Fig. 2. To guide the eyes, the black solid lines are power laws with slope α. The temporal dynamics of Barkhausen avalanches
is characterized by two temporal scaling regimes: fractal range �sF and multifractal range �sMF, which are separated at the crossover time
scale tx . (b) Range of time scales �sMF, in units of decades, in which the Barkhausen avalanches exhibit multifractal behavior, as a function of
the thickness. (c) The width �α of the multifractal spectrum f (α) as a function of film thickness. The insets show the multifractal spectrum
f (α) of five representative Barkhausen noise time series for the amorphous FeSiB films with thicknesses of 100 and 1000 nm. In particular,
for the 50-nm-thick film, �sMF and �α are not shown in (b) and (c), since the multifractality vanishes for thickness just below 100 nm. In
particular, for each film, the analyses are obtained from 200 experimental Barkhausen time series. The error bars are estimated using the standard
deviation.

Our findings raise an interesting issue on the temporal
scaling characteristics in the DW dynamics in ferromagnetic
films. The analyses of Barkhausen avalanches show similar
statistical results for the temporal scaling correlations of
both amorphous and polycrystalline ferromagnetic materials,
placing them in a single universality class. On the other
hand, although the temporal scaling characteristics seem to be
insensitive to the range of the interactions governing the DW
dynamics, our results provide experimental evidence which
reveals that they are influenced by the film dimensionality.
Two-dimensional films present Barkhausen noise times series
with monofractal behavior, while three-dimensional films
exhibit DW dynamics with high degree of multifractality.

Despite the �α stability found for films thicker than
100 nm, an interesting feature in the fluctuation function
resides in the systematic variation of the crossover time scale tx
[Fig. 2(b)], and consequently �sMF [Fig. 3(b)], with thickness.
Even these films share the same dimensionality, tx shifts toward

intermediate and long time scales, while �sMF shrinks, as
the thickness is reduced. Because the crossover time scale is
dependent on the film thickness, we believe that this evolution
originates from finite size effects [45–47] or demagnetization
effects [1,11,12,41].

The demagnetizing field has a fundamental effect on the
DW motion, since it is responsible by keeping the wall
constantly at criticality, close to the depinning transition,
without any tuning of the driving field [1]. Moreover, it
is known that the demagnetizing field affects the cutoff
values of the traditional Barkhausen avalanche distributions,
as it reduces the net field applied to the domain wall and,
consequently, the maximum size and duration of an avalanche
[1,11,12,41,48,49]. Earlier experiments and simulations have
uncovered the dependence of the cutoff values with the
demagnetizing field by varying the sample geometry, i.e., the
system length [12,41,48,49]. However, though it may seem
puzzling, finite transverse dimensions can also influence the
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characteristics of DW motion [49]. Thus, for ferromagnetic
films, finite-size effects and demagnetizing effects may be also
controlled by the thickness. Characteristic scales of the DW dy-
namics, such as the correlation length and correlation time, are
controlled by the demagnetizing factor (i.e., its components)
and the size of the system, as the disorder is assumed to be an
uncorrelated random field [11,48]. Therefore, deviation from
the behavior observed for the thicker films may be ascribed to
the the smaller geometrical dimension of the system, i.e., the
thickness approaching to the correlation length.

The typical durations of the Barkhausen avalanches in films
are from 10 μs up to 1 ms [15–18]. The MF-DFA reveals for
all films a regime with robust power-law correlations at short
time scales (below 250 μs), suggesting that near avalanches
with short durations are highly correlated, irrespectively on
the film thickness. For the three-dimensional films, a regime
close to random behavior is also found, reveling the absence
of correlations at long time scales (above 2.5 ms), indicating
that well-separated avalanches and avalanches with very long
durations are in principle not correlated. However, the most
striking finding here resides at intermediate time scales, where
the multifractal behavior is found, owed to the fact that the
Barkhausen noise involves the collective motion of many DWs.
A direct consequence in experiments is that the measured
Barkhausen cannot distinguish between single avalanches,
each one with its own fractality, and a superposition, in space
and/or time, of them [11], resulting in the multifractal behavior.

As the thickness decreases, the correlation of the avalanches
spreads over an increasing range of time scales, causing the
shift of tx to longer time scales. For the films thinner than
100 nm, the thickness is of the same order of magnitude
of the DW width, and the correlation length is therefore
limited to the smallest geometrical dimension of the system.
At this thickness range, tx becomes infinite, i.e., it reaches
the finite size of the recorded time series, and the avalanches
become strongly correlated over the entire range of time
scales, a feature evidenced by the scale-invariant behavior with
long-range power-law correlations. In this sense, the fact that
the multifractality gives place to a monofractal behavior in the
two-dimensional regime becomes reasonable.

Thus, we interpret the reorganization in temporal scaling
characteristics of Barkhausen avalanches as an indicator of an
universal restructuring associated to the dimensional transition
of the magnetic behavior occurring as the thickness is reduced,
from a three-dimensional DW dynamics observed in thick
films [15–18] to a two-dimensional regime, commonly verified
for films thinner than 100 nm [13,14].

IV. CONCLUSION

Much of the critical behavior observed in nature can be
explained by the range of interactions and system dimension-
ality. On the other hand, the understanding of the influence that
these general properties have on the monofractal/multifractal
behavior is far from complete. Our experiments provide
evidences that the multifractal properties are dependent on
the film thickness, although they seem to be insensitive
to the structural character of the materials. In fact, we
understand that the strong multifractal behavior is due to the
mixing of several correlated processes with distinct temporal
correlations lengths, the hypothesis of overlapping of several
noncorrelated avalanches. As the thickness is reduced from
100 to 50 nm regardless the structural character of the films,
the multifractality of the DW dynamics vanishes, and the
multifractal behavior gives place to a monofractal one over
the entire range of time scales (i.e., from highly nonlinear to
linear behavior).

The reorganization in the temporal scaling characteristics of
Barkhausen avalanches is understood as an universal restruc-
turing associated to a dimensional transition of the magnetic
behavior, from a three- to a two-dimensional magnetization
dynamics, occurring within this thickness range. In this sense,
we believe that this evolution originates from finite-size effects
or demagnetization effects on the DW dynamics and on
the temporal characteristics. In the limit of the dimensional
transition, film thickness has a fundamental role on the
magnetic structure, due to the increase of the stray field
along the direction normal to the plane of the film. Thus,
the correlation of the time series reflects the stronger magnetic
coupling in two-dimensional films. Increasing the correlation,
the fractal regime becomes unique and robust and, as a
consequence, the multifractality vanishes.

Finally, our work also demonstrates that the multifractal
analysis is a powerful tool to investigate systems exhibiting
crackling noise and appears as a sharper test going beyond
power laws. Our results trigger interesting challenges to
theorists and further experimental investigations in diverse
systems exhibiting crackling noise.
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Abstract

Barkhausen effect in ferromagnetic materials provides an excellent area for investigating scaling

phenomena found in disordered systems exhibiting crackling noise. The critical dynamics is

characterized by random pulses or avalanches with scale-invariant properties, power-law

distributions, and universal features. However, the traditional Barkhausen avalanches statistics may

not be sufficient to fully characterize the complex temporal correlation of the magnetic domain walls

dynamics. Here we focus on the multifractal scenario to quantify the temporal scaling characteristics

of Barkhausen avalanches in polycrystalline and amorphous ferromagnetic films with thicknesses

from 50 to 1000 nm. We show that the multifractal properties are dependent on film thickness,

although they seem to be insensitive to the structural character of the materials. Moreover, we

observe for the first time the vanishing of the multifractality in the domain walls dynamics. As the

thickness is reduced, the multifractal behavior gives place to a monofractal one over the entire range

of time scales. This reorganization in the temporal scaling characteristics of Barkhausen avalanches is

understood as a universal restructuring associated to the dimensional crossover, from three- to two-

dimensional magnetization dynamics.
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Neuronal noise as an origin of sleep arousals and its
role in sudden infant death syndrome
Hila Dvir,1* Idan Elbaz,2,3 Shlomo Havlin,1 Lior Appelbaum,2,3

Plamen Ch. Ivanov,4,5,6* Ronny P. Bartsch1*

In addition to regular sleep/wake cycles, humans and animals exhibit brief arousals from sleep. Although much
is known about consolidated sleep and wakefulness, the mechanism that triggers arousals remains enigmatic.
Here, we argue that arousals are caused by the intrinsic neuronal noise of wake-promoting neurons. We pro-
pose a model that simulates the superposition of the noise from a group of neurons, and show that, occasion-
ally, the superposed noise exceeds the excitability threshold and provokes an arousal. Because neuronal noise
decreases with increasing temperature, our model predicts arousal frequency to decrease as well. To test this
prediction, we perform experiments on the sleep/wake behavior of zebrafish larvae and find that increasing
water temperatures lead to fewer and shorter arousals, as predicted by our analytic derivations and model
simulations. Our findings indicate a previously unrecognized neurophysiological mechanism that links sleep
arousals with temperature regulation, and may explain the origin of the clinically observed higher risk for sudden
infant death syndrome with increased ambient temperature.

INTRODUCTION
Brief arousals from sleep that appear random in time and occur fre-
quently throughout the entire sleep period are a riddle wrapped up in
an enigma. The dynamical aspects of arousals and their neuronal origin
are still not understood, and the debate on their physiological function is
controversial. Traditionally, arousals have been predominately asso-
ciated with disease in general and with sleep disorders in particular
(1–3). Too many or too few arousals are indicative of adverse clinical
conditions such as sleep apnea (4) or sudden infant death syndrome
(SIDS) (5, 6), respectively. More recently, it has been suggested that
spontaneous arousals are part of healthy sleep regulation and may play
a functional role to ensure the reversibility of sleep—that is, without
arousals, sleep would be similar to coma (7). In addition, arousalsmight
serve as ameans of remote connection between the sleeper and the envi-
ronment to maintain some level of alertness to external hazards (7).

Arousals and normal wakefulness require the coordinated activity of
several wake-promoting cell groups located in the rostral brainstem and
posterior hypothalamus (8). These cell groups form the ascending
arousal system, which consists of two major pathways. One pathway
includes cholinergic neurons that generate cortical activation via inner-
vation of the thalamus and the basal forebrain. Through the second
pathway, monoaminergic neurons activate neuronal populations in
the lateral hypothalamic area, the basal forebrain, and the cerebral cor-
tex, bypassing the thalamus (9). However, the mechanisms that activate
the wake-promoting neurons (WPN) and trigger spontaneous brief
arousals, instead of consolidated wakefulness, remain unknown. Here,
we hypothesize that spontaneous arousals are caused by inherent
stochastic fluctuations in the neuronal membrane potential. These neu-
ronal fluctuations are an intrinsic phenomenon that is observed in the
absence of any external stimulation and is termed subthreshold voltage

fluctuations (10). Specifically, we hypothesize that the superposition of
uncorrelated neuronal noise currents from a group of neurons (each
below the firing threshold) in the brainstem wake-promoting system
occasionally exceeds the excitability threshold of cortical neurons, thus
provoking brief arousals (Fig. 1).

There are two main sources of neuronal subthreshold voltage fluc-
tuations (11): one is due to stochastic openings and closings of voltage-
gated membrane channels (mainly potassium channels); the other
source is random background synaptic activity. Several studies have de-
monstrated the neurophysiological significance of subthreshold voltage
fluctuations, for example, as a contributor to the stochastic resonance
phenomenon that improves the sensory detection of weak signals
(12, 13). Other studies relate subthreshold voltage fluctuations in car-
diac myocyte ion channels to the intrinsic heart rate fluctuations (14).
Here, we show through empirical analyses, analytic derivation, and
modeling simulations that neuronal subthreshold voltage fluctuations
inWPN are likely the origin of spontaneous brief arousals during sleep.

Subthresholdvoltage fluctuationsareknowntobe strongly temperature-
dependent and decrease with increasing temperature (10). Therefore, to
test our hypothesis that spontaneous arousals originate from sub-
threshold voltage fluctuations, we investigate sleep under different tem-
peratures. Specifically, we probe whether the arousal frequency and the
dynamical characteristics of sleep andwake episodes are correlatedwith
brain temperature. Although ourmain hypothesis focuses on the origin
of spontaneous arousals during sleep in general, the specific tempera-
ture effect is expected to bemore pronounced in ectothermic organisms
that adapt their body temperature to ambient temperatures. Although
humans are endotherms with intrinsic temperature regulation, young
infants and, in particular, prematurely born babies show ectothermic
traits (5, 15): Young infants have still underdeveloped thermal regula-
tion during the first months after birth (5, 16), and premature babies
cannot regulate their body temperature at all and therefore need in-
cubator care (15). Moreover, under high room temperature, both
young and premature infants show frequent epochs of sleep apnea
(5, 17, 18) due to low arousability (5, 18), whichmay lead to SIDS. How-
ever, the mechanism that connects high room temperature with low
arousability and the resulting increase in sleep apnea and SIDS events
are unknown. Here, we show that neuronal noise due to subthreshold
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voltage fluctuations is likely to be the missing link between brain/body
temperature and arousability from sleep. This study provides amechanis-
tic picture of the origin of intrinsic arousals during sleep and explains
empirically based recommendations that lowering room temperature re-
duces the risk for SIDS (19) and apnea of prematurity events (17).

During sleep, WPN are inhibited mainly by g-aminobutyric acid
and galanin (8). Nevertheless, WPNmaintain a low level of activity be-
cause of subthreshold voltage fluctuations, which integrated over many
WPN can occasionally exceed the excitability threshold of individual
neurons or a group of neurons (Fig. 1A). The resulting arousal is kept
brief because of the activity of the still dominant SPNs. The likelihood of
crossing the excitability threshold and triggering an arousal is smaller if
the SD of the integrated WPN current is smaller—this is the case at

higher temperatures where subthreshold voltage fluctuations are re-
duced. The mechanism we propose is illustrated in Fig. 1B, where
two model simulations of a biased random walk (see Materials and
Methods) with low and high SD (corresponding to high and low tem-
perature, respectively) yield different lengths and frequencies of arousals,
as well as different temporal organization.

RESULTS
Sleep and wake characteristics change under
different temperatures
To test our model predictions of the effect of temperature on spontane-
ous arousals and to support our hypothesis on the role of subthreshold
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Fig. 1. Schematic representation of our hypothesis that neuronal noise originating from subthreshold voltage fluctuations in WPN triggers spontaneous arousals
during sleep. (A) The superposition of the uncorrelated currents from nWPN (connected in parallel) results in a neuronal current that has Gaussian distributionwith SD s (due to
central limit theorem; seeMaterials andMethods). If this superposedneuronal current and its associated voltage exceedanexcitability thresholdD, then it triggers an arousal in the
cortex and simultaneously stimulates sleep-promoting neurons (SPNs) in the brainstem. As a consequence, the excited SPNs inhibit the WPN (negative feedback) through an
inhibitory current, which ensures sleep inertia and restoring force back to sleep, and thus keeps the arousal brief. (B) Top: Two biased random walk model simulations of the
superposed neuronal voltage (that is, the integrated neuronal current) with different values of s corresponding to low temperature (high s) and high temperature (low s). Note
that the SD s is temperature-dependent because high temperatures reduce subthreshold voltage fluctuations leading to lower values of s, as shown by empirical studies (10, 31).
Although the randomwalk freelymoveswithin the interval [VK,VTh] (corresponding to “sleep state”), there is an inhibitory current once the randomwalk is above VTh (“wake state”).
Bottom: Shown are arousals/wake and sleep bouts corresponding to whether the random walk is above or below the threshold voltage VTh, respectively. Note that at low tem-
perature, wake bouts occur more frequently and have longer durations as compared to high temperature. In our model simulations, the threshold VTh and the potassium Nernst
potential VK are approximately constant for different temperatures in agreement with experiments (50); the voltage difference (excitability threshold) is defined as D = VTh − VK.
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voltage fluctuations in sleep regulation, we perform sleep experiments
under different ambient temperatures. For our experiments, we chose
zebrafish larvae because zebrafish exhibit similar diurnal sleep/wake
(that is, dark/light) cycles as humans (20, 21) and because the zebrafish
is an ectothermic animal (22) and, thus, allows testing of the effects of
temperature variations on arousal dynamics and sleep/wake charac-
teristics. Because ectotherms cannot regulate their body temperature,
the ambient temperature directly translates to body temperature. The
optimal water temperature for zebrafish larvae is ~28°C (22, 23). In
our experiments, we recorded the sleep/wake behavior of 48 larvae
during 48 hours, with two 14-hour light/10-hour dark cycles, at a con-
stant water temperature of 28°C. We also subsequently repeated the

measurements at 25°, 31°, and 34°C using a new set of 48 larvae for
each temperature recording (in each experiment, the set of larvae is
from the same fish line, wild-type AB; see Materials and Methods).
Because we are interested in arousals from sleep, we analyzed only
the two 10-hour long dark periods (when zebrafish are predominantly
sleeping), and we calculated for each temperature the total sleep du-
ration, mean sleep bout duration, number of arousals during sleep,
and mean wake bout duration. In accordance with our hypothesis,
our analyses show that an increase in temperature decreases the number
of arousals as well as the mean arousal/wake bout durations while sim-
ultaneously increases total sleep duration andmean sleep bout duration
(Fig. 2, A to D; red circles).

These experimental results are in excellent agreement with the
output of our physiologically motivated biased diffusion model that
simulates arousals and sleep/wake transitions based on neuronal sub-
threshold voltage fluctuations (Fig. 1), and where higher temperatures
result in lower neuronal noise levels as reflected by lower SD s. In Fig. 2
(A to D) (blue squares), we show the model simulation data for total
sleep duration, mean sleep bout duration, number of arousals, and
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Fig. 2. Sleep and wake characteristics of zebrafish larvae (red circles) compared
to model simulations (blue squares). (A) The percent sleep time for zebrafish larvae
(blue squares) increases with increasingwater temperature—from 20% at 25°C to 50%
at 34°C. The same temperature dependence is also obtained for ourmodel simulations,
where increasing temperatures are modeled by decreasing neuronal noise levels (as
measured by the noise SD s; formore details, seeMaterials andMethod). (C) Themean
sleep bout duration shows similar behavior for increasing temperatures, whereas the
number of arousals during sleep [shown in (B)] is decreasing with increasing tempera-
ture, with most arousals at low temperatures. Thus, the monotonous increase of total
sleep time with increasing temperatures in zebrafish larvae is associated with longer
sleep bouts. (D) The mean wake bout duration of zebrafish larvae decreases with
increasing temperature, and this trend is also reproduced by our model. The great
similarity in (A) to (D) between the experimental measurements obtained for zebrafish
larvae under different water temperatures and the model results for different noise
levels strongly supports our hypothesis that arousals/brief awakenings from sleep orig-
inate from neuronal noise. We examine for each larva the temperature dependence of
the sleep/wake parameters in (A) to (D), applying to all 48 larvae in the database a one-
way analysis of variance (ANOVA) with repeated measures (comparisons between all
temperatures), and we obtain a P < 10−9 (all pairwise multiple comparisons by Tukey’s
test yield P < 0.05, except at 25°C versus 28°C for the mean sleep bout duration and at
25°C versus 28°C for number of arousals per sleep hour). In all panels, for each tem-
perature, we present the group average and SE of the 48 larvae during two dark
periods (when zebrafish predominantly sleep) with 10-hour duration each, and the
model results for each s areobtained from48 20-hour independentmodel simulations
matching the duration of the 20-hour dark period. All model parameters are the same
for each temperature, only the neuronal noise level s is changed: For 25°C, we use
s ¼ 7:6 mV=

ffiffiffiffiffi
Dt

p
; for 28°C,s ¼ 7:3 mV=

ffiffiffiffiffi
Dt

p
; for 31°C,s ¼ 6:1 mV=

ffiffiffiffiffi
Dt

p
; and for 34°C,

s ¼ 5:5 mV=
ffiffiffiffiffi
Dt

p
, where Dt = 0.08 s is the time resolution of each simulation.
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Fig. 3. Cumulative probability distributions of sleep andwake bout durations
for zebrafish larvae at different water temperatures compared to model sim-
ulations with different neuronal noise levels. Consistent with previous findings
(20, 24), sleep bout durations are exponentially distributed with characteristic time scale t,
whereas wake bout durations show a power-law distribution characterized by the scaling
exponent a. However, the characteristics of these distributions, t and a, change with
temperature. (A) The characteristic sleep time monotonically increases from t = 1.06 min
at 25°C to t = 2.21 min at 34°C. (B) The power-law scaling exponent of the wake dis-
tributions increases with increasing temperatures from a = 0.82 at 25°C to a = 1.35 at
34°C. These empirically obtained sleep and wake distributions for zebrafish larvae are
well reproduced by our model simulations with different temperatures (that is, dif-
ferent values of the neuronal noise level s: for 25°Cs ¼ 7:6 mV=

ffiffiffiffiffi
Dt

p
; for 28°C, s ¼

7:3 mV=
ffiffiffiffiffi
Dt

p
; for 31°C, s ¼ 6:1 mV=

ffiffiffiffiffi
Dt

p
; and for 34°C, s ¼ 5:5 mV=

ffiffiffiffiffi
Dt

p
) that yield

the same type of distributions and temperature dependence as the experimental
data. Moreover, we obtain practically matching values for t and a between zebrafish
measurements and the model simulations for each temperature and the corresponding
noise level s, consistent with our conclusions from Fig. 2. For all simulations in (C) and
(D), we choose the same parameters for the inhibitory current (sleep inertia) co-
efficient b = 20 mV2/Dt and the excitability threshold (sleep depth) parameter D =
10 mV to best match our empirical observations in (A) and (B). Both a and t values
and their SDs (which are of the order 10−2 or lower) were calculated using the max-
imum likelihood estimation (MLE) method (see Materials and Methods) (41) on the
pooled data of all larvae at a given temperature, and these estimates for a and t are
not affected by particular bin selection for the distribution.
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mean wake bout duration for different values of s. A monotonous
decrease in s yields the same behavior as the experimental data when
temperature monotonically increases, indicating a strong influence of
neuronal subthreshold voltage fluctuations on arousability and sleep
regulation.

Distributions of sleep and wake bout durations for
different temperatures
To obtain a more comprehensive picture of the role of neuronal noise
in sleep regulation, we also need information on how different tem-
peratures affect the probability distributions of sleep and arousal dura-
tions. As was found earlier for mammals (24), as well as for zebrafish
(20), arousal durations exhibit a power-law probability distribution
characterized by a scaling exponent a, whereas sleep durations follow
an exponential distribution with characteristic time scale t. In Fig. 3
(A and B), we show the sleep and wake distributions measured for a
group of 48 zebrafish larvae at different water temperatures, 25°, 28°,
31°, and 34°C. The scaling exponent a for the wake durations and the
exponent t for the sleep durations consistently increase from low to
high water temperatures.

Next, we compare zebrafish sleep/arousal distributions under differ-
ent water temperatures to predicted values of our model of arousal and
sleep regulation under different noise levels. In Fig. 3 (C andD), we show
the model results for decreasing neuronal noise levels that simulate the
activity of WPN for increasing temperatures. Remarkably, we not only
observe the same trend in the probability distributions (increasing ex-

ponents a and t with increasing temperature/noise level) but we also
obtain very similar values for the exponents a and t matching model
simulations with the experiments. The fact that the experimental results
and the model outputs for sleep/wake characteristics are in good agree-
ment not only in their statistical means (Fig. 2) but also in their respec-
tive probability distributions (Fig. 3), strongly supports our hypothesis
that arousals are a direct consequence of neuronal noise.

DISCUSSION
Our findings may lead to new insights into the origin and functional
role of arousals in general and on the effect of temperature on sleep
architecture in particular. We introduce a mechanistic picture on the
origin of brief arousals during sleep based on the empirically observed
phenomenon of neuronal subthreshold voltage fluctuations. Currently,
there is no test to directly and noninvasively measure subthreshold neu-
ronal voltage fluctuations in humans, and our work offers an approach to
determine neuronal fluctuations bymeasuring key parameters that char-
acterize sleep and arousal probability distributions (Fig. 3). This would
provide a new diagnostic tool to monitor and better understand neuro-
logical diseases related to changes in subthreshold voltage fluctuations.

Fig. 4. The possible effect of ambient temperatures on apnea of prematurity
and SIDS. Asphyxia and brain hypoperfusion that can occur in infants during sleep
may result in a life-threatening event (5). Depending on the level of arousability, this
event may lead to either arousal and rebreathing or to failure of arousal and hypoxic
coma. High neuronal noise generated at low ambient temperature yields higher arou-
sability that in turn increases the probability for arousal and rebreathing. In contrast,
low neuronal noise at high ambient temperature yields lower probability of arousal
and can therefore result in hypoxic coma for the vulnerable infant. Note that very
young infants show certain ectothermic traits (similar to fish) because their thermore-
gulation is not fully developed until the age of 6 months (52), and thus, they are more
susceptible to higher ambient temperature and in higher risk for SIDS. Notably, after
age of 6 months, the percent of SIDS occurrence drastically decreases (19). The pro-
posedmechanism here indicates that the clinically observed correlation between high
ambient temperature and high risk for SIDS is associated with decline in the arousa-
bility of sleep-regulatory neuronal circuits that is due to reduction in neuronal noise at
high temperature.
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Fig. 5. Schematic presentation of the physiological importance of the degree of
arousability for a group of healthy infants and infants with low neuronal noise
levels. (A and B) Circadian temperature variations play a role for increased risk of SIDS
events. Circadian rhythms in infants lead to increasing body temperature in the early
morning hours (29, 30). These independent empirical observations combined with the
mechanism we propose indicate that the circadian phase associated with the early
morning hours is characterized by reduced arousability in infants. For vulnerable in-
fants that are characterized by low level of neuronal noise, identical circadian tempera-
ture influences as observed in the healthy infants could further suppress neuronal
noise and thus shift the arousability toward a “critical low point,” contributing to
increased risk for SIDS events in the morning hours. We note that the superposition
of the circadian temperature peak combined with elevated ambient temperature can
lead to an even higher risk for SIDS (Fig. 4). Taking into account the intrinsic risk factors
for SIDS (5), low levels of neuronal noise in the vulnerable infant [as in (B)] may be due
to genetic or developmental factors. Elevated room temperature, extensive crib
bedding, bed sharing, infections, and prone sleeping position, all factors that can con-
tribute to higher body temperature (and hence to lower levels of neuronal noise and
arousability), are known to be extrinsic risk factors for SIDS (5). Our empirical analyses
(fig. S2) show a similar strong dependence of arousability on core body temperature
also in adults with higher arousability between 4 a.m. and 6 a.m., when core body
temperature reaches a minimum (53, 54).
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Specifically, the thermosensitivity of neuronal subthreshold voltage
fluctuations explains the lower level of arousability at higher tempera-
tures that for premature babies and young infants may lead to an
increased risk of apnea of prematurity and SIDS events (Fig. 4). Reduc-
ing the incubator/room temperature increases neuronal noise and
therefore increases the frequency and duration of arousals from sleep,
thus avoiding potentially fatal epochs of hypoxia in young infants where
core body temperature regulation is not fully developed (Fig. 4). In this

respect, it is interesting to note that several epidemiological studies have
demonstrated a peak occurrence of SIDS during the early morning
hours (25–28) and that other investigations, not related to SIDS, found
that during sleep, core body temperature in infants significantly in-
creases in themorning hours (29, 30). Furthermore, other epidemiolog-
ical studies show that the vast majority of SIDS occur during the first
6 months of life, with a peak occurrence at 2 to 3 months of age (19).
Intriguingly, this peak in SIDS occurrence coincides with the time
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Fig. 6. Simulation results for the effect of the excitability threshold D (related to sleep depth), b (related to sleep inertia) on the cumulative probability
distributions P of sleep and wake bouts, and different neuronal noise levels s (related to different temperatures). (A) Increasing the excitability threshold D
leads to longer sleep bouts as reflected by higher values of t. In contrast, wake bout durations remain unaffected and show similar distributions for different values of D
as shown in (B). (C) Increasing b leads to longer sleep bouts (that is, larger values of t) and (D) to larger values of the power-law exponent a for wake bout durations.
Changing the noise level s affects both the sleep bout durations (E) and the wake bout durations (F), however in different ways. Although higher values of s (for
example, due to lower temperatures) decrease the mean sleep bout duration and the exponent t, wake bout durations increase and a decreases. For all simulations, we
use b = 1.1 and D = 4.0, and the results are consistent with Eqs. 14 and 16.
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period when thermoregulation in infants is not yet fully developed, and
therefore, infants are most susceptible to ambient temperatures.

Earlier experimental work on neurons demonstrated a clear tem-
perature dependence of neuronal noise—with increasing temperature
neuronal noise decrease (10, 31). Although these original experiments
were not done in the context of sleep or SIDS, our modeling approach
indicates that integrated neuronal noise as a function of temperature
plays a key role in the arousability from sleep. Therefore, the tempera-
ture dependence of neuronal noise is the likely mechanism that links all
empirical findings listed above into a unified picture that explains the
occurrence of SIDS at a particular time of the day and for the particular
age of the infants. Elevated circadian temperature in themorning hours
combined with higher ambient temperature and high susceptibility of
infants to ambient temperature can dramatically reduce arousability
(Fig. 5 and fig. S3), and thus is the plausible reason for SIDS, as also dem-
onstratedbyourmodel.Ourproposedmechanism is further supported by
empirical studies showing that infants who later succumbed to SIDS have
exhibited less waking (that is, arousability) and more sleep during the
early morning hours compared to age-matched control subjects (6, 32).

Although the above-mentioned empirical facts provide indirect ev-
idence of the link between temperature, arousability, and SIDS, our
model offers a first unified theoretical framework to link these findings.
We start from neuronal considerations (temperature dependence of
neuronal noise) and predict system-level empirical observables that
match our model predictions with experimental results on the arousa-
bility of zebrafish larvae (Fig. 2) and human subjects (fig. S2). The neu-
rophysiological mechanism that allows manipulation of arousability
through ambient temperature (as shown in the zebrafish experiment)
is likely to be effective in young infants and is currently the only plau-
sible reason for SIDS.

Previous studies show that adult rats and adult humans have more
frequent and longer wake epochs at lower ambient temperatures (33, 34).
Because adult rats and adult humans are endotherms (and therefore their
body temperature is notmuch affected by reasonable changes in ambient
temperatures), the temperature-dependent change in arousability could
be attributed to metabolic changes that are responsible for keeping the
body temperature constant. To exclude the metabolic influence on
arousability, we studied zebrafish larvae (an ectothermic animal), and
we propose that our results may also be tested on infant mammals,
which have ectothermic traits after birth (15, 35). Moreover, earlier
work (36) has shown that during the first few weeks, newborn rats do
not exhibit the scale-invariant temporal organization and power-law
characteristics in arousal dynamics that we report in our study. There-
fore, futurework could investigate the temperature dependence of arou-
sability in, for example, newborn rats during the first 2 weeks of life.

In the context of the reported findings here, it is interesting to note
that ambient temperature has been related to workplace productivity,
performance, ability to concentrate, and the overall well-being (37, 38),
with highest productivity at around 22° to 23°C, and that office tem-
peratures below and above this optimal range have a negative effect
on concentration.On the basis of the presented data analyses andmodel
simulations here, one could speculate that the negative impact on con-
centration at lower than optimal temperatures is due to a “hyper-
activity” state triggered by higher neuronal noise levels. On the
contrary, higher than optimal temperaturesmight negatively affect con-
centration because of increased sleepiness.

We anticipate that our findings will initiate further experiments on
the correlation between arousals and the level of subthreshold neuronal
noise. For example, arousal events could bematched with the activity of

WPN in the brain that is measured directly by neuroluminescence in
transgenic zebrafish larvae or by membrane potential fluctuations in
sleepingmammalian animals. Understanding the role of neuronal noise
for the static characteristics and temporal dynamics of arousals can help
design a new generation of sleeping aids that directly target the intrinsic
neuronal noise to improve sleep quality in adults (that is, by reducing
neuronal noise) or to increase arousability in young and premature in-
fants through increased neuronal noise. Suchmedicationsmight help in
particular patients with chronic insomnia who suffer from hyperarou-
sals during nocturnal sleep (2). For young and premature infants prone
to SIDS and apnea-of-prematurity events (for example, because of
family history of SIDS or because of very low birth weight), new med-
ications that elevate neuronal noise levels should be considered not only
to lower the risk of potentially life-threatening events but also to reduce
the negative effects of these conditions on the development of infants.

MATERIALS AND METHODS
In this section, we present the setup of our animal experiments as well as
the analytic framework and details of our model simulations. Our
analytic derivations of the effect of neuronal noise on sleep are based
on statistical physics tools. In particular, we used a Fokker-Planck for-
malism and properties of the Wiener process to calculate the tempera-
ture dependence of arousability and the probability distribution of
arousals and sleep durations as found in our experiments. For our biased
diffusion model, we used the biophysical characteristic that the neuro-
nal current is proportional to the derivative of the neuronal voltage.

Zebrafish experimental protocol
Zebrafish were raised and maintained under 14-hour light (wake)
followed by 10-hour dark (sleep) cycles (39). Embryos were generated
by natural spawning and raised in egg water (0.2 mg/liter of Instant
Ocean, 3 g/liter mM CHNaO3, and 0.15% methylene blue dissolved in
reverse osmosis purified water) (39). The fish line included in this study
waswild-typeAB. Zebrafish larvaeweremaintained at 28 ± 0. 5°C under
a 14-hour/10-hour light/dark regime until 5 days postfertilization (dpf).
After 5 dpf, 48 larvae were individually placed into separate wells of a
48-well plate filled with 1 ml of fish water, for acclimation and
habituation. Data recording of activity and sleep/wake architecture
characterization of zebrafish larvae started at 6 dpf, and larvae were kept
on 14-hour light/10-hour dark cycles for a total of 48 hours. Larvae
activity was recorded automatically in 1-min time intervals using the
DanioVision tracking system (Noldus InformationTechnology).Water
temperature was kept constant throughout the entire 48-hour experi-
ment by using a thermostat and a water circulation pump. The exper-
iment was repeated for different water temperatures using a new set of
48 larvae for each temperature, that is, 25°, 28° (the optimal tempera-
ture for zebrafish), 31°, and 34°C. For each 1-min time interval, each
larva was assigned either a wake or a sleep state depending on the level
of activity (39, 40). An overview of the group average (all 48 larvae) of
total sleep duration in 1-hour intervals across 48 hours shows a diur-
nal rhythm pattern (fig. S1). All animal protocols were reviewed and
approved by the Bar-Ilan University Bioethics Committee.

Sleep and wake bout distributions
For each individual larva, mean durations of sleep and wake bouts were
calculated. The number of arousals is equal to the number ofwake bouts
within the two 10-hour dark periods during the 48-hour recording,
and the percent sleep time was calculated as the total sum of sleep
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bout durations divided by 20 hours. Comparison between all tempera-
tures in Fig. 2 was obtained from the P values for multiple comparisons
one-way ANOVA. In addition, Tukey’s test was used to compare be-
tween the group averages at different temperatures.

Statistical analysis and maximum likelihood estimation
The power-law exponent a of the wake distributions and the charac-
teristic time t of the exponential sleep distributions were determined
by maximum likelihood estimation (MLE) (41, 42) on the pooled data
of all zebrafish larvae measured at a given temperature. MLE analysis is
unbiased by particular bin selections of the probability distribution.

The exponent t of the sleep distribution was calculated from the ex-
ponential probability f ðxÞ ¼ 1

t ⋅ exp½�ðx �MÞ=t�, where x is the var-
iable (that is, sleep bout duration) and M is the minimum sleep bout
duration to be included in the calculation. The likelihood L of all N
variables is given by

L ¼∏
N

i¼1

1
t
⋅ exp½�ðxi �MÞ=t�

� �

L ¼ 1
t

� �N

⋅ exp ∑
i
� ðxi �MÞ=t

� �

lnL ¼ �N ⋅ lnt� ∑iðxi �MÞ
t

and the maximum of L is obtained when d(ln L)/dt = 0

dðlnLÞ
dt

¼ 0 ¼ �N
t
þ ∑iðxi �MÞ

t2

Therefore, the estimated t is

tMLE ¼ ∑iðxi �MÞ
N

¼ 〈xi �M〉 ð1Þ

as expected for exponential distributions. The error of estimating t is
determined by the Cramér-Rao bound

Jt ¼ � d2ðlnLÞ
dt2

� �
¼ � N

t2
� 2 ⋅

∑iðxi �MÞ
t3

� �
¼ �N

t2
þ 2 ⋅

N ⋅t
t3

¼ N
t2

¼ N

ðtMLEÞ2

where Jt is the Fisher information of t. Therefore, the lower bound of the
SD of t is

st ¼
ffiffiffiffi
1
Jt

r
¼ tMLEffiffiffiffi

N
p ð2Þ

The power-law scaling exponent awas calculated for the probability
density function f(x) = (a/M) ⋅ (x/M)− a − 1, where x is the wake bout
durations and M is the shortest wake bout duration. As for the expo-
nential (see above), the likelihood L of all N variables is

L ¼∏
N

i¼1
ða=MÞ ⋅ xi

M

	 
�a�1

lnL ¼ N ⋅ lna� N ⋅ lnM þ ð�a� 1Þ ⋅ ∑
i
ln

xi
M

	 


and the maximum likelihood is obtained by d(ln L)/da = 0

dðlnLÞ
da

¼ 0 ¼ N
a
�∑

i
ln

xi
M

	 


Thus, the estimated a is

aMLE ¼ N ⋅ ∑
i
ln

xi
M

	 
� ��1

ð3Þ

The SE is obtained by the Cramér-Rao bound

Ja ¼ � d2ðlnLÞ
da2

� �
¼ � � N

a2

� �
¼ N

ðaMLEÞ2

Ja is the Fisher information of a, and the (lower bound) SD of a is
calculated as

sa ¼
ffiffiffiffi
1
Ja

r
¼ aMLEffiffiffiffi

N
p ð4Þ

Biased diffusion model to simulate sleep/wake transitions at
different temperatures
Here, we introduce a theoretical framework to investigate the effects of
different subthreshold neuronal noise levels on sleep and arousal/wake
behavior. To this end, we investigated a random walker with different
noise levels (SD of the steps) s. The random walker represents the su-
perposition of the subthreshold neuronal noise from a group of neu-
rons in the wake-promoting system during sleep. Neuronal noise
results from random openings and closings of ion channels in the
membrane as well as from synaptic noise and leads to fluctuations
in the current and voltage of the neurons. Those fluctuations in a
single neuron are below the excitability threshold to provoke neuronal
firing (hence, they are called subthreshold voltage fluctuations) (10);
however, they may facilitate the synchronous activity and bursting of
neighboring neurons. Although the current fluctuations of a single
neuron Ii cannot be considered Gaussian noise (11), the superposition
of the currents from a large enough ensemble of neurons (n > 30),
which can be modeled as parallel components (43, 44) with I = ∑iIi,
follows a Gaussian distribution, as dictated by the central limit
theorem (45). The relationship between the current I and voltage V
is given by the Hodgkin-Huxley model, which relates to the axon’s
membrane lipid bilayer as a capacitance C and to the ion channels
as electrical conductances (resistor-capacitor circuit) (46), and where
C ⋅ dV/dt is equal to the current. If the current I is Gaussian white noise,
then the voltageV can be described as aWiener process (Brownian noise).
Therefore, during sleep, the resulting voltage of the WPN is given by

dV ¼ s ⋅ dw ð5Þ

wherew is a standardWiener process and s is the SD of the voltage fluc-
tuations.Note that because subthreshold voltage fluctuations changewith
temperature (for example, higher temperature decreases neuronal sub-
threshold voltage fluctuations) (10), different values of the parameter s
reflect different temperatures in our model.

The absolute minimum of V is due to the Nernst potential of po-
tassium ions, and thus, in our simulations, if the Wiener process for
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the voltage gives a value V that is below −D, we set V = −D (phenom-
enologically, D is the lower boundary for “sleep depth”)

dV ¼ s ⋅ dw for� D ≤ V < 0
V ¼ �D for V < �D ð6Þ

A value of V < 0 relates to sleep, whereas V ≥ 0 relates to arousal.
Note that for simplification, D and 0 represent relative values of the
Nernst potential of potassium ions and the excitability voltage, respec-
tively. When an arousal occurs, we assume that the sleep-promoting
neuronal centers in the brain increase their inhibition of the wake-
promoting centers to restore sleep. During arousals, the dynamics of
the random walker can be written as

dV ¼ � b
V þ 1

⋅ dt þ s ⋅ dw; forV≥0 ð7Þ

The electrical current I = −b ⋅ C/(V + 1) originates from the SPNs
during an arousal to restore sleep by lowering the voltage back to V < 0
(that is, the sleep state). Phenomenologically, this “sleep-restoring” cur-
rent may lead to the physiological state of sleep inertia that is the ten-
dency to return to sleep. Because I º 1/(V + 1), the sleep-restoring
current is negligible in consolidated wakefulness when V≫ 0. The co-
efficient of proportionality b ⋅ C is in units of electrical power.

Effect of neuronal noise on the characteristic time of
sleep durations
During sleep, −D ≤ V ≤ 0, we integrate Eq. 6 and obtain

∫ dV ¼ ∫s ⋅dw ð8Þ

0� D ¼ s ⋅∫ dw ð9Þ

D2 ¼ s2⋅∫ ðdwÞ2 ð10Þ

Averaging yields

D2 ¼ s2⋅∫ ðdwÞ2� � ð11Þ

D2 ¼ s2⋅∫ dt ð12Þ

D2 ¼ s2⋅t ð13Þ

In Eq. 8, the maximum voltage during sleep is V = 0, whereas
the minimum voltage is −D. The variance of the standard Wiener
process differential dw is its time interval dt (47), yielding Eq. 12.
Finally, because the probability distribution of sleep bout durations
decays exponentially with the characteristic time constant t, we ob-
tain from Eq. 13

t ¼ D2

s2
ð14Þ

Effect of neuronal noise on the power-law exponent of
wake durations
As has been shown previously from experimental data (24, 48, 49),
wake bout durations follow a power-law distribution with power-
law exponent a. Moreover, it has been shown that a ≈ b, where b is
the bias of the random walker (24). Here, we determine the rela-
tionship between s (the SD of the subthreshold neuronal noise)
and a.

For V > 0, dividing both sides of Eq. 5 by s yields

dV
s

¼ �b=s
V þ 1

⋅ dt þ dw ¼ �b=s2

ðV þ 1Þ=s ⋅ dt þ dw

After defining a normalized voltage variable s = V/s, we obtain

ds ¼ �b=s2

sþ 1=s
⋅ dt þ dw ð15Þ

Comparing Eqs. 15 and 5 leads to a new rescaled bias coefficient
bnew = b/s2 and to

a≈
b
s2

ð16Þ

Note that because of the change in the denominator from V + 1 to
s + 1/s in Eq. 15, the relationship in Eq. 16 is only an approximation.

Probability distribution of the neuronal voltage
during wake
We apply the Fokker-Planck formalism on Eq. 7 with a drift term
−b/(V + 1) and a diffusion term s

dP
dt

¼ � d
dV

⋅ � b
V þ 1

⋅ P
� �

þ d2

dV2 ⋅
1
2
⋅ s2⋅ P

� �
ð17Þ

where P is the voltage probability. Assuming that the probability P
does not change in time, we can write dP/dt = 0, and therefore

�b
V þ 1

⋅ P ¼ d
dV

⋅
1
2
⋅ s2 ⋅ P

� �
ð18Þ

Using separation of variables yields

�b
V þ 1

⋅
2
s2

⋅ dV ¼ 1
P
⋅ dP

�∫ b
V þ 1

⋅
2
s2

⋅ dV ¼ ∫ 1
P
⋅ dP

� 2b
s2

⋅ lnðV þ 1Þ þ lnc ¼ lnP

Pwake ¼ c⋅ ðV þ 1Þ�2b=s2 ; for V > 0 ð19Þ

where c is an integration constant. Equation 19 shows that the voltage
during arousal follows a power-law distribution similar to the arousal
durations. Another conclusion from Eq. 19 is that increasing s2 is
equivalent to decreasing b (see also Eq. 16 and Fig. 6, C to F).
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Simulations for different model parameters
Our model has three parameters: sleep depth D (that is related to the
neuronal excitability threshold), the subthreshold neuronal noise level
s, and a parameter b that is related to sleep inertia (and to an inhib-
itory current originating from clusters of SPNs). In Fig. 6, we show
how changing those three parameters affects the probability distribu-
tions of sleep and wake bout durations.

Figure 6 (A and B) demonstrates how changing D affects sleep and
wake probabilities in the model. It shows that as D increases, the
characteristic time constant of sleep bout durations t increases as well
(Fig. 6A). In contrast, changing D does not affect the probability
distribution of wake bout durations (Fig. 6B). This is expected from
the formulation of the model equations, where D is a parameter only
for sleep (Eq. 6) and not for wake (Eq. 7).

In Fig. 6 (C andD), we probed the effect of changing the parameter b.
Figure 6 (C and D) shows that the characteristic time constant of sleep
bout durations t and the power-law exponent for wake bout durations a
both increase when b increases—increasing t relates to increased sleep
bout duration, whereas, in contrast, increasing a leads to decreasing
arousal/wake bout durations. Although b directly enters into Eq. 7 and
therefore the effect on the wake bout durations is obvious (see also
Eq. 16), its effect on sleep is indirect through a weaker versus stronger
drive back to sleep, that is, dV < 0 versus dV≪ 0 that leads to an initial
voltage after the transition from wake to sleep of V < 0 versus V ≪ 0,
respectively.

Changing the noise level s, which corresponds to the subthreshold
neuronal voltage fluctuations, has major effects on both sleep and wake
bout distributions (even for small changes in s). This is depicted in Fig. 6
(E and F). Increasing s decreases the time constant t (shorter sleep
bouts) and decreases the exponent a (longer arousals and wake bouts).
This can also be seen fromEqs. 14 and 16.Note that determining t in the
model simulations via Eq. 14 is more precise than estimating a, because
Eq. 16 is only an approximation. As we discuss in the main text of the
paper, the neuronal noise level s is strongly related to the body tempera-
ture, that is, with increasing temperature, arousal/wake frequency and
duration decrease as result of decreasing neuronal noise level.

Note that we relate the differences in sleep and wake characteristics
at different temperatures (Figs. 2 and 3, main text) to changes in the
neuronal noise level s alone and that we do not consider temperature
effects on the excitability threshold (sleep depth) D or on the inhibitory
current coefficient b (sleep inertia). This is justified because (i) D does
not change much within a physiologically relevant range of tempera-
tures (50) and changing D does not affect arousal characteristics (Fig. 6,
A and B), and (ii) the energy efficiency for single action potentials that
we can relate to our parameter b only increases significantly for extreme
hypothermia (51).

SUPPLEMENTARY MATERIALS
Supplementary material for this article is available at http://advances.sciencemag.org/cgi/
content/full/4/4/eaar6277/DC1
section S1. Sleep behavior of zebrafish larvae
section S2. Sleep behavior of healthy adult humans under different circadian temperatures
section S3. Occurrence of SIDS and heat loss versus infant age
section S4. Model parameters to simulate the sleep/wake statistics of zebrafish larvae
fig. S1. Sleep behavior of zebrafish larvae across 48 hours under 14-hour light/10-hour dark
cycles at different temperatures.
fig. S2. Experimentally obtained sleep and wake characteristics for adult subjects as a function
of core body temperature during the night (red circles) compared to our model simulations
(blue squares).
fig. S3. Occurrence of SIDS and heat loss versus infant age.
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 section S1. Sleep behavior of zebrafish larvae 

 section S2. Sleep behavior of healthy adult humans under different circadian 

temperatures 

 section S3. Occurrence of SIDS and heat loss versus infant age 

 section S4. Model parameters to simulate the sleep/wake statistics of zebrafish 

larvae 

 fig. S1. Sleep behavior of zebrafish larvae across 48 hours under 14-hour light/10-

hour dark cycles at different temperatures. 

 fig. S2. Experimentally obtained sleep and wake characteristics for adult subjects 

as a function of core body temperature during the night (red circles) compared to 

our model simulations (blue squares). 

 fig. S3. Occurrence of SIDS and heat loss versus infant age. 
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Group average duration of sleep for the zebrafish larvae (n = 48) are shown for each
hour during the 48h experiment at water temperatures (a) 28◦C and (b) 34◦C. Note that during the dark
periods the average sleep duration increases by about a factor of two when temperature changes from 28◦C
to 34◦C.

We performed additional empirical analysis to test the relationship between body temperature

and arousability from sleep in young adults. We quantified arousability versus temperature by

analyzing sleep/wake transitions from 20 healthy young adults during two nights, each contain-

ing in average 7h of sleep (55). Our empirical results show an inverse relationship between

core body temperature and arousability from sleep: in the beginning of the sleep period (be-

tween the hours 12am and 2am) when core body temperature is higher, arousability is low,

while in contrast at the end of the sleep period (between the hours 4am and 6am) when core

body temperature reaches a minimum as a result of circadian variation (53, 54), arousability

significantly increases (fig. S2). This empirical observation is also successfully reproduced by

section S1. Sleep behavior of zebrafish larvae 

section S2. Sleep behavior of healthy adult humans under different circadian 

temperatures 

fig. S1. Sleep behavior of zebrafish larvae across 48 hours under 14 light/10-hour dark cycles at 

different temperatures.



our model (fig. S2), where we incorporate different levels of neuronal noise σ corresponding

to different temperatures. Furthermore, this behavior in healthy adults is in agreement with our

experimental results on temperature dependence of arousability in zebrafish larvae (Fig. 2).
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(b)

Experimentally obtained sleep and wake characteristics for adult subjects as a function
of core body temperature during the night (red circles) compared to our model simulations (blue
squares). Percent of total sleep time and mean sleep bout duration significantly decrease due to decreas-
ing core body temperature (Tukey’s test yields p < 0.05). In contrast, the number of arousals and mean
arousal/wake bout duration significantly increase with lowering the core body temperature (Tukey’s test:
p < 0.05). The good agreement between our experimental measurements obtained for adult subjects and
our model results for different noise levels strongly supports our hypothesis that arousals/brief awaken-
ings from sleep originate from neuronal noise. These observations are also supported by our findings
from the zebrafish experiments and modeling shown in Fig. 2. In all panels, we present group average
and standard error of 20 adult subjects during two nights of sleep with 7h duration each as well as the
model results for each neuronal noise level σ obtained from 20 7h independent model simulations match-
ing the duration of the experimental measurements. The circadian variation in core body temperature in
panel (a) is adopted from (53).

fig. S2.
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(a) Percent of SIDS deaths

per age of the affected infants as confirmed by two independent epidemiological studies from
1992 and 2001 (adopted from (19)). (b) The water lost by diffusion and by active secretion (sweating)
is measured by transepidermal water loss (TEWL) which is a good estimation of overall heat loss. In-
adequate TEWL may result in overheating and hyperthermia (56). The measurements in panel (b) show
TEWL as measured from infants’ foreheads (adopted from (56)), which is the most intense sweating site
in infants (57, 58) and an important source of body heat loss (52). Note that both of the curves in panels
(a) and (b) reach extreme values at around age 2 months.

In our model we simulate the statistics of sleep/wake bout durations of zebrafish larvae using

b = 20 mV2/∆t and ∆ = 10 mV. In order to simulate the sleep/wake behavior at different water

temperatures, we change the neuronal noise level σ : for 25◦C we use σ = 7.6 mV/
√

∆t, for

28◦C σ = 7.3 mV/
√

∆t, for 31◦C σ = 6.1 mV/
√

∆t and for 34◦C σ = 5.5 mV/
√

∆t, where

∆t = 0.08 s is the time resolution of each simulation. The results are shown in Figs. 2 and 3

(main text). In our model, ∆ is a function of the difference between the Nernst potential of

potassium ions, VK, and the voltage threshold VTh (Fig. 1b main text), both of which do not

change much with temperature if the temperature is within a physiological range (50).

section S3. Occurrence of SIDS and heat loss versus infant age 

section S4. Model parameters to simulate the sleep/wake statistics of zebrafish larvae 

 O ccurrence of S I D S and heat loss v ersus infant age.fig. S3.



For our model simulations, we choose a temporal resolution for sleep/wake epochs of ∆t =

0.08 s. This is in agreement with the experimental setup where a sampling rate of 12.5 frames

per second is used for the video camera to track the motion of the zebrafish larvae and to

decide whether larvae are awake or asleep (39). To match experimental measurements, in our

model simulations consecutive 0.08 s epochs are grouped into ∆t = 1 min bins, and bins are

labeled as wake, if in at least one of the 750 epochs (= 12.5 frames per second x 60 seconds) the

voltage exceeds the excitability threshold VTh. For each temperature, we perform 48 simulations

(matching the total number of zebrafish larvae for each temperature). The total duration for each

simulation is chosen to be 20h in order to match the total duration of the dark periods in the

zebrafish experiments.
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Abstract

In addition to regular sleep/wake cycles, humans and animals exhibit brief arousals from sleep.

Although much is known about consolidated sleep and wakefulness, the mechanism that triggers

arousals remains enigmatic. Here, we argue that arousals are caused by the intrinsic neuronal noise

of wake-promoting neurons. We propose a model that simulates the superposition of the noise from

a group of neurons, and show that, occasionally, the superposed noise exceeds the excitability

threshold and provokes an arousal. Because neuronal noise decreases with increasing temperature,

our model predicts arousal frequency to decrease as well. To test this prediction, we perform

experiments on the sleep/wake behavior of zebrafish larvae and find that increasing water

temperatures lead to fewer and shorter arousals, as predicted by our analytic derivations and model

simulations. Our findings indicate a previously unrecognized neurophysiological mechanism that

links sleep arousals with temperature regulation, and may explain the origin of the clinically observed

higher risk for sudden infant death syndrome with increased ambient temperature.
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