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Abstract. – We compare scaling properties of the cardiac dynamics during sleep and wake
periods for healthy individuals, cosmonauts during orbital flight, and subjects with severe heart
disease. For all three groups, we find a greater degree of anticorrelation in the heartbeat
fluctuations during sleep compared to wake periods. The sleep-wake difference in the scaling
exponents for the three groups is comparable to the difference between healthy and diseased
individuals. The observed scaling differences are not accounted for simply by different levels of
activity, but appear related to intrinsic changes in the neuroautonomic control of the heartbeat.

The normal electrical activity of the heart is usually described as a “regular sinus rhythm” [1,
2]. However, cardiac interbeat intervals fluctuate in an irregular manner in healthy subjects
(fig. 1)—even at rest or during sleep [3]. The complex behavior of the heartbeat manifests
itself through the nonstationarity and nonlinearity of interbeat interval sequences [4]. In recent
years, the intriguing statistical properties of interbeat interval sequences have attracted the
attention of researchers from different fields [5-11].
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Fig. 1. – Consecutive heartbeat intervals are plotted vs. beat number for 6 hours recorded from the
same healthy subject during: (a) wake period: 12 pm to 6 pm and (b) sleep period: 12 am to 6 am.
(Note that there are fewer interbeat intervals during sleep due to the larger average of the interbeat
intervals, i.e. slower heart rate.)

Analysis of heartbeat fluctuations focused initially on short time oscillations associated with
breathing, blood pressure and neuroautonomic control [12, 13]. Studies of longer heartbeat
records, however, revealed 1/f -like behavior [14, 15]. Recent analysis of very long time series
(up to 24 h: n ≈ 105 beats) shows that under healthy conditions, interbeat interval increments
exhibit power law anticorrelations [16], follow a universal scaling form in their distributions [17],
and are characterized by a broad multifractal spectrum [18]. These scaling features change
with disease and advanced age [19]. The emergence of scale-invariant properties in the
seemingly “noisy” heartbeat fluctuations is believed to be a result of highly complex, nonlinear
mechanisms of physiologic control [20].

It is known that circadian rhythms are associated with periodic changes in key physiological
processes [2, 4, 21, 22]. Here, we ask the question if there are characteristic differences in the
scaling behavior between sleep and wake cardiac dynamics (1). We hypothesize that sleep and
wake changes in cardiac control may occur on all time scales and thus could lead to systematic
changes in the scaling properties of the heartbeat dynamics. Elucidating the nature of these
sleep-wake rhythms could lead to a better understanding of the neuroautonomic mechanisms
of cardiac regulation.

We analyze 30 datasets—each with 24 h of interbeat intervals—from 18 healthy subjects and
12 patients with congestive heart failure [23]. We analyze the nocturnal and diurnal fractions
of the dataset of each subject which correspond to the 6 h (n ≈ 22000 beats) from midnight
to 6 am and noon to 6 pm.

We apply the detrended fluctuation analysis (DFA) method [24] to quantify long-range
correlations embedded in nonstationary heartbeat time series. This method avoids spurious
detection of correlations that are artifacts of nonstationarity. Briefly, we first integrate the

(1)Typically the differences in the cardiac dynamics during sleep and wake phases are reflected in
the average (higher in sleep) and standard deviation (lower in sleep) of the interbeat intervals [21]. Such
differences can be systematically observed in plots of the interbeat intervals recorded from subjects
during sleep and wake periods (fig. 1).
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Fig. 2. – Plots of log F (n) vs. log n for 6 hour long wake records (open circles) and sleep records (filled
triangles) of (a) one typical healthy subject; (b) one cosmonaut (during orbital flight); and (c) one
patient with congestive heart failure. Note the systematic lower exponent for the sleep phase (filled
triangles), indicating stronger anticorrelations. (For some individuals we observe weak crossovers in
the scaling of the fluctuation function F (n) in the range 100 < n < 2000. However, there is no
typical characteristic time scale n at which these crossovers occur and a crossover at given time scale
n, for the wake data, does not appear to be associated with a crossover for the night data from the
same individual. Such weak crossover events might be subject-specific and could be related to the
particular record of an individual, i.e. a repeat recording from the same subject might not show such
a crossover.) (d) As a control, we reshuffle and integrate the interbeat increments from the wake and
sleep data of the healthy subject presented in (a). We find a Brownian noise scaling over all time
scales for both wake and sleep phases with an exponent α = 1.5, as one expects for random-walk–like
fluctuations.

interbeat-interval time series. We then divide the time series into boxes of length n and
perform, in each box, a least-squares linear fit to the integrated signal. The linear fit represents
the local trend in each box. Next, we calculate in each box the root-mean-square deviations
F (n) of the integrated signal from the local trend. We repeat this procedure for different
box sizes (time scales) n. A power law relation between the average fluctuation F (n) and the
number of beats n in a box indicates the presence of scaling; the correlations in the heartbeat
fluctuations can be characterized by the scaling exponent α, defined as F (n) ∼ nα.

We find that at scales above ≈ 1min (n > 60) the data during wake hours display long-range
correlations over two decades with average exponents αW ≈ 1.05 for the healthy group and
αW ≈ 1.2 for the heart failure patients. For the sleep data we find a systematic crossover at
scale n ≈ 60 beats followed by a scaling regime extending over two decades characterized by
a smaller exponent: αS ≈ 0.85 for the healthy group and αS ≈ 0.95 for the heart failure group
(fig. 2a, c). Although the values of the sleep and wake exponents vary from subject to subject,
we find that for all individuals studied, the heartbeat dynamics during sleep are characterized
by a smaller exponent (table I and fig. 3).

As a control, we also perform an identical analysis on two surrogate data sets obtained
by reshuffling and integrating the increments in the interbeat intervals of the sleep and wake
records from the same healthy subject presented in fig. 2a. Both surrogate sets display un-
correlated random-walk fluctuations with a scaling exponent of 1.5 (Brownian noise) (fig. 2d).
The value 1.5 arises from the fact that we analyze the integral of the signal, leading to an
increase by 1 of the usual random-walk exponent of 1/2. A scaling exponent larger than 3/2
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Table I. – Comparison of the statistics for the scaling exponents from the three groups in our database.
Here, N is the number of datasets in each group, α is the corresponding group average value and σ is
the standard deviation of the exponent values for each group. The differences between the average sleep
and wake phase exponents for all three groups are statistically significant (p < 10−5 by the Student’s
t-test).

Group N α σ

Healthy wake 18 1.05 0.07

Healthy sleep 18 0.85 0.10

Cosmonaut wake 17 1.04 0.12

Cosmonaut sleep 17 0.82 0.07

Heart failure wake 12 1.20 0.09

Heart failure sleep 12 0.95 0.15

would indicate persistent correlated behavior, while exponents with values smaller than 3/2
characterize anticorrelations (a perfectly anticorrelated signal would have an exponent close
to zero). Our results therefore suggest that the interbeat fluctuations during sleep and wake
phases are long-range anticorrelated but with a significantly greater degree of anticorrelation
(smaller exponent) during sleep.

An important question is whether the observed scaling differences between sleep and wake
cardiac dynamics arise trivially from changes in the environmental conditions (different daily
activities are reflected in the strong nonstationarity of the heartbeat time series). Environ-
mental “noise”, however, can be treated as a “trend” and distinguished from the more subtle
fluctuations that may reveal intrinsic correlation properties of the dynamics. Alternatively,
the interbeat fluctuations may arise from nonlinear dynamical control of the neuroautonomic
system rather than being an epiphenomenon of environmental stimuli, in which case only the
fluctuations arising from the intrinsic dynamics of the neuroautonomic system should show
long-range scaling behavior.

A possible explanation of the results from our analysis is that the observed sleep-wake
scaling differences are due to intrinsic changes in the cardiac control mechanisms for the
following reasons: i) The DFA method removes the “noise” due to activity by detrending the
nonstationarities in the interbeat interval signal related to polynomial trends and analyzing
the fluctuations along the trends. ii) Responses to external stimuli should give rise to a
different type of fluctuations having characteristic time scales, i.e. frequencies related to
the stimuli. However, fluctuations in both diurnal and nocturnal cardiac dynamics exhibit
scale-free behavior. iii) The weaker anticorrelated behavior observed for all wake phase records
cannot be simply explained as a superposition of stronger anticorrelated sleep dynamics and
random noise of day activity. Such noise would dominate at large scales and should lead to a
crossover with an exponent of 1.5. However, such crossover behavior is not observed in any of
the wake phase datasets (fig. 2). Rather, the wake dynamics are typically characterized by a
stable scaling regime up to n = 5× 103 beats.

To test the robustness of our results, we analyze 17 datasets from 6 cosmonauts during
long-term orbital flight on the Mir space station [25]. Each dataset contains continuous periods
of 6 h data under both sleep and wake conditions. We find that for all cosmonauts the heartbeat
fluctuations exhibit an anticorrelated behavior with average scaling exponents consistent with
those found for the healthy terrestrial group: αW ≈ 1.04 for the wake phase and αS ≈ 0.82 for
the sleep phase (table I). This sleep-wake scaling difference is observed not only for the group
averaged exponents but for each individual cosmonaut dataset (fig. 2b and fig. 3). Moreover,
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Fig. 3. – Values for the sleep (filled triangles) and wake activity (open circles) exponents for all
individual records of (a) the healthy, (b) the cosmonaut, and (c) the heart failure groups. For the
healthy and heart failure groups each dataset corresponds to a different individual. Data from the 6
cosmonauts are grouped in 6 blocks, where each block contains data from the same individual, recorded
on different days during orbital flight and ordered from early to late flight, ranging from the 3rd to
the 158th day in orbit. For all individuals in all groups, the day exponent exhibits systematically a
higher value than the sleep exponent. The sleep and wake group averages and standard deviations
are presented on the right of each panel.

the scaling differences are persistent in time, since records of the same cosmonaut taken on
different days (ranging from the 3rd to the 158th day in orbit), exhibit a higher degree of
anticorrelation in sleep.

We find that even under the extreme conditions of zero gravity and high stress activity, the
sleep and wake scaling exponents for the the cosmonauts are statistically consistent (p = 0.7
by Student’s t-test) with those of the terrestrial healthy group (2). Thus, the larger values for
the wake phase scaling exponents cannot be a trivial artifact of activity. Furthermore, the
larger value of the average wake exponent for the heart failure group compared to the other
two groups (table I) cannot be attributed to external stimuli either, since patients with severe
cardiac disease are strongly restricted in their physical activity. Instead, our results suggest
that the observed scaling characteristics in the heartbeat fluctuations during sleep and wake
phases are related to intrinsic mechanisms of neuroautonomic control.

The mechanism underlying heartbeat fluctuations may be related to countervailing neu-
roautonomic inputs. Parasympathetic stimulation decreases the heart rate, while sympathetic
stimulation has the opposite effect. The nonlinear interaction between the two branches of
the nervous system is the postulated mechanism for the type of complex heart rate variability
recorded in healthy subjects [2,4]. The fact that during sleep the scaling exponents differ more
from the value α = 1.5 (indicating “stronger” anticorrelations) may be interpreted as a result
of stronger neuroautonomic control. Conversely, values of the scaling exponents closer to 1.5
(indicating “weaker” anticorrelations) for both sleep and wake activity for the heart failure
group are consistent with previously reported pathologic changes in cardiac dynamics [16].

(2)Those findings are not inconsistent with the presence of other manifestations of altered auto-
nomic control during long-term spaceflight (T. Brown et al., preprint).
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However, the average sleep-wake exponent difference remains the same (≈ 0.2) for all three
groups. The observed sleep-wake changes in the scaling characteristics may indicate different
regimes of intrinsic neuroautonomic regulation of the cardiac dynamics, which may “switch”
on and off associated with circadian rhythms.

Surprisingly, we note that for the regime of large time scales (n > 60) the average sleep-wake
scaling difference is comparable to the scaling difference between health and disease; cf. table I
and footnote (3). We also note that the scaling exponents for the heart failure group during
sleep are close to the exponents observed for the healthy group (table I). Since heart failure
occurs when the cardiac output is not adequate to meet the metabolic demands of the body, one
would anticipate that the manifestations of heart failure would be most severe during physical
stress when metabolic demands are greatest, and least severe when metabolic demands are
minimal, i.e., during rest or sleep. The scaling results we obtain are consistent with these
physiological considerations: the heart failure subjects should be closer to normal during
minimal activity. Of related interest, recent studies indicate that sudden death in individuals
with underlying heart disease is most likely to occur in the hours just after awakening [26].
Our findings raise the intriguing possibility that the transition between the sleep and wake
phases is a period of potentially increased neuroautonomic instability because it requires a
transition from strongly to weakly anticorrelated regulation of the heart.

Finally, the finding of stronger heartbeat anticorrelations during sleep is of interest from
a physiological viewpoint, since it may motivate new modeling approaches [27, 28] and sup-
ports a reassessment of the sleep phase as a surprisingly active dynamical state. Perhaps
the restorative function of sleep may relate to an increased reflexive-type responsiveness of
neuroautonomic control, not just at one characteristic frequency, but over a broad range of
time scales.
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Abstract

The purpose of this report is to describe some recent progress in applying scaling concepts
to various systems in nature. We review several systems characterized by scaling laws such as
DNA sequences, heartbeat rates and weather variations. We discuss the �nding that the exponent
� quantifying the scaling in DNA in smaller for coding than for noncoding sequences. We also
discuss the application of fractal scaling analysis to the dynamics of heartbeat regulation, and
report the recent �nding that the scaling exponent � is smaller during sleep periods compared
to wake periods. We also discuss the recent �ndings that suggest a universal scaling exponent
characterizing the weather uctuations. c© 1999 Elsevier Science B.V. All rights reserved.

PACS: 87.10.+e; 87.80.+s; 87.90.+y; 05.40.+j

Keywords: DNA; Heartbeat; Weather; Time series; Scaling; Fractals

0. Introduction

In the last decade it was realized that many systems in nature have no characteristic
length or time scale, i.e., they have fractal — or, more generally, scaling — properties
[1–15]. However, the fractal properties in di�erent systems, have quite di�erent nature,
origin, and appearance. In some cases, it is the geometrical shape of an object itself
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that exhibits obvious fractal features, while in other cases the fractal properties are
more “hidden” and can only be perceived if data are studied as a function of time or
mapped onto a graph in some special way. After an appropriate mapping, such a graph
may resemble a mountain landscape, with jagged ridges of all length scales from very
small bumps to enormous peaks. Mathematically, these landscapes can be quanti�ed
in terms of fractal and scaling concepts such as self-a�nity. The range of systems
that apparently display power-law and hence scale-invariant correlations have increased
dramatically in recent years, ranging from base pair correlations in deoxyribonucleic
acid (DNA) [16], lung ination [17,18] and interbeat intervals of the human heart
[19–23] to complex systems involving large numbers of interacting subunits that display
“free will”, such as city growth [24], weather uctuations [25] and even economics
[26–28]. The main purpose of this paper is devoted to the study of such hidden fractal
properties that have been recently discovered in DNA sequences, heartbeat activity
and weather uctuations. The common feature of these three topics is the long-range
power-law correlations which have been found in these systems.

1. DNA

The role of genomic DNA sequence in coding for protein structure is well known
[29,30]. The human genome contains information for approximately 100,000 di�erent
proteins, which de�ne all inheritable features of an individual. The genomic sequence
is likely the most sophisticated information database created by nature through the
dynamic process of evolution. Equally remarkable is the precise transformation of in-
formation (duplication, decoding, etc.) that occurs in a relatively short time interval.
In order to study the scale-invariant long-range correlations of a DNA sequence,

we �rst introduced a graphical representation of DNA sequences, which we term a
fractal landscape or DNA walk [16]. For the conventional one-dimensional random
walk model [31,32], a walker moves either “up” [u(i) = +1] or “down” [u(i) = −1]
one unit length for each step i of the walk. For the case of an uncorrelated walk, the
direction of each step is independent of the previous steps. For the case of a correlated
random walk, the direction of each step depends on the history (“memory”) of the
walker [33–36].
One de�nition of the DNA walk is that the walker steps “up” if a pyrimidine (C

or T) occurs at position i along the DNA chain, while the walker steps “down” if a
purine (A or G) occurs at position i. The question we asked was whether such a walk
displays only short-range correlations (as in an n-step Markov chain) or long-range
correlations (as in critical phenomena and other scale-free “fractal” phenomena). A
similar kind of DNA walk was suggested by Azbel [37].
There have also been attempts to map DNA sequence onto multi-dimensional DNA

walks [38,39]. However, recent work [40,41] indicates that the original purine-
pyrimidine rule provides the most robust results, probably due to the purine-pyrimidine
chemical complementarity.
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Fig. 1. DNA walk displacement y(l) (excess of purines over pyrimidines) vs. nucleotide distance l for
(a) HUMHBB (human beta globin chromosomal region of the total length L = 73239); (b) the LINE1c
region of HUMHBB starting from 23 137 to 29 515. This sub-segment is a Markovian random walk. Note
that in all cases the overall bias was subtracted from the graph such that the beginning and ending points
have the same vertical displacement (y = 0). This was done to make the graphs clearer and does not a�ect
the quantitative analysis of the data. Courtesy of S.V. Buldyrev et al. [56,108].

An important statistical quantity characterizing any walk [31,32] is the root mean-
square uctuation F(l) about the average of the displacement of a quantity �y(l)
de�ned by �y(l) ≡ y(l0 + l)− y(l0), where

y(l) ≡
l∑

i=1

u(i) : (1)

If there is no characteristic length (i.e., if the correlation were “in�nite-range”), then
uctuations will also be described by a power law

F(l) ∼ l� (2)

with � 6= 1
2 . The value �= 1

2 correspond to short-range correlations.
Figure 1 shows a typical example of a gene that contains a signi�cant fraction of

base pairs that do not code for amino acids. It is immediately apparent that the DNA
walk has an extremely jagged contour which corresponds to long-range correlations.
The fact that data for intron-containing and intergenic (i.e., noncoding) sequences are

linear on double logarithmic plot con�rms that F(l) ∼ l�. A least-squares �t produces
a straight line with slope � substantially larger than the prediction for an uncorrelated
walk, �= 1

2 , thus providing direct experimental evidence for the presence of long-range
correlations.
On the other hand, the dependence of F(l) for coding sequences is not linear on

the log–log plot: its slope undergoes a crossover from 0.5 for small l to 1 for large l.
However, if a single patch is analyzed separately, the log–log plot of F(l) is again
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a straight line with the slope close to 0.5. This suggests that within a large patch
the coding sequence is almost uncorrelated. The function F(l) was also studied for
DNA sequences by Azbel [42], who identi�ed qualitatively the presence of long-range
correlations.

2. Detrended uctuation analysis (DFA) applied to DNA

The initial report [16,38] on long-range (scale-invariant) correlations only in non-
coding DNA sequences has generated contradicting responses. Some [43–45] support
our initial �nding, while some [46–54] disagree. However, the conclusions of Refs.
[46–54] are inconsistent with one another in which Nee [46] and Karlin and Bren-
del [54] doubt the existence of long-range correlations (even in noncoding sequences)
while Voss [47], Prabhu and Claverie [49] and Chatzidimitriou Dreismann et al. [50
–53] conclude that even coding regions display long-range correlations (�¿ 1

2 ). Prabhu
and Claverie [49] claim that their analysis of the putative coding regions of the yeast
chromosome III produces a wide range of exponent values, some larger than 0.5. The
source of these contradicting claims may arise from the fact that, in addition to normal
statistical uctuations expected for analysis of rather short sequences, coding regions
typically consist of only a few lengthy regions of alternating strand bias — and so we
have nonstationarity. Hence conventional scaling analyses cannot be applied reliably to
the entire sequence but only to sub-sequences.
Peng et al. [55] have developed a method speci�cally adapted to handle problems

associated with nonstationary sequences which they term detrended uctuation analysis
(DFA).
The idea of the DFA method is to compute the dependence of the standard error of

a linear interpolation of a DNA walk Fd(l) on the size of the interpolation segment l.
The mehtod takes into account di�erences in local nucleotide content and may be
applied ot the entire sequence which has lengthy patches. In contrast with the original
F(l) function, which has spurious crossovers even for l much smaller than a typical
patch size, the detrended function Fd(l) shows linear behavior on the log–log plot for
all length scales up to the characteristic patch size, which is of the order of a thousand
nucleotides in the coding sequences. For l close to the characteristic patch size the
log–log plot of Fd(l) has an abrupt change in its slope.
The DFA method clearly supports the di�erence between coding and noncoding

sequences, showing that the coding sequences are less correlated than noncoding se-
quences for the length scales less than 1000, which is close to characteristic patch
size in the coding regions. Buldyrev et al. [56] analyzed using DFA all 33 301 coding
and all 29 453 noncoding eukaryotic sequences — each of length larger than 512 base
pairs (bp) — in the 1995 release of the GenBank to determine whether there is any
statistically signi�cant distinction in their long-range correlation properties.
Buldyrev et al. [56] �nd that standard fast Fourier transform (FFT) analysis indicates

that coding sequences have practically no correlatins in the range from 10 to 100 bp
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(spectral exponent � ± 2SD = 0:00 ± 0:04). Here � is de�ned through the relation
S(f) ∼ 1=f�, where S(f) is the Fourier transform of the correlation function, and � is
related to the long-range correlation exponent � by �=2�−1 so that �= 1

2 corresponds
to �= 0 (white noise). In contrast, for noncoding sequences, the average value of the
spectral exponent � is positive (0.16± 0.05), which unambiguously shows the presence
of long-range correlations. The near-perfect agreement between the two independent
analysis methods, FFT and DFA, increases the con�dence in the reliability of the
conclusion of long-range correlation properties of coding and noncoding sequences.
From a practical viewpoint, the statistically signi�cant di�erence in long-range power-

law correlations between coding and noncoding DNA regions that we observe supports
the development of gene �nding algorithms based on these distinct scaling properties.
A reported algorithm of this kind [40,41] is especially useful in the analysis of DNA
sequences with relatively long coding regions, such as those in yeast chromosome III.
Arneodo et al. [57,58] studied long-range correlation in DNA sequences using wavelet

analysis. The wavelet transform can be made blind to “patchiness” of genomic se-
quences. They found the existence of long-range correlations in noncoding regimes,
and no long-range correlations in coding regimes in excellent agreement with Buldyrev
et al. [56].
Very recently, Thermes et al. [59] by means of wavelet analysis found universal

multi-scale properties of genomic DNA. They relate these scaling properties to the
structural organization of the DNA molecule. Such relation was also suggested by
Grosberg et al. [45].

3. Scaling analysis of heartbeat intervals

The idea of long-range correlations has been applied to the analysis of the beat-to-beat
intervals in the normal and diseased heart [22]. The healthy heartbeat is generally
thought to be regulated according to the classical principle of homeostasis whereby
physiologic systems operate to reduce variability and achieve an equilibrium-like state
[60]. We �nd, however, that under normal conditions, beat-to-beat uctuations in heart
rate display the kind of long-range correlations typically exhibited by physical dy-
namical systems far from equilibrium, such as those near a critical point. We review
recently reported evidence for such power-law correlations that extend over thousands
of heart-beats in healthy subjects. In contrast, heart rate time series from patients with
severe congestive heart failure show a breakdown of this long-range correlation behav-
ior, with the emergence of a characteristic short-range time scale. Such alterations in
correlation behavior may be important in modeling the transition from health to disease
in a wide variety of pathologic conditions.
Normal activity of the heart is usually described as “regular sinus rhythm” [61–64].

However, as shown in Fig. 2, cardiac interbeat intervals uctuate in an irregular man-
ner in healthy subjects — even at rest or during sleep [65]. The complex behavior of
the heartbeat manifests itself through the nonstationarity and nonlinearity of interbeat
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Fig. 2. Consecutive heartbeat intervals vs. beat number are plotted for 6 h recorded for the same healthy
subject during: (a) wake period: 12 p.m. to 6 p.m. and (b) sleep period: 12 a.m. to 6 a.m. (Note that there
are fewer interbeat intervals during sleep due to the larger average of the interbeat intervals, i.e. slower heart
rate.) Courtesy of P.Ch. Ivanov et al. [83].

interval sequences [66–68]. In recent years, the intriguing statistical properties of in-
terbeat interval sequences have attracted the attention of researchers from many �elds
[69–74].
Initially, anlaysis of heartbeat uctuations focused on short time oscillations associ-

ated with breathing, blood pressure and neuroautonomic control [75]. Studies of longer
heartbeat records, however, revealed 1=f-like behavior [19,76]. Recent anlaysis of very
long time series (up to 24 h: n ≈ 105 beats) show that under healthy conditions, inter-
beat interval increments exhibit power-law anticorrelations [22] and follow a universal
scaling form in their distributions [77]. These scaling features change with disease and
advanced age [78–80]. The emergence of scale-invariant properties in the seemingly
“noisy” heartbeat uctuations is believed to be a result of highly complex, nonlinear
mechanisms of physiologic control [81].
It is known that circadian rhythms are associated with periodic changes in key phys-

iological processes [64,65,82]. Here, we review a recent study [83] asking if there
are characteristic di�erences in the scaling behavior between sleep and wake cardiac
dynamics. Typically, the di�erences in the cardiac dynamics during sleep and wake
phases are reected in the average (higher in sleep) and standard deviation (lower
in sleep) of the interbeat intervals [82]. Such di�erences can be easily observed in
plots of the interbeat intervals recorded from subjects during sleep and wake periods
(Fig. 2). The hypothesis is that sleep and wake changes in cardiac control may occur on
all time scales and thus could lead to systematic changes in the scaling properties of
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the heartbeat dynamics. Elucidating the nature of these sleep–wake rhythms could lead
to a better understanding of the neuroautonomic mechanisms of cardiac regulation.
Ivanov et al. [83] analyzed 30 databases — each with 24 h of interbeat intervals

— from 18 healthy subjects amd 12 patients with congestive heart failure [98]. The
nocturnal and diurnal fractions of the dataset of each subject correspond to the 6 h
(n ≈ 22; 000 beats) from midnight to 6 a.m. and from noon to 6 p.m.
The detrended uctuation analysis (DFA) method [55] has been applied to quan-

tify long-range correlations embedded in the nonstationary heartbeat time series. This
method avoids spurious detection of correlations that are artifacts of nonstationarity.
Briey, we �rst integrate the interbeat interval time series and then divide it into
boxes of equal length, n. In each box, we �t the data with a least-squares line which
represents the local trend in that box. Next we detrend the integrated time series by
subtracting the local trend in each box. We calculate the root-mean-square uctuation
F(n) of this integrated and detrended time series for di�erent time scales (box sizes) n.
A power-law relation between the average uctuation F(n) and the number of beats n
in a box indicates the presence of scaling; the correlations in the heart-beat uctuations
can be characterized by the scaling exponent �, de�ned as F(n) ∼ n�, see Eq. (2).
Ref. [83] �nds that at scales above ≈ 1min (n¿ 60) the data during wake hours

display long-range correlations over two decades with average exponents �W ≈ 1:05
for the healthy group and �W ≈ 1:2 for the heart failure patients. For the sleep data,
we systematically �nd a crossover at scale n ≈ 60 beats, followed by a scaling regime
extending over two decades characterized by a smaller exponent: �S ≈ 0:85 for the
healthy group and �S ≈ 0:95 for the heart failure group (Fig. 3). Although the values
of the sleep and wake exponents vary from subject to subject, we �nd [83] that for all
individuals studied, the heartbeat dynamics during sleep are characterized by a smaller
exponent (Table 1).
As a control, an identical analysis is performed on two surrogate data sets obtained

by reshu�ing and integrating the increments in the interbeat intervals of the sleep and

Table 1
Comparison of the statistics for the scaling exponents from
the three groups in our database. Here N is the number of
datasets in each group, � is the corresponding group average
value and � is the standard deviation of the exponent val-
ues for each group. The diferences between the average sleep
and wake-phase exponents for all three groups are statistically
signi�cant (p¡ 10−5 by the Student’s t-test). Courtesy of
P.Ch. Ivanov et al. [83].

Group N � �

Healthy wake 18 1.05 0.07
Healthy sleep 18 0.85 0.10

Cosmonaut wake 17 1.04 0.12
Cosmonaut sleep 17 0.82 0.07

Heart failure wake 12 1.20 0.09
Heart failure sleep 12 0.95 0.15
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Fig. 3. Plots of log F(n) vs. log n for 6 h wake (open circles) and sleep records (�lled triangles) of
(a) one typical healthy subject; (b) one cosmonaut (during orbital ight); and (c) one patient with congestive
heart failure. Note the systematic lower exponent for the sleep phase (�lled triangles), indicating stronger
anticorrelations. (d) As a control, we reshu�e and integrate the interbeat increments from the wake and
sleep data of the healthy subject presented in (a). We �nd a Brownian noise scaling over all time scales
for both wake and sleep phases with an exponent �= 1:5, as one expects for random walk-like uctuations.
Courtesy of P.Ch. Ivanov et al. [83].
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wake records from the same healthy subject presented in Fig. 3a. Both surrogate sets
display uncorrelated random walk uctuations with a scaling exponent of 1.5 (Brow-
nian noise) (Fig. 3d). A scaling exponent larger than 1.5 would indicate persistent
correlated behavior, while exponents with values smaller than 1.5 characterize anticor-
relations (a perfectly anticorrelated signal would have an exponent close to zero). Our
results therefore suggest that the interbeat uctuations during sleep and wake phases
are long-range anticorrelated but with a signi�cantly greater degree of anticorrelation
(smaller exponent) during sleep.
An important question is whether the observed scaling di�erences between sleep

and wake cardiac dynamics arise trivially from changes in environmental conditions
(di�erent daily activities are reected in the strong nonstationarity of heartbeat time
series). Environmental “noise”, however, can be treated as a “trend” and distinguished
from the more subtle uctuations that may reveal intrinsic correlation properties of the
dynamics. Alternatively, the interbeat uctuations may arise from nonlinear dynamical
control of the neuroautonomic system rather than being an epiphenomenon of environ-
mental stimuli, in which case only the uctuations arising from the intrinsic dynamics
of the neuroautonomic system should show long-range scaling behavior.
The analysis in Ref. [83] suggests that the observed sleep–wake scaling di�erences

are due to intrinsic changes in the cardiac control mechanisms for the following reasons:
(i) The DFA method removes the “noise” due to activity by detrending the nonstation-
arities in the interbeat interval signal and analyzing the uctuations along the trends.
(ii) Responses to external stimuli should give rise to a di�erent type of uctuations
having characteristic time scales, i.e., frequencies related to the stimuli. However, uc-
tuations in both diurnal and nocturnal cardiac dynamics exhibit scale-free behavior.
(iii) The weaker anticorrelated behavior observed for all wake-phase records cannot
be simply explained as a superposition of stronger anticorrelated sleep dynamics and
random noise of day activity. Such noise would dominate at large scales and should
lead to a crossover with an exponent of 1.5. However, such crossover behavior is not
observed in any of the wake-phase datasets (Fig. 3). Rather, the wake dynamics are
typically charaacterized by a stable scaling regime up to n= 5000 beats.
The robustness of the above results was tested by anlyzing 17 datasets from six

cosmonauts during long-term orbital ight on the Mir space station [84]. Each dataset
contains continuous periods of 6 h data under both sleep and wake conditions. We �nd
that for all cosmonauts the heartbeat uctuations exhibit anticorrelated behavior with
average scaling exponents consistent with those found for the healthy terrestrial group:
�W ≈ 1:04 for the wake phase and �S ≈ 0:82 for the sleep phase (Table 1). The sleep–
wake scaling di�erence is observed not only for the group averaged exponents but
for each individual cosmonaut dataset (Fig. 3b). Moreover, the scaling di�erences are
persistent in time, since records of the same cosmonaut taken on di�erent days (ranging
from the 3rd to the 158th day in orbit), exhibit a higher degree of anticorrelation during
sleep.
We �nd that even under the extreme conditions of zero gravity land high-stress

activity, the sleep and wake scaling exponents for the cosmonauts are statistically
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consistent (p= 0:7 by Student’s t-test) with those of the terrestrial healthy group [2].
Thus the larger values for the wake phase scaling exponents cannot be a trivial arti-
fact of activity. Furthermore, the larger value of the average wake exponent for the
heart failure group compared to the other two groups (Table 1) cannot be attributed
to external stimuli either, since patients with severe cardiac disease are strongly re-
stricted in their physical activity. Instead, our results suggest that the observed scaling
characteristics in the heartbeat uctuations during sleep and wake phases are related to
intrinsic mechanisms of neuroautonomic control. The observed sleep-wake changes in
the scaling characteristics may indicate di�erent regimes of intrinsic neuroautonomic
regulation of the cardiac dynamics, which may “switch” on and o� associated with
circadian rhythms.
Surprisingly, we note that for large time scales (n¿ 60) the average sleep–wake

scaling di�erence is comparable to the scaling di�erence between health and disease;
cf. Table 1. At small time scales (n¡ 60), we do not observe systematic sleep–wake
di�erences. The scaling exponents obtained from 24 h records of healthy and heart
failure subjects in the asymptotic region of large time scales are in agreement with
the results for the healthy and heart failure groups during the wake phase only. Since
the weaker anticorrelations associated with the wake phase are charcterized by a larger
exponent while the stronger anticorrelated behavior during sleep has a smaller exponent,
at large scales the superposition of the two phases (in 24 h records) will exhibit behavior
dominated by the larger exponent of the wake phase.
We also note that the scaling exponents for the heart failure group during sleep are

close to the exponents observed for the healthy group (Table 1). Since heart failure
occurs when the cardiac output is not adequate to meet the metabolic demands of the
body, one would anticipate that the manifestations of heart failure would be most severe
during physical stress when metabolic demands are greatest, and least severe when
metabolic demands are minimal, i.e., during rest or sleep. The scaling results we obtain
are consistent with these physiological considerations: the heart failure subjects should
be closer to normal during minimal activity. Of related interest, recennt studies indicate
that sudden death in individuals with underlying heart disease is most likely to occur in
the hours just after awakening [85,86]. Our �ndings raise the intriguing possibility that
the transition between the sleep and wake phases is a period of potentially increased
neuroautonomic instability because it requires a transition from strongly to weakly
anticorrelated regulation of the heart.
The �nding of stronger heartbeat anticorrelations during sleep is of interest from a

physiological viewpoint, since it may motivate new modeling approaches and supports
a reassessment of the sleep phase as a surprisingly active dynamical state. Perhaps the
“restorative” functions of sleep may relate to an increased reexive-type responsiveness
of neuroautonomic control, not just at one characteristic frequency, but over a broad
range of time scales.
Recent work by Ivanov et al. [87] indicates that key statistical characteristics of

the healthy cardiac dynamics can be successfully reproduced by a stochastic nonlin-
ear feedback mechanism. The present observation of sleep–wake scaling di�erences
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poses a new challenge to such modeling approaches, which could require considering
reciprocity in the activity of the sympathetic and parasympathetic branches of the au-
tonomic nervous system during sleep and wake phases, as well as di�erent correlation
times of the sympathetic and parasympathetic impulses.

4. Wavelet analysis of heartbeat intervals

Time series of beat-to-beat (RR) heart rate intervals (Fig. 4a) obtained from digi-
tized electrocardiograms are known to be nonstationary and exhibit extremely complex
behavior [88–90]. A typical feature of these signals is the presence of “patchy” pat-
terns which change over time (Fig. 4b). Heterogeneous properties may be even more
strongly expressed in certain cases of abnormal heart activity. Traditional approaches —
such as the power spectrum and correlation analysis [91,92] — are not suited for such
nonstationary (patchy) sequences, and do not carry information stored in the Fourier
phases (crucial for determining nonlinear characteristics).
To address these problems, we present an alternative method — “cumulative vari-

ation magnitude analysis” [77] — to study the subtle structure of physiological time
series. This method comprises sequential application of a set of algorithms based on
wavelet and Hilbert transform analysis. First, we apply the wavelet transform (Fig. 4c),
because it does not require stationarity and preserves the Fourier phase information.
The wavelet transform [93–95] of a time series s(t) is de�ned as

T (t0; a) ≡ a−1
∫ +∞

−∞
s(t) 

(
t − t0
a

)
dt ; (3)

where the analyzing wavelet  has a width of the order of the scale a and is centered
at t0. For high frequencies (small a), the  functions have good localization (being ef-
fectively nonzero only on small sub-intervals), so short-time regimes or high-frequency
components can be detected by the wavelet analysis. The wavelet transform is some-
times called a “mathematical microscope” because it allows one to study properties
of the signal on any chosen scale a. However, a wavelet with too large a value of
scale a (low frequency) will �lter out almost the entire frequency content of the time
series, thus losing information about the intrinsic dynamics of the system. We focus
our “microscope” on scale a = 8 beats which smoothes locally very high-frequency
variations and best probes patterns of speci�c duration (≈ 1

2 − 1min) (Fig. 4). The
wavelet transform is attractive because it can eliminate local polynomial behavior in
the nonstationary signal by an appropriate choice of the analyzing wavelet  . In our
study we use derivatives of the Gaussian function:  (n) = dn=dtne−(1=2)t

2
.

The wavelet transform is thus a cumulative measure of the variations in the heart
rate signal over a region proportional to the wavelet scale, so study of the behav-
ior of the wavelet values can reveal intrinsic properties of the dynamics masked by
nonstationarity.
The second step of the cumulative variation magnitude analysis is to extract the

instantaneous variation amplitudes of the wavelet-�ltered signal by means of an analytic
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Fig. 4. (a) Segment of electrocardiogram showing beat-to-beat (RRi) intervals. (b) Plot of RR-time se-
ries vs. consecutive beat number for a period of 6 h (≈ 2:5 × 104 beats). Nonstationarity (patchiness)
is evident over both long and short time scales. (c) Wavelet transform T (RR) of the RR-signal in
(b) using the second derivative of the Gaussian function  (2) as analyzing wavelet with scale a = 8 beats.
Non-stationarities related to constants and linear trends have been �ltered out. (d) Instantaneous amplitudes
A(t) of the wavelet-transform signal in (c); A(t), which is calculated using the Hilbert transform, measures
the cumulative variations in the interbeat intervals over an interval proportional to the wavelet scale a.
Courtesy of P.Ch. Ivanov et al. [77].

signal approach [91,96] which also does not require stationarity. Let s(t) represent
an arbitrary signal. The analytic signal, a complex function of time, is de�ned by
S(t) = s(t) + is̃(t) = A(t)ei�(t), where s̃(t) is the Hilbert transform [97] of s(t). The
instantaneous magnitude A(t) (Fig. 4d) and the instantaneous phase of the signal �(t)

are de�ned as A(t) ≡
√

s2(t) + s̃2(t) and �(t) ≡ tan−1(s̃(t)=s(t)).
We study the distribution of the amplitudes of the beat-to-beat variations (Fig. 5)

for a group of healthy subjects (N = 18; 5 male, 13 female; age: 20—50, mean -
34) and a group of subjects [98] with obstructive sleep apnea [99] (N = 16 males;
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Fig. 5. (a) Probability distributions P(x) of the amplitudes of heart-rate variations x ≡ A(t) for a group
of 18 healthy adults. Individual di�erences are reected in the di�erent average value and widths (standard
deviations) of these distributions. All distributions are normalized to unit area. (b) Same probability distri-
butions as in (a) after rescaling: P(x) by Pmax, and x by 1/Pmax to preserve the normalization to unit area.
The data points collapse onto a single curve. (c) Probability distributions for a group of 16 subjects with
obstructive sleep apnea. We note that the second (rightward) peak in the distributions for the sleep apnea
subjects corresponds to the transient emergence of characteristic pathologic oscillations in the heart rate
associated with periodic breathing [99,105]. (d) Distributions for the apnea group after the same rescaling
as in (b). These distributions cannot be well described by a single curve, indicating that the nonequilibrium
dynamics are altered. Courtesy of P.Ch. Ivanov et al. [77].

age; 32 — 56, mean - 43). We begin by considering night phase (12 p.m. — 6 a.m.)
records of interbeat intervals (≈ 104 beats) for both groups to minimize nonstationarity
due to changes in the level of activity. Inspection of the distribution functions of the
amplitudes of the cumulative variations reveals marked di�erences between individuals
(Fig. 5a). These discrepancies are not surprising given the underlying physiological
di�erences among healthy subjects. To test the hyothesis that there is a hidden, possi-
bly universal structure to these heterogeneous time series, we rescale the distributions
and �nd for all healthy subjects that the data conform to a single scaled plot (“data
collapse”) (Fig. 5b). We are able to describe the distributions using a single curve, in-
dicating a robust, consistent scaling mechanism for the nonequilibrium dynamics. Such
behavior is reminiscent of a wide class of well-studied physical systems with universal
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scaling properties [100,4,14]. In contrast, the subjects with sleep apnea (Fig. 5c) show
individual probability distributions which fail to collapse (Fig. 5d).
The absence of data collapse demonstrates deviation from the normal heart behavior.

We note that direct analysis of interbeat interval histograms does not lead to data
collapse or separation between the healthy and apnea group. Moreover, we �nd that
the direct application of the Hilbert transform yielding the probability distribution of
the instantaneous amplitudes of the original signal does not clearly distinguish healthy
from abnormal cardiac dynamics. Hence, the crucial feature of the wavelet transform
is that it extracts dynamical properties hidden in the cumulative variations. We observe
for the healthy group good data collapse with stable scaling form for wavelet scales
a= 2 up to a= 32 (Fig. 6c). However, for very small scales (a= 1; 2) the average of
the rescaled distributions of the apnea group is indistinguishable from the average of
the rescaled distributions of the healthy group. Hence very high frequencies are equally
present in the signals from both groups. Our analysis yields the most robust results
when a is tuned to probe the collective properties of patterns with duration of ≈ 1

2 − 1
min in the time series (a=8; 10). The subtle di�erence between day and night phases
is also best seen for this scale range.
We next analyze the distributions of the beat-to-beat variation amplitudes. For the

healthy group, we �nd that these are well �t by the Gamma form: P(x)= (b�+1=�(�+
1))x�e−bx, where b = �=x0; �(� + 1) is the Gamma function, x0 is the position of the
peak P=Pmax, and � is the �tting parameter (Fig. 6a). Although individual distributions
have di�erent values of b, the homogeneous property of the functional form of P(x)
leads to reduction of the independent variable x and parameter b to a single-scaled
variable u ≡ bx. Instead of the data points falling on a family of curves, one for each
value of b, we �nd the data points collapse onto a single curve given by the scaling
function P̃(u) ≡ P(x)=b. Thus, it is su�cient to specify only one parameter b in order
to characterize the heterogeneous heartbeat variations of each subject in this group.
We also analyzed heart-rate dynamics for the healthy subjects during day-time hours

(noon – 6 p.m.). Our results indicate that the observed, apparently universal behavior
holds not only for the night phase but for the day phase as well (Fig. 6b). Semilog
plots of the averaged distributions show a systematic deviation from the exponential
form (slower decay) in the tails of the night-phase distributions, whereas the day-phase
distributions follow the exponential form over practically the entire range. Note that
the tail of the observed distribution for the night phase indicates higher probability of
larger variations in the healthy heart dynamics during sleep hours in comparison with
the daytime dynamics [101].
It has been hypothesized [102] that even if the interbeat variations are di�erent

(e.g. smaller) during illness, the pattern of heart-rate variability might be otherwise
very similar to that during health, so that the interbeat variations for normal and ab-
normal cardiac dynamics, once normalized, would have the same distribution. Our
study clearly rejects this hypothesis, showing the presence of scaling in the distribu-
tions of the variation amplitudes for the healthy (Fig. 5b) and a breakdown of this
scaling for abnormal dynamics (Fig. 5d). Moreover, the stability of this scaling form
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Fig. 6. (a) The solid line is an analytic �t of the rescaled distributions of the beat-to-beat variation am-
plitudes of the 18 healthy subjects during sleep hours to a stable Gamma distribution with � = 1:4 ± 0:1.
(b) Data for 6 h records of RR intervals for the day phase of the same control group of 18 healthy sub-
jects demonstrate similar scaling behavior with a Gamma distribution and � = 1:8 ± 0:1, thereby showing
that the observed common structure for the healthy heart dynamics is not con�ned to the nocturnal phase.
Semilog plots of the averaged distributions show a systematic deviation — crossover — in the tails of the
night-phase distribtuions, whereas the day-phase distributions follow the exponential form over practically
the entire range [101]. Note that the observed crossover for the night phase indicates higher probability of
larger variations in the healthy heart dynamics during sleep hours in comparison with the daytime dynamics.
(c) Group average of the rescaled distributions of the cumulative variation amplitudes for the healthy in-
dividuals during nocturnal hours. Note that the observed Gamma scaling is stable for a wide range of the
wavelet transform scales a. Courtesy of P.Ch. Ivanov et al. [77].

(Fig. 6c) indicates that the underlying dynamical mechanisms regulating the healthy
heart beat have similar statistical properties on di�erent time scales. Such statistical
self-similarity is an important characteristic of fractal objects. The wavelet decomposi-
tion of beat-to-beat heart-rate signals can be used to provide a visual representation of
this fractal structure (Fig. 7). The wavelet transform, with its ability to remove local
trends and to extract interbeat variations on di�erent time scales, enables us to identify
self-similar patterns (arches) in these variations even when the signals change as a
result of background interference. Data from sick heart lack these patterns.
The study of Ivanov et al. [77] uncovers a previously unknown nonlinear feature of

healthy heart-rate uctuations. Prior reports of universal properties of the normal heart



Fig. 7. Color-coded wavelet analysis of RR signals. The x-axis represents time (≈ 2000 beats) and the y-axis
indicates the scale of the wavelet used (a = 1; 2; : : : ; 60) with large scales at the top. The brighter colors
indicate larger values of the wavelet amplitudes. The wavelet analysis performed with  (2) (the Mexican
hat) as an analyzing wavelet uncovers a hierarchical scale invariance (top panel) quantitatively expressed
by the stability of the scaling form on Fig. 6(c). This wavelet decomposition reveals a self-similar fractal
structure in the healthy cardiac dynamics — a magni�cation of the central portion of the top panel with
200 beats on the x-axis and wavelet scale a = 1; 2; : : : ; 25 on the y-axis shows identical branching patterns
(middle panel). Loss of this fractal structure in cases with sleep apnea (lower panel). Courtesy of P.Ch.
Ivanov et al. [103].
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beat and other physiological signals relate to long-range correlations and power-law
scaling. However, these properties, detected by Fourier and uctuation analysis tech-
niques, ignore information related to the phase interactions of component modes [103].
The nonlinear interaction of these modes accounts for the patchy, non-homogeneous
appearance of the heartbeat time series and appears to be related to the recently re-
ported multifractal properties of the heartbeat dynamics [104]. This �nding suggests
that for healthy individuals, there may be a common structure to this nonlinear phase
interaction. The scaling property cannot be accounted for by activity, since we analyzed
data from subjects during nocturnal hours. Moreover, it cannot be accounted for by
sleep stage transitions, since we found a similar pattern during day-time hours. The
basis of this robust temporal structure remains unknown and presents a new challenge
to understanding nonlinear mechanisms of heartbeat control.
Additionally, we �nd that subjects with sleep apnea, a common and important insta-

bility of cardiopulmonary control, show a dramatic alteration in the scaling pattern –
possibly related to pathologic mode locking associated with periodic breathing dynam-
ics [105]. Thus, the dual use of wavelet and Hilbert transform techniques may be of
practical diagnostic and prognostic value, and may also be applicable to a wide range
of heterogeneous, “real world” physiological signals.

5. Scaling in weather uctuations

It is well known in meteorology that the weather is persistent on short time scales.
If one day is sunny and warm, there is a higher probability that the next day remains
the same, and any “sophisticated” weather forecast must be better than the “trivial”
one that predicts that the weather of tomorrow is the same as the weather of today
[106,107].
To quantify the persistence, we have analyzed the records of the maximum daily

temperatures Ti of the following 14 weather stations (the length of the records is written
within the parentheses): Albany (90 y), Brookings (99 y), Huron (55 y), Luling (90
y), Melbourne (136 y), New York City (116 y), Pendleton (57 y), Prague (218 y),
Sydney (117 y), Spokane (102 y), Tucson (97 y), Vancouver (93 y), Moscow (115
y), and St. Petersburg (111 y). The stations have been chosen randomly and represent
the di�erent climatological zones. We review the results from Koscielny et al. [25] and
extend them using further complementary methods, such as Fast Fourier Transforms.
For each weather station, we consider the daily maximum termperature Ti. The total

number N of days i available for a given weather station ranges typically from 20,000
days (Huron) to 80,000 days (Prague). For eliminating the periodic seasonal trends,
we have considered the variations of Ti; �Ti=Ti − �T i, from the mean maximum daily
temperature �T i for each calendary date i, say 1st of April, which has been obtained by
averaging over all years in the temperature series. To analyze the �Ti time series we
have used several mathematical techniques: uctuation analysis (FA), DFA, wavelets
(WL1, WL2, WL3), and Fourier-analysis (for details see Ref. [25]). Our analysis
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Fig. 8. (a) Maximum daily temperatures Ti for the year 1905 in the city of Prague. Values of Ti larger
than the mean maximum temperature of the calendary date i; �T i , are indicated in light grey, and the values
Ti ¡ �T i in black. Here �T i has been obtained by averaging Ti over the period (1775–1992), consisting i.e. of
218 years. We have excluded the 29th February from the bissextile years. (b) Daily temperature variations
�Ti = Ti − �T i for the same data shown in (a). Courtesy of E. Koscielny et al. [25].

suggests that the temperature uctuations at days i and i+ ‘ are long-range power-law
correlated, i.e., the correlation function behaves like

C(‘) ≡ 〈�Ti�Ti+l〉 ∼ ‘ (4)

with an apparently universal exponent  ∼= 0:7 for all weather stations considered. The
brackets in Eq. (4) denote an average over all pairs of temperature data separated by
‘ days,

〈�Ti�Ti+‘〉= 1
N − ‘

N−‘∑
i=1

�Ti�Ti+‘ (5)

From our results we can conclude that, within the pertinent error bars, the power-law
correlations set in after about one week (which is the typical time scale for a weather
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Fig. 9. Fluctuation analysis for the city of Prague. (a) FA (circles), (b) WL1 (triangles), WL2 (diamonds)
and WL3 (stars). The straight lines have slopes 2

3 and are drawn as a guide to the eye. Courtesy of
E. Koscielny et al. [25].

situation) and range at least over one decade of years. We did not �nd any evidence for
a crossover to uncorrelated behavior at very large time scales, and cannot exclude the
possibility that the range of the power-law correlations is larger than the range of the
temperature series considered. In contrast to the universal behavior of the correlations,
the distribution H(�T ) of the temperature variations does not exhibit a universal form.
We show representative results for Prague (Fig. 8). We begin the analysis with the

temperature series {�Ti} for Prague which is the largest series (218 y) in this study.
Fig. 9 shows the uctuation analysis for Prague obtained from the three methods.

In the log—log plot, the DFA and wavelets curves are approximately straight lines for
‘¿ 10 days, with a slope � ∼= 0:65. For ‘ of the order of few days, the slope is a
little larger. This result suggests, that there exists long-range persistence expressed by
the power-law decay of the correlation function, with an exponent  ∼= 0:7. A closer
look at these curves indicated that the e�ects of trends and correlations can be, to a
certain extent, distinguished by the available methods. At about 103 days, the curves
of FA and WL1 show a crossover towards a slightly larger exponent �. This behavior
can be interpreted as the e�ect of the warming of Prague due to urban development.
In contrast, DFA, WL2, and WL3 yield approximate straight lines until about 104

days above which the data start to scatter. The systematic crossover at about 103 days
does not occur here, since DFA, WL2, and WL3 eliminate the (roughly) linear trend
of warming. For the Fourier-transform analysis, we obtain, in the double logarithmic
representation, a straight line with the slope −(1− ) = 2�− 1=−0:3, consistent with
the other methods. For f above f ∼= 100, corresponding to ‘ smaller than roughly 10
days, we see a crossover towards a larger exponent, in agreement with the previous
analysis. Since the power spectrum analysis is limited to 2048 days, we cannot see
the inuence of trends involved in WL1. The direct evaluation of the autocorrelation
function (Fig. 10) yields a consistent picture, C(‘) ∼ ‘−. At very large time scales,
scattering becomes dominant and hides the power-law behavior.
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Fig. 10. The autocorrelation function C(l) for two days separated by l days, for the city of Prague. The
straight line has slope  =− 2

3 and is drawn as a guide to the eye. Courtesy of E. Koscielny et al. [25].

Fig. 11. The distribution of temperature variations �Ti for: (a) Moscow (1880–1994, 115 years), (b) St.
Petersburg (1884–1994, 111 years), (c) Tucson (Arizona) (1895–1991, 97 years) and (d) Luling (Texas)
(1902–1991, 90 years). The lines are Gaussian �ts with: (a) � = 5:05

◦
C, (b) � = 4:62

◦
C, (c) � = 3:99

◦
C

and (d) � = 4:72
◦
C.

We obtain analogous results for the uctuation functions for thirteen cities from all
climate zones. The curves have the same features as the curves for Prague, and the
exponents � and  seem to have almost the same values as for Prague. This may
suggest the existence of a “global weather law”.
Finally, we have studied the normalized distribution function H (�T ) of the temper-

ature variations �Ti for the various meteorological stations. The distributions represent
the number of day with �Ti in the interval (�T; �T + �) with � = 1 C divided by
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the total number of days. Fig. 11 shows the result for four stations from two di�erent
climatological zones. Apparently, there is no universal behaviour for the distribution
functions.
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Application of statistical physics to
heartbeat diagnosis
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P.Ch. Ivanovb;c , C.-K. Pengb;c , H.E. Stanleyb

aGonda-Goldschmied Center, Department of Physics, Bar-Ilan University, Ramat-Gan 52900, Israel
bCenter for Polymer Studies and Department of Physics, Boston University, Boston, MA 02215, USA
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Abstract

We present several recent studies based on statistical physics concepts that can be used as
diagnostic tools for heart failure. We describe the scaling exponent characterizing the long-range
correlations in heartbeat time series as well as the multifractal features recently discovered in
heartbeat rhythm. It is found that both features, the long-range correlations and the multifractility,
are weaker in cases of heart failure. c© 1999 Elsevier Science B.V. All rights reserved.

1. The human heartbeat

It is common to describe the normal electrical activity of the heart as “regular sinus
rhythm”. However, cardiac interbeat intervals uctuate in a complex, apparently erratic
manner in healthy subjects even at rest. Analysis of heart rate variability has focused
primarily on short time oscillations associated with breathing (0:15–0:40 Hz) and blood
pressure control (∼ 0:1 Hz) [1]. Fourier analysis of longer heart-rate sets from healthy
individuals typically reveals a 1=f-like spectrum for frequencies ¡ 0:1 Hz [2–7].
Peng et al. [8–10] studied scale-invariant properties of the human heartbeat time

series. The analysis is based on beat-to-beat heart rate uctuations over very long time
intervals (up to 24 h ≈ 105 beats) recorded with an ambulatory monitor. 1 The time

∗ Correspondence address: Gonda-Goldschmied Center, Department of Physics, Bar-Ilan University,
Ramat-Gan 52900, Israel. Fax: +972-3-535-3298.
E-mail address: havlin@phys9.ph.biu.ac.il (S. Havlin)
1 Heart Failure Database (Beth Israel Deaconess Medical Center, Boston, MA). The database includes 18
healthy subjects (13 female and 5 male, with ages between 20 and 50, average 34.3 yr), and 12 congestive
heart failure subjects (3 female and 9 male, with ages between 22 and 71, average 60.8 yr) in sinus rhythm.

0378-4371/99/$ - see front matter c© 1999 Elsevier Science B.V. All rights reserved.
PII: S 0378 -4371(99)00333 -7
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series obtained by plotting the sequential intervals between beat n and beat n + 1,
denoted by B(n), typically reveals a complex type of variability. This variability is
related to competing neuroautonomic inputs.
To study these dynamics over large time scales, the time series is passed through a

digital �lter that removes uctuations of frequencies ¿ 0:005 beat−1. We plot the result,
denoted by BL(n), in Fig. 1. One observes a more complex pattern of uctuations for a
representative healthy adult (Fig. 1a) compared to the “smoother” pattern of interbeat
intervals for a subject with severe heart disease (Fig. 1b). These heartbeat time series
produce a contour reminiscent of the irregular landscapes that have been widely studied
in physical systems.
To quantitatively characterize such a “landscape”, Peng et al. [8–10] study a mean

uctuation function F(n), de�ned as

F(n) ≡ |B(n′ + n)− B(n′)| ; (1)

where the bar denotes an average over all values of n′. Since F(n) measures the average
di�erence between two interbeat intervals separated by a time lag n, F(n) quanti�es
the magnitude of the uctuations over di�erent time scales n.
Fig. 1c is a log–log plot of F(n) vs. n for the data in Figs. 1a and b. This plot

is approximately linear over a broad physiologically relevant time scale (200–4000
beats) implying that

F(n) ∼ n� : (2)

It is found that the scaling exponent � is markedly di�erent for the healthy and diseased
states: for the healthy heartbeat data, � is close to 0, while � is close to 0:5 for the
diseased case. Note that � = 0:5 corresponds to a random walk (a Brownian motion),
thus the low-frequency heartbeat uctuations for a diseased state can be interpreted
as a stochastic process, in which the interbeat intervals I(n) ≡ B(n + 1) − B(n) are
uncorrelated for n¿200.
To investigate these dynamical di�erences, it is helpful to study further the correlation

properties of the time series. Since I(n) is more stationary, one can apply standard
spectral analysis techniques [13,14]. The power spectra SI (f), the square of the Fourier
transform amplitudes for I(n), yields

SI (f) ∼ 1
f�

: (3)

The exponent � is related to � by � = 2� − 1 [15]. Furthermore, � can serve as an
indicator of the presence and type of correlations:

(i) If � = 0, there is no correlation in the time series I(n) (“white noise”).
(ii) If 0¡�¡ 1, then I(n) is correlated such that positive values of I are likely to

be close (in time) to each other, and the same is true for negative I values.
(iii) If −1¡�¡ 0, then I(n) is also correlated; however, the values of I are or-

ganized such that positive and negative values are more likely to alternate in time
(“anti-correlation”).
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Fig. 1. The interbeat interval BL(n) after low-pass �ltering for (a) a healthy subject and (b) a patient with
severe cardiac disease (dilated cardiomyopathy). The healthy heartbeat time series shows more complex
uctuations compared to the diseased heart rate uctuation pattern that is close to random walk (“brown”)
noise. (c) Log–log plot of F(n) vs. n. The circles represent F(n) calculated from data in (a) and the triangles
from data in (b). The two best-�t lines have slope � = 0:07 and � = 0:49 (�t from 200 to 4000 beats).
The two lines with slopes � = 0 and � = 0:5 correspond to “1=f noise” and “brown noise”, respectively.
We observe that F(n) saturates for large n (of the order of 5000 beats), because the heartbeat interval are
subjected to physiological constraints that cannot be arbitrarily large or small. After Peng et al. [8–10].

For the diseased data set, we observe a at spectrum (� ≈ 0) in the low-frequency
region con�rming that I(n) are not correlated over long time scales (low frequencies).
In contrast, for the data set from the healthy subject we obtain � ≈ −1, indicating
nontrivial long-range correlations in B(n) – these correlations are not the consequence
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Fig. 2. Plot of logF(n) vs. log n for two long interbeat interval time series (∼24 h). The circles are
for a representative healthy subject while the triangles are from a subject with congestive heart failure.
Arrows indicate “crossover” points in scaling. Note altered scaling with heart failure, suggesting apparent
perturbations of both short and long-range correlation mechanisms. After Peng et al. [8–10].

of summation over random variables or artifacts of non-stationarity. Furthermore, the
“anti-correlation” properties of I(n) indicated by the negative � value are consistent
with a nonlinear feed-back system that “kicks” the heart rate away from extremes. This
tendency, however, does not only operate on a beat-to-beat basis (local e�ect) but on
a wide range of time scales.
A further improvement to the study of the long-range correlation exponent � –

detrended uctuation analysis (DFA) – has been proposed and developed by Peng
et al. [11,12]. Fig. 2 compares the DFA analysis of representative 24 h interbeat in-
terval time series of a healthy subject (©) and a patient with congestive heart failure
(4). Note that for large time scales (asymptotic behavior), the healthy subject shows
almost perfect power-law scaling over more than two decades (206n610 000) with
�DFA=1 (i.e., 1=f noise) while for the pathologic data set �DFA ≈ 1:3 (closer to Brow-
nian noise). This result is consistent with our previous �nding [8–10] that there is a
signi�cant di�erence in the long-range scaling behavior between healthy and diseased
states.
To study the alteration of long-range correlations with pathology, we analyzed cardiac

interbeat data from three di�erent groups of subjects: (i) 29 adults (17 male and 12
female) without clinical evidence of heart disease (age range: 20–64 yr, mean 41),
(ii) 10 subjects with fatal or near-fatal sudden cardiac death syndrome (age range:
35–82 yr) and (iii) 15 adults with severe heart failure (age range: 22–71 yr; mean 56).
Data from each subject contains approximately 24 h of ECG recording encompassing
∼ 105 heartbeats.
For the normal control group, we observed �DFA =1:00±0:10 (mean value ± S.D.).

These results indicate that healthy heart rate uctuations are anticorrelated and exhibit
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Fig. 3. (a) Segment of RR-interval data vs. beat number (solid curve) and running average based on a local
window of 32 heart beats (dashed curve). (b) Detrended curve, i.e., the di�erence between solid curve and
broken curve in top panel. After Askenazy et al. [16].

long-range power-law (fractal) correlation behavior over three decades. Furthermore
both pathologic groups show signi�cant deviation of the long-range correlations expo-
nent �DFA from the normal value �DFA = 1. For the group of heart failure subjects, we
�nd that �DFA = 1:24 ± 0:22, while for the group of sudden cardiac death syndrome
subjects, we �nd that �DFA = 1:22± 0:25.
The di�erent scaling behavior in health and disease must relate to the underlying

dynamics of the heartbeat. Applications of this analysis may lead to new diagnostics
for patients at high risk of cardiac disease and sudden death.

2. The detrended time series

In this section we present a method of detrending a times series in the following
way. First, from the time-series of the raw B(n) ≡ RR data a running average is
constructed using an interval-length of 2m. Next, the running average is subtracted from
the original RR-data time series. This procedure is illustrated in Fig. 3a, where the solid
curve represents the raw RR-data and the dashed curve represents the running average.
The di�erence between the two curves is denoted by ri and is shown in Fig. 3b. The
resultant time-series ri is called the detrended time series (DTS) [16] and represents
the uctuations with respect to the local average. This procedure partly removes noise
and slow oscillations which should not directly a�ect the short time scales in the time
series [17,18].
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Fig. 4. Standard deviation (in seconds) of the detrended series for a group of 33 subjects vs. the scale
factor of the local window used in the detrending. Healthy subjects: Circles, Diabetics: Squares and Heart
patients: Rhombohedra. The three topmost diabetics can be regarded clinically as healthy. After
Ashkenazy et al. [16].

The standard deviation �d of the DTS, using a detrending window of scale m,
includes only the behavior of relevant small time scales and may thus be considered
a measure of the heart rate variability. To evaluate the discriminating capabilities of
�d, RR-data for a group of 33 subjects (the same data group as in ref. [19] consisting
of 21 healthy subjects, 9 diabetics and 3 heart patients including one heart-transplant
patient were examined [16]. Using a time-series consisting of 216 = 65536 data points,
corresponding to 16 hours of measured ECG data, and for the scale values m= 1–12
for the detrending window �d is calculated. The smallest detrending window is thus 2
and the largest 4096. Results are shown in Fig. 4, which is the analogous of Fig. 4 in
Ref. [19] and Fig. 1 in Ref. [20]. In Fig. 4 one notes a clear separation between
the group of healthy subjects (circles) on the one hand, and the groups of diabetics
(squares) and heart patients (rhombohedra) on the other hand. However, one also notes
from this �gure that 3 of the diabetics (the three topmost) with as much justi�cation
could have been included in the group of healthy subjects thus displacing the separation
region for �d towards lower values.
In Fig. 4 the largest separation between the healthy subjects and the two other groups

is found for the scale m=8–11, whereas for an alternative analysis the largest separation
was found for the scale m=4−6 [19,20]. Indeed, such a separation was earlier identi�ed
by Peng et al. [21] (see Fig. 2). Ref. [22] discusses the scale dependence of the di�erent
methods. The DFA analysis yields a crossover point for the fractal slope for the scale
m=4 [21,22]. It should be noted, however, that the crossover point in the DFA analysis
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Fig. 5. Consecutive heartbeat intervals measured in seconds are plotted vs. beat number from approximately
3 hrs record of a representative healthy subject. The time series exhibits very irregular and nonstationary
behavior.

is not a sharply de�ned point, rather the change in fractal slope takes place in a gradual
way.

3. Multifractality in human heartbeat dynamics

In view of the heterogeneous (“patchy”) nature of the heartbeat interval time series
(Fig. 5), it has been suggested by Ivanov et al. [23] that a single exponent is not
su�cient to characterize the complexity of the cardiac dynamics, and that a multifractal
approach may be necessary [24,25]. To test the hypothesis that an in�nite number of
exponents is required to characterize healthy dynamics [23], a multifractal analysis of
heartbeat interval time series has been performed and D(h) has been calculated using
wavelet methods [26].
The properties of the wavelet transform make wavelet methods attractive for the anal-

ysis of complex nonstationary time series such as one encounters in physiological sig-
nals. In particular, wavelets can remove polynomial trends that could lead box-counting
techniques to fail to quantify the local scaling of the signal [27]. Additionally, the
time–frequency localization properties of the wavelets makes them particularly useful
for the task of revealing the underlying hierarchy that governs the temporal distribution
of the local Hurst exponents [15,28]. Hence, the wavelet transform enables a reliable
multifractal analysis [27,28].
As the analyzing wavelet, we use n-order derivatives of the Gaussian function. Such

a wavelet allows us to estimate the singular behavior and the corresponding exponent
h at a given location in the time series. The higher the order n of the derivative, the
higher the order of the polynomial trends removed and the better the detection of the
temporal structure of the local scaling exponents in the signal.
We extract the local value of h through the modulus of the maxima values of the

wavelet transform at each point in the time series. We then estimate the scaling of the
partition function Zq(a), which is de�ned as the sum of the qth powers of the local
maxima of the modulus of the wavelet transform coe�cients at scale a [28]. For small
scales, we expect

Zq(a) ∼ a�(q) : (4)
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Fig. 6. Heartbeat time series contain densely packed, non-isolated singularities which unavoidably a�ect each
other in the time–frequency decomposition. Therefore, rather than evaluating the distribution of the inherently
unstable local singularity exponents, we estimate the scaling of an appropriately chosen global measure: the q
moments of the probability distribution of the maxima of the wavelet transform Zq(a) (as analyzing wavelet
we use the 3rd derivative of the Gaussian function). Here we show the scaling of the partition function
Zq(a) with scale a obtained from daytime records consisting of ≈25,000 beats for (a) a healthy subject
and (b) a subject with congestive heart failure. We calculate �(q) for moments q = −5; 4; : : : ; 0; : : : ; 5 and
scales a = 2 × 1:15i ; i = 0; : : : ; 41. We display the calculated values for Zq(a) for scales a¿ 8. The top
curve corresponds to q=−5, the middle curve (shown heavy) to q= 0 and the bottom curve to q= 5. The
exponents �(q) are obtained from the slope of the curves in the region 16¡a¡ 700, thus eliminating the
inuence of any residual small scale random noise due to ECG signal pre-processing as well as extreme,
large scale uctuations of the signal. After Ivanov et al. [23].

For certain values of q, the exponents �(q) are related to other familiar exponents.
In particular, �(2) is related to the scaling exponent of the Fourier power spectra,
S(f) ∼ 1=f−�, as � = 2 + �(2). For positive q; Zq(a) reects the scaling of the large
uctuations and strong singularities, while for negative q; Zq(a) reects the scaling of
the small uctuations and weak singularities. Thus, the scaling exponents �(q) can
reveal di�erent aspects of cardiac dynamics.
We de�ne the fractal dimensions D(h) through a Legendre transform of �(q) [15],

D(h) = qh(q)− �(q); h(q) ≡ d�(q)
dq

: (5)

Monofractals display a linear �(q) spectrum, �(q) = qH − 1, where H is the global
Hurst exponent. For multifractal signals �(q) is a nonlinear function: �(q)= qh(q)− 1,
where h(q) is not constant.
We analyze both diurnal (12:00 to 18:00) and nocturnal (0:00 to 6:00) heartbeat

time series records of 18 healthy subjects, and the diurnal records of 12 patients with
congestive heart failure. For all subjects, we �nd that for a broad range of positive
and negative q the partition function Zq(a) scales as a power law (Figs. 6a and b). In
Fig. 7, we show Zq(a) for q = −2 and 2 for all 18 healthy subjects in our database.
This �gure shows that there is good power-law scaling – that is, the data points fall
on a straight line in a log–log plot – for all subjects and across nearly two orders
of magnitude in a. Also, it is clear that the data have nearly the same slope for all
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Fig. 7. Scaling of Zq(a) for the entire healthy group for q = 2 and q =−2. Courtesy of P.Ch. Ivanov.

Fig. 8. (a) Multifractal spectrum �(q) of the group averages for daytime and night time records for 18
healthy subjects and for 12 patients with congestive heart failure. The results show multifractal behavior for
the healthy group and distinct change in this behavior for the heart failure group. (b) Fractal dimensions
D(h) obtained through a Legendre transform from the group averaged �(q) spectra of (a). The shape of
D(h) for the individual records and for the group average is broad, indicating multifractal behavior. On the
other hand, D(h) for the heart failure group is very narrow, indicating monofractality. The di�erent form of
D(h) for the heart failure group may reect perturbation of the cardiac neuroautonomic control mechanisms
associated with this pathology. After Ivanov et al. [23].

subjects. The exponent of the DFA is �DFA = [�(r) + 3]=2 [11,12]. This result yields
�DFA ' 1:1 for healthy records and a similar analysis yields �DFA ' 1:3 for congestive
heart failure in agreement with [21].
For all healthy subjects, we �nd that �(q) is a nonlinear function (Figs. 8a), which

indicates that the heart rate of healthy humans is a multifractal signal. Fig. 8b shows
that for healthy subjects, D(h) has nonzero values for a broad range of local Hurst
exponents h. The multifractality of healthy heartbeat dynamics cannot be explained
by activity, as we analyze data from subjects during nocturnal hours. Furthermore,
this multifractal behavior cannot be attributed to sleep stage transition, as we �nd
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Fig. 9. (a) Correlation exponent and (b) variance of wavelet coe�cients. Courtesy of P.Ch. Ivanov and
L.A.N. Amaral.

multifractal features during daytime hours as well. The range of scaling exponents–
0¡h¡ 0:4 – with nonzero fractal dimension D(h), suggests that the uctuations in
the healthy hearbeat dynamics exhibit strongly anti-correlated behavior (as opposed to
h= 1

2 , which corresponds to uncorrelated behavior).
In contrast, subjects with a pathological condition – congestive heart failure – show

a loss of multifractality (Figs. 8a and b). We �nd for the heart failure subjects that
D(h) is supported only over a narrow range of exponents h, which indicates weaker
multifractality or even monofractality. Moreover, even when the same exponent h is
present for both healthy and heart failure subjects, the fractal dimension D(h) associated
with this particular exponent has a smaller value for the heart failure subjects (Fig. 8).
Our results show that, for healthy subjects, local Hurst exponents in the range

0:1¡h¡ 0:2 are associated with fractal dimensions close to one. This means that
the subsets characterized by these local exponents are statistically dominant. On the
other hand, for the heart failure subjects, we �nd that the statistically dominant expo-
nents are con�ned to a narrow range of local Hurst exponents: h ≈ 0:3. These results
suggest that for heart failure the uctuations are less anti-correlated than for healthy
dynamics, since the dominant scaling exponents h are closer to 1

2 . Our �ndings support
previous reports on long-range anti-correlations of heart beat intervals [21], and can be
used as an alternative diagnostic tool.
We compare our method with other widely used methods of heart rate time series

analysis. As an example, we show in Fig. 9 two well-established methods. The �rst is
based on the measurement of long-range correlations on the uctuations in heartbeat
intervals [8–10]. These correlations have been quanti�ed with both the power spectrum
and the detrended uctuation analysis. Fig. 9(a) shows the values of the correlation
exponent � measured through the detrended uctuation analysis. The dashed line repre-
sents an in-sample threshold for discrimination of the healthy and heart failure groups.
A second method based on Ref. [21] and recently applied in Refs. [16,20] measures

the variance of the coe�cients of the wavelet transform of the heartbeat signal at a
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Fig. 10. A 3-D plot revealing the discriminating power of the multifractal approach. After Ivanov et al. [23].

wavelet scale of a= 32, shown in Fig. 9(b). The dashed line represents an in-sample
threshold for discrimination of the healthy and heart failure groups. These two meth-
ods do not result in a fully consistent assignment, e.g., two heart failure subjects are
assigned to the diseased group by the �rst method and to the healthy group by the
second method.
Results of the multifractal method [23] are shown in Fig. 10. Each subject’s dataset

is characterized by three quantities. The �rst quantity (z-axis) is the degree of multi-
fractality which is the di�erence between the maximum and minimum values of local
Hurst exponent h for each individual [Fig. 8(b)]. Note that the degree of multifractality
takes value zero for a monofractal.
The second quantity (y-axis) is the exponent value � (q = 3) obtained from the

scaling of the third moment Z3(a). The third quantity (x-axis) is the standard deviation
of the interbeat intervals. The healthy subjects are represented with blue balls and the
heart failure subjects in red. We see from Fig. 10 that the multifractal approach has
the potential to robustly discriminate the healthy subjects from heart failure subjects.
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Abstract

This paper is a brief summary of a talk that was designed to address the question of whether
two of the pillars of the �eld of phase transitions and critical phenomena – scale invariance and
universality – can be useful in guiding research on a broad class of complex phenomena. We
shall see that while scale invariance has been tested for many years, universality is relatively
more rarely discussed. In particular, we shall develop a heuristic argument that serves to make
more plausible the universality hypothesis in both thermal critical phenomena and percolation
phenomena, and suggest that this argument could be developed into a possible coherent approach
to understanding the ubiquity of scale invariance and universality in a wide range of complex
systems. c© 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

Empirical evidence has been mounting that supports the intriguing possibility that a
number of systems arising in disciplines as diverse as physics, biology, ecology, and
economics may have certain quantitative features that are intriguingly similar. These
properties can be conveniently grouped under the headings of scale invariance and
universality. By scale invariance is meant a hierarchical organization that results in
power-law behavior over a wide range of values of some control parameter such as
species size, heartbeat interval, or �rm size, and the exponent of this power law is a
number characterizing the system. By universality is meant a tendency for the set of
exponents found for diverse systems to partition themselves into distinct “universality
classes”, with the property that all systems falling into the same universality class have
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the same exponent – suggesting that there are features in common among the underlying
microscopic mechanisms responsible for the observed scale invariant behavior. The
principles of scale invariance and universality have been found to hold empirically
for a number of complex systems, and this number grows as more experiments are
performed and more data are analyzed. Thus far, a conceptual framework has not been
found that incorporates these empirical facts. It is not entirely clear from which direction
one should approach the problem, but perhaps one can gain insight by learning from the
paradigm of critical phenomena. The great conceptual advances in understanding critical
phenomena arose only after a lengthy period of gathering empirical facts. Then these
facts began to be put together into a phenomenological framework, using the principles
of scale invariance and universality. Finally, after some years, Wilson’s renormalization
group was developed to provide a theoretical underpinning to the experimental facts.
The �eld of complex phenomena is, with some exceptions, still in the period in which
empirical facts are being uncovered. Theoretical developments exist, but no uni�ed
coherent theory has emerged that describes in a satisfactory fashion all – or even a
large fraction of – the empirical facts. In this talk, we briey review some of the
reasons to believe that a theoretical framework could be not too far o�.

2. Scale invariance of heartbeat intervals: “Healthy disorder”

Let us start with a question. If you were going to describe a disease, say heart
disease, which word would you reach for – order or disorder? Until very recently,
nearly every physician would answer “disorder”. Now, increasing numbers would not.
Researchers are observing that an “ordered” sequence of heartbeat intervals very often
indicates the presence of heart disease, and that a “disordered” sequence of heartbeat
intervals is a pretty clear indication of a healthy heart.
How could this be true? For a vivid analogy, recall the infamous Tacoma Narrows

Bridge that once connected mainland Washington with the Olympic peninsula. 1 One
day it suddenly collapsed after developing a remarkably “ordered” sway in response to
a strong wind. Physics students learn the explanation for this catastrophe: the bridge,
like most objects, has a small number of characteristic vibration frequencies, and one
day the wind was exactly the strength required to excite one of them. The bridge
responded by vibrating at this characteristic frequency so strongly that it fractured the
supports holding it together. The cure for this “diseased bridge” was a design that
is capable of responding to many di�erent vibration scales in an approximately equal
fashion, instead of responding to one frequency excessively. Surprisingly, scientists
are �nding that the Tacoma Narrows bridge is perhaps a useful metaphor for many
complex systems arising in biology [1], ecology [2], and even economics [3–5].

1 The bridge collapsed on November 7, 1940 at approximately 11:00 a.m. and had been open to traf-
�c for only a few months. The reader is invited to view historical �lm footage which shows in
250 frames (10 s!) the maximum torsional motion shortly before failure of this immense structure
[http://cee.carleton.ca/Exhibits/Tacoma Narrows/].



Fig. 1. Top: Color coded analysis of a recording of 2000 heartbeats from a healthy subject. The x-axis
represents time and the y-axis indicates the analysis scale, with large scales at the top. The brighter colors
indicate larger values of the heartbeat uctuations. This analysis, called wavelet analysis, uncovers a hierar-
chical scale invariance of heartbeat uctuations. Middle: Magni�cation of the central ten percent of the top
panel comprising only 200 beats. By comparing the top and middle �gures, can you identify which 10% is
magni�ed? Can you see that the statistical patterns of the original heartbeat analysis and the magni�cation
resemble each other? This statistical resemblance is called scale invariance. Bottom: Analysis of a recording
of 2000 heartbeats from a subject with a diseased heart. Can you see that the rich range of scales charac-
teristic of the healthy subject is now lost, and the pattern has in fact approximately the same properties for
all scales studied? This �gure is courtesy of P.Ch. Ivanov.
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Consider again the heart. If the cardiovascular system were designed to be as orderly
as the Tacoma Narrows bridge, then the heart would be susceptible to the analog for
the heart of the wind-induced resonances that destroyed the bridge. It is now becoming
accepted that organisms respond to inuences that cover a wide range of scales, and
so can immunize themselves against the damage that can result from too strong a
response to an external inuence at any one scale and responding less to inuences at
other scales. Thus, the theme of the disease then becomes the “loss of healthy disorder”
or, as it is often called, the “loss of complexity”.
Scientists are now challenged to characterize and understand this healthy disorder. It

is becoming apparent that this disorder occurs on a huge range of scales, and that the
contribution of one scale is related to the contribution of another scale by a quantitative
relation called a power law, characterized by a unique exponent (e.g., the unique expo-
nent of the power law that graphs as a parabola is 2). Research on this phenomenon,
called scale invariance [6], was perhaps most intense and productive during the 1960s;
it was carried out primarily by practitioners in the interdisciplinary �eld of phase tran-
sitions and critical phenomena [7], where one studies the uctuations on all scales not
of a healthy bridge or a healthy heart, but of a system of interacting particles near
the system’s critical point. This “in animate” system is a paradigm for many complex
systems in nature, both inanimate and animate, that also display statistical properties
on a huge range of length or time scales.
The uctuations of a healthy heartbeat also exhibit scale invariance [8]. We see, as

shown in Fig. 1, that this complex object can have the same statistical properties and
hence “look almost the same” at many di�erent scales of observation [9,10]. Of course,
the actual object is di�erent, but since its statistical properties are the same, one cannot
readily distinguish the original complex object from a magni�cation of a part of it.

3. Scale invariance in other complex systems

The di�erent scaling properties of healthy and diseased hearts have their counterparts
in a wide range of complex systems. Just as the most likely way a human can perish
is via a cardiovascular incident, the most likely way the biosphere could perish is
through the extinction of vital species. Accordingly, many scientists study the growth
and shrinkage of populations of various species, and recently it was found that when
the population of a given bird species grows and shrinks, the pattern of changes is
scale invariant [2].
Indeed, it is beginning to appear that a number of ecological phenomena obey regular

laws which are scale invariant, and that these laws are universal in the sense that they
do not depend on details concerning the actual species. Perhaps we are moving closer
to understanding the wider implications of the scienti�c concepts behind the prescient
intuition of Darwin, when he wrote near the end of Origin of Species:
It is interesting to contemplate an entangled bank, clothed with many plants of
many kinds, with birds singing on the bushes, with various insects itting about, and
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with worms crawling through the damp earth, and to reect that these elaborately
constructed forms, so di�erent from each other, and dependent on each other in so
complex a manner, have all been produced by laws acting around us.
Today, Darwin’s “entangled bank” encompasses large geographic regions inhabited

by people and other living species, regions that are too important to be neglected by
serious science. The entangled bank metaphor may not be unrelated to the economic
infrastructure of the globe. Indeed, a third way that scale invariance and universality
impacts society has to do with the economy. Researchers have found new and surprising
results by applying concepts and methods of scale invariance and universality to the
economy. The economy is perhaps the most complex of all complex systems. A very
small piece of “bad news” in a remote market may trigger a very large response in
�nancial indices all over the globe. The societal impact of such economic uctuations
can be devastating. Privately, economists will con�rm that the probability of such an
“economic earthquake” is not entirely negligible – that a sudden and disastrous “phase
transition” could occur from the present healthy state of our economy to a new state
of a completely devastated economy. A noteworthy example of the societal devastation
caused by economic earthquakes is the collapse of the German economy following
World War I, which directly contributed to the rise of Hitler. Another example is the
recent “devaluation” in Indonesia that has contributed to the starvation of many of
Indonesia’s poor.
In the case of economics, unlike other complex systems, virtually every economic

transaction has been recorded – somewhere. The challenge is to obtain the needed data
and to analyze them in such as way as to reveal the underlying principles. Remarkably,
one �nds that if one makes a histogram of price changes for any stock (the analog
of the Gutenberg – Richter histogram of earthquake magnitude) this histogram is very
close to a power law [11–14]. This discovery suggests that large shocks are related in
a scale-invariant fashion to smaller, commonplace, economic uctuations – i.e., large
shocks and everyday economic uctuations are basically di�erent manifestations of the
same phenomenon. The greatest societal impact occurs when “the big one” occurs,
whether it be a geophysical earthquake or an economic earthquake. Hence, scaling
concepts make it possible for scientists to understand these rare but catastrophic events
through appropriately designed research focused on everyday phenomena.

4. Universality in complex systems

This scale invariance in complex systems is matched by an equally remarkable phe-
nomenon of universality. For example, the functional form of the histograms describing
how organizations grow or shrink from year to year appear to be identical whether one
studies the growth statistics of business �rms [15,16], countries [17], or university
research budgets [18]. When one studies �rm growth in diverse countries, one �nds
similar statistical properties even though the economies of the countries are radically
di�erent [19].
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Fig. 2. Log–log plot showing the dependence of the standard deviation of a family of histograms for the
growth rates of a group of bird species of similar size. The linearity implies a power law relation, and the
slope of the regression �t gives the exponent �, which has a value (� ≈ 1=3) roughly twice as large as
that found for �rm growth and country growth (� ≈ 1=6) and slighly larger than found for university
research budgets (� ≈ 1=4). This �gure is courtesy of T.H. Keitt.

Perhaps more surprising is that one �nds when studying the growth of bird popu-
lations histograms with the same “tent” shape as found for the economics examples
[2]. The fashion in which the standard deviation of the histogram decreases with size
(Fig. 2) is qualitatively the same as for the economy examples (a power law), but
quantitatively di�erent (the exponent for the birds problem is roughly twice as large
as found for the economy examples).
This “universality” is also found for the scaling laws uncovered in �nance studies;

e.g., when one compares countries as di�erent as the USA and Norway, one �nds
similar scaling of price changes [20]. We are hoping to develop a theoretical framework
within which to understand these intriguing examples of universality.
Why does universality arise in these complex systems? To develop some feeling for

the concept of universality, consider the �eld of critical point phenomena. The history
of twentieth century physics has been marked by many paradigm shifts – as reviewed
in the opening lecture of Professor P.C. Hohenberg (see also the minireview [21]). One
of these is the way in which we think of phase transitions, where the macroscopic state
of an entire system suddenly changes when a microscopic tuning parameter crosses a
threshold value.
Suppose we hold up a bar magnet. We know it is a ferromagnet because it is capable

of picking up thumbtacks, the number of which de�nes an “order parameter” M . As
we heat this system, M decreases and eventually, at a certain critical temperature Tc, it
reaches zero: no more thumbtacks remain! In fact, the transition is remarkably sharp,
since M approaches zero at Tc with in�nite slope. Such singular behavior is an example
of a “critical phenomenon.” Critical phenomena are by no means limited to the order
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parameter. For example, response functions such as the speci�c heat and the isothermal
susceptibility become in�nite at the critical point.
One prototype example used to understand such critical phenomena is the Ising model

of magnetism, which describes a collection of spins as objects that can exist in only two
alignments, up or down, with the rule that whenever neighboring spins are in the same
alignment, the energy is lowered by a small amount J . At zero temperature, all spins
will be in the same alignment; the system is in a con�guration of “absolutely perfect
order”. At in�nite temperature, the above rule has no e�ect and a spin is likely to be
in either alignment; the system is in a con�guration of “absolutely perfect disorder”.
At some intermediate critical temperature Tc, the system is on the knife-edge of just
barely ordering.
One reason for the interest in such critical phenomena is scale invariance: the uctu-

ations that exist near Tc occur on all possible length and time scales. A second reason
for our interest is called universality: the striking similarity in behavior near the critical
point among systems that are quite di�erent from each other far from the critical point.
A celebrated example is the Lee-Yang “lattice-gas” analogy between the behavior of
a single-axis ferromagnet and a simple uid, near their respective critical points. Even
the numerical values of the critical-point exponents describing the quantitative nature of
the singularities are identical for large groups of apparently diverse physical systems.
We have been seeking to develop a a more comprehensive understanding of the

recently-emerging examples of scaling and universality that occur in a wide range of
complex systems. Speci�cally, we are working to achieve some understanding of why it
is that power laws arise, and in particular to develop a number of heuristic explanations
for the existence of power laws and universality in models of magnetism.
Why would understanding the origin of power laws point the way to understanding

their ubiquity in complex systems? One possible answer concerns the way in which
correlations spread throughout a system comprised of subunits. The puzzle is to un-
derstand how can these inter-dependences give rise not to exponential functions – as
ones intuition would suggest – but rather to the power laws characteristic of critical
phenomena.
The paradox is simply stated: the probability that two spins are aligned is unity only

at T=0, and our intuition tells us that for T ¿ 0 the correlation C(r) between subunits
separated by a distance r must decay exponentially with r – for the same reason the
value of money stored in ones mattress decays exponentially with time (each year it
loses a constant fraction of its worth). Thus, we might expect that C(r) ∼ e−r=�; where
�, the correlation length, is the characteristic length scale above which the correlation
function is negligibly small. Experiments and also calculations on mathematical models
con�rm that correlations do indeed decay exponentially. However, if the system is right
at its critical point, then the rapid exponential decay magically turns into a much less
rapid long-range power-law decay of the form C(r) ∼ 1=r A, which is of in�nite range.
How can correlations actually propagate an in�nite distance, without requiring a se-

ries of ampli�cation stations all along the way? We can understand such “in�nite-range
propagation” as arising from the huge multiplicity of interaction paths that connect two
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spins if d¿ 1 (if d = 1, there is no multiplicity of interaction paths, and spins order
only at T = 0).
For any T ¿Tc, the correlation between two spins along each of the interaction

paths that connect them decreases exponentially with the length of the path. On the
other hand, the number of such interaction paths increases exponentially, with a char-
acteristic length that is temperature independent, depending primarily on the lattice
dimension. This exponential increase is multiplied by a “gently decaying” power law
that is negligible except for the very special point, the critical point.
Consider a �xed temperature T1 far above the critical point, so that � is small, and

consider two spins separated by a distance r which is larger than �. The exponentially
decaying correlations along each interaction path connecting these two spins is so se-
vere that it cannot be overcome by the exponentially growing number of interaction
paths between the two spins. Hence, at T1 the exponential decrease in correlation along
each path wins the competition between the two exponentials, and we anticipate that
the net correlation C(r) falls o� exponentially with the distance r. Consider now the
same two spins at a �xed temperature T2 far below the critical point. Now the expo-
nentially decaying correlation along each interaction path connecting these two spins is
insu�ciently severe to overcome the exponentially growing number of interaction paths
between the two spins. Thus, at T2 the exponential increase in the number of interaction
paths wins the competition. Clearly there must exist some intermediate temperature in
between T1 and T2 where the the two exponentials just balance, and this temperature is
the critical temperature Tc. Right at the critical point, the gentle power-law correction
factor in the number of interaction paths, previously negligible in comparison with the
exponential function that it multiplies, emerges as the victor in this stand-o� between
the two warring exponential e�ects. Further, this geometric exponent giving the cor-
rection to the number of paths joining two points depends only on the dimension of
the system. As a result, two spins in a system right at this knife-edge of criticality are
well correlated even at arbitrarily large separation.
One element of current research is to explore the degree to which this heuristic “ex-

planation” of scale invariance (power laws) and universality in the simple Ising model
can be extended to other complex systems, and can be made more mathematically
precise. Preliminary work suggests that, indeed, it can be carried over to percolation,
where the role of temperature T is played by the bond occupation probability p. The
Ising model can be expressed in the geometrical language of percolation by focusing
on the clusters of aligned spins that form. It has not escaped our attention that pos-
sibly one reason that diverse systems in such di�erent �elds as physics, biology, and
ecology have quantitative features in common may relate to the fact that the complex
interactions characterizing these systems could be mapped onto some geometric sysem,
so that scaling and universality features of other complex systems may ultimately be
understood – just as the Ising model can now be so interpreted – in terms of the
connectivity of geometrical objects.
We conclude by thanking all our collaborators and colleagues from whom we learned

a great deal. These include the researchers and faculty visitors to our research group
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with whom we have enjoyed the pleasure of scienti�c collaboration. Those whose
research provided the basis of this lecture summary include, in addition to the co-
authors, S.V. Buldyrev, D. Canning, P. Cizeau, X. Gabaix, A.L. Goldberger, S. Havlin,
R.N. Mantegna, C.-K. Peng, M.A. Salinger, and M.H.R. Stanley. This work was sup-
ported in part by grants from the National Science Foundation and by the NIH/National
Center for Research Resources (grant P41 13622).

References

[1] A.L. Goldberger, Nonlinear dynamics for clinicians: chaos theory, fractals and complexity at the bedside,
Lancet 347 (1996) 1312–1314.

[2] T. Keitt, H.E. Stanley, Scaling in the dynamics of north American breeding-bird populations, Nature
393 (1998) 257–259.

[3] J.D. Farmer, Physicists attempt to scale the ivory towers of �nance, Computing in Sci. Eng. 1 (1999)
26–39.

[4] R.N. Mantegna, H.E. Stanley, An Introduction to Econophysics: Correlations and Complexity in Finance,
Cambridge University Press, Cambridge, 1999.

[5] J.P. Bouchaud, M. Potters, Theory of Financial Risk, Cambridge University Press, Cambridge, 2000.
[6] M. Gell-Mann, The Quark and the Jaguar: Adventures in the Simple and the Complex, W.H. Freeman,

New York, 1994.
[7] H.E. Stanley, Introduction to Phase Transitions and Critical Phenomena, Oxford University Press,

New York 1971.
[8] C.K. Peng, J. Mietus, J. Hausdor�, S. Havlin, H.E. Stanley, A.L. Goldberger, Non-equilibrium behavior

of the heartbeat, Phys. Rev. Lett. 70 (1993) 1343–1346.
[9] P.Ch. Ivanov, M.G. Rosenblum, C.-K. Peng, J. Mietus, S. Havlin, H.E. Stanley, A.L. Goldberger,

Scaling behaviour of heartbeat intervals obtained by wavelet-based time-series analysis, Nature 383
(1996) 323–327.

[10] P.Ch. Ivanov, L.A.N. Amaral, A.L. Goldberger, S. Havlin, M.G. Rosenblum, Z. Struzik, H.E. Stanley,
Multifractality in human heartbeat dynamics, Nature 399 (1999) 461–465.

[11] T. Lux, The stable Paretian hypothesis and the frequency of large returns: an examination of major
German stocks, Appl. Financial Econ. 6 (1996) 463–475.

[12] P. Gopikrishnan, V. Plerou, L.A.N. Amaral, M. Meyer, H.E. Stanley, Scaling of the distributions of
uctuations of �nancial market indices, Phys. Rev. E 60 (1999) 5305–5316.

[13] V. Plerou, P. Gopikrishnan, L.A.N. Amaral, M. Meyer, H.E. Stanley, Scaling of the distribution of price
uctuations of individual companies, Phys. Rev. E 60 (1999) 6519–6529.

[14] Y. Liu, P. Gopikrishnan, P. Cizeau, M. Meyer, C.-K. Peng, H.E. Stanley, The statistical properties of
the volatility of price uctuations, Phys. Rev. 60 (1999) 1390–1400.

[15] M.H.R. Stanley, L.A.N. Amaral, S.V. Buldyrev, S. Havlin, H. Leschhorn, P. Maass, M.A. Salinger,
H.E. Stanley, Scaling behavior in the growth of companies, Nature 379 (1996) 804–806.

[16] L.A.N. Amaral, S.V. Buldyrev, S. Havlin, H. Leschhorn, P. Maass, M.A. Salinger, H.E. Stanley, M.H.R.
Stanley, Scaling behavior in economics: I. Empirical results for company growth, J. Phys. I, France 7
(1997) 621–633.

[17] Y. Lee, L.A.N. Amaral, D. Canning, M. Meyer, H.E. Stanley, Universal features in the growth dynamics
of complex organizations, Phys. Rev. Lett. 81 (1998) 3275–3278.

[18] V. Plerou, L.A.N. Amaral, P. Gopikrishnan, M. Meyer, H.E. Stanley, Similarities between the growth
dynamics of university research and of competitive economic activities, Nature 400 (1999) 433–437.

[19] H. Takayasu, K. Okuyama, Country dependence on company size distributions and a numerical model
based on competition and cooperation, Fractals 6 (1998) 67–79.

[20] J. Skjeltorp, Scaling in �nancial markets, Physica A, in press.
[21] H.E. Stanley, Scaling, universality, and renormalization: Three pillars of modern critical phenomena,

Reviews of Modern Physics 71 (1999) S358–S366 [Special Issue for the Centennial of the American
Physical Society].



2018/6/11 Web of Science [v.5.29] - All Databases Full Record

http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=1&doc=24 1/4

Web of Science

Scale invariance and universality: organizing principles in

complex systems

By: Stanley, HE (Stanley, HE); Amaral, LAN (Amaral, LAN); Gopikrishnan, P (Gopikrishnan, P); Ivanov,

PC (Ivanov, PC); Keitt, TH (Keitt, TH); Plerou, V (Plerou, V)

View ResearcherID and ORCID

PHYSICA A

Volume:  281  Issue:  1-4  Pages:  60-68

DOI:  10.1016/S0378-4371(00)00195-3

Published:  JUN 15 2000

Document Type: Article; Proceedings Paper

View Journal Impact

Conference

Conference:  50th Taiwan International Symposium on Statistical Physics

Location:  INST PHYS , ACAD SIN, TAIPEI, TAIWAN

Date:  AUG 09-12, 1999

Sponsor(s): Inst Phys, Acad Sin

Abstract

This paper is a brief summary of a talk that was designed to address the question of whether two of

the pillars of the field of phase transitions and critical phenomena - scale invariance and universally -

can be useful in guiding research on a broad class of complex phenomena. We shall see that while

scale invariance has been tested for many years, universality is relatively more rarely discussed. In

particular, we shall develop a heuristic argument that serves to make more plausible the universality

hypothesis in both thermal critical phenomena and percolation phenomena, and suggest that this

argument could be developed into a possible coherent approach to understanding the ubiquity of

scale invariance and universality in a wide range of complex systems. (C) 2000 Elsevier Science B.V. All

rights reserved.

Keywords

KeyWords Plus: GROWTH DYNAMICS; BEHAVIOR; HEARTBEAT; FLUCTUATIONS

Author Information

Reprint Address: Stanley, HE (reprint author)

Boston Univ, Ctr Polymer Studies, Boston, MA 02215 USA.

Addresses:

[ 1 ] Boston Univ, Ctr Polymer Studies, Boston, MA 02215 USA

[ 2 ] Boston Univ, Dept Phys, Boston, MA 02215 USA

[ 3 ] Natl Ctr Ecol Anal & Synth, Santa Barbara, CA 93101 USA

Publisher

ELSEVIER SCIENCE BV, PO BOX 211, 1000 AE AMSTERDAM, NETHERLANDS

Journal Information

Impact Factor: Journal Citation Reports

Citation Network

In Web of Science Core Collection

77
Times Cited

Create Citation Alert

All Times Cited Counts

79 in All Databases

See more counts

21 

Cited References

View Related Records

Most recently cited by:

Chatterjee, Soumya; Barat, P.; Mukherjee,

Indranil.

Universality in the dynamical properties of

seismic vibrations.

PHYSICA A-STATISTICAL MECHANICS AND

ITS APPLICATIONS (2018)

De Santis, Enrico; Sadeghian, Alireza; Rizzi,

Antonello.

A Smoothing Technique for the

Multifractal Analysis of a Medium Voltage

Feeders Electric Current.

INTERNATIONAL JOURNAL OF

BIFURCATION AND CHAOS (2017)

View All

Use in Web of Science

Web of Science Usage Count

1 5 

Last 180 Days Since 2013

This record is from:

Web of Science Core Collection

Web of Science InCites Journal Citation Reports Essential Science Indicators EndNote Publons Sign In Help English 

My Tools Searches and alerts Search History Marked List

      Add to Marked ListSave to EndNote online  24  of  127 

Learn more

Search Search Results

http://apps.webofknowledge.com/home.do?SID=6Ed7LOEQCNVxUfGPZGT
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Stanley,%20HE&ut=1216&pos=1&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Amaral,%20LAN&ut=174967&pos=2&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Gopikrishnan,%20P&ut=787216&pos=3&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Ivanov,%20PC&ut=224723&pos=4&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Keitt,%20TH&ut=658787&pos=5&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Plerou,%20V&ut=699992&pos=6&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:hide_show('show_resc_blurb', 'inline');hide_show('show_resc_blurb_link', 'none');hide_show('hide_resc_blurb_link', 'inline')
javascript:;
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=GROWTH+DYNAMICS&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=BEHAVIOR&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=HEARTBEAT&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=FLUCTUATIONS&uncondQuotes=true
javascript:hide_show('reprint_pref_org_exp_link_1', 'inline');hide_show('show_reprint_pref_org_exp_link_1', 'none');hide_show('hide_reprint_pref_org_exp_link_1', 'inline')
javascript:hide_show('research_pref_org_exp_link_1', 'inline');hide_show('show_research_pref_org_exp_link_1', 'none');hide_show('hide_research_pref_org_exp_link_1', 'inline')
javascript:hide_show('research_pref_org_exp_link_2', 'inline');hide_show('show_research_pref_org_exp_link_2', 'none');hide_show('hide_research_pref_org_exp_link_2', 'inline')
javascript:hide_show('research_pref_org_exp_link_3', 'inline');hide_show('show_research_pref_org_exp_link_3', 'none');hide_show('hide_research_pref_org_exp_link_3', 'inline')
javascript:;
http://apps.webofknowledge.com/CitingArticles.do?product=WOS&REFID=14330327&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=24&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:csiovl('PCTAdd', '/OutboundService.do?action=go&mode=PCTAdd&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&component=pct&forwardTo=None&qid=1&doc=24&colName=WOS&num_cited=77');
http://apps.webofknowledge.com/CitingArticles.do?REFID=14330327&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=24&product=UA&betterCount=79&excludeEventConfig=ExcludeIfFromFullRecPage&fromPID=WOS&toPID=UA
http://apps.webofknowledge.com/InterService.do?product=WOS&toPID=WOS&action=AllCitationService&isLinks=yes&highlighted_tab=WOS&last_prod=WOS&fromPID=UA&returnLink=http%3a%2f%2fapps.webofknowledge.com%2ffull_record.do%3fhighlighted_tab%3dUA%26search_mode%3dGeneralSearch%26qid%3d1%26log_event%3dyes%26product%3dUA%26SID%3d6Ed7LOEQCNVxUfGPZGT%26viewType%3dfullRecord%26doc%3d24%26page%3d1&srcDesc=RET2UA&srcAlt=Back+to+All+Databases&UT=WOS:000087741700007&search_mode=CitedRefList&SID=6Ed7LOEQCNVxUfGPZGT&parentProduct=UA&parentQid=1&parentDoc=24&recid=WOS:000087741700007&PREC_REFCOUNT=21&fromRightPanel=true
http://apps.webofknowledge.com/InterService.do?product=WOS&toPID=WOS&action=AllCitationService&isLinks=yes&highlighted_tab=WOS&last_prod=WOS&fromPID=UA&returnLink=http%3a%2f%2fapps.webofknowledge.com%2ffull_record.do%3fhighlighted_tab%3dUA%26search_mode%3dGeneralSearch%26qid%3d1%26log_event%3dyes%26product%3dUA%26SID%3d6Ed7LOEQCNVxUfGPZGT%26viewType%3dfullRecord%26doc%3d24%26page%3d1&srcDesc=RET2UA&srcAlt=Back+to+All+Databases&UT=WOS:000087741700007&parentProduct=UA&parentQid=1&search_mode=RelatedRecords&SID=6Ed7LOEQCNVxUfGPZGT&parentDoc=24
http://apps.webofknowledge.com//full_record.do?search_mode=MostRecentCitingArticles&qid=27&page=1&excludeEventConfig=ExcludeIfFromMostRecent&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&recordID=WOS:000423495100112&doc=1
http://apps.webofknowledge.com//full_record.do?search_mode=MostRecentCitingArticles&qid=27&page=1&excludeEventConfig=ExcludeIfFromMostRecent&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&recordID=WOS:000423489700006&doc=2
http://apps.webofknowledge.com/CitingArticles.do?product=UA&REFID=14330327&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=24&excludeEventConfig=ExcludeIfFromFullRecPage&betterCount=79
javascript:;
javascript: void('InCites')
javascript: void('JCR')
javascript: void('ESI')
javascript: void('EndNote')
javascript: void('PUBLONS')
javascript:void(0);
javascript: void('Help')
javascript: void(0)
javascript: void(0)
javascript: void(0)
http://apps.webofknowledge.com/UA_CombineSearches_input.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CombineSearches
http://apps.webofknowledge.com/ViewMarkedList.do?action=Search&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&mark_id=UDB&search_mode=MarkedList&entry_prod=UA
javascript:;
javascript:;
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=23
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=25
http://apps.webofknowledge.com/UA_GeneralSearch_input.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=GeneralSearch
http://apps.webofknowledge.com/summary.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=


2018/6/11 Web of Science [v.5.29] - All Databases Full Record

http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=1&doc=24 2/4

(from Web of Science Core Collection)

Categories / Classification

Research Areas: Physics

Web of Science Categories: Physics, Multidisciplinary

See more data fields

Suggest a correction

If you would like to improve the quality of

the data in this record, please suggest a

correction.

 24  of  127 

Cited References: 21

Showing 21 of 21 View All in Cited References page

Scaling behavior in economics .1. Empirical results for company growth

By: Amaral, LAN; Buldyrev, SV; Havlin, S; et al.

JOURNAL DE PHYSIQUE I  Volume: 7   Issue: 4   Pages: 621-633   Published: APR 1997

Times Cited: 155  

Title: [not available]

By: Bouchaud, J.P.; Potters, M.

Theory of Financial Risks: From Statistical Physics to Risk Management  Published: 2000

Publisher: Cambridge University Press, Cambridge

Times Cited: 582  

Physicists attempt to scale the ivory towers of finance

By: Farmer, JD

COMPUTING IN SCIENCE & ENGINEERING  Volume: 1   Issue: 6   Pages: 26-39   Published: NOV-DEC 1999

Times Cited: 88  

Title: [not available]

By: Gell-Mann, M.

The quark and the Jaguar: adventures in the simple and the complex  Published: 1994

Publisher: W. H. Freeman, New York, NY

Times Cited: 435  

Non-linear dynamics for clinicians: Chaos theory, fractals, and complexity at the bedside

By: Goldberger, AL

LANCET  Volume: 347   Issue: 9011   Pages: 1312-1314   Published: MAY 11 1996

Times Cited: 483  

Scaling of the distribution of fluctuations of financial market indices

By: Gopikrishnan, P; Plerou, V; Amaral, LAN; et al.

PHYSICAL REVIEW E  Volume: 60   Issue: 5   Pages: 5305-5316   Part: A   Published: NOV 1999

Times Cited: 559  

Multifractality in human heartbeat dynamics

By: Ivanov, PC; Amaral, LAN; Goldberger, AL; et al.

NATURE  Volume: 399   Issue: 6735   Pages: 461-465   Published: JUN 3 1999

Times Cited: 1,030  

Scaling behaviour of heartbeat intervals obtained by wavelet-based time-series analysis

By: Ivanov, PC; Rosenblum, MG; Peng, CK; et al.

NATURE  Volume: 383   Issue: 6598   Pages: 323-327   Published: SEP 26 1996

Times Cited: 385  

Dynamics of North American breeding bird populations

By: Keitt, TH; Stanley, HE

NATURE  Volume: 393   Issue: 6682   Pages: 257-260   Published: MAY 21 1998

Times Cited: 107  

Universal features in the growth dynamics of complex organizations Times Cited: 160  

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

javascript:;
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=23
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=25
http://apps.webofknowledge.com/summary.do?product=UA&parentProduct=UA&search_mode=CitedRefList&parentQid=1&parentDoc=24&qid=26&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&page=1
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1997WT09900006
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=1&REFID=2225517&betterCount=155&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=2&REFID=287776246&betterCount=582&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000083563500007
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=3&REFID=1398400&betterCount=88&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=4&REFID=289081153&betterCount=435&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1996UK75800016
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=5&REFID=9602517&betterCount=483&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000083870700043
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=6&REFID=1398457&betterCount=559&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000080667900047
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=7&REFID=244803&betterCount=1030&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1996VJ43900040
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=8&REFID=3714646&betterCount=385&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000073761000050
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=9&REFID=7580946&betterCount=107&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000076369400057
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=26&parentDoc=10&REFID=1755768&betterCount=160&excludeEventConfig=ExcludeIfFromNonInterProduct


PhysioBank, PhysioToolkit, and PhysioNet
Components of a New Research Resource for Complex Physiologic Signals

Ary L. Goldberger, MD; Luis A.N. Amaral, PhD; Leon Glass, PhD; Jeffrey M. Hausdorff, PhD;
Plamen Ch. Ivanov, PhD; Roger G. Mark, MD, PhD; Joseph E. Mietus, BS; George B. Moody, BS;

Chung-Kang Peng, PhD; H. Eugene Stanley, PhD

Abstract—The newly inaugurated Research Resource for Complex Physiologic Signals, which was created under the
auspices of the National Center for Research Resources of the National Institutes of Health, is intended to stimulate
current research and new investigations in the study of cardiovascular and other complex biomedical signals. The
resource has 3 interdependent components. PhysioBank is a large and growing archive of well-characterized digital
recordings of physiological signals and related data for use by the biomedical research community. It currently includes
databases of multiparameter cardiopulmonary, neural, and other biomedical signals from healthy subjects and from
patients with a variety of conditions with major public health implications, including life-threatening arrhythmias,
congestive heart failure, sleep apnea, neurological disorders, and aging. PhysioToolkit is a library of open-source
software for physiological signal processing and analysis, the detection of physiologically significant events using both
classic techniques and novel methods based on statistical physics and nonlinear dynamics, the interactive display and
characterization of signals, the creation of new databases, the simulation of physiological and other signals, the
quantitative evaluation and comparison of analysis methods, and the analysis of nonstationary processes. PhysioNet is
an on-line forum for the dissemination and exchange of recorded biomedical signals and open-source software for
analyzing them. It provides facilities for the cooperative analysis of data and the evaluation of proposed new algorithms.
In addition to providing free electronic access to PhysioBank data and PhysioToolkit software via the World Wide Web
(http://www.physionet.org), PhysioNet offers services and training via on-line tutorials to assist users with varying
levels of expertise.(Circulation. 2000;101:e215-e220.)

Key Words: agingn databasesn death, suddenn electrophysiologyn heart raten nervous system, autonomic
n nonlinear dynamics

The purpose of this article is to provide a brief introduction
to the newly established Research Resource for Complex

Physiologic Signals*and to invite participation by the bio-
medical community in a cooperative research enterprise.

Background and Objectives
Clinical diagnoses and basic investigations are critically
dependent on the ability to record and analyze physiological
signals. Examples of such signals include ECG and heart rate
recordings from patients at a high risk of sudden death and
healthy control subjects (Figure 1), fluctuations of hormone

and other molecular biological signal messengers and trans-
ducers in neuroendocrine dynamics, and multiparameter re-
cordings in sleep apnea (Figure 2) and epilepsy. Over the past
few decades, however, the clinical and investigative analyses
of these signals has not substantially changed, despite the
technological advances that allow for the recording and
storage of massive datasets of continuously fluctuating sig-
nals. Furthermore, although these typically complex signals
represent processes that are nonlinear and nonstationary in
nature (Figure 1),1,2 the analytic tools and models used to
study such data often assume linearity and stationarity. Such
conventional techniques include analysis of means, standard
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deviations, and other features of histograms and classic
power-spectrum analysis.

Recent findings3–8 indicate that such complex datasets may
contain “hidden information,” which is defined here as
information that is neither visually apparent nor extractable
with conventional methods of analysis. Such information
promises to be of clinical value (forecasting sudden cardiac
death in ambulatory patients or cardiopulmonary catastrophes
during surgical procedures). It may relate to basic mecha-
nisms in molecular biology and physiology.9 With the advent
of sophisticated computational tools and powerful methods
for storing and disseminating vast quantities of information,
the biomedical research community seems to be on the cusp
of a major breakthrough at both the clinical and basic levels
of investigation.10

The Challenges
Unfortunately, vitally important, hypothesis-driven research
on complex biomedical signals, both basic and clinical, has
been hindered by the lack of the following 3 types of
resources.

Data Resources
Researchers need, but generally lack access to, high-quality,
rigorously validated, and standardized databases of biomed-
ical signals obtained in a variety of healthy and pathological

conditions. In many cases, both experimental and clinical
data are collected at considerable expense to the public,
analyzed once by their collectors, and filed away indefinitely.
As a result, federal agencies and other research sponsors may
fund repetitive and redundant projects.

Analytic Resources
Significant effort is required to develop software for signal
processing, time-series analysis, and related functions needed
by researchers working with these datasets. Commercial
software is unavailable for many of these functions, and what
little is available is generally unsuitable for use with multi-
gigabyte datasets. Researchers frequently develop such soft-
ware at considerable expense for use within a single project.
Furthermore, the validation of signal processing and analysis
algorithms (and of their software implementations) is rarely
performed in a way that permits rigorous peer review.
Frequently, researchers self-evaluate their software using the
same private dataset used for its development and then report
its behavior using ad hoc measures of performance.

Human and Communications Resources
Advances in the field of complex biomedical signal analysis
have also been limited by the lack of concentrated and
concerted research efforts. Furthermore, advanced analytic
techniques developed by experts in the field are often not
readily accessible to end users, who may lack the background
and technical skills needed for the successful use of these new
tools. Even among experts, the processes of the evaluation of
new algorithms and the comparison of research results are
complicated by subtle variations in software implementations
of algorithms that themselves may not be thoroughly speci-

Figure 2. Multichannel record of patient with obstructive sleep
apnea recorded during sleep study. Data show complex cou-
pling of cardiopulmonary and electroencephalographic (EEG)
dynamics. The shaded lines below the signals indicate pro-
longed sleep apnea episodes, characterized by periodic cessa-
tion of breathing. BP indicates blood pressure; Resp, respira-
tion; and SaO2, arterial oxygen saturation.

Figure 1. Representative complex physiological fluctuations.
Heart rate (normal sinus rhythm) time series of 30 minutes from
(top) a healthy subject at sea level, (second row) a healthy sub-
ject at a high altitude (4700 m), (third row) a subject with
obstructive sleep apnea, and (bottom) a sudden cardiac death
subject with ventricular fibrillation (VF). Note the highly nonsta-
tionary heart rate variations in the first and second rows, such
that the statistical properties change over relatively short time
periods. Nonstationarity, as well as sustained oscillations, as
seen in the bottom 2 rows, suggest underlying nonlinear
dynamics.1,8,9
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fied in research reports and by a lack of standardized test data
and testing methods.

This set of problems and challenges is reminiscent of the
status of research in genetics and molecular biology before
the advent of GenBank, which is arguably the first successful
large-scale example of a medium for the exchange and
dissemination of raw research data. By allowing researchers
to begin their work with instant access to all of the ever-
increasing store of knowledge of DNA sequences, GenBank
encourages innovative rather than redundant research, lever-
ages research expenditures to promote the most efficient use
of limited funds, and makes serendipitous discoveries more
likely.

In much the same way, biomedical research in general, and
cardiovascular investigations in particular, rely on large
quantities of physiological data. Intersubject variability is a
major focus of research interest in biomedical research (as it
is in genetic research); hence, information gathered from a
variety of subjects has an added value quite beyond the
importance of verifying an initial set of findings. In contrast
to the relatively simple alphabet of DNA sequences, however,
biomedical signals are characterized by complex time-
varying features and interrelationships that require nontrivial
computational techniques for quantification and analysis
(Figures 1 and 2).

The new resource offers researchers a medium for the
exchange and dissemination of such biomedical signals and
algorithms. It aims to bring to biomedical research the diverse
and compelling benefits offered to molecular biology by
GenBank. The central mission of the resource is to accelerate
current research progress and to stimulate and bootstrap new
investigations in the study of complex biomedical signals
with an integrated approach.

Structure of the Resource: Data,
Software, Interchange

The Research Resource for Complex Physiologic Signals has
the following 3 key, interrelated components: PhysioBank, a
data resource; PhysioToolkit, an analytic/software resource;
and PhysioNet, a dissemination/communications resource
(Figure 3).

PhysioBank is an archive of well-characterized biomedical
signals for use by the research community. As we build
PhysioBank, we collect, characterize, and document data-
bases of multiparameter signals from healthy subjects and
patients with pathological conditions that have major public
health implications (eg, epilepsy, congestive heart failure,
sleep apnea, sudden cardiac death, myocardial infarction,
movement disorders, and aging). This component will also
include other databases that will contain signals obtained
from selected in vitro and in vivo experiments, as well as
from physiologically-motivated algorithms that generate
complex time series.11 A large and growing collection of
these databases is now available to the scientific community
via the PhysioNet website and on CD-ROM.

PhysioToolkit is a growing library of signal processing and
analytical techniques implemented in open-source software.
The PhysioToolkit library includes software for physiological
signal processing and analysis; the detection of physiologi-

cally significant events using both classic methods and novel
techniques from statistical physics, fractal scaling analysis,
and nonlinear dynamics; the analysis of nonstationary pro-
cesses; interactive display and characterization of signals; the
creation of new databases to support further development of
PhysioBank; the simulation of physiological and other sig-
nals, when such signals may be useful for the study of
algorithm behavior; and the quantitative evaluation and com-
parison of analysis algorithms.

PhysioNet provides a 2-way dynamic link between the
resource and the research community for efficient retrieval
and submission of data and software from and to PhysioBank
and PhysioToolkit via the World Wide Web (http://www.
physionet.org). PhysioNet is an on-line forum for the dissem-
ination and exchange of recorded biomedical signals and the
software for analyzing such signals; it provides facilities for
the cooperative analysis of data and the evaluation of pro-
posed new algorithms. It provides a meeting place for
physiological data and algorithms, where both can be sub-
mitted, discussed, evaluated, reviewed, and examined in
detail by any investigator willing to join this on-line commu-
nity. PhysioNet also provides a means to resolve differences
in results that may result from errors in the interpretation of
algorithm descriptions, errors in algorithm implementation,
or fundamental errors in algorithm design. As an educational
component, PhysioNet provides on-line tutorials to assist
clinicians, students, and basic researchers in making the best
use of the resource (see Appendix). In conjunction with
Computers in Cardiology 2000,PhysioNet is supporting a
time-series competition focusing on the challenge of detect-
ing obstructive sleep apnea from the ECG (http://www.
physionet.org/cinc-challenge-2000.shtml).

Data and software that are available via PhysioNet fall into
the following 3 categories:

1. Fully supported. PhysioBank data and PhysioToolkit
software belong to this category, which consists of
well-characterized, carefully and multiply reviewed
data and rigorously tested software. We attempt to
correct any errors in fully supported data and software
before including them in PhysioBank and PhysioTool-

Figure 3. The datasets and algorithms provided by this
resource are intended to enable a wide range of basic and clini-
cal investigations.
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kit. Any reports of errors are promptly and publicly
logged and carefully reviewed.

2. Contributed from publications. Data and software in
this group are contributed by authors of published
articles or by the journals in which the articles are
published. These contributions offer the opportunity to
gain additional insight into the experimental methods
used in the associated studies, to confirm the authors’
published results, and to apply other analytic methods,
either for comparison with the original authors’ work or
to reuse their data for different purposes. We provide
on-line access via PhysioNet to unmodified archival
copies of these materials, and we forward reports of
errors to the original contributors.

3. Other contributed material. This category includes
works in progress judged to be of significant interest to
the research community, such as incompletely anno-
tated databases and implementations of novel algo-
rithms that have not yet been rigorously tested. Physio-
Net offers a forum for the peer review of such data and
software and for collaborative efforts among geograph-
ically scattered researchers working to develop these
materials. In some cases, we provide archival storage
and on-line access via PhysioNet to these materials; in
other cases, PhysioNet hosts on-line discussions only
and provides links to external data and software
repositories.

Potential Benefits
The combination of these 3 interrelated components—signal
databases, analytic tools, and an on-line forum—is intended
to make this resource useful to a wide range of researchers
and clinicians (Table). Experimentalists may benefit from
access to PhysioToolkit’s growing collection of rigorously
tested analytic software and especially from PhysioNet tuto-

rials and on-line discussions that can help identify applicable
techniques for addressing their research questions and that
compare the merits of available methods across various
problem domains. Theoreticians and others who lack access
to well-characterized signals may benefit from access to
PhysioBank’s growing collections of data. Indeed, we have
found, in the course of distributing a number of the Physio-
Bank databases on a smaller scale to the research community
during the past 20 years, that the availability of such data has
frequently encouraged nonspecialists with innovative meth-
ods to tackle problems in biomedical areas that they might not
otherwise have attempted, often with encouraging results.

Reference databases12–14 (http://ecg.mit.edu/ and http://
reylab.bidmc.harvard.edu/) are also essential resources for
developers and evaluators of algorithms that analyze biomed-
ical signals who need to test algorithms with realistic data and
to perform these tests repeatedly and reproducibly as algo-
rithm refinements are proposed. These databases also have
value in medical education by providing well-documented
case studies of both common and rare but clinically signifi-
cant diseases. By making well-characterized clinical data
available to researchers, these databases will make it possible
to formulate and answer numerous physiological questions
(Figure 3), without the need to develop a new set of reference
data at great cost in each case.15 In this regard, PhysioBank
can serve as a final and permanent repository for time-series
data from publicly-funded studies, such as large multicenter
clinical trials, or physiological studies conducted by the
National Aeronautics and Space Administration (NASA).
Such data are, by statute, in the public domain, yet often they
cannot be readily accessed by qualified investigators, even
long after the original investigators have completed their
analysis. Furthermore, irreplaceable physiological data, such
as electrocardiographic recordings from NASA’s pre-Shuttle
missions, are no longer retrievable due to a lack of mecha-
nisms for data annotation, analysis, and archival. Such
mistakes should not be repeated.16

Another source of concern in the biomedical community in
recent years has been the problem of scientific misconduct,17

including the publication of fraudulent data. These lapses rob
not only the scientific community, which relies on published
findings, but also the taxpayers who support this research.
Considerable effort has been directed at designing safeguards
to prevent or detect such fraudulent science. Unfortunately,
even the most careful peer review may fail to discover
deliberate misrepresentation or unintentional mistakes. The
willingness of investigators to deposit original datasets as part
of a research resource may be one of the most potent
assurances of the integrity of data. The fact that these datasets
can be reanalyzed by the scientific community at large
permits ready double-checking of the initial findings and
serves as perhaps the most efficient remedy for unintentional
errors. An additional benefit is that the data can also be
restudied with new techniques as they become available,
allowing for “data-leveraging” or “data-mining.” For
federally-funded investigations, the investigators’ consent to
eventually bank relevant physiological signals in such a
resource could become a standard part of certain research

Potential Benefits of the Research Resource for Complex
Physiologic Signals

Stimulate new investigations on the dynamics of physiological systems

Facilitate ongoing basic and clinical studies

Provide larger, more comprehensive databases than any single center can
collect

Provide a model for the future collection and analysis of cardiovascular and
other biomedical data based on time series rather than averaged quantities

Provide a permanent repository for time-series data from large multicenter
studies, other publicly-funded studies, and publications

Protect integrity and reliability of raw data and analyses

Allow systematic testing of traditional and novel diagnostic/prognostic
algorithms on standard databases

Provide analytic tools and guidance in their use to experimentalists

Facilitate data-leveraging and data-mining: obtain maximal information from
databases, including unanticipated findings

Provide data to theoreticians and nonspecialists to encourage new
biomedical applications of novel methods

Foster technology transfer

Support interdisciplinary studies among basic and clinical investigators,
bioengineers, applied mathematicians, physiologists, computer scientists,
and biophysicists
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proposals, with provisions for the absolute protection of
subject anonymity.

Without common databases, such as those provided by
PhysioBank, it can be impossible to resolve certain contra-
dictory research results, ranging from understanding the
dynamics of normal sinus rhythm to life-threatening cardiac
arrhythmias.9,18 A specific example of how the absence of a
well-characterized database has impeded scientific progress
and prevented the resolution of a major, clinically relevant
problem relates to the mechanism of ventricular fibrillation
(VF), the major cardiac arrhythmia associated with sudden
death (Figure 1). Although multiple investigators have stud-
ied the dynamics of this electrical disturbance, there remains
a remarkable lack of consensus about its underlying mecha-
nism(s).9,19–21 A probable source of disagreement has been
that different investigators have studied different sets of
waveforms obtained in diverse preparations. Furthermore, the
analyses used to reach these disparate conclusions have made
use of different analytic techniques or different implementa-
tions of similar algorithms. Without a standardized database
of high-quality signals accepted by the community of inves-
tigators using the same algorithms, attempts to resolve this
central controversy are likely to be at best incomplete and at
worst reminiscent of the parable of the blind men and the
elephant. To aid in the development of new approaches to
defibrillation,20,22 it would be invaluable to make available
electrophysiological mapping data collected during VF in
model systems. A more informed analysis of VF will lead to
a deeper understanding of the mechanism of complex wave
phenomena, which underlie not only sudden cardiac death23,24

but possibly other pathophysiological dynamics, such as
seizure disorders.

Finally, the peer review process itself has been shaped
historically by the constraints of the publication process. It
has never been feasible to publish the raw data that support
research results—until now. The Internet and the near-
universal availability of inexpensive, high-capacity, mass-
storage media such as the CD-ROM have made it possible to
consider a new paradigm for scientific publication and for
peer review. Within a few years, it may not be considered
acceptable for a study based on physiological signal analysis
to be published in most peer-reviewed journals without
making supporting raw data available for examination, and no
peer review may be considered sufficiently rigorous unless it
has included an examination of how the research results have
been derived from these data. The resource now provides a
site for authors to publish such “dynamic appendices” to
accompany their articles, giving readers access to the actual
time-series data on which statistical tests were performed. A
precedent for the publication of such primary datasets has
already been established with respect to high-resolution
biomolecular structural data, which are now released at or
before the time of publication of the articles describing these
data.25 “Open-source research” is a powerful idea that may
sweep aside entrenched patterns of behavior in research, just
as increasing awareness of the benefits of open-source soft-
ware is changing the practice of software development. We
hope that this new National Institutes of Health resource will
now help extend these benefits and their often unanticipated

rewards to those with an interest in complex physiological
signals.

Appendix
Getting Started with PhysioNet
The only prerequisites for using PhysioNet are a Web browser and a
connection to the Internet. To begin, please visit the PhysioNet
welcome page at http://www.physionet.org. There is no charge for
using PhysioNet, although free registration is required if you wish to
contribute data or software. First-time visitors may wish to begin
their exploration of the resource by following the links from the
welcome page to PhysioBank and then toAn Introduction to the
PhysioBank Archives, which contains pointers regarding samples of
the available databases and suggestions for viewing them.

PhysioToolkit software may be downloaded in source form or in
precompiled versions for Linux/386, Solaris/Sparc, or MS-DOS/
MS-Windows (precompiled versions for other environments may
also be available).

We invite your comments and contributions of data and software for
review, discussion, and possible inclusion in PhysioBank and PhysioTool-
kit. Contributors are asked to review our guidelines at
http://www.physionet.org/guidelines.shtml.

PhysioNet is supported by mirrored Web servers at multiple
locations around the world to provide reliable access to the research
community. We invite users to replicate the PhysioNet website
locally and to add their sites to our list of mirrors; please visit
http://www.physionet.org/mirrors/ for further information.
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Systems with correlations in the variance: Generating
power law tails in probability distributions

B. Podobnik
1,2(∗), P. Ch. Ivanov1

, Y. Lee
1
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1,3 and H. E. Stanley1

1 Center for Polymer Studies and Department of Physics, Boston University
Boston, MA 02215, USA
2 Department of Physics, Faculty of Science, University of Zagreb - Zagreb, Croatia
3 Dipartimento di Fisica and Unità INFM, Università di Cagliari - 09124 Cagliari, Italy

(received 17 December 1999; accepted in final form 7 April 2000)

PACS. 02.50.Ey – Stochastic processes.
PACS. 05.40.Fb – Random walks and Levy flights.
PACS. 05.40.-a – Fluctuation phenomena, random processes, noise, and Brownian motion.

Abstract. – We study how the presence of correlations in physical variables contributes to
the form of probability distributions. We investigate a process with correlations in the variance
generated by i) a Gaussian or ii) a truncated Lévy distribution. For both i) and ii), we find that
due to the correlations in the variance, the process “dynamically” generates power law tails in
the distributions, whose exponents can be controlled through the way the correlations in the
variance are introduced. For ii), we find that the process can extend a truncated distribution
beyond the truncation cutoff, which leads to a crossover between a Lévy stable power law and
the present “dynamically generated” power law. We show that the process can explain the
crossover behavior recently observed in the S&P500 stock index.

Many natural phenomena are described by distributions with scale-invariant behavior in
the central part and power law tails. To explain such a behavior the Lévy process [1] has been
employed in finance [2], fluid dynamics [3], polymers [4], city growth [5], geophysical [6] and
biological [7] systems. An intense activity has been developed in order to understand the origin
of these ubiquitous power law distributions [8]. The Lévy process, however, is characterized by
a distribution with infinite moments and in applications this might be a problem, e.g., analysis
of autocorrelations in time series requires a finite second moment. To address this problem,
probability distributions of the Lévy type with both abrupt [9] and exponential cutoffs [10]
have been proposed. A second problem is that the Lévy process has been introduced for
independent and identically distributed stochastic variables, while for some systems there is
a clear evidence of correlations in the variance (e.g., for many important market indices [11]).
Moreover, a crossover between a Lévy stable power law and a power law with an exponent out
of the Lévy regime, was recently found in the analysis of price changes [12]. We investigate
how a stochastic process with no correlations in the variables but rather in their variance can
be introduced to account for the empirical observations of a Lévy stable form of the probability
distribution in the central part and a crossover to a power law behavior different than the
Lévy in the far tails.

(∗) E-mail: bp@phy.hr

c© EDP Sciences
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Fig. 1 – The dependence on time of (a) a realization of an ARCH process xt of eq. (1) and (b) the
variance σ2

t of eq. (2). The ARCH process xt is defined by a = 0.88 and b = 0.12. For these a and
b values, σ2

x = 1 (eq. (3)). P (wt) is the TL PDF of eq. (5) with α = 1.5, γ = 0.27, and the cutoff
length � = 10 (horizontal dashed line). Large values of xt are followed by large values of σ2

t . Due to
the dynamical features of the ARCH process, values of xt can exceed the truncation cutoff � of the
TL distribution, and the regime beyond the cutoff length becomes populated (see fig. 3).

In finance, a stochastic process with autoregressive conditional heteroskedasticity (ARCH)
[13] is often used to explain systems characterized by correlations in the variance. The ARCH
process is a discrete time process xt whose variance σ2

t depends conditionally on the past
values of xt. The ARCH process is specified by the form of the probability density function
(PDF) P (wt) of the process wt which generates the random variable xt.

Here we ask to what extent the presence of correlations in the variance σ2
t contributes to

the form of the probability distribution P (zn), where zn ≡
∑i=n

i=1 xt+i−1 and xt is the ARCH
process (in finance zn is called temporal aggregation of the ARCH process xt). We perform
numerical simulations and investigate the form of P (zn), when the PDF P (wt) of the process
wt which generates xt is either of two cases, i) a Gaussian, or ii) a truncated Lévy distribution.
For case i) and n = 1 (i.e. z1 ≡ xt), the ARCH process generates P (xt) which, to a good
approximation, can be fit at the tails by a single power law [14]. For case ii) and n = 1, we
show that the interplay between the Lévy form of the distribution in the central part and the
dynamics of the ARCH process can give rise to a crossover between two power law regimes
in the tails of P (xt). For both i) and ii), at large n, we find clear convergence of P (zn) to a
Gaussian [15].

Suppose xt is generated by an independent and identically distributed (i.i.d.) stochastic
process wt, drawn from a PDF P (wt) with zero mean (〈wt〉 = 0) and unit variance (〈w2

t 〉 = 1),

xt = σtwt. (1)

Then xt follows an ARCH process if the variance σ2
t evolves in time as

σ2
t = a + b x2

t−1, (2)

where a and b are two non-negative constants [13]. For b = 0, the ARCH process xt reduces
to the i.i.d. stochastic process wt —no correlations in all moments. For b �= 0, the stochastic
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Fig. 2 – Log-log plot of P (zn) for the temporal aggregation zn of the ARCH process xt calculated for
different time scales n = 1 (◦), 10 (�), and 100 (�). The ARCH process xt with a = 0.49 and b = 0.51
has the expected variance σ2

x = 1 (eq. (3)) and kurtosis κx = 10 (eq. (4)). wt in eq. (1) is chosen
from a Gaussian distribution (κw = 3). Due to the correlations in the variance σ2

t , the temporal
aggregation of the ARCH process generates power law tails in P (zn) for small time scales n. By solid
lines, for the same time scales (n = 1, 10, and 100), we denote the Gaussian process with the same
variance as the ARCH process. In the inset, we show a log-log plot of the probability of return to the
origin P (zn = 0) for the same ARCH (◦) and for the Gaussian process (solid line); the line has slope
0.5 —the value predicted for the Gaussian— which suggests that P (zn) gradually tends towards the
Gaussian with increasing n.

process xt is uncorrelated —〈xtxt′〉 ∼ δtt′— but has correlations in the variance σ2
t . Indeed,

the ARCH process is characterized by exponentially decaying correlations in the variance
〈σ2

t σ2
t′〉 ∼ exp[−(t′ − t)/τ ] with decay constant τ = | log(b)|−1.

In fig. 1 we see that σ2
t is large when x2

t−1 is large. The ARCH process is specified by the
functional form of the PDF P (wt) which controls the stochastic variable wt and also by the
value of the parameter b (eqs. (1) and (2)). In the ARCH process P (wt) is traditionally the
Gaussian, but other choices are possible [16]. Furthermore, the correlations in the variance
σ2

t can be controlled by changing the parameter b —larger values of b relate to stronger
correlations.

The expected variance of xt is a constant: σ2
x ≡ 〈x2

t 〉 = 〈σ2
t 〉 [13]. From this relation and

eqs. (1) and (2) there follows:
σ2

x =
a

1− b
(3)

and

κx ≡ 〈x4〉
(〈x2〉)2 = κw +

κw(κw − 1)b2

1− κwb2
, (4)

where κw is the kurtosis of P (wt), a common measure of the degree of “fatness” of the
distribution related to the fourth moment [11, 13]. From eq. (3), σ2

x is finite if b < 1, while
finiteness of kurtosis κx (and the fourth moment of xt) requires κwb2 < 1. No matter what
functional form for P (wt) we choose, the ARCH process generates PDFs with slower decaying
tails compared to P (wt) — κx > κw from eq. (4). Such a slow decay in the tails of P (zn)
for the ARCH process may come both from the choice of the P (wt) and the presence of
correlations in the variance, i.e. κw and b, respectively.



714 EUROPHYSICS LETTERS

-25 0 25
10

-7

10
-5

10
-3

10
-1

10
1

P
(X

t)

TL(w t)
ARCH extended x t

1 10
Xt

10
-6

10
-4

10
-2

10
0

P
(X

t)

-l l

tX

Fig. 3 – Linear-log plot of the PDFs of (◦) the truncated Lévy process wt without correlations and
(•) the ARCH process xt (n = 1), where wt of eq. (1) has the TL distribution of eq. (5) with α = 1.2,
γ = 0.21, and cutoff length � = 9 (vertical dotted lines), implying κw = 24.2. Parameters of the
ARCH process are a = 0.9 and b = 0.1 giving κx = 31.6 (eq. (4)). While the central part (◦) of the
PDF remains practically the same for both wt and xt processes, the ARCH process xt extends the
range of the TL to xt > � due to the correlations in the variance σ2

t (eq. (2)). This ARCH-extended
regime (•) is rarely populated and therefore decays faster. In the inset, we show the log-log plot
of the PDF of the ARCH process xt. The process leads to extension of the range of the original
TL distribution, with a crossover between two different power law regimes: the original Lévy stable
power law and the dynamically generated power law (appearing beyond the truncation cutoff �). The
exponent of the power law in the ARCH-extended regime is defined by correlations in the variance
σ2

t through the parameter b (eq. (2)).

First, we consider the temporal aggregation zn of an ARCH process for a particular choice
of P (wt) given by a Gaussian distribution (see fig. 2). Due to the correlations in the variance
(eq. (2)), the ARCH process, for small n, generates tails which can be approximated by a
power law. Given that the parameter b controls the correlations in the variance σ2

t , we find
that the slope of this power law is directly linked to these correlations —the stronger the
correlations in σ2

t , the smaller the slope of the power law tail. For large n, the PDF of the
temporal aggregation zn of the ARCH process resembles the form of the Gaussian distribution,
i.e. P (zn) tends to the Gaussian, with a variance of nσ2

x.
Second, we analyze the ARCH process where P (wt) (eq. (1)) is the truncated Lévy (TL)

distribution [9], defined by

Tα,γ,l(w) ≡
{

NLα,γ(w), |w| ≤ �

0, |w| > �

}
. (5)

Here, Lα,γ(w) is the symmetrical Lévy stable distribution [1,2], α is the scale index (0 < α < 2),
γ is the scale factor (γ > 0), N is the normalizing constant and � is the cutoff length. Note
that the TL distribution is characterized by power law tails from zero up to the cutoff length �.
In performing numerical simulations [17], we employ an algorithm of ref. [18].

In fig. 3, we show the PDF of an ARCH process xt (n = 1) where P (wt) is the TL
distribution. We find two regimes where the values of xt are smaller and larger than the
cutoff length � of P (wt). The first regime (xt < �) is characterized by the Lévy power law due
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Fig. 4 – PDF of the 1 min price changes for the S&P500 stock index over the 12-year period
Jan. ’84-Dec. ’95. The central part of the empirical PDF is well fit with the Lévy distribution
(α = 1.4) up to the cutoff length � (arrow), followed by crossover to a second “dynamically generated
by ARCH” regime (xt > �), which can be approximated by a power law with slope 4.4 (α = 3.4).
We show a realization of the ARCH process, where P (wt) is the TL distribution of eq. (5) with
α = 1.4, γ = 0.275, length � = 8, and the process is characterized by b = 0.4, where a is chosen to
give the empirical standard deviation σ = 0.07. Note that the bump at the truncation cutoff � in
the PDF of the ARCH process in fig. 3 is more pronounced compared to the bump in the PDF of
the S&P500 data and the ARCH process in this figure. This is due to the fact that the correlations
in the variance σ2

t introduced for the particular realization of the ARCH process in fig. 3 are weaker
(b = 0.1) compared to the correlations in the S&P500 data (b = 0.4).

to the choice of the P (wt) (eq. (5)). Due to the correlations in the variance σ2
t (eq. (2)), the

ARCH process extends the range of the PDF to xt > �, generating a new power law different
from the Lévy power law in the first regime. This second regime, where xt > �, is rarely
populated —events in that regime occur only when two large values of xt follow each other.
Since such events have small probability, the PDF of the ARCH process xt in that regime
decreases faster compared with the first regime where the fluctuations of xt are smaller than
the cutoff length �.

The existence of two regimes in the PDF, characterized by two different power laws, is
empirically observed in high-frequency data on price changes [12]. In addition the central part
of the empirical PDF in financial data is well described by a Lévy distribution and exhibits
the same scale-invariant behavior [2]. Such behavior of the empirical PDF can be mimicked
by the ARCH process with a TL distribution, since the ARCH process generates power laws
in the far tails while preserving the form of the PDF in the central region (figs. 2 and 3).
Empirical data also show a bump in the PDF of the price changes calculated for a delay of 1
min. A similar bump is observed in fig. 3 for the ARCH process xt around the cutoff length
�. We find that this bump is a signal for changing the power law exponent in the probability
distribution. In fig. 4 we show the PDF of the ARCH process in good agreement with the
PDF of 1 min price changes for the S&P500 index. The central part (xt < �) of the PDF
characterized by Lévy-stable power law with slope 2.4 (α = 1.4) is followed by a crossover
to a second “dynamically generated” by ARCH regime (xt > �) with a different behavior,
approximately power law with slope 4.4 (α = 3.4). As in the case of the ARCH process
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Fig. 5 – Left panel: log-log plot of the probability of return P (zn = 0), where zn is the temporal
aggregation of the ARCH process with a = 0.88, b = 0.12, σ2

x = 1 (eq. (3)) and kurtosis κx = 31.4
(eq. (4)). P (wt) is the truncated Lévy distribution (eq. 5) (with σ2

w = 1 and κw = 21.9 (eq. 4))
obtained by setting α = 1.5, γ = 0.27, and � = 10. Also shown is the Lévy stable process with
α = 1.5 (slope equals 1/α) and γ = 0.27, and the Gaussian process with variance σ2 = 1 equal to
the expected variance σ2

x of the ARCH process. For small values of n, zn follows the Lévy process
and then converges to the Gaussian. Right panel: linear-log plot of P (zn) calculated for different
time scales n. For the same time scales, we also show the Gaussian process to which zn gradually
converges. Parameters for both Gaussian and ARCH process are defined as for the left panel.

with Gaussian PDF, we can control the exponent of the power law in the second dynamically
generated by ARCH regime by tuning b, while the parameter a is chosen to give the empirical
standard deviation.

Next we study the asymptotic behavior (at large time scales n) of the PDF of the tem-
poral aggregation zn, where P (wt) is the TL distribution. In fig. 5 we show P (zn = 0) for
the ARCH process. For small n, P (zn = 0) approximately follows the Lévy distribution
Lα,γ(zn = 0) = Γ(1/α)/[πα(n γ)1/α] with the same α and γ as P (wt). For n > 30, P (zn = 0)
tends to a Gaussian distribution G(zn = 0) = 1/[

√
2πσxn1/2] with variance σx defined by

eq. (3) and equal to the variance of P (xt) [19]. Thus, despite the presence of correlations
in the variance σ2

t , the temporal aggregation zn of the ARCH process behaves like an i.i.d.
process, characterized by a fast transition from Lévy to Gaussian process (“ultra-fast” TL
flight [9]). Since the correlations in the variance are of short range, for sufficiently large time
scales n, P (zn) approaches a Gaussian form, a behavior normally associated with uncorrelated
stochastic variables (fig. 5).

In summary, we find that power law tails in distributions can be dynamically generated
by introducing correlations in the variance of stochastic variables, even when the initial dis-
tribution of these variables is the Gaussian. We also find that when the initial distribution
is a truncated Lévy distribution, the process of introducing correlations in the variance can
extend the range of the PDF beyond the truncation cutoff. This extension of the range of the
original probability distribution is characterized by a crossover between two different power
law regimes: the original Lévy stable power law (within the limits of the truncation cutoff)
and the “dynamically generated” power law (beyond the truncation cutoff). This behavior
appears to explain the empirically observed crossover in the PDF of price changes for the
S&P500, and carries information about the relevant parameters of the underlying stochastic
process. Our findings can help understand to what extent the presence of correlations in phys-
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ical variables contributes to the form of probability distributions, and what class of stochastic
processes could be responsible for the emergence of power law behavior.
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Magnitude and Sign Correlations in Heartbeat Fluctuations
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We propose an approach for analyzing signals with long-range correlations by decomposing the signal
increment series into magnitude and sign series and analyzing their scaling properties. We show that
signals with identical long-range correlations can exhibit different time organization for the magnitude
and sign. We find that the magnitude series relates to the nonlinear properties of the original time series,
while the sign series relates to the linear properties. We apply our approach to the heartbeat interval
series and find that the magnitude series is long-range correlated, while the sign series is anticorrelated
and that both magnitude and sign series may have clinical applications.
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A broad class of physical and biological systems ex-
hibits complex dynamics, associated with the presence of
many components interacting over a wide range of time or
space scales. These often-competing interactions may gen-
erate an output signal with fluctuations that appear “noisy”
and “erratic” but reveal scale-invariant structure. One gen-
eral approach to study these systems is to analyze the ways
that such fluctuations obey scaling laws [1–3].

Here, we take into account that the fluctuations in the dy-
namical output of any system can be characterized by their
magnitude (absolute value) and their direction (sign). These
two quantities reflect the underlying interactions in a sys-
tem—the resulting “force” of these interactions at each
moment determines the magnitude and the direction of the
fluctuations. For an important representative of complex
dynamics —human heartbeat intervals —we find unex-
pected results for the time ordering of the heartbeat inter-
val fluctuations by studying the scaling properties of their
magnitude and sign. We also demonstrate that fluctuations
following identical long-range correlations can exhibit
very different time ordering for the magnitude and sign.

We consider the time series formed by consecutive car-
diac interbeat intervals (Fig. 1a) and focus on the corre-
lations in the time increments between consecutive beats.
This time series is of general interest, in part because it is
the output of a complex integrated control system, includ-
ing competing stimuli from the neuroautonomic nervous
system [4]. These stimuli modulate the rhythmicity of the
heart’s intrinsic pacemaker, leading to complex fluctua-
tions. Previous reports indicate that these fluctuations ex-
hibit scale-invariant properties, and are anticorrelated over
a broad range of time scales (i.e., the power spectrum fol-
lows a power-law where the amplitudes of the higher fre-
quencies are dominant) [5,6].

The time series of the fluctuations in heartbeat intervals
can be “decomposed” into two different time series. We
analyze separately the time series formed by the magni-
tude and the sign of the increments in the time intervals

between successive heartbeats (Figs. 1b and 1c). We use
2nd order detrended fluctuation analysis [6] (and not the
conventional power spectrum) since it has the ability to ac-
curately estimate correlations in the heartbeat fluctuations
even when they are masked by linear trends [7]. We find
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FIG. 1. (a) An example of 2000 heartbeat (RR) intervals of a
healthy subject during daytime. (b) The magnitude series of a por-
tion of the RR series (beat numbers 800–1300) shown in (a).
Patches of more “volatile” increments with large magnitude (beat
numbers 800–1000) are followed by patches of less volatile in-
crements with small magnitude (beat numbers 1000–1300), con-
sistent with our quantitative conclusion that there is correlation in
the magnitude time series. (c) The sign series (±), as well as the
DRR series (≤) of a portion of the RR series (beat numbers 1180–
1230) shown in (a). The positive sign (11) represents a positive
increment, while the negative sign (21) represents a negative in-
crement in the RR series of interbeat intervals. The tendency to al-
ternation between 11 and 21 is consistent with our quantitative
conclusion that there is (multiscale) anticorrelation in the sign
time series.
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FIG. 2. (a) Root mean square fluctuation, F�n�, for �6 hour
record (�32 000 data points) for the interbeat interval RRi se-
ries (�) of healthy subject [9]. Here, n indicates the time
scale (in beat numbers) over which each measure is calculated.
The scaling is obtained using second order detrended fluctua-
tion analysis, and indicates long-range anticorrelations in the
heartbeat interval increment series DRRi [6]. As expected, the
scaling properties of the heartbeat interval increment series re-
main unchanged after the Fourier phase randomization (�). (b)
The root mean square fluctuation of the integrated magnitude
series (�) indicates long-range correlations in the magnitude
series jDRRi j [group average exponent of a 2 1 � 0.74 6 0.08
where F�n��n ~ na21]. After Fourier phase randomization
of the interbeat interval increment series we find random be-
havior with exponent 0.5 (�). This change in the scaling
(after removing the nonlinear features in the time series) sug-
gests that the magnitude series carries information about the
nonlinear properties of the heartbeat dynamics. (c) The root
mean square fluctuation of the integrated sign series (�) indi-
cates anticorrelated behavior in sign�DRRi� [group average ex-
ponent of a 2 1 � 0.42 6 0.03 where F�n��n ~ na21]. The
scaling properties of the sign series remain unchanged after the
Fourier phase randomization (�), which suggests that the sign
series relates to linear properties of the heartbeat interval time
series. We note the apparent crossovers at n � 20 beats and n �
100 beats. A gradual loss of anticorrelation in the sign se-
ries is observed at time scales larger than n � 100 beats. We
note, however, that heartbeat increments derived from the origi-
nal time series are anticorrelated up to scales of thousands of
heartbeats.

for each subject in a group of 18 healthy individuals [8],
that the time series of the magnitudes exhibits correlated
behavior (Fig. 2b) (unlike the original heartbeat increment
time series, which is anticorrelated, Fig. 2a). The sign se-
ries, however, exhibits anticorrelated behavior (Fig. 2c) [9].
Correlation in the magnitude series indicates that an incre-
ment with large magnitude is more likely to be followed
by an increment with large magnitude. Anticorrelation in
the sign series indicates that a positive increment is more
likely to be followed by a negative increment. Our result
for the temporal organization of heartbeat fluctuations thus
suggests that, under healthy conditions, a large increment

in the positive direction is more likely to be followed by a
large increment in the negative direction. We find that this
empirical “rule” holds over a broad range of time scales
from several up to hundreds of beats (Fig. 2) [10].

To show that fluctuations following an identical scaling
law can exhibit different time ordering for the magnitude
and sign, we perform a Fourier transform on a heartbeat in-
terval increment time series, preserving the amplitudes of
the Fourier transform but randomizing the Fourier phases.
Then we perform an inverse Fourier transform to create a
surrogate series. This procedure eliminates nonlinearities,
preserving only the linear features (i.e., two-point correla-
tions) of the original time series [11]. The new surrogate
series has the same power spectrum as the original heart-
beat interval increment time series, with a scaling expo-
nent indicating long-range anticorrelations in the interbeat
increments (Fig. 2a). Our analysis of the sign time series
derived from this surrogate signal shows scaling behavior
almost identical to the one for the sign series from the orig-
inal data (Fig. 2c). However, the magnitude time series de-
rived from the surrogate (linearized) signal exhibits uncor-
related behavior — a significant change from the strongly
correlated behavior observed for the original magnitude
series (Fig. 2b). Thus, the increments in the surrogate se-
ries do not follow the empirical “rule” observed for the
original heartbeat series, although these increments follow
a scaling law identical to the original heartbeat increment
series. Moreover, our results raise the interesting possibil-
ity that the magnitude series carries information about the
nonlinear properties of the heartbeat series, while the sign
series relates importantly to linear properties.
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FIG. 3. (a) (≤) An example of anticorrelated noise (the scaling
exponent of the increment series is 0) with (�) uncorrelated
magnitude series and (�) uncorrelated sign series with exponent
0.5. (Note the sign series is anticorrelated for n , 20 and
uncorrelated for n . 100). (b) We shuffle the magnitude series
from (a) (gray squares) and then multiply its elements by the
elements of the sign series from (a). The new surrogate series
(�) is uncorrelated.
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FIG. 4. (a) The relation between the scaling exponents of cor-
related noise, the integrated magnitude series, and the integrated
sign series for the short-range regime (n , 16). We generate
10 series of length 32 768 with different correlations (input ex-
ponent) and then calculate the scaling exponents of the original
series (≤), of the integrated magnitude series (�), and of the
integrated sign series (�). In the figure we show the average
61 standard deviation. The dashed line indicates the approxi-
mate empirical relation between the different scaling exponents
[asign � �aoriginal 1 amagnitude��2]. This empirical approxima-
tion is good for the short-range regime only (n , 16). (b) Same
as (a) for the long-range regime (n . 64). Here the approxima-
tion does not hold anymore. In this regime the scaling exponents
of the magnitude and sign series are uncorrelated no matter what
is the exponent of the original series.

Next, we investigate the relation between the scaling ex-
ponent of the original series and the scaling exponents of
the magnitude and the sign series. For this purpose, we
test our approach on well-defined signals with built-in cor-
related behavior that show uncorrelated behavior for the
magnitude and sign. First, we consider a particular ex-
ample of correlated noise with scaling exponent equal to 1,
for which the increment series is anticorrelated with scal-
ing exponent equal to 0 (Fig. 3a). Surprisingly, at large
time scales, we find that the magnitude series and the
sign series of the increments exhibit uncorrelated behav-
ior (scaling exponent of 0.5) although the original incre-
ment series, which is the multiplication of the elements of
these two series, is strongly anticorrelated. Moreover, we
find that for linear colored noise with correlation exponent
less than 1.5 (i.e., with anticorrelations for the increment
series), the magnitude and sign series of the increments
are uncorrelated (Fig. 4b). Next, we shuffle the magnitude
series by randomly exchanging pairs of elements. After
multiplication of the elements of the shuffled magnitude
series with the elements of the sign series, we find that
the resulting time series is uncorrelated, in contrast to the
original increments time series which is strongly anticor-
related. Note that the scaling exponents of the magnitude
and sign series remain the same as before the shuffling
(Fig. 3b). This test indicates that the correlations in a time

series are not related to the correlations in the magnitude
and sign series, but rather to the particular pairing of the
elements of the magnitude and sign series.

At small time scales, however, we find an empirical
approximate relation for the scaling exponents (Fig. 4a),
asign � 1

2 �aoriginal 1 amagnitude�. We observe that for the
heartbeat series this relation is valid over a larger range of
scales (i.e., for time scales n , 100).

Finally, we test our analysis on a group of 12 subjects
with congestive heart failure [8]. Compared to the healthy
subjects, the magnitude exhibits weaker correlations with a
scaling exponent closer to the exponent of an uncorrelated
series. The change in the magnitude exponent for the heart
failure subjects is consistent with a previously reported loss
of nonlinearity with disease [12,13]. The sign time series
of heart failure subjects shows scaling behavior similar to
that observed in the original time series, but significantly
different from the healthy subjects (Table I).

TABLE I. Comparison of the statistics of the root mean square
fluctuation, F�n� (calculated using the second order detrended
fluctuation analysis method [6] where n is the time scale in beat
numbers over which each measure is calculated), and the scaling
exponents for 18 healthy subjects and 12 subjects with heart fail-
ure [8] (obtained from 6-h records during the day). The scaling
features of the magnitude and sign change significantly for the
subjects with heart failure, raising the possibility of bedside ap-
plications. a is the best fit to the range 6 , n , 1024. F�n� is
estimated at the crossover position (n � 16) (Fig. 2b) where the
largest separation between the two groups is estimated. Since we
observe two apparent crossovers in the scaling behavior of the
sign series, we calculate the scaling exponents in three different
regions: (i) the short-range regime for time scales 6 , n , 16
with scaling exponent a1; (ii) the intermediate regime for time
scales 16 # n # 64 with scaling exponent a2; and (iii) the long
range regime for time scales 64 , n # 1024 with scaling ex-
ponent a3. For each measure, the group average 61 standard
deviation is presented. The values which show highly significant
differences (p # 0.01 by student’s t-test) between the healthy
and heart failure groups are indicated in boldface. We note, sur-
prisingly, that the short-range and the intermediate range scaling
exponents a1 and a2 of the sign series may provide even more
robust separation between healthy and heart failure compared to
previous reports [6] based on the scaling exponents of the origi-
nal heartbeat series.

Magnitude

Measure Healthy Heart failure p Value

log10F�n� 21.49 6 0.16 21.92 6 0.17 1 3 1027

a 1.74 6 0.08 1.66 6 0.06 0.01
a1 1.55 6 0.08 1.6 6 0.08 0.13
a2 1.66 6 0.08 1.61 6 0.08 0.14
a3 1.82 6 0.1 1.71 6 0.1 4 3 1023

Sign

Measure Healthy Heart failure p Value

log10F�n� 0.14 6 0.05 0.02 6 0.06 1 3 1026

a 1.42 6 0.03 1.44 6 0.02 0.08
a1 1.43 6 0.12 1.15 6 0.12 7 3 1027

a2 1.27 6 0.07 1.41 6 0.07 1 3 1025

a3 1.53 6 0.065 1.49 6 0.04 0.04
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We conclude that series with identical correlation prop-
erties can have completely different time ordering, which
can be characterized by different scaling exponents for the
magnitude and sign series. Moreover, we show that the
magnitude series carries information regarding the nonlin-
ear properties of the original series while the sign series
carries information regarding the linear properties of the
original series. The significant decrease in the short-range
scaling exponent for the sign series in heart failure may be
related to perturbed vagal control affecting relatively high
frequency fluctuations. The decrease of the long-range
scaling exponent for the magnitude series of the heart
failure patients indicates weaker correlations and loss of
nonlinearity, which may be related to impaired feedback
mechanisms of neurohormonal cardiac regulation. Be-
cause information obtained by decomposing the original
heartbeat time series into magnitude and sign time series
likely reflects aspects of neuroautonomic regulation, this
type of analysis may help address the challenge of devel-
oping realistic models of heart rate control in health and
disease.
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Effect of trends on detrended fluctuation analysis
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Detrended fluctuation analysis~DFA! is a scaling analysis method used to estimate long-range power-law
correlation exponents in noisy signals. Many noisy signals in real systems display trends, so that the scaling
results obtained from the DFA method become difficult to analyze. We systematically study the effects of three
types of trends — linear, periodic, and power-law trends, and offer examples where these trends are likely to
occur in real data. We compare the difference between the scaling results for artificially generated correlated
noise and correlated noise with a trend, and study how trends lead to the appearance of crossovers in the
scaling behavior. We find that crossovers result from the competition between the scaling of the noise and the
‘‘apparent’’ scaling of the trend. We study how the characteristics of these crossovers depend on~i! the slope
of the linear trend;~ii ! the amplitude and period of the periodic trend;~iii ! the amplitude and power of the
power-law trend, and~iv! the length as well as the correlation properties of the noise. Surprisingly, we find that
the crossovers in the scaling of noisy signals with trends also follow scaling laws—i.e., long-range power-law
dependence of the position of the crossover on the parameters of the trends. We show that the DFA result of
noise with a trend can be exactly determined by the superposition of the separate results of the DFA on the
noise and on the trend, assuming that the noise and the trend are not correlated. If this superposition rule is not
followed, this is an indication that the noise and the superposed trend are not independent, so that removing the
trend could lead to changes in the correlation properties of the noise. In addition, we show how to use DFA
appropriately to minimize the effects of trends, how to recognize if a crossover indicates indeed a transition
from one type to a different type of underlying correlation, or if the crossover is due to a trend without any
transition in the dynamical properties of the noise.

DOI: 10.1103/PhysRevE.64.011114 PACS number~s!: 05.40.2a

I. INTRODUCTION

Many physical and biological systems exhibit complex
behavior characterized by long-range power-law correla-
tions. Traditional approaches such as the power-spectrum
and correlation analysis are not suited to accurately quantify
long-range correlations in nonstationary signals—e.g., sig-
nals exhibiting fluctuations along polynomial trends. De-
trended fluctuation analysis~DFA! @1–4# is a scaling analy-
sis method providing a simple quantitative parameter—the
scaling exponenta—to represent the correlation properties
of a signal. The advantages of DFA over many methods are
that it permits the detection of long-range correlations em-
bedded in seemingly nonstationary time series, and also
avoids the spurious detection of apparent long-range correla-
tions that are an artifact of nonstationarity. In the past few
years, more than 100 publications have utilized the DFA as
the method of correlation analysis, and have uncovered long-
range power-law correlations in many research fields such as
cardiac dynamics@5–23#, bioinformatics @1,2,24–34,68#,
economics@35–47#, meteorology@48–50#, material science
@51#, ethology@52#, etc. Furthermore, the DFA method may
help identify different states of the same system according to
its different scaling behaviors, e.g., the scaling exponenta
for heart interbeat intervals is different for healthy and sick
individuals @14,16,17,53#.

The correct interpretation of the scaling results obtained
by the DFA method is crucial for understanding the intrinsic
dynamics of the systems under study. In fact, for all systems

where the DFA method was applied, there are many issues
that remain unexplained. One of the common challenges is
that the correlation exponent is not always a constant~inde-
pendent of scale! and crossovers often exist—i.e., a change
of the scaling exponenta for different range of scales
@5,16,35#. A crossover usually can arise from a change in the
correlation properties of the signal at different time or space
scales, or can often arise from trends in the data. In this paper
we systematically study how different types of trends affect
the apparent scaling behavior of long-range correlated sig-
nals. The existence of trends in times series generated by
physical or biological systems is so common that it is almost
unavoidable. For example, the number of particles emitted
by a radiation source in a unit time has a trend of decreasing
because the source becomes weaker@54,55#; the density of
air due to gravity has a trend at a different altitude; the air
temperature in different geographic locations, rainfall and
the water flow of rivers have a periodic trend due to seasonal
changes@49,50,56–59#; the occurrence rate of earthquakes in
certain areas has a trend in different time periods@60#. An
immediate problem facing researchers applying a scaling
analysis to a time series is whether trends in data arise from
external conditions, having little to do with the intrinsic dy-
namics of the system generating noisy fluctuating data. In
this case, a possible approach is to first recognize and filter
out the trends before we attempt to quantify correlations in
the noise. Alternatively, trends may arise from the intrinsic
dynamics of the system rather than being an epiphenomenon
of external conditions, and thus they may be correlated with
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the noisy fluctuations generated by the system. In this case,
careful consideration should be given if trends should be
filtered out when estimating correlations in the noise, since
such ‘‘intrinsic’’ trends may be related to the local properties
of the noisy fluctuations.

Here we study the origin and the properties of crossovers
in the scaling behavior of noisy signals, by applying the DFA
method first on correlated noise and then on noise with
trends, and comparing the difference in the scaling results.
To this end, we generate an artificial time series—
anticorrelated, white, and correlated noise with standard de-
viation equal to one—using the modified Fourier filtering
method introduced by Makseet al. @63#. We consider the
case when the trend is independent of the local properties of
the noise~external trend!. We find that the scaling behavior
of noise with a trend is a superposition of the scaling of the
noise and the apparent scaling of the trend, and we derive
analytical relations based on the DFA, which we call the
‘‘superposition rule.’’ We show how this superposition rule
can be used to determine if the trends are independent of the
noisy fluctuation in real data, and if filtering these trends out
will not affect the scaling properties of the data.

The outline of this paper is as follows. In Sec. II we
review the algorithm of the DFA method, and in Appendix A
we compare the performance of the DFA with the classical
scaling analysis—Hurst’s analysis (R/S analysis!—and
show that the DFA is a superior method to quantify the scal-
ing behavior of noisy signals. In Sec. III we consider the
effect of a linear trend and we present an analytic derivation
of the apparent scaling behavior of a linear trend in Appen-
dix C. In Sec. IV we study a periodic trend, and in Sec. V we
study the effect of a power-law trend. We systematically
study all resulting crossovers, their conditions of existence,
and their typical characteristics associated with the different
types of trends. In addition, we also show how to use DFA
appropriately to minimize or even eliminate the effects of
those trends in cases that trends are not choices of the study,
that is, trends do not reflect the dynamics of the system but
are caused by some ‘‘irrelevant’’ background. Finally, Sec.
VI contains a summary.

II. DFA

To illustrate the DFA method, we consider a noisy time
series,u( i ) ( i 51, . . . ,Nmax). We integrate the time series
u( i ),

y~ j !5(
i 51

j

@u~ i !2^u&#, ~1!

where

^u&5
1

Nmax
(
j 51

Nmax

u~ i !, ~2!

and is divided into boxes of equal sizen. In each box, we fit
the integrated time series by using a polynomial function,
yf it( i ), which is called the local trend. For order-l DFA
~DFA-1 if l 51, DFA-2 if l 52, etc.!, the l -order polynomial

function should be applied for the fitting. We detrend the
integrated time seriesy( i ) by subtracting the local trend
yf it( i ) in each box, and we calculate the detrended fluctua-
tion function

Y~ i !5y~ i !2yf it~ i !. ~3!

For a given box sizen, we calculate the root mean square
~rms! fluctuation

F~n!5A 1

Nmax
(
i 51

Nmax

@Y~ i !#2. ~4!

The above computation is repeated for box sizesn ~different
scales! to provide a relationship betweenF(n) and n. A
power-law relation betweenF(n) and the box sizen indi-
cates the presence of scaling:F(n);na. The parametera,
called the scaling exponent or correlation exponent, repre-
sents the correlation properties of the signal: ifa50.5, there
is no correlation and the signal is an uncorrelated signal
~white noise!; if a,0.5, the signal is anticorrelated; ifa
.0.5, there are positive correlations in the signal.

III. NOISE WITH LINEAR TRENDS

First we consider the simplest case: correlated noise with
a linear trend. A linear trend

u~ i !5ALi ~5!

is characterized by only one variable — the slope of the
trend AL . For convenience, we denote the rms fluctuation
function for noise without trends byFh(n), linear trends by
FL(n), and noise with a linear trend byFhL(n).

A. DFA-1 on noise with a linear trend

Using the algorithm of Makseet al. @63#, we generate a
correlated noise with a standard deviation one, with a given
correlation property characterized by a given scaling expo-
nenta. We apply DFA-1 to quantify the correlation proper-
ties of the noise and find that only in a certain good fit region
can the rms fluctuation functionFh(n) be approximated by a
power-law function~see Appendix A!

Fh~n!5b0na, ~6!

whereb0 is a parameter independent of the scalen. We find
that the good fit region depends on the correlation exponent
a ~see Appendix A!. We also derive analytically the rms
fluctuation function for a linear trend only for DFA-1 and
find that ~see Appendix C!

FL~n!5k0ALnaL, ~7!

where k0 is a constant independent of the length of trend
Nmax, of the box sizen, and of the slope of the trendAL .
We obtainaL52.

Next we apply the DFA-1 method to the superposition of
a linear trend with correlated noise and we compare the rms
fluctuation functionFhL(n) with Fh(n) ~see Fig. 1!. We
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observe a crossover inFhL(n) at scale n5n3 . For n
,n3 , the behavior ofFhL(n) is very close to the behavior
of Fh(n), while for n.n3 , the behavior ofFhL(n) is very
close to the behavior ofFL(n). A similar crossover behavior
is also observed in the scaling of the well-studied biased
random walk@61,62#. It is known that the crossover in the
biased random walk is due to the competition of the unbiased
random walk and the bias~see Fig. 5.3 of@62#!. We illustrate
this observation in Fig. 2, where the detrended fluctuation
functions@Eq. ~3!# of the correlated noise,Yh( i ), and of the
noise with a linear trend,YhL( i ), are shown. For the box size
n,n3 as shown in Figs. 2~a! and 2~b!, YhL( i )'Yh( i ). For
n.n3 as shown in Figs. 2~c! and 2~d!, YhL( i ) has a distin-
guishable quadratic background significantly different from
Yh( i ). This quadratic background is due to the integration of
the linear trend within the DFA procedure and represents the
detrended fluctuation functionYL of the linear trend. These
relations between the detrended fluctuation functionsY( i ) at
different time scalesn explain the crossover in the scaling
behavior ofFhL(n): from very close toFh(n) to very close
to FL(n) ~observed in Fig. 1!.

The experimental results presented in Figs. 1 and 2 sug-
gest that the rms fluctuation function for a signal which is a
superposition of a correlated noise and a linear trend can be
expressed as

@FhL~n!#25@FL~n!#21@Fh~n!#2. ~8!

We provide an analytic derivation of this relation in Appen-
dix B, where we show that Eq.~8! holds for the superposi-
tion of any two independent signals—in this particular case

noise and a linear trend. We call this relation the ‘‘superpo-
sition rule.’’ This rule helps us understand how the compe-
tition between the contribution of the noise and the trend to
the rms fluctuation functionFhL(n) at different scalesn
leads to appearance of crossovers@61#.

Next, we ask how the crossover scalen3 depends on~i!
the slope of the linear trendAL , ~ii ! the scaling exponenta
of the noise, and~iii ! the length of the signalNmax. Surpris-
ingly, we find that for noise with any given correlation ex-
ponenta the crossover scalen3 itself follows a power-law
scaling relation over several decades:n3;(AL)u ~see Fig.
3!. We find that in this scaling relation, the crossover expo-
nent u is negative and its value depends on the correlation
exponenta of the noise—the magnitude ofu decreases
whena increases. We present the values of the ‘‘crossover
exponent’’u for different correlation exponentsa in Table I.

To understand how the crossover scale depends on the
correlation exponenta of the noise we employ the superpo-
sition rule@Eq. ~8!# and estimaten3 as the intercept between
Fh(n) and FL(n). From Eqs.~6! and ~7!, we obtain the
following dependence ofn3 on a:

n35S AL

k0

b0
D 1/(a2aL)

5S AL

k0

b0
D 1/(a22)

. ~9!

This analytical calculation for the crossover exponent
21/(aL2a) is in a good agreement with the observed val-
ues of u obtained from our simulations~see Fig. 3 and
Table I!.
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FIG. 1. Crossover behavior of the root-mean-square fluctuation
functionFhL(n) for noise~of lengthNmax5217 and correlation ex-
ponent a50.1) with superposed linear trends of slopeAL

52216,2212,228. For comparison, we showFh(n) for the noise
~thick solid line! andFL(n) for the linear trends~dot-dashed line!
@Eq. ~7!#. The results show a crossover at a scalen3 for FhL(n).
For n,n3 , the noise dominates andFhL(n)'Fh(n). For n
.n3 , the linear trend dominates andFhL(n)'FL(n). Note that
the crossover scalen3 increases when the slopeAL of the trend
decreases.
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FIG. 2. Comparison of the detrended fluctuation function for
noise Yh( i ) and for noise with linear trendYhL( i ) at different
scales.~a! and~c! areYh for noise witha50.1; ~b! and~d! areYhL

for the same noise with a linear trend with slopeAL52212 ~the
crossover scalen35320, see Fig. 1!. ~a! and ~b! For scalesn
,n3 the effect of the trend is not pronounced andYh'YhL ~i.e.,
Yh @YL). ~c! and ~d! For scalesn.n3 , the linear trend is domi-
nant andYh!YhL .
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Finally, since theFL(n) does not depend onNmax as we
show in Eq.~7! and in Appendix C, we find thatn3 does not
depend onNmax. This is a special case for linear trends and
does not always hold for higher-order polynomial trends~see
Appendix D!.

B. DFA-2 on noise with a linear trend

Application of the DFA-2 method to noisy signals without
any polynomial trends leads to scaling results identical to the
scaling obtained from the DFA-1 method, with the exception
of some vertical shift to lower values for the rms fluctuation
function Fh(n) ~see Appendix A!. However, for signals
which are a superposition of correlated noise and a linear
trend, in contrast to the DFA-1 results presented in Fig. 1,
FhL(n) obtained from DFA exhibits no crossovers, and is
exactly equal to the rms fluctuation functionFh(n) obtained

from DFA-2 for correlated noise without trend~see Fig. 4!.
These results indicate that a linear trend has no effect on the
scaling obtained from DFA-2. The reason for this is that by
design the DFA-2 method filters out linear trends, i.e.,
YL( i )50 @Eq. ~3!# and thusFhL(n)5Fh(n) due to the su-
perposition rule@Eq. ~8!#. For the same reason, polynomial
trends of order lower thanl superposed on correlated noise
will have no effect on the scaling properties of the noise
when DFA-l is applied. Therefore, our results confirm that
the DFA method is a reliable tool to accurately quantify
correlations in noisy signals embedded in polynomial trends.
Moreover, the reported scaling and crossover features of
F(n) can be used to determine the order of polynomial
trends present in the data.

IV. NOISE WITH SINUSOIDAL TREND

In this section we study the effect of sinusoidal trends on
the scaling properties of noisy signals. For a signal which is
a superposition of correlated noise and sinusoidal trend, we
find that based on the superposition rule~Appendix B! the
DFA rms fluctuation function can be expressed as

@FhS~n!#25@Fh~n!#21@FS~n!#2, ~10!

whereFhS(n) is the rms fluctuation function of noise with a
sinusoidal trend, andFS(n) is for the sinusoidal trend. First
we consider the application of DFA-1 to a sinusoidal trend.
Next we study the scaling behavior and the features of cross-
overs inFhS(n) for the superposition of a correlated noise
and a sinusoidal trend employing the superposition rule@Eq.
~10!#. At the end of this section we discuss the results ob-
tained from higher-order DFA.
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FIG. 3. The crossovern3 of Fh L(n) for noise with a linear
trend. We determine the crossover scalen3 based on the difference
D between logFh ~noise! and logFhL ~noise with a linear trend!. The
scale for whichD50.05 is the estimated crossover scalen3 . For
any given correlation exponenta of the noise, the crossover scale
n3 exhibits a long-range power-law behaviorn3;(AL)u, where the
crossover exponentu is a function ofa @see Eq.~9! and Table I#.

TABLE I. The crossover exponentu from the power-law rela-
tion between the crossover scalen3 and the slope of the linear trend
AL , n3;(AL)u, for different values of the correlation exponentsa
of the noise~Fig. 3!. The values ofu obtained from our simulations
are in good agreement with the analytical prediction21/(22a)
@Eq. ~9!#. Note that21/(22a) are not always exactly equal tou
becauseFh (n) in simulations is not a perfect simple power-law
function and the way we determine numericallyn3 is just approxi-
mated.

a u 21/(22a)

0.1 -0.54 -0.53
0.3 -0.58 -0.59
0.5 -0.65 -0.67
0.7 -0.74 -0.77
0.9 -0.89 -0.91
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FIG. 4. Comparison of the rms fluctuation functionFh(n) for
noise with different types of correlations~lines! andFhL(n) for the
same noise with a linear trend of slopeAL52212 ~symbols! for
DFA-2. FhL(n)5Fh(n) because the integrated linear trend can be
perfectly filtered out in DFA-2, thusYL( i )50 from Eq. ~3!. We
note that to estimate accurately the correlation exponents, one has
to choose an optimal range of scalesn, whereF(n) is fitted. For
details see Appendix A.
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A. DFA-1 on sinusoidal trend

Given a sinusoidal trend u( i )5ASsin(2pi/T) ( i
51, . . . ,Nmax), whereAS is the amplitude of the signal andT
is the period, we find that the rms fluctuation functionFS(n)
does not depend on the length of the signalNmax, and has
the same shape for different amplitudes and different periods
@Fig. 5#. We find a crossover at scale corresponding to the
period of the sinusoidal trend

n23'T, ~11!

and it does not depend on the amplitudeAS. We call this
crossovern23 for convenience, as we will see later. Forn
,n23 , the rms fluctuationFS(n) exhibits an apparent scal-
ing with the same exponent asFL(n) for the linear trend@see
Eq. ~7!#,

FS~n!5k1

AS

T
naS, ~12!

wherek1 is a constant independent of the lengthNmax, of the
periodT, of the amplitudeAS of the sinusoidal signal, and of
the box sizen. As for the linear trend@Eq. ~7!#, we obtain
aS52 because at small scales~box sizen) the sinusoidal
function is dominated by a linear term. Forn.n23 , due to
the periodic property of the sinusoidal trend,FS(n) is a con-
stant independent of the scalen,

FS~n!5
1

2A2p
AST. ~13!

The periodT and the amplitudeAS also affects the vertical
shift of FS(n) in both regions. We note that in Eqs.~12! and
~13!, FS(n) is proportional to the amplitudeAS, a behavior
which is also observed for the linear trend@Eq. ~7!#.

B. DFA-1 on noise with sinusoidal trend

In this section we study how the sinusoidal trend affects
the scaling behavior of noise with different types of correla-
tions. We apply the DFA-1 method to a signal which is a
superposition of correlated noise with a sinusoidal trend. We
observe that there are typically three crossovers in the rms
fluctuationFh S(n) at characteristic scales denoted byn13 ,
n23 , andn33 ~Fig. 6!. These three crossovers divideFhS(n)
into four regions, as shown in Fig. 6~a! @the third crossover
cannot be seen in Fig. 6~b! because its scalen33 is greater
than the length of the signal#. We find that the first and third
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FIG. 5. Root-mean-square fluctuation functionFS(n) for sinu-
soidal functions of lengthNmax5217 with different amplitudeAS

and periodT. All curves exhibit a crossover atn23'T/2, with a
slopeaS52 for n,n23 and a flat region forn.n23 . There are
some spurious singularities atn5 j (T/2) ( j is a positive integer!
shown by the spikes.

FIG. 6. Crossover behavior of the root-mean-square fluctuation
function FhS(n) ~circles! for correlated noise~of length Nmax

5217) with a superposed sinusoidal function characterized by pe-
riod T5128 and amplitudeAS52. The rms fluctuation function
Fh(n) for noise~thick line! andFS(n) for the sinusoidal trend~thin
line! are shown for comparison.~a! FhS(n) for correlated noise
with a50.9.~b! FhS(n) for anticorrelated noise witha50.9. There
are three crossovers inFhS(n), at scalesn13 , n23 , andn33 @the
third crossover cannot be seen in~b! because it occurs at scale
larger than the length of the signal#. For n,n13 and n.n33 the
noise dominates andFhS(n)'Fh(n) while for n13,n,n33 the
sinusoidal trend dominates andFhS(n)'FS(n). The crossovers at
n13 and n33 are due to the competition between the correlated
noise and the sinusoidal trend~see Fig. 7!, while the crossover at
n23 relates only to the periodT of the sinusoidal@Eq. ~11!#.

EFFECT OF TRENDS ON DETRENDED FLUCTUATION . . . PHYSICAL REVIEW E64 011114

011114-5



crossovers at scalesn13 andn33 , respectively~see Fig. 6!,
result from the competition between the effects onFhS(n) of
the sinusoidal signal and the correlated noise. Forn,n13

~region I! andn.n33 ~region IV!, we find that the noise has
the dominating effect@Fh(n).FS(n)#, so the behavior of
FhS(n) is very close to the behavior ofFh(n) @Eq. ~10!#. For
n13,n,n23 ~region II! andn23,n,n33 ~region III! the
sinusoidal trend dominates@FS(n).Fh(n)#, thus the behav-
ior of Fh S(n) is close toFS(n) ~see Figs. 6 and 7!.

To better understand why there are different regions in the
behavior ofFhS(n), we consider the detrended fluctuation
function @Eq. ~3! and Appendix B# of the correlated noise
Yh( i ), and of the noise with sinusoidal trendYhS . In Fig. 7
we compareYh( i ) and YhS( i ) for anticorrelated and corre-
lated noise in the four different regions. For very small scales
n,n13 , the effect of the sinusoidal trend is not pronounced,
Yh S( i )'Yh( i ), indicating that in this scale region the signal
can be considered as noise fluctuating around a constant

trend which is filtered out by the DFA-1 procedure@Figs.
7~a! and 7~b!#. Note that the behavior ofYhS @Fig. 7~b!# is
identical to the behavior ofYhL @Fig. 2~b!#, since both a
sinusoidal with a large periodT and a linear trend with small
slopeAL can be well approximated by a constant trend for
n,n13 . For small scalesn13,n,n23 ~region II!, we find
that there is a dominant quadratic background forYhS( i )
@Fig. 7~d!#. This quadratic background is due to the integra-
tion procedure in DFA-1, and is represented by the detrended
fluctuation function of the sinusoidal trendYS( i ). It is similar
to the quadratic background observed for linear trendYhL( i )
@Fig. 2~d!#—i.e., for n13,n,n23 the sinusoidal trend be-
haves as a linear trend andYS( i )'YL( i ). Thus in region II
the ‘‘linear trend’’ effect of the sinusoidal is dominant,YS

.Yh , which leads toFhS(n)'FS(n). This explains also
why FhS(n) for n,n23 ~Fig. 6! exhibits crossover behavior
similar to the one ofFhL(n) observed for noise with a linear
trend. Forn23,n,n33 ~region III! the sinusoidal behavior
is strongly pronounced@Fig. 7~f!#, YS( i )@Yh ( i ), and
YhS( i )'YS( i ) changes periodically with period equal to the
period of the sinusoidal trendT. SinceYhS( i ) is bounded
between a minimum and a maximum value,FhS(n) cannot
increase and exhibits a flat region~Fig. 6!. At very large
scales,n.n33 , the noise effect is again dominant@YS( i )
remains bounded, whileYh grows when increasing the scale#
which leads toFhS(n)'Fh(n) and a scaling behavior that
corresponds to the scaling of the correlated noise.

First we considern13 . Surprisingly, we find that for
noise with any given correlation exponenta the crossover
scalen13 exhibits long-range power-law dependence of the
periodT, n13;TuT1, and the amplitudeAS, n13;(AS)

uA1 of
the sinusoidal trend@see Figs. 8~a! and 8~b!#. We find that
the ‘‘crossover exponents’’uT1 anduA1 have the same mag-
nitude but different sign—uT1 is positive whileuA1 is nega-
tive. We also find that the magnitudes ofuT1 and uA1 in-
crease for larger values of the correlation exponentsa of the
noise. We present the values ofuT1 anduA1 for the different
correlation exponentsa in Table II. To understand the
power-law relations betweenn13 and T, betweenn13 and
AS, and also how the crossover scalen13 depends on the
correlation exponenta, we employ the superposition rule
@Eq. ~10!# and estimaten13 analytically as the first intercept
of Fh(n) andFS(n). From Eqs.~12! and ~6!, we obtain the
following dependence ofn13 on T, AS anda:

n135S b0

k1

T

AS
D 1/(22a)

~14!

From this analytical calculation we obtain the following re-
lation between the two crossover exponentsuT1 anduA1 and
the correlation exponenta: uT152uA151/(22a), which is
in a good agreement with the observed values ofuT1 , uA1
obtained from simulations@see Figs. 8~a! and 8~b! and Table
II #.

Next we considern23 . Our analysis of the rms fluctua-
tion function FS(n) for the sinusoidal signal in Fig. 5 sug-
gests that the crossover scaleFS(n) does not depend on the-
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FIG. 7. Comparison of the detrended fluctuation function for
noiseYh( i ) and noise with sinusoidal trendYhS( i ) in four regions
as shown in Fig. 6. The same signals as in Fig. 6 are used. Panels
~a!–~f! correspond to Fig. 6~b! for anticorrelated noise with expo-
nent a50.1, and panels~g! and ~h! correspond to Fig. 6~a! for
correlated noise with exponenta50.9. ~a! and ~b! For all scales
n,n13 , the effect of the trend is not pronounced andYhS( i )
'Yh( i ) leading to FhS(n)'Fh (n) @Fig. 6~a!#. ~c! and ~d! For
n23.n.n13 the trend is dominant,YhS( i )@Yh( i ) and FhS(n)
'FS(n). Sincen23'T/2 @Eq. ~11!#, the scalen,T/2 and the sinu-
soidal behavior can be approximated as a linear trend. This explains
the quadratic background inYhS( i ) ~d! @see Figs. 2~c! and 2~d!#. ~e!
and ~f! For n23,n,n33 ~i.e., n@T/2), the sinusoidal trend again
dominates—YhS( i ) is periodic function with periodT. ~g! and ~h!
For n.n33 , the effect of the noise is dominant and the scaling of
FhS follows the scaling ofFh @Fig. 6~a!#.
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amplitudeAS of the sinusoidal. The behavior of the rms fluc-
tuation functionFhS(n) for noise with a superposed sinu-
soidal trend in Figs. 6~a! and 6~b! indicates thatn23 does not
depend on the correlation exponenta of the noise, since for
both correlated (a50.9) and anticorrelated (a50) noise (T

and AS are fixed!, the crossover scalen23 remains un-
changed. We find thatn23 dependsonly on the periodT of
the sinusoidal trend and exhibits a long-range power-law be-
havior n23;TuT2 with a crossover exponentuT2'1 @Fig.
8~c!# which is in agreement with the prediction of Eq.~11!.
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crossovern13 and the amplitude of the sinusoidal trendAS for fixed periodT and varying correlation exponenta: n13;AS

uA1 whereuA1 is
a negative crossover exponent@Table II and Eq.~14!#. ~c! The second crossover scalen23 depends only on the periodT: n23;TuT2, where
uT2'1. ~d! Power-law relation between the third crossovern33 andT for fixed amplitudeAS and varyinga trend:n33;TuT3. ~e! Power-law
relation between the third crossovern33 andAS for fixed T and varyinga: n33;(AS)

uA3. We find thatuA35uT3 @Table III and Eq.~15!#.
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For the third crossover scalen33 , as forn13 we find a
power-law dependence on the periodT, n33;TuT3, and on
the amplitudeAS, n33;(AS)

uA3, of the sinusoidal trend@see
Figs. 8~d! and 8~e!#. However, in contrast to then13 case,
we find that the crossover exponentsuTp3 anduA3 are equal
and positive with decreasing values for increasing correlation
exponentsa. In Table III we present the values of these two
exponents for different correlation exponenta. To under-
stand how the scalen33 depends onT, AS, and the correla-
tion exponenta simultaneously, we again employ the super-
position rule @Eq. ~10!# and estimaten33 as the second
interceptn33

th of Fh(n) andFS(n). From Eqs.~13! and ~6!,
we obtain the following dependence:

n335S 1

2A2pb0

ASTD 1/a

. ~15!

From this analytical calculation we obtainuT35uA351/a
which is in good agreement with the values ofuT3 anduA3
observed from simulations~Table III!. Finally, our simula-
tions show that all three crossover scalesn13 , n23 , andn33

do not depend on the length of the signalNmax, sinceFh(n)
andFS(n) do not depend onNmax as shown in Eqs.~6!, ~10!,
~12!, and~13!.

C. Higher-order DFA on pure sinusoidal trend

In Sec. IV B we discussed how sinusoidal trends affect
the scaling behavior of correlated noise when the DFA-1

method is applied. Since DFA-1 removes only constant
trends in data, it is natural to ask how the observed scaling
results will change when we apply DFA of orderl designed
to remove polynomial trends of order lower thanl . In this
section we first consider the rms fluctuationFS for a sinu-
soidal signal and then we study the scaling and crossover
properties ofFhS for correlated noise with a superposed
sinusoidal signal when higher-order DFA is used.

We find that the rms fluctuation functionFS does not
depend on the length of the signalNmax, and preserves a
similar shape when a different order-l DFA method is used
~Fig. 9!. In particular,FS exhibits a crossover at a scalen23

proportional to the periodT of the sinusoidal:n23;TuT2

with uT2'1. The crossover scale shifts to larger values for
higher orderl ~Figs. 5 and 9!. For the scalen,n23 FS
exhibits an apparent scaling:FS;naS with an effective ex-
ponent aS5 l 11. For DFA-1, we havel 51 and recover
aS52 as shown in Eq.~12!. For n.n23 , FS(n) is a con-
stant independent of the scalen and of the orderl of the DFA
method in agreement with Eq.~13!.

Next, we considerFhS(n) when DFA-l with a higher or-
der l is used. We find that for all ordersl , FhS(n) does not
depend on the length of the signalNmax and exhibits three
crossovers at small, intermediate, and large scales; similar
behavior is reported for DFA-1 in Fig. 6. Since both the
crossover at small scalesn13 and the crossover at large scale
n33 result from the ‘‘competition’’ between the scaling of
the correlated noise and the effect of the sinusoidal trend
~Figs. 6 and 7!, by using the superposition rule@Eq. ~10!# we
can estimaten13 and n33 as the intercepts ofFh (n) and
FS(n) for the general case of DFA-l .

For n13 we find the following dependence on the period
T, amplitudeAS, the correlation exponenta of the noise,
and the orderl of the DFA-l method:

n13;~T/AS!1/(l 112a). ~16!

For DFA-1, we havel 51 and we recover Eq.~14!. In addi-

TABLE II. The crossover exponentsuT1 anduA1 characterizing
the power-law dependence ofn13 on the periodT and amplitudeAS

obtained from simulations:n13;TuT1 andn13;(AS)
uA1 for differ-

ent values of the correlation exponenta of noise @Figs. 8~a! and
8~b!#. The values ofuT1 and uA1 are in good agreement with the
analytical predictionsuT152uA151/(22a) @Eq. ~14!#.

a uT1 -uA1 1/(22a)

0.1 0.55 0.54 0.53
0.3 0.58 0.59 0.59
0.5 0.66 0.66 0.67
0.7 0.74 0.75 0.77
0.9 0.87 0.90 0.91

TABLE III. The crossover exponentsuT3 anduA3 for the power-
law relations:n33;TuT3 and n33;(AS)

uA3 for different values of
the correlation exponenta of noise@Figs. 8~c! and 8~d!#. The values
of up3 and ua3 obtained from simulations are in good agreement
with the analytical predictionsuT35uA351/a @Eq. ~15!#.

a uT3 uA3 1/a

0.4 2.29 2.38 2.50
0.5 1.92 1.95 2.00
0.6 1.69 1.71 1.67
0.7 1.39 1.43 1.43
0.8 1.26 1.27 1.25
0.9 1.06 1.10 1.11
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FIG. 9. Comparison of the results of different order DFA on a
sinusoidal trend. The sinusoidal trend is given by the function
64sin(2pi/211) and the length of the signal isNmax5217. The spu-
rious singularities~spikes! arise from the discrete data we use for
the sinusoidal function.
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tion, n13 is shifted to larger scales when higher-order DFA-
l is applied, due to the fact that the value ofFS(n) decreases
when l increases (aS5 l 11, see Fig. 9!.

For the third crossover observed inFhS(n) at large scale
n33 we find for all ordersl of the DFA-l the following
scaling relation:

n33;~TAS!1/a. ~17!

Since the scaling functionFh(n) for correlated noise shifts
vertically to lower values when higher-order DFA-l is used
~see the discussion in Appendix A and Sec. V B!, n33 ex-
hibits a slight shift to larger scales.

For the crossovern23 in FhS(n) at Fh S(n) at intermedi-
ate scales, we findn23;T. This relation is independent of
the orderl of the DFA and is identical to the relation found
for FS(n) @Eq. ~11!#. n23 also exhibits a shift to larger scales
when higher-order DFA is used~see Fig. 9!.

The features reported here of the crossovers inFhS(n)
can be used to identify low-frequency sinusoidal trends in
noisy data and to recognize their effects on the scaling prop-
erties of the data. This information may be useful when
quantifying correlation properties in data by means of a scal-
ing analysis.

V. NOISE WITH POWER-LAW TRENDS

In this section we study the effect of power-law trends on
the scaling properties of noisy signals. We consider the case
of correlated noise with a superposed power-law trendu( i )
5APi

l, whenAP is a positive constant,i 51, . . . ,Nmax, and
Nmax is the length of the signal. We find that when the
DFA-1 method is used, the rms fluctuation functionFhP(n)
exhibits a crossover between two scaling regions~Fig. 10!.

This behavior results from the fact that at different scalesn,
either the correlated noise or the power-law trend is domi-
nant, and can be predicted by employing the superposition
rule

@FhP~n!#25@Fh~n!#21@FP~n!#2, ~18!

whereFh(n) andFP(n) are the rms fluctuation function of
noise and the power-law trend, respectively, andFhP(n) is
the rms fluctuation function for the superposition of the noise
and the power-law trend. Since the behavior ofFh(n) is
known @Eq. ~6! and Appendix A#, we can understand the
features ofFhP(n) if we know how FP(n) depends on the
characteristics of the power-law trend. We note that the scal-
ing behavior ofFhP(n) displayed in Fig. 10~a! is to some
extent similar to the behavior of the rms fluctuation function
FhL(n) for correlated noise with a linear trend~Fig. 1!—e.g.,
the noise is dominant at small scalesn, while the trend is
dominant at large scales. However, the behaviorFP(n) is
more complex than that ofFL(n) for the linear trend, since
the effective exponental for FP(n) can depend on the
power l of the power-law trend. In particular, for negative
values ofl, FP(n) can become dominated at small scales
@Fig. 10~b!# while Fh (n) dominates at large scales—a situ-
ation completely opposite of noise with a linear trend~Fig. 1!
or with a power-law trend with positive values for the power
l. Moreover,FP(n) can exhibit crossover behavior at small
scales@Fig. 10~b!# for negativel which is not observed for
positivel. In addition,FP(n) depends on the orderl of the
DFA method and the lengthNmax of the signal. We discuss
the scaling features of the power-law trends in the following
three sections, V A–V C.
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FIG. 10. Crossover behavior of the rms fluctuation functionFhP(n) ~circles! for correlated noise~of lengthNmax5217) with a super-
posed power-law trendu( i )5APi

l. The rms fluctuation functionFh(n) for noise~solid line! and the rms fluctuation functionFP(n) ~dashed
line! are also shown for comparison. The DFA-1 method is used.~a! FhP(n) for noise with correlation exponental50.9 and the power-law
trend with amplitudeAP51000/(Nmax)

0.4 and positive powerl50.4. ~b! FhP(n) for Brownian noise~integrated white noise,al51.5) and
the power-law trend with amplitudeAP50.01/(Nmax)

20.7 and negative powerl520.7. Note that although in both cases there is a ‘‘similar’’
crossover behavior forFhP(n), the results in~a! and ~b! represent completely opposite situations: while in~a! the power-law trend with
positive powerl dominates the scaling ofFhP(n) at large scales, in~b! the power-law trend with negative powerl dominates the scaling
at small scales. The arrow in~b! indicates a weak crossover inFP(n) ~dashed lines! at small scales for negative powerl.
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A. Dependence ofF P„n… on the power l

First we study how the rms fluctuation functionFP(n) for
a power-law trendu( i )5APi

l depends on the powerl. We
find that

FP~n!;APn
al, ~19!

whereal is the effective exponent for the power-law trend.
For positive l we observe no crossovers inFP(n) @Fig.
10~a!#. However, for negativel there is a crossover inFP(n)
at small scalesn @Fig. 10~b!#, and we find that this crossover
becomes even more pronounced with decreasingl or in-
creasing the orderl of the DFA method, and is also shifted to
larger scales@Fig. 11~a!#.

Next, we study how the effective exponental for FP(n)
depends on the value of the powerl for the power-law trend.

We examine the scaling ofFP(n) and estimateal for 24
,l,4. In the cases whenFP(n) exhibits a crossover, in
order to obtainal we fit the range of larger scales to the
right of the crossover. We find that for any orderl of the
DFA-l method there are three regions with different relations
betweenal andl @Fig. 11~b!#. They are as follows:

~i! al' l 11 for l. l 20.5 ~region I!.
~ii ! al'l11.5 for 21.5<l< l 20.5 ~region II!.
~iii ! al'0 for l,21.5 ~region III!.
Note that for integer values of the powerl (l

50,1, . . . ,m21), i.e., polynomial trends of orderm21, the
DFA-l method of orderl .m21 (l is also an integer! leads
to FP(n)'0, since DFA-l is designed to remove polynomial
trends. Thus for integer values of the powerl there is no
scaling and the effective exponental is not defined if a
DFA-l method of orderl .l is used~Fig. 11!. However, it is
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FIG. 11. Scaling behavior of the rms fluctuation functionFP(n) for power-law trends,u( i ); i l, wherei 51, . . . ,Nmax andNmax5217 is
the length of the signal.~a! For l,0, FP(n) exhibits crossover at small scales which is more pronounced with increasing the orderl of
DFA-l and decreasing the value ofl. Such crossover is not observed forl.0 whenFP(n);nal for all scalesn @see Fig. 10~a!#. ~b!
Dependence of the effective exponental on the powerl for different orderl 51,2,3 of the DFA method. Three regions are observed,
depending on the orderl of the DFA: region I (l. l 20.5), whereal' l 11; region II (21.5,l, l 20.5), whereal5l11.5; region III
(l,21.5), whereal'0. We note that for integer values of the powerl50,1, . . . ,l 21, wherel is the order of DFA we used, there is no
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shifted to infinitely large scales whenl51.
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of interest to examine the asymptotic behavior of the scaling
of FP(n) when the value of the powerl is close to an inte-
ger. In particular, we consider how the scaling ofFP(n) ob-
tained from the DFA-2 method changes whenl→1 @Fig.
11~c!#. Surprisingly, we find that even though the values of
FP(n) are very small at large scales, there is a scaling for
FP(n) with a smooth convergence of the effective exponent
al→2.5 whenl→1, according to the dependenceal'l
11.5 established for region II@Fig. 11~b!#. At smaller scales
there is a flat region which is due to the fact that the fluctua-
tion functionY( i ) @Eq. ~3!# is smaller than the precision of
the numerical simulation.

B. Dependence ofF P„n… on the order l of DFA

Another factor that affects the rms fluctuation function of
the power-law trendFP(n) is the orderl of the DFA method
used. We first take into account the following.

~1! For integer values of the powerl, the power-law trend
u( i )5APi

l is a polynomial trend which can be perfectly
filtered out by the DFA method of orderl .l, and as dis-
cussed in Secs. III B and V A@see Figs. 11~b! and 11~c!#,
there is no scaling forFP(n). Therefore, in this section we
consider only noninteger values ofl.

~2! For a given value of the powerl, the effective expo-
nental can take different values depending on the orderl of
the DFA method we use~see Fig. 11!—e.g., for fixedl. l
20.5,al' l 11. Therefore, in this section we consider only
the case whenl, l 20.5 ~regions II and III!.

Since higher-order DFA-l provides a better fit for the
data, the fluctuation functionY( i ) @Eq. ~3!# decreases with
increasing orderl . This leads to a vertical shift to smaller
values of the rms fluctuation functionF(n) @Eq. ~4!#. Such a
vertical shift is observed for the rms fluctuation function
Fh(n) for correlated noise~see Appendix A!, as well as for
the rms fluctuation function of power-law trendFP(n). Here
we ask how this vertical shift inFh(n) andFP(n) depends
on the orderl of the DFA method, and if this shift has dif-
ferent properties forFh(n) compared toFP(n). This infor-
mation can help identify power-law trends in noisy data, and
can be used to differentiate crossovers separating scaling re-
gions with different types of correlations and crossovers that
are due to effects of power-law trends.

We consider correlated noise with a superposed power-
law trend, where the crossover inFhP(n) at large scalesn
results from the dominant effect of the power-law trend—
FhP(n)'FP(n) @Eq. ~18! and Fig. 10~a!#. We choose the
power l,0.5, a range where for all ordersl of the DFA
method the effective exponental of FP(n) remains the
same, i.e.,al5l11.5 @region II in Fig. 11~b!#. For a super-
position of an anticorrelated noise and power-law trend with
l50.4, we observe a crossover in the scaling behavior of
FhP(n), from a scaling region characterized by the correla-
tion exponenta50.1 of the noise, whereFhP(n)'Fh (n),
to a region characterized by an effective exponental51.9,
whereFhP(n)'FP(n), for all ordersl 51,2,3 of the DFA-l
method @Fig. 12~a!#. We also find that the crossover of
FhP(n) shifts to larger scales when the orderl of DFA-l
increases, and that there is a vertical shift ofFhP(n) to lower

values. This vertical shift inFhP(n) at large scales, where
FhP(n)5FP(n), appears to be different in magnitude when
different orderl of the DFA-l method is used@Fig. 12~a!#.
We also observe a less pronounced vertical shift at small
scales whereFhP(n)'Fh(n).

Next, we ask how these vertical shifts depend on the order
l of DFA-l . We define the vertical shiftD as they intercept
of FP(n): D[FP(n51). We find that the vertical shiftD in
FP(n) for the power-law trend follows a power law:D
; l t(l). We tested this relation for orders up tol 510, and we
find that it holds for different values of the powerl of the
power-law trend@Fig. 12~b!#. Using Eq.~19! we can write
FP(n)/FP(n51)5nal, i.e., FP(n);FP(n51). SinceFP(n
51)[D; l t(l) @Fig. 12~b!#, we find that

FP~n!; l t(l). ~20!

We also find that the exponentt is negative and is a decreas-
ing function of the powerl @Fig. 12~c!#. Because the effec-
tive exponental which characterizesFP(n) depends on the
powerl @see Fig. 11~b!#, we can express the exponentt as a
function ofal as we show in Fig. 12~d!. This representation
can help us compare the behavior of the vertical shiftD in
FP(n) with the shift in Fh(n). For correlated noise with a
different correlation exponenta, we observe a similar
power-law relation between the vertical shift inFh(n) and
the orderl of DFA-l : D; l t(a), wheret is also a negative
exponent that decreases witha. In Fig. 12~d! we compare
t(al) for FP(n) with t(a) for Fh(n), and find that for any
al5a, t(al),t(a). This difference between the vertical
shift for correlated noise and for a power-law trend can be
utilized to recognize effects of power-law trends on the scal-
ing properties of data.

C. Dependence ofF P„n… on the signal lengthNmax

Here we study how the rms fluctuation functionFP(n)
depends on the lengthNmax of the power-law signalu( i )
5APi

l ( i 51, . . . ,Nmax). We find that there is a vertical shift
in FP(n) with increasingNmax @Fig. 13~a!#. We observe that
when doubling the lengthNmax of the signal the vertical shift
in FP(n), which we define asFP

2Nmax/FP
Nmax, remains the

same, independent of the value ofNmax. This suggests a
power-law dependence ofFP(n) on the length of the signal:

FP~n!;~Nmax!
g, ~21!

whereg is an effective scaling exponent.
Next, we ask if the vertical shift depends on the powerl

of the power-law trend. When doubling the lengthNmax of
the signal, we find that forl, l 20.5, wherel is the order of
the DFA method, the vertical shift is a constant independent
of l @Fig. 13~b!#. Since the value of the vertical shift when
doubling the lengthNmax is 2g @from Eq.~21!#, the results in
Fig. 13~b! show thatg is independent ofl whenl, l 20.5,
and that2 log2g'20.15, i.e. The effective exponentg'
20.5.
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For l. l 20.5, when doubling the lengthNmax of the sig-
nal, we find that the vertical shift 2g exhibits the following
dependence onl: 2 log102

g5 log102
l2 l , and thus the effec-

tive exponentg depends onl — g5l2 l . For positive in-
teger values ofl (l5 l ), we find thatg50, and there is no
shift in FP(n), suggesting thatFP(n) does not depend on the
lengthNmax of the signal, when DFA of orderl is used~Fig.
13!. Finally, we note that depending on the effective expo-
nentg, i.e., on the orderl of the DFA method and the value
of the powerl, the vertical shift in the rms fluctuation func-
tion FP(n) for the power-law trend can be positive (l. l ),
negative (l, l ), or zero (l5 l ).

D. Combined effect onF P„n… of l, l , and Nmax

We have seen that by taking into account the effects of
the powerl @Eq. ~19!#, the orderl of DFA-l @Eq. ~20!#, and
the effect of the length of the signalNmax @Eq. ~21!#, we
reach the following expression for the rms fluctuation func-
tion FP(n) for a power-law trendu( i )5APi

l:

FP~n!;APn
all t(l)~Nmax!

g(l). ~22!

For correlated noise, the rms fluctuation functionFh(n) de-
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FIG. 12. Effect of higher-order DFA-l on the rms fluctuation functionFhP(n) for correlated noise with a superposed power-law trend.
~a! FhP(n) for anticorrelated noise with the correlation exponenta50.1 and a power-lawu( i )5APi

l, whereAP525/(Nmax)
0.4, Nmax

5217, andl50.4. Results for different orderl 51,2,3 of the DFA method show~i! a clear crossover from a region at small scales where the
noise dominatesFhP(n)'Fh (n) to a region at larger scales where the power-law trend dominatesFhP(n)'FP(n), and~ii ! a vertical shift
D in FhP with increasingl . ~b! Dependence of the vertical shiftD in the rms fluctuation functionFP(n) for a power-law trend on the order
l of DFA-l for different values ofl: D; l t(l). We define the vertical shiftD as they intercept ofFP(n): D[FP(n51). Note, that we
consider only noninteger values forl and that we consider the regionl, l 20.5. Thus, for all values ofl the minimal orderl that can be
used in the DFA method isl .l10.5, e.g., forl51.6 the minimal order of the DFA that can be used isl 53 @for details see Fig. 11~b!#.
~c! Dependence oft on the powerl @error bars indicate the regression error for the fits ofD( l ) in ~b!#. ~d! Comparison oft(al) for FP(n)
and t(a) for Fh(n). Faster decay oft(al) indicates larger vertical shifts forFP(n) compared toFh(n) with increasing orderl of the
DFA-l .
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pends on the box sizen @Eq. ~6!# and on the orderl of DFA-
l @Sec. V B and Fig. 12~a!, ~d!#, and does not depend on the
length of the signalNmax. Thus we have the following ex-
pression forFh(n):

Fh~n!;nal t(a). ~23!

To estimate the crossover scalen3 observed in the appar-
ent scaling ofFhP(n) for a correlated noise superposed with
a power-law trend@Figs. 10~a!, 10~b!, and 12~a!#, we employ
the superposition rule@Eq. ~18!#. From Eqs.~22! and ~23!,
we obtainn3 as the intercept betweenFP(n) andFh(n),

n3;@Alt(l)2t(a)~Nmax!
g#1/(a2al). ~24!

To test the validity of this result, we consider the case of
correlated noise with a linear trend. For the case of a linear
trend (l51) when DFA-1 (l 51) is applied, we haveal

52 @see Appendix C and Sec. V A, Fig. 11~b!#. Since in this
casel5 l 51. l 20.5 we haveg5l2 l 50 @see Sec.V C,
Fig. 13~b!#, and from Eq.~24! we recover Eq.~9!.

VI. CONCLUSION AND SUMMARY

In this paper we show that the DFA method performs
better than the standardR/S analysis to quantify the scaling
behavior of noisy signals for a wide range of correlations,
and we estimate the range of scales where the performance
of the DFA method is optimal. We consider different types
of trends superposed on correlated noise, and we study how
these trends affect the scaling behavior of the noise. We
demonstrate that there is a competition between a trend and a
noise, and that this competition can lead to crossovers in the

scaling. We investigate the features of these crossovers, their
dependence on the properties of the noise, and the super-
posed trend. Surprisingly, we find that crossovers which are
a result of trends can exhibit power-law dependences on the
parameters of the trends. We show that these crossover phe-
nomena can be explained by the superposition of the separate
results of the DFA method on the noise and on the trend,
assuming that the noise and the trend are not correlated, and
that the scaling properties of the noise and the apparent scal-
ing behavior of the trend are known. Our work may provide
some help to differentiate between different types of cross-
overs, e.g., crossovers that separate scaling regions with dif-
ferent correlation properties may differ from crossovers that
are an artifact of trends. The results we present here could be
useful for identifying the presence of trends and to accurately
interpret correlation properties of noisy data. Related work
on trends@64# and other forms of nonstationarity@65# will be
published separately.
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APPENDIX A: NOISE

The standard signals we generate in our study are uncor-
related, correlated, and anticorrelated noise. First we must
have a clear idea of the scaling behaviors of these standard
signals before we use them to study the effects from other
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FIG. 13. Dependence of the rms fluctuation functionFP(n) for a power-law trendu( i )5APi
l, wherei 51, . . . ,Nmax, on the length of the

trendNmax. ~a! A vertical shift is observed inFP(n) for different values ofNmax—N1max andN2max. The figure shows that the vertical shift,
defined asFP

N1max(n)/FP
N2max(n), does not depend onNmax but only on the ratioN1max/N2max, suggesting thatFP(n);(Nmax)

g. ~b!
Dependence of the vertical shift on the powerl. For l, l 20.5 (l is the order of DFA!, we find a flat~constant! region characterized with
an effective exponentg520.5 and negative vertical shift. Forl. l 20.5, we find an exponential dependence of the vertical shift onl. In
this region,g5l2 l , and the vertical shift can be negative~if l, l ) or positive~if l. l ). The slope of2 log10@FP

2Nmax(n)/FP
Nmax(n)# vs l

is 2 log102 due to doubling the length of the signalNmax. This slope changes to2 log10m whenNmax is increasedm times whileg remains
independent ofNmax. For l5 l there is no vertical shift, as marked with3. Arrows indicate integer values ofl, l , for which values the
DFA-l method filters out completely the power-law trend andFP50.

EFFECT OF TRENDS ON DETRENDED FLUCTUATION . . . PHYSICAL REVIEW E64 011114

011114-13



aspects. We generate noises by using a modified Fourier fil-
tering method@63#. This method can efficiently generate
noiseu( i ) ( i 51,2,3, . . . ,Nmax), with the desired power-law
correlation function that asymptotically behaves as
^u( j 5 i

i 1tu( j )u2&;t2a. By default, a generated noise has stan-
dard deviations51. Then we can test DFA andR/S by
applying it on generated noises since we know the expected
scaling exponenta.

Before doing that, we want to briefly review the algorithm
of R/S analysis. For a signalu( i ) ( i 51, . . . ,Nmax), it is di-
vided into boxes of equal sizen. In each box, thecumulative
departure Xi ~for the kth box, i 5kn11, . . . ,kn1n) is cal-
culated

Xi5 (
j 5kn11

i

@u~ j !2^u&#, ~A1!

where^u&5n21( i 5kn11
(k11)n u( i ) , and therescaled range R/S is

defined by

R/S5S21F max
kn11< i<(k11)n

Xi2 min
kn11< i<(k11)n

Xi G , ~A2!

whereS5An21( j 51
n @u( j )2^u&#2 is the standard deviation

in each box. The average of rescaled range in all the boxes of
equal sizen, is obtained and denoted by^R/S&. Repeat the
above computation over different box sizen to provide a
relationship between̂R/S& andn. According to Hurst’s ex-
perimental study@66#, a power-law relation between̂R/S&
and the box sizen indicates the presence of scaling:^R/S&
;na.

Figure 14 shows the results ofR/S, DFA-1, and DFA-2
on the same generated noises. Loosely speaking, we can see
that F(n) ~for DFA! and R/S ~for R/S analysis! show a
power-law relation withn as expected:F(n);na and R/S
;na. In addition, there is no significant difference between
the results of different order DFA except for some vertical
shift of the curves and the little bend-down for small box size
n. The bend-down for a very small box ofF(n) from higher-
order DFA is because there are more variables to fit those
few points.

Ideally, when analyzing a standard noise,F(n) ~DFA!
andR/S (R/S analysis! will be power-law functions with a
given power:a, no matter which region ofF(n) andR/S is
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chosen. However, a careful study shows that the scaling ex-
ponenta depends on scalen. The estimateda is different for
the different regions ofF(n) andR/S as illustrated by Figs.
14~a! and 14~b! and by Tables IV and V. It is very important
to know the best fitting region of the DFA andR/S analysis

in the study of real signals. Otherwise, an inaccurate value
for a will be obtained if an inappropriate region is selected.

In order to find the best region, we first determine the
dependence of the locally estimateda, a loc , on the scalen.
First, generate a standard noise with given scaling exponent

TABLE V. Estimation of the correlation exponenta for corre-
lated noise from DFA-1 in the three regions as shown in Fig. 14~b!.
a is the input value of the scaling exponent,a1 is the estimation
from region 1 (4,n<32), a2 from region 2 (32,n<3162), and
a3 from region 3 (3126,n<217).

a a1 a2 a3

0.1 0.28 0.15 0.08
0.3 0.40 0.31 0.22
0.5 0.55 0.50 0.35
0.7 0.72 0.69 0.55
0.9 0.91 0.91 0.69
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FIG. 15. The estimateda from the local fit~a! R/S analysis, the length of signalNmax5214. ~b! R/S analysis,Nmax5220. ~c! DFA-1,
Nmax5214. ~d! DFA-1, Nmax5220. a loc come from the average of 50 simulations. If a technique is working, then the data for the scaling
exponenta should be a weakly fluctuating horizontal line centered abouta loc5a. Note that such a horizontal behavior does not hold for all
the scales. Generally, such an expected behavior begins from some scalenmin , holds for a range, and ends at a larger scalenmax. For DFA-1,
nmin is quite smalla.0.5. For theR/S analysis,nmin is small only whena'0.7.

TABLE IV. Estimation of the correlation exponenta for corre-
lated noise from theR/S analysis in three regions as shown in Fig.
14~a!. a is the input value of the scaling exponent,a1 is the esti-
mation from region 1 (4,n<32), a2 from region 2 (32,n
<3162), anda3 from region 3 (3126,n<217). The same corre-
lated noise is used in Table V.

a a1 a2 a3

0.1 0.44 0.23 0.12
0.3 0.52 0.37 0.23
0.5 0.62 0.52 0.47
0.7 0.72 0.70 0.45
0.9 0.81 0.87 0.63
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a; then calculateF(n) ~or R/S), and obtaina loc(n) by local
fitting of F(n) ~or R/S). The same random simulation is
repeated 50 times for both the DFA andR/S analyses. The
resultant averagea loc(n), respectively, is illustrated in Fig.
15 for the DFA-1 and R/S analyses.

If a scaling analysis method is working properly, then the
resulta loc(n) from simulation witha would be a horizontal
line with a slight fluctuation centered abouta loc(n)5a. Note
from Fig. 15 that such ahorizontal behaviordoes not hold
for all the scalesn but for a certain range fromnmin to nmax.
In addition, at small scale, theR/S analysis givesa loc.a if
a,0.7 anda loc,a if a.0.7, which has been pointed out
by Mandelbrot@67#, while DFA givesa loc.a if a,1.0 and
a loc,a if a.1.0.

It is clear that the smaller thenmin and the larger thenmax,
the better the method. We also perceive that the expected
horizontal behaviorstops because the fluctuations become
larger due to the undersampling ofF(n) or R/S whenn gets
closer to the length of the signalNmax. Furthermore, it can
be seen from Fig. 15 thatnmax'

1
10 Nmax independent ofa ~if

the best-fit region exists!, which is why one-tenth of the sig-
nal length can be considered as the maximum box size when
using a DFA orR/S analysis.

On the contrary,nmin does not depend on theNmax since
a loc(n) at smalln hardly changes asNmax varies but it does
depend ona. Thus, we obtainnmin quantitatively as shown
in Fig. 16. For theR/S analysis,nmin is small only when
a'0.7. Whena.0.7 anda,0.7, nmin becomes very large
and close tonmax, indicating that the best-fit region will
vanish and theR/S analysis does not work at all.

Compared toR/S, DFA works better sincenmin is quite
small for correlated signals witha.0.5. However, for
a,0.5 nmin is still relatively large. We can improve this

situation by first integrating the correlated noise and then
applying the DFA to the integrated signal. The resultant ex-
ponenta8 for the integrated signal will bea085a11. We
find thatnmin for the integrated signal becomes much smaller
as shown in Fig. 16~shaded areaa.1). Therefore, for cor-
related noise witha,0.5, it is best to estimate first the scal-
ing exponenta8 of the integrated signal and then to obtaina
by a5a821.

APPENDIX B: SUPERPOSITION LAW FOR THE DFA

For two uncorrelated signalsf ( i ) and g( i ), their root-
mean-square~rms! fluctuation functions areF f(n) and
Fg(n), respectively. We want to prove that for the signal
f ( i )1g( i ), its rms fluctuation function

F f 1g~n!5AF f~n!21Fg~n!2. ~B1!

Consider three signals in the same box first. The inte-
grated signals forf, g, andf 1g areyf( i ), yg( i ), andyf 1g( i )
and their corresponding trends areyf

f it , yg
f it , and yf 1g

f it ( i
51,2, . . . ,n, n is the box size!. Since yf 1g( i )5yf( i )
1yg( i ) and combines the definition of the detrended fluctua-
tion function Eq.~3!, we have that for all boxes

Yf 1g~ i !5Yf~ i !1Yg~ i !, ~B2!

whereYf 1g is the detrended fluctuation function for the sig-
nal f 1g, Yf( i ) is for the signalf, andYg( i ) for g. Further-
more, according to the definition of the rms fluctuation, we
can obtain

F f 1g~n!5A 1

Nmax
(
i 51

Nmax

@Yf 1g~ i !#2

5A 1

Nmax
(
i 51

Nmax

@Yf~ i !1Yg~ i !#2, ~B3!

wherel is the number of boxes andk means thekth box. If
f and g are not correlated, neither areYf( i ) and Yg( i ) and,
thus,

(
i 51

Nmax

Yf~ i !Yg~ i !50. ~B4!

From Eq.~B4! and Eq.~B3! we have

F f 1g~n!5A 1

Nmax
(
i 51

Nmax

@Yf~ i !21Yg~ i !2#

5A@F f~n!#21@Fg~n!#2. ~B5!

APPENDIX C: DFA-1 ON LINEAR TREND

Let us suppose a linear time seriesu( i )5ALi . The inte-
grated signalyL( i ) is
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in

R/S
DFA–1

minimum box size 

FIG. 16. The starting point of a good-fit region,nmin , for the
DFA-1 andR/S analyses. The results are obtained from 50 simula-
tions, in which the length of noise isNmax5220. The condition for a
good fit isDa5ua loc2au,0.01. The data fora.1.0 shown in the
shading area are obtained by applying an analysis on the integra-
tions of noises witha,1.0. It is clear that the DFA-1 works better
than theR/S analysis because itsnmin is always smaller than that of
the R/S analysis.
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yL~ i !5(
j 51

i

AL j 5AL

i 21 i

2
. ~C1!

Let as callNmax the size of the series andn the size of the
box. The rms fluctuationFL(n) as a function ofn andNmax
is

FL~n!

5ALA 1

Nmax
(
k51

Nmax /n

(
i 5(k21)n11

kn S i 21 i

2
2~ak1bki ! D 2

,

~C2!

whereak andbk are the parameters of a least-squares fit of
the kth box of sizen. ak andbk can be determined analyti-
cally, thus giving

ak512 1
12 n21 1

2 n2k1 1
12 n2 1

2 k2n2, ~C3!

bk512 1
2 n1kn1 1

2 . ~C4!

With these values,FL(n) can be evaluated analytically,

FL~n!5AL
1

60A~5n4125n3125n2225n230! ~C5!

The dominating term inside the square root is 5n4 and then
one obtains

FL~n!'
A5

60
ALn2, ~C6!

leading directly to an exponent of 2 in the DFA. An impor-
tant consequence is that asF(n) does not depend onNmax,
for linear trends with the same slope, the DFA must give
exactly the same results for series of different sizes. This is
not true for other trends, where the exponent is 2, but the
factor multiplyingn2 can depend onNmax.

APPENDIX D: DFA-1 ON A QUADRATIC TREND

Let us suppose now a series of the typeu( i )5AQi 2. The
integrated time seriesy( i ) is

y~ i !5AQ(
j 51

i

j 25AQ

2i 313i 21 i

6
. ~D1!

As before, let us callNmax andn the sizes of the series and
box, respectively. The rms fluctuation functionFQ(n) mea-
suring the rms fluctuation is now defined as

FQ~n!5AQA 1

Nmax
(
k51

Nmax /n

(
i 5(k21)n11

kn S 2i 313i 21 i

6
2~ak1bki ! D 2

, ~D2!

whereak andbk are the parameters of a least-squares fit of thekth box of sizen. As before,ak andbk can be determined
analytically, thus giving

ak5 1
15 n31n3k22 7

15 n3k1 17
30 n2k2 7

60 n21 1
20 n2 2

3 k3n32 1
2 n2k21 1

15 kn, ~D3!

bk5 3
10 n21n2k22n2k1kn2 2

5 n1 1
10 . ~D4!

Onceak andbk are known,F(n) can be evaluated, giving

FQ~n!5AQ

1

1260
A221~n415n315n225n26!~32n226n2812210Nmax2140Nmax

2 !. ~D5!

As Nmax.n, the dominant term inside the square root is given by 140Nmax
2 321n45AQ2940n4Nmax

2 , and then one has
approximately

FQ~n!'AQ
1

1260A2940n4Nmax
2 5AQ

1
90A15Nmaxn

2 ~D6!

leading directly to an exponent 2 in the DFA analysis. An interesting consequence derived from Eq.~D6! is that FQ(n)
depends on the length of the signalNmax, and the DFA line@ logFQ(n) vs logn# for the quadratic seriesu( i )5AQi 2 of different
Nmax does not overlap~as is the case for linear trends!.
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Abstract

Detrended fluctuation analysis (DFA) is a scaling analysis method used to estimate long-range power-

law correlation exponents in noisy signals. Many noisy signals in real systems display trends, so that

the scaling results obtained from the DFA method become difficult to analyze. We systematically

study the effects of three types of trends - linear, periodic, and power-law trends, and offer examples

where these trends are likely to occur in real data. We compare the difference between the scaling

results for artificially generated correlated noise and correlated noise with a trend, and study how

trends lead to the appearance of crossovers in the scaling behavior. We find that crossovers result

from the competition between the scaling of the noise and the "apparent" scaling of the trend. We

study how the characteristics of these crossovers depend on (i) the slope of the linear trend: (ii) the

amplitude and period of the periodic trend; (iii) the amplitude and power of the power-law trend, and

(iv) the length as well as the correlation properties of the noise. Surprisingly, we find that the

crossovers in the scaling of noisy signals with trends also follow scaling laws-i.e., long-range power-

law dependence of the position of the crossover on the parameters of the trends. We show that the

DFA result of noise with a trend can be exactly determined by the superposition of the separate

results of the DFA on the noise and on the trend. assuming that the noise and the trend are not

correlated. If this superposition rule is not followed, this is an indication that the noise and the

superposed trend are not independent, so that removing the trend could lead to changes in the

correlation properties of the noise. In addition, we show how to use DFA appropriately to minimize

the effects of trends, how to recognize if a crossover indicates indeed a transition from one type to a

different type of underlying correlation, or if the crossover is due to a trend without any transition in

the dynamical properties of the noise.
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We test whether the complexity of the cardiac interbeat interval time series is simply a consequence of
the wide range of scales characterizing human behavior, especially physical activity, by analyzing data
taken from healthy adult subjects under three conditions with controls: (i) a “constant routine” protocol
where physical activity and postural changes are kept to a minimum, (ii) sympathetic blockade, and
(iii) parasympathetic blockade. We find that when fluctuations in physical activity and other behavioral
modifiers are minimized, a remarkable level of complexity of heartbeat dynamics remains, while for
neuroautonomic blockade the multifractal complexity decreases.

DOI: 10.1103/PhysRevLett.86.6026 PACS numbers: 87.19.Hh, 05.40.–a, 87.80.Vt, 89.75.Da

Healthy free-running physiologic systems have complex
self-regulating mechanisms which process inputs with a
broad range of characteristics [1] and may generate signals
that have scale-invariant dynamics [2]. Many physiologic
time series are extremely “patchy” and nonstationary, fluc-
tuating in an irregular and complex manner. This observa-
tion suggests that some physiologic signals are sufficiently
inhomogeneous that a single fractal exponent may not be
sufficient to characterize them.

Time series of healthy human interbeat intervals belong
to a special class of complex signals that display multi-
fractal properties [3]. Multifractal signals —such as those
generated by binomial multiplicative processes or turbulent
fluctuations —can be decomposed into many subsets char-
acterized by different local Hurst [4] exponents h, which
quantify the local singular behavior and thus relate to the
local fractal properties of the time series [4,5]. The sta-
tistical properties of the different subsets characterized by
the different exponent values of h are quantified by the
function D�h�. Here D�ho� is the fractal dimension of the
subset of the original time series characterized by the local
Hurst exponent ho [4,5]. For heart rate time series from
healthy individuals, the function D�h� is “broad” (imply-
ing multifractality), but “narrow” (implying monofractal-
ity) for subjects with heart failure [3], a life-threatening
condition.

An intriguing question, with implications for basic sig-
naling and feedback mechanisms, is: What gives rise to
multifractality in healthy human heartbeat dynamics? Two
distinct possibilities can be considered. The first is that
the observed multifractality is primarily a consequence of
the response of neuroautonomic control mechanisms to
activity-related fractal stimuli [2]. If this were the case,
then in the absence of such correlated inputs the heartbeat
dynamics would not generate such a heterogeneous multi-
fractal output. The second is that the neuroautonomic con-
trol mechanisms, in the presence of even weak external
noise, endogenously generate multifractal dynamics. Here,

we present evidence from three new experiments which
supports the latter possibility.

The procedure to calculate the values of h and their
corresponding fractal dimensions has been described else-
where [3,6–8]. We calculate the experimental t�q�, which
is related to D�h� through a Legendre transform [4,9],

D�h� � q
dt�q�

dq
2 t�q� . (1)

We first analyze data sets from six healthy, nonsmok-
ing male subjects [10] (ages 21–30 yr). We obtained two
data sets per subject, the first under constant routine condi-
tions, and the second under usual daily activity conditions
[11,12]. Figure 1a displays the average multifractal spec-
tra t�q� for the six subjects under both regimens. The
nonlinearity of t�q� does not appear altered by constant
routine conditions. Indeed, our analysis indicates that ma-
jor reductions in external stimulation and physical activity
do not reduce the multifractal properties of healthy car-
diac dynamics, supporting the hypothesis that the multi-
fractality in healthy heartbeat dynamics is endogenous to
the neuroautonomic regulation of the heart rate [13,14].

To test the possibility that the multifractality in healthy
heartbeat dynamics is related to neuroautonomic control,
we analyze data from six subjects [10] (four male, two
female, ages 21–34 yr) who were administered a beta-
blocking drug [15] which reduces sympathetic control. We
analyzed eight data sets from the six subjects for the second
and/or third day of beta-blocker administration [12,16]. As
a control, we also analyzed eight data sets for the same sub-
jects but for the second and/or third day of placebo admin-
istration [16]. Figure 2a shows the multifractal spectra for
the two conditions. The curve for the group correspond-
ing to the administration of the beta-blocker drug is more
linear than that for the control group. This result is consis-
tent with decreased multifractality due to the suppression
of sympathetic activity (Fig. 2b).
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FIG. 1. Constant routine study. The average heartbeat inter-
val for constant routine is 0.951 s (0.820 s for controls) and
the average standard deviation is 0.117 s (0.129 s for controls).
(a) Multifractal spectra t�q� for constant routine and control
(usual daily activity) protocols (n � 6). In this and following
figures, the error bars indicate the standard error of the group
average t�q�. The two curves have nearly identical curvature but
appear to be slightly rotated around a vertical axis going through
q � 0, which suggests that there are no major differences in the
multifractal properties of control and constant routine groups.
(b) Singularity spectra D�h� for the two groups. D�h�, which is
obtained as the Legendre transform of t�q�, measures the frac-
tal dimension of the subsets of the signal characterized by local
Hurst exponents h. Note that the two curves have nearly iden-
tical widths indicating a similar degree of multifractality. This
result is consistent with the possibility that the activities of daily
living do not account for the multifractal complexity of heart
rate dynamics.

As a further test, we also analyze the multifractal prop-
erties of the heartbeat dynamics of healthy individuals
who were administered atropine [17] which suppresses
parasympathetic control of the heartbeat. We analyze
six data sets from six different healthy males [10] (ages
21–26 yr). As a control, we utilize data sets from subjects
in the beta-blockade experiment after administration of the
placebo. Figure 3a shows the multifractal spectra for the
two groups. The curve for the group under parasympa-
thetic blockade is nearly linear — indicating a marked loss
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FIG. 2. Sympathetic blockade study. The average heartbeat
interval for beta-blocker intake is 0.885 s (0.750 s for placebo
intake) and the average standard deviation is 0.115 s (0.092 s for
placebo intake). (a) Group average t�q� for data sets (n � 8)
during sympathetic (beta) blockade with metoprolol [15]. Note
that the curve for the beta-blocker administration remains above
the placebo curves for all q, indicating a more marked curvature,
i.e., nonlinearity, of t�q� for the control group. (b) Singular-
ity spectra D�h� for the two groups. Note that the peaks for
the two curves appear to be at somewhat different positions.
However, our analysis indicates that the variation from group
to group and subject to subject is wider for the position of the
peak than for its width, so that no change in peak position can
be inferred. Heartbeat dynamics during sympathetic blockade
display a change in the singularity spectrum, namely, decreased
multifractality as evidenced by the narrower distribution D�h�.
The “weaker” nonlinearity of t�q� during sympathetic blockade
indicates less pronounced multifractality, suggesting that sup-
pression of sympathetic control decreases the multifractal com-
plexity of cardiac dynamics.

of multifractality —even more apparent than with sympa-
thetic blockade (Fig. 3b). These results are consistent with
the possibility that multifractality in healthy heartbeat dy-
namics may arise, at least in part, from the interplay be-
tween the two branches of the neuroautonomic system.

The major finding of this study is the strong evidence
supporting the idea that (multi)fractality in heartbeat
dynamics is related to intrinsic properties of the control
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FIG. 3. Parasympathetic blockade study. The average heart-
beat interval for the atropine group is 0.703 s and the average
standard deviation is 0.078 s. (a) Group average t�q� for data
sets obtained during parasympathetic (vagal) blockade with at-
ropine (n � 6). Because of the potential adverse effects associ-
ated with very prolonged parasympathetic blockade, these data
sets are shorter than the others, consisting of only about 6000
interbeat intervals. As a control, we analyze the first 6000 data
points from the subjects being administered the placebo in the
sympathetic blockade experiments. Our analysis suggests (i) that
the dynamics become monofractal under parasympathetic block-
ade—note that t�q� becomes nearly linear — and (ii) that the
typical Hurst exponent increases towards less anticorrelated val-
ues as previously observed for severe heart failure (hHF � 0.25)
[2]—note the increase in the slope for q close to zero which is
closely related to the single exponent obtained by a standard
(mono)fractal analysis [2]. (b) Singularity spectra D�h� for the
two groups. The singularity spectrum is obtained by a Legendre
transform of the multifractal spectrum. The figure shows that
the heart rate dynamics after parasympathetic blockade becomes
nearly monofractal.

mechanisms and is not simply due to changes in exter-
nal stimulation, degree of physical activity, or other appar-
ent behavioral modifiers, such as postural changes, food
intake, and sleep-phase transitions (see Table I). Under-
standing how the interaction of neuroautonomic, and pos-
sibly other, control mechanisms generates the complex
multiscale dynamics of the heartbeat will be a major chal-

TABLE I. Width and peak position for D�h� spectra for the
different protocols studied.

Protocol Width Peak

Usual daily activity 0.16 6 0.04 0.14 6 0.04
Constant routine 0.18 6 0.04 0.11 6 0.04

Placebo 0.20 6 0.04 0.14 6 0.04
Sympathetic blockade 0.08 6 0.04 0.16 6 0.04
Parasympathetic blockade 0.03 6 0.03 0.24 6 0.02

lenge to future efforts to model “real-world” signaling
mechanisms [18].

Our results are also of note for a number of other rea-
sons. First, as shown in Figs. 1–3, the singularity spec-
trum D�h� during sympathetic blockade has a narrower
range of allowed values of h than the singularity spec-
tra for the control groups. However, the position of the
peak in D�h� during sympathetic blockade is not substan-
tially modified from its position for the same subjects when
given a placebo. This suggests that sympathetic blockade
may not have a major effect on the linear correlations in
the dynamics; that is, it does not change the average Hurst
exponent substantially [19].

Second, we find that during parasympathetic blockade
there is a marked loss of multifractality (see Fig. 3b), much
as occurs for patients with severe heart failure [3]. Indeed,
as with heart failure, the peak of the singularity spectra is
located to the right of the healthy control group, indicating
weaker anticorrelations [2]. This finding is consistent with
the hypothesis that both the monofractality and “weaker”
anticorrelations for heart failure dynamics may be related,
at least in part, to impaired parasympathetic control in
congestive heart failure patients, in agreement with recent
studies [20].

Third, our finding of the impact of neuroautonomic con-
trol on the multifractal properties of heart rate variability
during waking hours raises the question of how transitions
during sleep might affect these properties. The present
study using a constant routine protocol was not designed
to elucidate this intriguing possibility. Recent reports of
differences in heartbeat scaling exponents, related to two-
point correlations, between daytime and nighttime hours
[21] and also during different sleep stages [22] support the
need for future investigation of multifractal properties in
different physiologic states.

Finally, we note that for many of the systems which
generate multifractal signals there are no mathematical
equations describing the dynamics, and even for those for
which such equations exist, their analytical solution is not
feasible. Thus, the understanding and modeling of the in-
trinsic control mechanisms for heart rate may offer new
opportunities to explore multifractal dynamics in the natu-
ral sciences [23].
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Abstract

We develop a scale-invariant truncated L#evy (STL) process to describe physical systems
characterized by correlated stochastic variables. The STL process exhibits L#evy stability for the
probability density, and hence shows scaling properties (as observed in empirical data); it has
the advantage that all moments are 5nite (and so accounts for the empirical scaling of the mo-
ments). To test the potential utility of the STL process, we analyze 5nancial data. c© 2001
Elsevier Science B.V. All rights reserved.

PACS: 05.40; 05.40.F; 89.65.G

Keywords: Stochastic processes; L#evy :ights; Econophysics

In recent years, the L#evy process [1] has been proposed to describe the statistical
properties of a variety of complex phenomena [2–13]. The L#evy process is characterized
by “fat tails” (power law), and displays scaling behavior similar to that observed in a
wide range of empirical data. However, the application of the L#evy process to empirical
data is limited because it is characterized by in5nite second and higher moments, while
empirical data have 5nite moments.
Truncated L#evy (TL) processes are de5ned to have a L#evy probability density func-

tion (PDF) in the central regime, truncated by a function decaying faster than a L#evy
distribution in the tails [14]. The TL process is introduced to account for the 5-
nite moments observed for empirical data [15,16]. However, the TL process (with
either abrupt [14] or smooth [17] truncation) has limitations when applied to empirical
data. (i) The TL process is introduced for independent and identically distributed

∗ Corresponding author. Center for Polymer Studies, Department of Physics, Boston University, Boston,
MA 02215, USA.

0378-4371/01/$ - see front matter c© 2001 Elsevier Science B.V. All rights reserved.
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Fig. 1. The S&P500 index shows two scaling regimes for the standard deviation �. The correlated
(superdiGusive) regime at small Ht corresponds to the STL process with slope �=�=0:7. To account for the
crossover to uncorrelated (normal diGusion) regime, we introduce a breakdown in the scaling for the STL
process: �Ht ≡ �× = const and AHt ≡ (Ht)A× for Ht ¿ (Ht)×. The breakdown in the STL is equivalent
to a transition to a TL process at large time scales. This TL process corresponds to an initial �TL larger than
the empirical �1. This is the reason for the delay (at time scale (Ht)s ≈ 103) in the transition from L#evy
to Gaussian behavior observed for PHt(0) (see Fig. 2). Note, that the TL process with an initial standard
deviation �1 (as observed in the data) would exhibit for PHt(0) a transition from L#evy to Gaussian at
shorter time scales (Fig. 2).

(i.i.d.) stochastic variables, while variables describing many physical systems are not
i.i.d.—e.g. there are correlations in the random variable and=or the random variable is
not stationary [18–21]. (ii) The PDF of the TL process tends to the Gaussian dis-
tribution (according to the central limit theorem), and hence does not exhibit scale
invariance; PDFs for a variety of complex systems, however, are often characterized
by regions of scale-invariant behavior. (iii) The time scale above which the L#evy pro-
5le becomes Gaussian depends on the truncation cutoG (or the standard deviation)
[14,17]; to mimic the L#evy type scale invariant behavior observed for the data, the TL
process must be de5ned with a standard deviation larger than the one observed for the
data (see caption of Fig. 1).
Here, we introduce a stochastic process which we call the scale-invariant truncated

L#evy (STL) process. Stochastic variables z in the STL process are generated by the
symmetrical probability function f(z)=Ae−�|z|

� |z|−1−�, where 0¡�¡ 2. For �=0
the probability function f(z) approximates the L#evy distribution for large values of z.
The exponential prefactor [17] ensures a smooth truncation of the L#evy distribution,
where the parameter � can take any positive value, �−1 is related to the truncation
cutoG, and A is a measure of the “spread” in the central region.
From the probability function f(z), we calculate the characteristic function

�(k) ≡ exp[ − ∫∞
−∞ dz(1 − e−ikz)f(z)] [22]. The PDF P(z) is the Fourier transform
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of �(k) [22]:

P(z) ≡ 1
2�

∫
�(k)eikz dk ; (1)

since f(z) ≈ A|z|−1−� for small values of z, P(z) has a L#evy pro5le in the central
part. To maintain scale invariance for P(z) in the entire range including the tails, we
de5ne the STL process by the scaling transformations

AHt ≡ (Ht)�A1; �Ht ≡ (Ht)−��=��1 ; (2)

where Ht is the time scale and � can take any positive value. Under these transforma-
tions, the PDF P(z)=PHt(z) scales as the L#evy stable distribution:

z ≡ (Ht)�=�z1; PHt(z) ≡ P1(z1)
(Ht)�=�

: (3)

With the transformations of Eqs. (2) and (3), we obtain a process with controlled
dynamical properties—PHt(z) for any value of Ht can be calculated from the PDF at
any chosen Ht (e.g. Ht=1). Note that the STL process characterized by given � can
scale with any scaling exponent �=� in contrast to the L#evy stable process which scales
with the scaling exponent 1=�. The parameter � controls the dynamics of the process—
probability distributions characterized with the same � can exhibit diGerent scaling
behavior for diGerent values of �. E.g. for �=1 and �=0 under the transformations
of Eqs. (2), the probability density P(z) scales as the L#evy stable process.

Although the PDF PHt(z) exhibits scaling properties identical to the L#evy stable
distribution, the process de5ned by Eqs. (1) and (2) is diGerent. While the L#evy
process is de5ned for i.i.d. variables the STL process is characterized by correlated
stochastic variables—the STL is a non-i.i.d. process. To demonstrate this, we consider
the scaling of the second moment �2, determined as the second derivative of �(k) at
small values of k [22]:

�2Ht =
2A�((2− �)=�)�(�−2)=�

�
=(Ht)2�=��21 ; (4)

where �1 is the standard deviation for Ht=1. The second equality on the right-hand
side follows from the transformations of Eq. (2). For an appropriate choice of �=� (�=0:5),
the scaling relation (4) indicates the presence of correlations that can be positive (or
negative). In addition, the STL process exhibits scaling not only for the second moment
but also for all higher moments:

〈|z|n〉 ≡
∫

dz|z|nPHt(z)=Ht�n=�〈|z1|n〉 : (5)

Hence, the STL is a process for which the PDF PHt(z), the second moment �2, and
all higher moments 〈|z|n〉 scale with the same scaling exponent �=�.
Often with empirical data, we observe several diGerent scaling regimes. To account

for a crossover at given time scale (Ht)×, we introduce diGerent scaling transformations



P.Ch. Ivanov et al. / Physica A 299 (2001) 154–160 157

from the type of Eq. (2) for two diGerent regimes of time scales:

�Ht =

{
(Ht)−�1�=��1 16Ht6 (Ht)× ;

(Ht)−�2�=��× Ht ¿ (Ht)× ;
(6)

AHt =

{
(Ht)�1A1 16Ht6 (Ht)× ;

(Ht)�2A× Ht ¿ (Ht)× :
(7)

Here �, A1 and �1 are free parameters, chosen to 5t PHt(z) at the time scale Ht=1.
Continuity of the PDF and the moments at the crossover point is ensured by continuity
in the values of A and �: from Eqs. (6) and (7) we 5nd A× ≡ (Ht)�1−�2× A1 and
�× ≡ (Ht)�(�1−�2)=�× �1.
To exemplify the features of the STL process we analyze the S&P500 stock index

over the 12-year period January 1984–December 1995. The index change z is the
stochastic variable analyzed. In particular, we focus on the scaling behavior of several
statistical characteristics: (1) the second and higher moments, (2) the probability of
return to the origin PHt(0), and (3) the PDF PHt(z). For simplicity we set �=1.

We make three empirical observations: (i) Experimental results for the standard
deviation as a function of Ht show two diGerent scaling regimes with a crossover
at (Ht)× ≈ 30 min [15,16] (Fig. 1). The regime at small time scales is character-
ized by slope 0:7, indicating the presence of positive correlations in the index change
z (“superdiGusive” regime). The second regime has slope 0:5, indicating absence of
correlations (“normal diGusion” regime). Therefore, the change in the S&P500 index
cannot be described by an i.i.d. stochastic process, such as the L#evy or the TL process.
(ii) The probability of return to the origin PHt(0), however, exhibits a L#evy type of
scaling for more than three decades (Fig. 2). Such scaling for PHt(0) therefore in-
dicates L#evy scale invariance of the central part of the probability density. (iii) The
scaling exponent of PHt(0) is identical to the exponent of the standard deviation in the
5rst scaling regime. However, the crossover in the scaling of the standard deviation is
not followed by a change in the slope of PHt(0).
To account for the 5rst empirical observations, we introduce a stochastic process with

two diGerent regimes: (a) a STL regime with AHt ≡ (Ht)�A1 and �Ht ≡ (Ht)−�=��1,
to account for the superdiGusive behavior �˙ (Ht)�=� (Eq. (4)) at short time scales
Ht ¡ (Ht)× (Fig. 1); and (b) a regime with breakdown of scaling de5ned by �Ht ≡
�× = const and AHt ≡ (Ht)A× for Ht ¿ (Ht)× to account for the normal diGusive
behavior �˙ (Ht)1=2 (Eq. (4) and Fig. 1). This breakdown allows for a transition
from a non-i.i.d. STL process to an i.i.d. TL process.
The STL process in the regime Ht ¡ (Ht)× accounts for the second empirical ob-

servation, the identical scaling exponent (�=�) experimentally observed for both the
standard deviation � (Eq. (4)) and the probability of return to the origin PHt(0)
(Eq. (3) and Fig. 2). From 5tting the initial probability distribution P1(z), we obtain
�=1:43. Since empirically the standard deviation scales with exponent �=�=0:7, we
5nd that �=1 for this process.
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Fig. 2. S&P500 data for the probability of return to the origin PHt(0) mimics L#evy scaling for more than
3 decades in Ht. The slope and the intercept of the straight line which represents the scaling of the L#evy
distribution are determined from the parameters �=1:43 and A1 = 0:0014 by 5tting the initial PDF P1(z)
for the S&P500 index. From the same 5t, we obtain �1 = 0:7. These initial parameters are used to de5ne
the STL process. As expected, the STL process follows the L#evy scaling for PHt(0) at all time scales.
The TL process (with �1 = 0:07, identical to the empirical value) exhibits a transition at short time scales
to the Gaussian process (with the same value of �1), in disagreement with the data. The STL process
with a breakdown at (Ht)×, however, is in agreement with the data and explains the delayed transition (at
(Ht)s ≈ 103) to the Gaussian observed in the data.

Third, we 5nd that the theoretical prediction for the STL process with a scaling
breakdown is in good agreement with the empirical result for PHt(0) for more than
three decades (Fig. 2). We note that the transition at (Ht)× ≈ 30 from STL (non-i.i.d.)
process to a TL (i.i.d.) process in the scaling of � (Fig. 1), does not imply a sharp
transition in the scaling of PHt(0) from a L#evy to Gaussian behavior (Fig. 2). The
reason is that for the STL scaling regime (Eq. (2)), PHt(0) exhibits L#evy scaling be-
havior (Eq. (3)) up to (Ht)× ≈ 30. In this scaling regime, � increases superdiGusively
with exponent 0.7, that is much faster than 0.5 for an i.i.d. process. At the crossover
scale (Ht)×, the standard deviation reaches the value �× =(Ht)0:7× �1. The value of
�× =(Ht)0:5× �TL can also be related to an i.i.d. TL process with initial standard devi-
ation �TL ¿�1 (Fig. 1). According to the central limit theorem, an i.i.d. TL process
asymptotically converges to a Gaussian process. Thus while in the short time regime
(small Ht) the index change z over time Ht is a sum of correlated stochastic variables,
in the asymptotic regime (large Ht), z can be treated as a sum of newly-de5ned inde-
pendent stochastic variables with standard deviation �TL. Since such a Gaussian process
is de5ned with large initial standard deviation �TL, the transition from the L#evy to the
Gaussian behavior is delayed (Fig. 2). The time scale (Ht)s of this transition can be
calculated by equating the return probability PHt(0) for the L#evy and Gaussian distribu-
tions. We obtain the following analytic expression: B= [

√
2��1L1(0)]2�=(2−�), where

L1 is the L#evy PDF at Ht=1 [17]. We 5nd that (Ht)s =B(Ht)×, where B ≈ 70
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Fig. 3. S&P500 probability distributions PHt(z) of index changes z for diGerent time scales Ht. With solid
lines, we show the PDF of the STL, with breakdown, process for the same time scales and parameters
used in Fig. 2. Good agreement between data and the theoretical PDFs is observed for the central part. We
5t only the curve for Ht=1. For any Ht ¿ 1 the theoretical PDF PHt(z) is calculated from P1(z). To
reproduce better the experimentally observed change in slope of the far tails, we use �=1:43, A1 = 0:0028,
and �1 = 2:6. The shape of PHt(z) changes as a function of Ht from exponential-like (for small Ht—STL
non-i.i.d. regime) to Gaussian-like pro5le of the tails (for large Ht—TL i.i.d. regime). Fitting the empirical
data with a probability distribution of the TL process at Ht=1, does not lead to a good agreement with the
data at larger time scales (including Ht ¡ (Ht)×), since the standard deviation of the TL process increases
much slower than the empirical standard deviation (see Fig. 1).

(Fig. 2). Such a relation is interesting, since it explicitly connects the crossover from
the L#evy to Gaussian with the crossover from non-i.i.d. to i.i.d. process.
Finally, we compare the empirical distributions of the change z of the S&P500 index,

for diGerent time scales Ht, with the shape of the distributions obtained analytically
(Fig. 3). Good agreement between data and the theoretical distributions is observed
both for the central part and for the tails. At small time scales, the scale-invariant
behavior of PHt(z) is maintained in the entire range (L#evy for the central pro5le, and
exponential in the tails) due to the scaling transformations of the STL process (Eq. 2).
The crossover to an i.i.d. TL process at large time scales ensures a smooth transition
to a Gaussian-like pro5le. We 5nd that the proposed mechanism of a STL process,
with breakdown, provides a reliable control of the dynamical properties of the PDF.
We have proposed a stochastic process that even in the presence of correlations

among the stochastic variables exhibits a L#evy stability for the PDF. The STL process
is characterized by identical scaling exponent for both the moments and the PDF.
The STL process provides an uni5ed dynamical picture to describe diGerent statistical
properties, and can be generalized for situations when the moments and the PDF exhibit
diGerent scaling behavior. The STL process can be utilized—as we show in the case
for 5nancial data—not only for processes with a single scaling regime but also for
physical systems with diGerent regimes of scaling behavior.



160 P.Ch. Ivanov et al. / Physica A 299 (2001) 154–160

We thank P. Gopikrishnan, Y. Liu and M. Meyer for kindly providing us with the
data. We thank A. Chessa and P. Gopikrishnan for helpful discussions, and NSF for
5nancial support.

References

[1] P. L#evy, Theorie de l’Addition des Variables Al#eatories, Gauthier-Villars, Paris, 1937.
[2] B.B. Mandelbrot, J. Bus. 34 (1963) 392.
[3] M.F. Shlesinger, B.J. West, J. Klafter, Phys. Rev. Lett. 58 (1987) 11.
[4] S. Havlin, D. Ben-Avraham, Adv. Phys. 36 (1987) 695.
[5] J.-P. Bouchaud, A. Georges, Phys. Rep. 195 (1990) 127.
[6] A. Ott, J.-P. Bouchaud, D. Langevin, W. Urbach, Phys. Rev. Lett. 65 (1990) 2201.
[7] M.F. Shlesinger, G.M. Zaslavsky, J. Klafter, Nature 363 (1993) 31.
[8] T.H. Solomon, E.R. Weeks, H.L. Swinney, Phys. Rev. Lett. 71 (1993) 3975.
[9] F. Bardou, J.-P. Bouchaud, O. Emile, A. Aspect, C. Cohen-Tannoudji, Phys. Rev. Lett. 72 (1994) 203.
[10] J. Moon, H. Nakanishi, Phys. Rev. A 42 (1990) 3221.
[11] F. Hayot, L. Wagner, Phys. Rev. E 49 (1994) 470.
[12] F. Hayot, Phys. Rev. A 43 (1991) 806.
[13] G. Zumofen, J. Klafter, Chem. Phys. Lett. 219 (1994) 303.
[14] R.N. Mantegna, H.E. Stanley, Phys. Rev. Lett. 73 (1994) 2946.
[15] R.N. Mantegna, H.E. Stanley, Nature 376 (1995) 46.
[16] R.N. Mantegna, H.E. Stanley, Nature 383 (1996) 588.
[17] I. Koponen, Phys. Rev. E 52 (1995) 1197.
[18] V. Akgiray, J. Bus. 62 (1989) 55.
[19] T. Bollerslev, R.Y. Chou, K.F. Kroner, J. Econometrics 52 (1992) 5.
[20] A. Arn#eodo, J.-F. Muzy, D. Sornette, Eur. Phys. J. B 2 (1998) 277.
[21] Y. Liu et al., Phys. Rev. E 60 (1999) 1.
[22] B.V. Gnedenko, A.N. Kolmogorov, Limit Distributions for Sums of Independent Random Variables,

Addison-Wesley, Cambridge, MA, 1954.



2018/6/11 Web of Science [v.5.29] - All Databases Full Record

http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=1&doc=31 1/4

Web of Science

Truncated Levy process with scale-invariant behavior

By: Ivanov, PC (Ivanov, PC); Podobnik, B (Podobnik, B); Lee, Y (Lee, Y); Stanley, HE (Stanley, HE)

View ResearcherID and ORCID

PHYSICA A

Volume:  299  Issue:  1-2  Pages:  154-160

DOI:  10.1016/S0378-4371(01)00290-4

Published:  OCT 1 2001

Document Type: Article; Proceedings Paper

View Journal Impact

Conference

Conference:  NATO Advanced Research Workshop on Application of Physics in Economic Modelling

Location:  PRAGUE, CZECH REPUBLIC

Date:  FEB 08-10, 2001

Abstract

We develop a scale-invariant truncated Levy (STL) process to describe physical systems characterized

by correlated stochastic variables. The STL process exhibits Levy stability for the probability density,

and hence shows scaling properties (as observed in empirical data); it has the advantage that all

moments are finite (and so accounts for the empirical scaling of the moments). To test the potential

utility of the STL process, we analyze financial data. (C) 2001 Elsevier Science B.V. All rights reserved.

Keywords

Author Keywords: stochastic processes; Levy flights; econophysics

KeyWords Plus: ANOMALOUS DIFFUSION; STOCHASTIC-PROCESS; DISORDERED MEDIA; FLIGHTS;

WALK; CONVERGENCE; POLYMERS

Author Information

Reprint Address: Ivanov, PC (reprint author)

Boston Univ, Dept Phys, Ctr Polymer Studies, Boston, MA 02215 USA.

Addresses:

[ 1 ] Boston Univ, Dept Phys, Ctr Polymer Studies, Boston, MA 02215 USA

[ 2 ] Harvard Univ, Beth Israel Hosp, Sch Med, Div Cardiovasc, Boston, MA 02215 USA

[ 3 ] Univ Zagreb, Fac Sci, Dept Phys, Zagreb 41000, Croatia

Publisher

ELSEVIER SCIENCE BV, PO BOX 211, 1000 AE AMSTERDAM, NETHERLANDS

Journal Information

Impact Factor: Journal Citation Reports

Categories / Classification

Research Areas: Physics

Web of Science Categories: Physics, Multidisciplinary

Citation Network

In Web of Science Core Collection

22
Times Cited

Create Citation Alert

All Times Cited Counts

22 in All Databases

See more counts

22 

Cited References

View Related Records

Most recently cited by:

Yu, Jianfeng; Xu, Weidong.

Pricing turbo warrants under mixed-

exponential jump diffusion model.

PHYSICA A-STATISTICAL MECHANICS AND

ITS APPLICATIONS (2016)

Sun, Qi; Xu, Weidong.

Pricing foreign equity option with

stochastic volatility.

PHYSICA A-STATISTICAL MECHANICS AND

ITS APPLICATIONS (2015)

View All

Use in Web of Science

Web of Science Usage Count

0 1 

Last 180 Days Since 2013

This record is from:

Web of Science Core Collection

Suggest a correction

If you would like to improve the quality of

Web of Science InCites Journal Citation Reports Essential Science Indicators EndNote Publons Sign In Help English 

My Tools Searches and alerts Search History Marked List

      Add to Marked ListSave to EndNote online  31  of  127 

Learn more

Search Search Results

http://apps.webofknowledge.com/home.do?SID=6Ed7LOEQCNVxUfGPZGT
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Ivanov,%20PC&ut=224723&pos=1&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Podobnik,%20B&ut=454901&pos=2&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Lee,%20Y&ut=24071362&pos=3&excludeEventConfig=ExcludeIfFromFullRecPage
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Stanley,%20HE&ut=1216&pos=4&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:hide_show('show_resc_blurb', 'inline');hide_show('show_resc_blurb_link', 'none');hide_show('hide_resc_blurb_link', 'inline')
javascript:;
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=stochastic+processes&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=Levy+flights&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=econophysics&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=ANOMALOUS+DIFFUSION&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=STOCHASTIC-PROCESS&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=DISORDERED+MEDIA&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=FLIGHTS&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=WALK&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=CONVERGENCE&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=POLYMERS&uncondQuotes=true
javascript:hide_show('reprint_pref_org_exp_link_1', 'inline');hide_show('show_reprint_pref_org_exp_link_1', 'none');hide_show('hide_reprint_pref_org_exp_link_1', 'inline')
javascript:hide_show('research_pref_org_exp_link_1', 'inline');hide_show('show_research_pref_org_exp_link_1', 'none');hide_show('hide_research_pref_org_exp_link_1', 'inline')
javascript:hide_show('research_pref_org_exp_link_2', 'inline');hide_show('show_research_pref_org_exp_link_2', 'none');hide_show('hide_research_pref_org_exp_link_2', 'inline')
javascript:hide_show('research_pref_org_exp_link_3', 'inline');hide_show('show_research_pref_org_exp_link_3', 'none');hide_show('hide_research_pref_org_exp_link_3', 'inline')
javascript:;
http://apps.webofknowledge.com/CitingArticles.do?product=WOS&REFID=24167029&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=31&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:csiovl('PCTAdd', '/OutboundService.do?action=go&mode=PCTAdd&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&component=pct&forwardTo=None&qid=1&doc=31&colName=WOS&num_cited=22');
http://apps.webofknowledge.com/CitingArticles.do?REFID=24167029&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=31&product=UA&betterCount=22&excludeEventConfig=ExcludeIfFromFullRecPage&fromPID=WOS&toPID=UA
http://apps.webofknowledge.com/InterService.do?product=WOS&toPID=WOS&action=AllCitationService&isLinks=yes&highlighted_tab=WOS&last_prod=WOS&fromPID=UA&returnLink=http%3a%2f%2fapps.webofknowledge.com%2ffull_record.do%3fhighlighted_tab%3dUA%26search_mode%3dGeneralSearch%26qid%3d1%26log_event%3dyes%26product%3dUA%26SID%3d6Ed7LOEQCNVxUfGPZGT%26viewType%3dfullRecord%26doc%3d31%26page%3d1&srcDesc=RET2UA&srcAlt=Back+to+All+Databases&UT=WOS:000171675300015&search_mode=CitedRefList&SID=6Ed7LOEQCNVxUfGPZGT&parentProduct=UA&parentQid=1&parentDoc=31&recid=WOS:000171675300015&PREC_REFCOUNT=22&fromRightPanel=true
http://apps.webofknowledge.com/InterService.do?product=WOS&toPID=WOS&action=AllCitationService&isLinks=yes&highlighted_tab=WOS&last_prod=WOS&fromPID=UA&returnLink=http%3a%2f%2fapps.webofknowledge.com%2ffull_record.do%3fhighlighted_tab%3dUA%26search_mode%3dGeneralSearch%26qid%3d1%26log_event%3dyes%26product%3dUA%26SID%3d6Ed7LOEQCNVxUfGPZGT%26viewType%3dfullRecord%26doc%3d31%26page%3d1&srcDesc=RET2UA&srcAlt=Back+to+All+Databases&UT=WOS:000171675300015&parentProduct=UA&parentQid=1&search_mode=RelatedRecords&SID=6Ed7LOEQCNVxUfGPZGT&parentDoc=31
http://apps.webofknowledge.com//full_record.do?search_mode=MostRecentCitingArticles&qid=39&page=1&excludeEventConfig=ExcludeIfFromMostRecent&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&recordID=WOS:000373420800045&doc=1
http://apps.webofknowledge.com//full_record.do?search_mode=MostRecentCitingArticles&qid=39&page=1&excludeEventConfig=ExcludeIfFromMostRecent&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&recordID=WOS:000359029500008&doc=2
http://apps.webofknowledge.com/CitingArticles.do?product=UA&REFID=24167029&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=31&excludeEventConfig=ExcludeIfFromFullRecPage&betterCount=22
javascript:;
javascript:;
javascript: void('InCites')
javascript: void('JCR')
javascript: void('ESI')
javascript: void('EndNote')
javascript: void('PUBLONS')
javascript:void(0);
javascript: void('Help')
javascript: void(0)
javascript: void(0)
javascript: void(0)
http://apps.webofknowledge.com/UA_CombineSearches_input.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CombineSearches
http://apps.webofknowledge.com/ViewMarkedList.do?action=Search&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&mark_id=UDB&search_mode=MarkedList&entry_prod=UA
javascript:;
javascript:;
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=30
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=32
http://apps.webofknowledge.com/UA_GeneralSearch_input.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=GeneralSearch
http://apps.webofknowledge.com/summary.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=


2018/6/11 Web of Science [v.5.29] - All Databases Full Record

http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=1&doc=31 2/4

(from Web of Science Core Collection)

See more data fields
the data in this record, please suggest a

correction.

 31  of  127 

Cited References: 22

Showing 22 of 22 View All in Cited References page

CONDITIONAL HETEROSCEDASTICITY IN TIME-SERIES OF STOCK RETURNS - EVIDENCE AND FORECASTS

By: AKGIRAY, V

JOURNAL OF BUSINESS  Volume: 62   Issue: 1   Pages: 55-80   Published: JAN 1989

Times Cited: 233  

"Direct" causal cascade in the stock market

By: Arneodo, A; Muzy, JF; Sornette, D

EUROPEAN PHYSICAL JOURNAL B  Volume: 2   Issue: 2   Pages: 277-282   Published: MAR 1998

Times Cited: 159  

SUBRECOIL LASER COOLING AND LEVY FLIGHTS

By: BARDOU, F; BOUCHAUD, JP; EMILE, O; et al.

PHYSICAL REVIEW LETTERS  Volume: 72   Issue: 2   Pages: 203-206   Published: JAN 10 1994

Times Cited: 175  

ARCH MODELING IN FINANCE - A REVIEW OF THE THEORY AND EMPIRICAL-EVIDENCE

By: BOLLERSLEV, T; CHOU, RY; KRONER, KF

JOURNAL OF ECONOMETRICS  Volume: 52   Issue: 1-2   Pages: 5-59   Published: APR-MAY 1992

Times Cited: 1,527  

ANOMALOUS DIFFUSION IN DISORDERED MEDIA - STATISTICAL MECHANISMS, MODELS AND PHYSICAL

APPLICATIONS

By: BOUCHAUD, JP; GEORGES, A

PHYSICS REPORTS-REVIEW SECTION OF PHYSICS LETTERS  Volume: 195   Issue: 4-5   Pages: 127-293   Published: NOV 1990

Times Cited: 2,609  

Title: [not available]

By: Gnedenko, B. V.; Kolmogorov, A. N.

Limit Distributions for Sums of Independent Random Variables  Published: 1954

Publisher: Addison- Wesley, Cambridge

Times Cited: 1,228  

DIFFUSION IN DISORDERED MEDIA

By: HAVLIN, S; BENAVRAHAM, D

ADVANCES IN PHYSICS  Volume: 36   Issue: 6   Pages: 695-798   Published: NOV-DEC 1987

Times Cited: 1,462  

LEVY WALK IN LATTICE-GAS HYDRODYNAMICS

By: HAYOT, F

PHYSICAL REVIEW A  Volume: 43   Issue: 2   Pages: 806-810   Published: JAN 15 1991

Times Cited: 29  

ROBUSTNESS OF VORTEX STREETS

By: HAYOT, F; WAGNER, L

PHYSICAL REVIEW E  Volume: 49   Issue: 1   Pages: 470-473   Published: JAN 1994

Times Cited: 8  

ANALYTIC APPROACH TO THE PROBLEM OF CONVERGENCE OF TRUNCATED LEVY FLIGHTS TOWARDS THE

GAUSSIAN STOCHASTIC-PROCESS

By: KOPONEN, I

PHYSICAL REVIEW E  Volume: 52   Issue: 1   Pages: 1197-1199   Part: B   Published: JUL 1995

Times Cited: 286  

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

javascript:;
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=30
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=1&doc=32
http://apps.webofknowledge.com/summary.do?product=UA&parentProduct=UA&search_mode=CitedRefList&parentQid=1&parentDoc=31&qid=38&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&page=1
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1989T394300004
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=1&REFID=5753605&betterCount=233&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000073810900017
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=2&REFID=1414605&betterCount=159&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1994MQ60700007
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=3&REFID=1490797&betterCount=175&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1992HK44700002
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=4&REFID=1350738&betterCount=1527&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1990EN31200001
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=5&REFID=1398284&betterCount=2609&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=6&REFID=287776137&betterCount=1228&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1987L760900001
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=7&REFID=1673584&betterCount=1462&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1991EU85600019
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=8&REFID=9544468&betterCount=29&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1994MV51400059
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=9&REFID=9544432&betterCount=8&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1995RK54700053
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=38&parentDoc=10&REFID=4266273&betterCount=286&excludeEventConfig=ExcludeIfFromNonInterProduct


VOLUME 87, NUMBER 6 P H Y S I C A L R E V I E W L E T T E R S 6 AUGUST 2001

Noise Effects on the Complex Patterns of Abnormal Heartbeats

Verena Schulte-Frohlinde,1 Yosef Ashkenazy,1 Plamen Ch. Ivanov,1,2

Leon Glass,3 Ary L. Goldberger,2 and H. Eugene Stanley1

1Center for Polymer Studies, Department of Physics, Boston University, Boston, Massachusetts 02215
2Cardiovascular Division, Harvard Medical School, Beth Israel Deaconess Medical Center, Boston, Massachusetts 02215

3Department of Physiology, McGill University, Montreal, Quebec, Canada H3G IY6
(Received 6 November 2000; published 24 July 2001)

Patients at high risk for sudden death often exhibit complex heart rhythms in which abnormal heart-
beats are interspersed with normal heartbeats. We analyze such a complex rhythm in a single patient over
a 12-h period and show that the rhythm can be described by a theoretical model consisting of two interact-
ing oscillators with stochastic elements. By varying the magnitude of the noise, we show that for an inter-
mediate level of noise, the model gives best agreement with key statistical features of the dynamics.

DOI: 10.1103/PhysRevLett.87.068104 PACS numbers: 87.19.Hh, 05.40.Ca, 05.45.Tp, 89.75.Kd

Individuals with frequent abnormal heartbeats (Fig. 1)
may be at high risk for sudden cardiac death [1]. Such
abnormal heart rhythms often have a random appearance.
Attempts have been made to analyze these rhythms by
inspecting short data strips [2,3] and matching them beat
by beat to various models [3–6]. Other approaches [7,8]
characterize statistical properties in longer records of up to
several hours. However, the mechanisms underlying these
abnormal rhythms and their changes over long periods of
time remain elusive. Here we show that a theoretical model
consisting of two coupled oscillators [3–7] describes the
observed patterns of abnormal heartbeats in one clinical
case provided we introduce noise to the periods of the
oscillators. This approach may generalize to the analysis
of the underlying mechanism of a large number of records
with complex patterns of abnormal heartbeats.

We consider a continuous 12-h segment of the ambula-
tory electrocardiographic record of an individual with heart
failure and frequent abnormal heartbeats (Fig. 1). The nor-
mal sinus heartbeats, S-beats, arise from activity in the si-
nus node, the normal pacemaker of the heart. The time
intervals between the normal beats appear to be periodic
in this short tracing, but they do fluctuate during the 12-h
period. The abnormal ventricular beats, V -beats, arise in
the lower chambers of the heart, the ventricles. Although
the timing between the V -beats appears to be irregular, the
histogram of the interventricular time intervals, the time
intervals between consecutive V-beats, consists of equidis-
tant peaks implying that the interventricular time intervals
are multiples of a fixed number (Fig. 1). This result is
consistent with the possibility that the heart rhythm arises
from a competition between two oscillators: the normal si-
nus oscillator, and an abnormal ventricular oscillator with
periods TS and TV , respectively. Such rhythms are called
parasystolic.

After each S-beat or V-beat, there is a time period,
called the refractory time u, during which all other heart-
beats are blocked. Because in our case u�TS $ 1�2, all
V -beats will block the following S-beat [9].

The finite width of the peaks in Fig. 1 indicates the
presence of either noise on the timing of the V-beats or
coupling between the S- and the V -beats, or both. To
estimate the amount of noise or type of coupling we first
compare the data to the predictions of the pure parasystolic
model, i.e., with no noise and no coupling. To describe the
pure parasystolic mechanism we introduce the phase fi of
the ith ventricular beat in the sinus cycle, i.e., the time
interval between the ith ventricular beat and the previous
sinus beat normalized by TS [3–6]. Successive values of
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FIG. 1. Upper panel: Electrocardiogram over 6.6 s of a patient
with heart failure. Sinus (S) and ventricular (V) beats differ
in morphology. S-beats are separated by an interval TS . The
time interval between the S-beats with an intervening V-beat is
approximately 2TS , implying that an S-beat has been blocked
(downward white arrow). The interventricular time interval TV ,
determined from the histogram in the lower panel, is also indi-
cated and is consistent with a blocked V-beat (upward white ar-
row). Lower panel: The histogram of the time intervals between
consecutive abnormal V-beats for the 12-h record from which
the segment in the upper panel was extracted (�80 000 beats
with �5000 V-beats). The time interval between the peaks is
1.67 s (�3TS ). The inset is an enlargement of the peak at 5 s.
The sampling rate of the underlying electrocardiographic time
series is 128 Hz.
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fi are determined by iterating the difference equation:

fi11 � �fi 1 TV �TS� mod1 , (1)

where a ventricular beat is expressed if fi11 . u�TS . For
a fixed irrational ratio TV �TS (incommensurate periods),
the phase of the V-oscillator with respect to the S-oscillator
will, for sufficiently long times, be equally distributed in
the interval �0, 1�. Interestingly, the sequence of the num-
ber of intervening S-beats between consecutive V -beats,
called the NIB sequence, consists of only three differ-
ent values (NIB-triplets). The values of these NIB-triplets
change with TV�TS and u�TS [10]. Examples are shown
in Fig. 2a. These NIB-triplets are sensitive to noise and
coupling.

The uniform distribution of the phases of the V -beats
allows us to derive the fraction of V-beats which are ob-
served at a particular TS . The total number of S-beats
and V -beats, N , during a time interval T is given by N �
T�TS. The total number of observed and blocked V -beats
in T is T�TV . Out of these a fraction of �TS 2 u��TS

FIG. 2. Generation of NIB-triplets for u�TS � 0.5 and two
different values of TV �TS . The boxes are the S-beats with
their refractory times. Empty boxes are blocked beats, and
dashed boxes are expressed beats. The expressed V-beats are
symbolized by black bars, the blocked ones by empty bars.
S-beats after each expressed abnormal beat are blocked since
u�TS $ 0.5. (a) Deterministic model without coupling. In the
upper panel, the ratio of the periods TV �TS � 3. The phase
of the V-beat with respect to the S-beats is therefore changing
slowly, and the NIB is 2 for several periods until it is blocked
for several periods. For TV �TS � 3.3 the NIB-triplet 2, 6, 9
is generated. (b) Model with coupling and noise. Coupling
shifts the V-beats into the refractory time for TV �TS � 3. For
TV �TS � 3.3 the coupling has minimal effects. The addition
of noise (arrows) changes the NIB sequences by moving some
V-beats into or out of the refractory time. For TV �TS � 3, this
combines two consecutive appearances of NIB � 2 into NIB �
5 (8, 11, . . .). For TV �TS � 3.3, combinations of NIB � 2 with
the other two values, 6 or 9, generates NIB � 9 or 12.

occurs outside of the refractory period and is observed.
Call nV , the number of observed V-beats in the time in-
terval T . It follows that nV � �TS 2 u��TS 3 T�TV , and
consequently

nV �N � �TS 2 u��TV . (2)

Perturbation of the timing of the V -beats by Gaussian noise
does not affect this distribution, but it is sensitive to any
coupling between the two oscillators.

To compare the properties of the unperturbed model to
the clinical data, we iterate Eq. (1) using typical parameter
values for the patient under consideration, and plot, first,
histograms showing the NIB values for three sets of pa-
rameters in Fig. 3a, and, second, the fraction of V -beats
from Eq. (2) in Fig. 4a. The corresponding plots for the
clinical data are shown in Figs. 3b and 4a. Since the value
of TS fluctuates during the record, we combine the data
from different times of the day during which TS falls in a
fixed 10 ms range. Figure 3b shows the histograms of NIB
values for three different values of TS . For TS � 0.61 s
(TV �TS , 3) and TS � 0.51 s (TV �TS . 3), we find the
same NIB-triplets as in the deterministic model (Fig. 3a).
However, additional peaks in the data (Fig. 3b) contradict
the “rule” of only three NIB values in the purely determin-
istic model. Furthermore, for TS � 0.55 s (TV �TS � 3),
fewer beats with NIB � 2 are present in the data, and
new NIB values appear largely corresponding to the se-
quence 5, 8, 11, . . . � 3n 2 1, where n $ 2 is an integer
[11]. These discrepancies can be explained in part by the
effects of noise on the timing of the V -beats (Fig. 2b).
Figure 4a shows in detail that, for TV �TS � 3, the clini-
cal data contain many fewer V -beats than expected. This
suggests that, for TV �TS � 3, coupling between the two
oscillators phase locks the V-beats within the refractory
time of the S-beats. The distribution of the phases (not
shown) for TV �TS � 3 is indeed peaked near the refrac-
tory time.

On the basis of Figs. 3a, 3b, and 4, we propose that
the pattern of V -beats in the data may be described by a
stochastic difference equation [12]

fi11 �

µ
fi 1

TV

TS
1

f�fi, TS , TV �
TS

1
h

TS

∂
mod1 , (3)

where h is a Gaussian random variable distributed around
0, and f�fi,TS , TV � gives the change of TV due to the
coupling of the S-beats to the V-beats [2,4,13].

Each of the S-beats that may appear between consecu-
tive (expressed or blocked) V -beats iteratively changes
the position of the next V -beat depending on the timing
of the S-beats (phase resetting). These changes add up
to f�fi,TS , TV � [14]. The phase resetting curve [15] in
Fig. 4b leads, for TV�TS � 3, to a fixed point in Eq. (3),
such that the V -beats always fall in the refractory period of
the S-beat and thus are always blocked. However, the noise
term leads to a dispersion of the phases of the V -oscillator
such that some of the V-beats are expressed. Thus, both
the coupling and the stochastic term interact to generate
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(c) Model with Noise+Coupling

TS=0.51s

0.55s

0.61s

2

2

2
4

7 10

5 8 11 14

9 12
15

18

13

18

FIG. 3. Histograms of the number of intervening beats (NIB) on a logarithmic scale for TS � 0.51, 0.55, and 0.61 s, from top to
bottom. For TV � 1.67 s, the corresponding ratios of the periods are TV �TS � 3.27, 3.03, and 2.73. In the middle panel the count
for NIB � 2 is 2465 in (a), 677 in (b), and 686 in (c). (a) Simulation of the deterministic model with constant TS , TV � 1.67 s.
The average S-beat interval TS varies from 0.47 to 0.64 s based on the data set we study. For each histogram, the number of S-beats
corresponds to the number of S-beats in the data with the same average TS . (b) NIB histogram for the data. The value for TS at each
V-beat is the average S-beat interval in a window of 20 beats centered at the V-beat. All V -beats in this window are replaced by
the corresponding blocked S-beats which are placed in the middle of the two neighboring S-beats. The histogram of the NIB values
is computed from all sequences of the record that have the same mean TS . For TS � 0.55 s (TV �TS � 3.03), we find NIB values
2, 5, 8, 11, . . . , 3n 2 1 that do not appear in the deterministic model. (c) Simulation with coupling (Fig. 4b) and noise. Instead of a
constant TS , we use the S-beat intervals of the data, and we add to TV Gaussian white noise with a standard deviation s � 0.07 s.
Note that the intrinsic period TV0 � 1.76 s is larger than the apparent period TV � 1.67 s because of the coupling.

the dynamics. The effects of the coupling and the noise
for TV �TS fi 3 are represented schematically in Fig. 2b.
Figure 3c shows how the distributions of the NIB val-
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FIG. 4. (a) The fraction nV �N plotted against the ratio TV �TS .
The theoretical curve given by Eq. (2), with u as in Fig. 3a,
is reproduced by the model without coupling, and remains un-
changed when noise is added. The data deviate from this curve
at the ratio TV �TS � 3, where we find less than half of the pre-
dicted V-beats. The model with coupling and noise reproduces
this behavior. (b) The coupling between the two oscillators. The
change DTV of the period of the V-oscillator as a function of the
ratio of the time tVS between the last V-beat and an S-beat, and
TV . The coupling shortens the intrinsic TV0 to the apparent TV .

ues change when both coupling and noise are included in
the simulation. The model now reproduces quantitatively
the data. For TS � 0.55 s (TV �TS � 3) the number of the
V-beats is reduced by the coupling, and the NIB sequence
2, 5, 8, . . . , is generated by the noise. As a consequence
of the noise moving the V-beats randomly in and out of
the refractory time, the blocking mechanism gives rise to
a discrete Poisson process leading to an approximately ex-
ponential falloff of the peak heights of the occurrences of
the NIB values 2, 5, 8 [6,16]. Finally, the model gives an
accurate estimate of the fraction of V -beats as a function
of TS shown in Fig. 4a.

In order to estimate the magnitude of the noise, we cal-
culate the cross correlation between the numbers of occur-
rences of each NIB value in the model and the clinical data
[17]. Figure 5 shows the correlation as a function of the
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FIG. 5. The cross correlation between data and model as a
function of the noise level. We cross correlate the histograms in
Figs. 3b and 3c for all values of TS from 0.48–0.62 s in steps of
0.01 s [17].
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standard deviation s of the noise. The correlation function
has a maximum at s � 0.07 s. This value of s also best
reproduces the broadness of the peaks in the distribution
of the interventricular time intervals (Fig. 1). Further, the
model reproduces the asymmetrical form of the peaks in
the histogram (inset of Fig. 1). In the simulation, the cou-
pling splits the peaks into two subpeaks giving them an
asymmetrical appearance (not shown).

In this work we analyzed the patterns of abnormal heart-
beats in a 12-h record from a single patient and proposed
that the dynamics results from a combination of determin-
istic and stochastic mechanisms. Quantitative compari-
son between predictions of the model and the clinical data
shows best agreement for an optimal level of noise in the
model.

Our approach is in contrast to standard approaches [1]
in which crude measures, such as the average numbers of
abnormal heart beats per unit time, are used for clinical
assessment. We believe that distinctive dynamics are as-
sociated with different mechanisms, and hence different
therapeutic strategies. Thus, the detailed program of analy-
sis applied to one clinical record in this Letter is essential
to better classify cardiac arrhythmias based on the under-
lying mechanisms and resulting dynamics.
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Amaral and S. Havlin for helpful discussions, the Ger-
man Academic Exchange Service (DAAD), NIH/NCRR
(P41RR13622), NASA, and the Mathers Charitable Foun-
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We explore the degree to which concepts developed in statistical physics can be usefully applied to
physiological signals. We illustrate the problems related to physiologic signal analysis with
representative examples of human heartbeat dynamics under healthy and pathologic conditions. We
first review recent progress based on two analysis methods, power spectrum and detrended
fluctuation analysis, used to quantify long-range power-law correlations in noisy heartbeat
fluctuations. The finding of power-law correlations indicates presence of scale-invariant,fractal
structures in the human heartbeat. These fractal structures are represented by self-affine cascades of
beat-to-beat fluctuations revealed by wavelet decomposition at different time scales. We then
describe very recent work that quantifiesmultifractal features in these cascades, and the discovery
that the multifractal structure of healthy dynamics is lost with congestive heart failure. The analytic
tools we discuss may be used on a wide range of physiologic signals. ©2001 American Institute
of Physics. @DOI: 10.1063/1.1395631#

Physiologic signals are generated by complex self-
regulating systems that process inputs with a broad range
of characteristics.1–3 Many physiological time series are
extremely inhomogeneous and nonstationary, fluctuating
in an irregular and complex manner. An important ques-
tion is whether the ‘‘heterogeneous’’ structure of physi-
ologic time series arises trivially from external and intrin-
sic perturbations which push the system away from a
homeostatic set point. An alternative hypothesis is that
the fluctuations are, at least in part, due to the underlying
dynamics of the system. The key problem is how to de-
compose subtle fluctuations„due to intrinsic physiologic
control… from other nonstationary trends associated with
external stimuli. Until recently, the analysis of the fractal
properties of such fluctuations has been restricted to
second-order linear characteristics such as the power
spectrum and the two-point autocorrelation function.
These analyses reveal that thefractal behavior of healthy,

free-running physiological systems is often characterized
by 1Õf -like scaling of the power spectra.4–8 Monofractal
signals, however, are homogeneous and have ‘‘linear’’
properties. Many physiologic time series—such as heart-
beat interval sequences—are in fact inhomogeneous, sug-
gesting that different parts of the signal have different
scaling properties. In addition, there is evidence that
heartbeat dynamics exhibits nonlinear properties.9–15

Such features are often associated with multifractal be-
havior. Up to now, robust demonstration of multifractal-
ity for nonstationary time series has been hampered by
problems related to a drastic bias in the estimate of the
singularity spectrum due to diverging negative moments.
Moreover, the classical approaches based on the box-
counting technique and structure function formalism fail
when a fractal function is composed of a multifractal sin-
gular part embedded in regular polynomial behavior.16

By means of a wavelet-based multifractal formalism, we
show that healthy human heartbeat dynamics exhibits
even higher complexity „than previously expected from
the finding of fractal 1Õf scaling… which is characterized
by a broad multifractal spectrum.17

a!Also at Harvard Medical School, Beth Israel Deaconess Medical Center,
Boston, Massachusetts 02215.
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I. INTRODUCTION

In recent years the study of the statistical properties of
heartbeat interval sequences has attracted the attention of re-
searchers from different fields.18–22Analysis has focused ex-
tensively on interbeat interval variability as an important
quantity to help elucidate possibly nonhomeostatic physi-
ologic variability because~i! the heart rate is under direct
neoroautonomic control,~ii ! interbeat interval variability is
readily measured by noninvasive means, and~iii ! analysis of
these heart rate dynamics may provide important practical
diagnostic and prognostic information. Figure 1 shows a car-
diac interbeat time series—the output of a spatially and tem-
porally integrated neuroautonomic control system. The time
series shows ‘‘erratic’’ fluctuations and ‘‘patchiness.’’ These
fluctuations are usually ignored in conventional studies
which focus on averaged quantities. In fact, these fluctua-
tions are often labeled as ‘‘noise’’ to distinguish them from
the true ‘‘signal’’ of interest. Generally, in the conventional
approach it is assumed that there is no meaningful structure
in apparent noise and, therefore, one does not expect to gain
any understanding about the underlying system through the
study of these fluctuations. However, by adapting and ex-
tending methods developed in modern statistical physics and
nonlinear dynamics, we find that the physiologic fluctuations
shown in Fig. 1 exhibit an unexpected hiddenscaling
structure.6,13,17,23–25Furthermore, the dynamical patterns of
these fluctuations and the associated scaling featureschange
with pathological perturbations. These findings raise the pos-
sibility that understanding the origin of such temporal struc-
tures and their alterations with disease~a! may elucidate cer-
tain basic aspects of heart rate control mechanisms, and~b!
may have potential for clinical monitoring.

II. 1Õf FLUCTUATIONS IN HEARTBEAT DYNAMICS

A quantity widely used to measure correlations in a time
series is the power spectrum, which measures the relative

frequency content of a signal. Fourier and related power
spectrum analysis have proved particularly useful for recog-
nizing the existence and role of characteristic frequencies
~time scales! in cardiac dynamics. The analysis of heartbeat
fluctuations focused initially on short time oscillations asso-
ciated with breathing and blood pressure as well as other
control.20,21 Studies of longer heartbeat records revealed
1/f -like scale-free behavior.4,5 A power spectrum calculation
assumes that the signal studied is stationary,26,27 and when
applied to nonstationary time series can lead to misleading
results. However, time series of beat-to-beat~RR! heart rate
intervals obtained from digitized electrocardiograms are
typically nonstationary and fluctuate in an irregular manner
in healthy subjects, even at rest@Fig. 1~b!#.28,29 Because of
this property, researchers were faced with the task to con-
sider only portions of the data and to test these portions for
stationarity before performing power spectrum analysis.

To illustrate the limitations of the power spectrum analy-
sis for nonstationary time series, we consider 6 h records
~n'104 beats! of interbeat intervals for a healthy subject
during sleep and wake activity. We show that there isno true
1/f power spectrum for the interbeat intervals in the real
heart. Instead, we find that the power spectrum of the inter-

FIG. 2. ~Top! Power spectrum from 6 h records of interbeat intervals for a
healthy subject during day and night.~Bottom! We plot the local exponentb
calculated from the power spectrum for six healthy subjects. The local value
of b shows a persistent drift, sono true scaling exists. This is not surprising,
having in mind the nonstationarity of the signals. The horizontal line shows
the value of the exponent obtained from a least square fit to the data.

FIG. 1. Consecutive heartbeat intervals are plotted versus beat number for 6
h recorded from the same healthy subject during:~a! wake period: 12:00
p.m. to 6:00 p.m. and~b! sleep period: 12:00 a.m. to 6:00 a.m.~Note that
there are fewer interbeat intervals during sleep due to the larger average of
the interbeat intervals, i.e., slower heart rate.!
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beat intervals has different regimes with different scaling be-
havior and that the rounded crossover between the different
regimes is the reason why it seems, to first approximation, to
scale as 1/f ~Fig. 2!.

Recent analyses of very long time series~up to 24 h:n
'105 beats! show that under healthy conditions, interbeat
interval incrementsI (n) exhibit power-law anticorrelations.6

Since I (n) is stationary, we can apply standard spectral
analysis techniques~Fig. 3! and we show thattrue scaling
does exist.

The fact that the log–log plot of the power spectrum
SI( f ) vs f is linear implies

SI~ f !; f 2b. ~2.1!

The exponentb is related to the mean fluctuation func-
tion exponenta by b52a21 ~Refs. 30 and 31! and can
serve as an indicator of the presence and type of correlations.
~i! If b50, there is no correlation in the time seriesI (n)
~‘‘white noise’’!. ~ii ! If 0 ,b,1, thenI (n) is correlated such
that positive values ofI are likely to be close~in time! to
each other, and the same is true for negativeI values.~iii ! If

21,b,0, thenI (n) is also correlated. However, the values
of I are organized such that positive and negative values are
more likely to alternate in time~‘‘anticorrelation’’!.30

For interbeat interval increments from records of healthy
subjects we obtainb.21, suggestingnontrivial power-law
long-range correlations in the heartbeat. Furthermore, the an-
ticorrelation properties ofI indicated by the negativeb are
consistent with a nonlinear feedback system that ‘‘kicks’’ the
heart rate away from extremes.32,33 This tendency, however,
does not only operate locally on a beat-to-beat basis, but over
a wide range of time scales up to thousands of beats~Fig. 3!.
The emergence of such scale-invariant properties in the
seemingly ‘‘noisy’’ heartbeat fluctuations is believed to be a
result of highly complex, nonlinear mechanisms of physi-
ologic control.31,36

Extracting increments from a time series is only a first
step in effectively treating problems related to nonstationari-
ties. Note that the power spectrum of the increments in the
heartbeat intervals~Fig. 3! does notdistinguish between
wake and sleep dynamics. One needs to be better, e.g., by
taking into account the presence of polynomial trends in the
times series. We discuss such an approach in the following
section.

III. MONOFRACTAL ANALYSIS: LONG-RANGE
ANTICORRELATIONS IN THE HEARTBEAT
FLUCTUATIONS

Recently the detrended fluctuation analysis~DFA!
method37 was introduced to detect long-range correlations in
physiological fluctuations when these are embedded in a
seemingly nonstationary time series. The advantage of the
DFA method over conventional methods, such as power
spectrum analysis, is that it avoids the spurious detection of
apparent long-range correlations that are an artifact of non-
stationarity related to linear and higher-order polynomial
trends in the data. The essence of the DFA method is as
follows: the average root-mean-square fluctuation function
F(n) is obtained after integrating and detrending the data,
i.e., subtracting the local polynomial trend in a box of sizen
data points. The power-law relation betweenF(n) and the
number of data pointsn in a box indicates the presence of
scaling: the fluctuations can be characterized by a scaling
exponenta, a self-similarity parameter, defined asF(n)
;na. The DFA method has been tested on control time se-
ries of ‘‘built-in’’ long-range correlations with superposition
of a nonstationary external trend.38 It has also been success-
fully applied to detect long-range correlations in human gait,
ion channel kinetics, and highly heterogeneous DNA
sequences.7,8,37,39–41Of note is a recent independent review
of fractal fluctuation analysis methods which determined that
DFA was one of the most robust methods.42

It is known that circadian rhythms are associated with
periodic changes in key physiological processes.3,36,44 Typi-
cally the differences in the cardiac dynamics during sleep
and wake phase are reflected in the average and standard
deviation of the interbeat intervals.43,44 Such differences can
be systematically observed from plots of the interbeat inter-
vals recorded from subjects during sleep and wake~Fig. 1!.
In recent studies we have reported on sleep–wake differ-

FIG. 3. ~Top! Power spectrum of the interbeat interval increments from 6 h
record for the same healthy subject as in Fig. 2. Error bars are calculated as
the standard deviation of the power spectrum values for frequencies within
the binning interval.~Bottom! The local exponentb I for the power spectrum
of the increments for the same six healthy subjects as in Fig. 2. Note that the
exponentb I fluctuates around an average value close to one, sotrue scaling
does exist. The horizontal line shows the value ofb I obtained from a least
square fit. Note, however, that the difference between wake and sleep dy-
namics cannot be observed from the power spectra.

643Chaos, Vol. 11, No. 3, 2001 Noise to cascades to dynamics

Downloaded 12 Oct 2001 to 128.197.42.78. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/chaos/chocr.jsp



ences in the distributions of the amplitudes of the fluctua-
tions in the interbeat intervals—a surprising finding indicat-
ing higher probability for larger amplitudes during
sleep.13,24,45Next, we ask the question if there are character-
istic differences in the scaling behavior between sleep and
wake cardiac dynamics. We hypothesize that sleep and wake
changes in cardiac control may occur on all time scales and
thus could lead to systematic changes in the scaling proper-
ties of the heartbeat dynamics. Elucidating the nature of
these sleep–wake rhythms could lead to a better understand-
ing of the neuroautonomic mechanisms of cardiac regulation.

To answer this question we apply the detrended fluctua-
tion analysis~DFA! method. We analyze 30 datasets—each
with 24 h of interbeat intervals—from 18 healthy subjects
and 12 patients with congestive heart failure.46 We analyze
the nocturnal and diurnal fractions of the dataset of each
subject, which correspond to the 6 h~n'22 000 beats! from
midnight to 6:00 a.m. and noon to 6:00 p.m. These periods
incorporate the segments with lowest and highest heart rate
in the time series, which we and others found to be the best
indirect marker of sleep.43,44 We find that at scales above
'1 min(n.60) the data during wake hours display long-
range correlations over two decades with average exponents
aW'1.05 for the healthy group andaW'1.2 for the heart
failure patients. For the sleep data we find a systematic cross-
over at scalen'60 beats followed by a scaling regime ex-
tending over two decades characterized by a smaller expo-
nent: aS'0.85 for the healthy andaS'0.95 for the heart
failure group@Figs. 4~a! and 4~c!#. Although the values of the
sleep and wake exponents vary from subject to subject, we
find that for all individuals studied, the heartbeat dynamics
during sleep are characterized by a smaller exponent.47

This analysis suggests that the observed sleep–wake
scaling differences are due to intrinsic changes in the cardiac
control mechanisms for the following reasons:~i! The DFA
method removes the ‘‘trends’’ in the interbeat interval signal
which are due, at least in part, to activity, and quantifies the
fluctuations along the trends.~ii ! Responses to external
stimuli should give rise to a different type of fluctuations
having characteristic time scales, i.e., frequencies related to
the stimuli. However, fluctuations in both diurnal and noc-
turnal cardiac dynamics exhibit scale-free behavior.~iii ! The
weaker anticorrelated behavior observed for all wake phase
records cannot be simply explained as a superposition of
stronger anticorrelated sleep dynamics and random noise of
day activity. Such noise would dominate at large scales and
should lead to a crossover with an exponent of 1.5. However,
such crossover behavior is not observed in any of the wake
phase datasets~Fig. 4!. Rather, the wake dynamics are typi-
cally characterized by a stable scaling regime up ton55
3103 beats.

To test the robustness of our results, we analyze 17
datasets from six cosmonauts during long-term orbital flight
on the Mir space station under the extreme conditions of zero
gravity and high stress activity.48 Each dataset contains con-
tinuous periods of 6 h data under both sleep and wake con-
ditions. We find that for all cosmonauts the heartbeat interval
series exhibit long-range correlations with scaling exponents
consistent with those found for the healthy terrestrial group:

aW'1.04 for the wake phase andaS'0.82 for the sleep
phase. The values of these exponents indicate that the fluc-
tuations in the interbeat intervals are anticorrelated for the
wake phases and even stronger anticorrelated for the sleep
phase. This sleep-wake scaling difference is observed not
only for the group averaged exponents but for each indi-
vidual cosmonaut dataset@Fig. 4~b!#. Moreover, the scaling
differences are persistent in time, since records of the same
cosmonaut taken on different days~ranging from the 3rd to
the 158th day in orbit!, exhibit a higher degree of anticorre-
lation in sleep.

Thus, the larger values for the wake phase scaling expo-
nents observed for healthy subjects cannot be a trivial artifact
of activity. Furthermore, the larger value of the average wake
exponent for the heart failure group compared to the other
two groups cannot be attributed to external stimuli either,

FIG. 4. Plots of logF(n) vs logn for 6 h wake~open circles! and sleep
records~filled triangles! of ~a! one typical healthy subject;~b! one cosmo-
naut~during orbital flight!; and~c! one patient with congestive heart failure.
Note the systematic lower exponent for the sleep phase~filled triangles!,
indicating stronger anticorrelations.~d! As a control, we reshuffle and inte-
grate the interbeat increments from the wake~open squares! and sleep data
~solid squares! of the healthy subject presented in~a!. We find a Brownian
noise scaling over all time scales for both wake and sleep phases with an
exponenta51.5, as one expects for random walk-like fluctuations.
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since patients with severe cardiac disease are strongly re-
stricted in their physical activity. We note, however, that the
average sleep–wake scaling difference remains the same
~'0.2! for all three groups. Such sleep–wake changes in the
scaling characteristics may indicate different regimes of in-
trinsic neuroautonomic regulation of the cardiac dynamics,
which may ‘‘switch’’ on and off in accordance with circadian
rhythms. A very recent study confirms our finding of lower
value for the scaling exponent during sleep and shows that
different stages of sleep~e.g., light sleep, deep sleep, rapid
eye movement stages! could be associated with different cor-
relations in the heartbeat fluctuations.49 The findings of
strongeranticorrelations,47 as well as higher probability for
larger heartbeat fluctuations during sleep,13,24,45are of inter-
est from a physiological viewpoint, since they suggest that
the observed dynamical characteristics in the heartbeat fluc-
tuations during sleep and wake phases are related to intrinsic
mechanisms of neuroautonomic control, and support a reas-
sessment of the sleep as a surprisinglyactive dynamical
state. The finding of scaling features in the human heartbeat
and their change with disease or sleep–wake transition have
motivated new modeling approaches which may lead to bet-
ter understanding the underlying control mechanisms of
heartrate regulation.33

Before concluding this section we note that recent
work34 provides evidence of surprising complexity present in
the temporal organization of the heterogeneities~e.g., trends!
in human heartbeat dynamics. Trends in the interbeat interval
signal are traditionally associated with external stimuli. To
probe the temporal organization of such heterogeneities we
introduce a segmentation algorithm35 and find that the
lengths of segments with different local mean heart rates
follow a power-law distribution. This scale-invariant struc-
ture is not a simple consequence of the long-range correla-
tions present in the heartbeat fluctuations discussed in this
section. These new findings suggest that relevant physiologi-
cal information may be hidden in the heterogeneities of the
heartbeat time series, the understanding of which remains an
open question.

IV. SELF-SIMILAR CASCADES IN THE HEARTBEAT
FLUCTUATIONS

Many simple systems in nature have correlation func-
tions that decay with time in an exponential way. For sys-
tems comprised of many interacting subsystems, physicists
discovered that such exponential decays typically do not oc-
cur. Rather, correlation functions were found to decay with a
power-law form. The implication of this discovery is that in
complex systems, there is no single characteristic time.50–52

If correlations decay with a power-law form, we say the
system is ‘‘scale-free’’ because there is no characteristic scale
associated with a power law. Since at large time scales a
power law is always larger than an exponential function,
correlations described by power laws are termed ‘‘long-
range’’ correlations—they are of longer range than exponen-
tially decaying correlations.

The findings of long-range power-law correlations23,47

and the recently reported scaling in the distributions of heart-
beat fluctuations13,45~i.e., ‘‘data collapse’’ of the distributions

for different time scales! suggest the absence of a character-
istic scale and indicate that the underlying dynamical mecha-
nisms regulating the healthy heartbeat have statistical prop-
erties which aresimilar on different time scales. Such
statistical self-similarity is an important characteristic of
fractal objects.53 However, how can this purported fractal
structure be ‘‘visualized’’ in the seemingly erratic and noisy
heartbeat fluctuations? The wavelet decomposition of beat-
to-beat heart rate signals can be used to provide a visual
representation of this fractal structure~Fig. 5!. The brighter
colors indicate larger values of the wavelet amplitudes~cor-
responding to large heartbeat fluctuations! and white tracks
represent the wavelet transform maxima lines. The structure
of these maxima lines shows the evolution of the heartbeat
fluctuations with scale and time. The wavelet analysis per-
formed with the second derivative of the Gaussian~the
Mexican hat! as an analyzing wavelet uncovers a hierarchical
scale invariance@Fig. 5 ~top panel!#, which is characterized
by the stability of the scaling form observed for the distribu-
tions and the power-law correlations.13,23,47The plots reveal
a self-affine cascade formed by the maxima lines—a magni-
fication of the central portion of the top panel shows similar
branching patterns@Fig. 5 ~lower panel!#. Such fractal cas-

FIG. 5. ~Color online! Color-coded wavelet analysis of a heartbeat interval
signal. Thex-axis represents time~'1700 beats! and they-axis indicates the
scale of the wavelet used~a51,2,...,80; i.e.,' from 5 to 5 min! with large
scales at the top. This wavelet decomposition reveals a self-similar fractal
structure in the healthy cardiac dynamics—a magnification of the central
portion of the top panel with 200 beats on thex-axis and wavelet scalea
51,2,...,20 on they-axis shows similar branching patterns~lower panel!.
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cade results from the interaction of many nonlinearly
coupled physiological components, operating on different
scales~polynomial trends due to daily activity are filtered
out!.

Thus the wavelet transform, with its ability to remove
local trends and to extract interbeat variations on different
time scales, enables us to identify fractal patterns~arches! in
the heartbeat fluctuations even when the signals change as a
result of background interference. Analysis of data from
pathologic conditions~e.g., sleep apnea! show a breakdown
of these patterns.24 Fractal characteristics of cardiac dynam-
ics and other biological signals can be usefully studied with
the generalized multifractal formalism based on the wavelet
transform modulus maxima method which we discuss in the
next section.

V. MULTIFRACTALITY: NONSTATIONARITY IN LOCAL
SCALING

Monofractal signals are homogeneous in the sense that
they have the same scaling properties, characterized locally
by a single singularity exponenth0 , throughout the entire
signal.52–57Therefore monofractal signals can be indexed by
a singleglobal exponent—the Hurst exponentH[h0 ~Ref.
58!—which suggests that they arestationaryfrom viewpoint
of their local scaling properties. On the other hand, multi-
fractal signals, can be decomposed into many subsets—
possibly infinitely many—characterized by differentlocal
Hurst exponentsh, which quantify the local singular behav-

ior and thus relate to the local scaling of the time series~Fig.
6!. Thus multifractal signals require many exponents to fully
characterize their scaling properties53,55,57 and are intrinsi-
cally more complex, andinhomogeneous, than monofractals.

The statistical properties of the different subsets charac-
terized by these different exponentsh can be quantified by
the functionD(h), whereD(h0) is the fractal dimension of
the subset of the time series characterized by the local Hurst
exponenth0 .53,55,57,59–61Thus, the multifractal approach for
signals, a concept introduced in the context of multiaffine
functions,62,63 has the potential to describe a wide class of
signals that are more complex then those characterized by a
single fractal dimension~such as classical 1/f noise!.

In a recent study, we establish the relevance of the mul-

FIG. 6. ~Color! Local Hurst exponentsh for a multifractal signal~top panel!
and the decomposition of this signal into subsets~subsequent panels! with
each local Hurst exponent indicated by the color and each fractal dimension
indicated by the density of vertical bars. Thex-axis represents time and the
vertical bars~y-axis! indicate local Hurst exponents.

FIG. 7. ~Color! ~a! Consecutive heartbeat intervals measured in seconds are
plotted versus beat number from approximately 3 h record of a representa-
tive healthy subject. The time series exhibits very irregular and nonstation-
ary behavior.~b! The top panel displays in color the local Hurst exponents
calculated for the same 3 h record shown in~a!. The other two panels
represent two subsets of the heartbeat interval time series in~a! each with a
local Hurst exponent~indicated by the color! and with a different fractal
dimension~indicated by the density of the vertical bars!. ~c! The panel
displays in color the local Hurst exponents calculated for amonofractal
signal—fractional Brownian motion withH50.6. The homogeneity of the
signal is represented by the nearly monochromatic appearance of the signal
which indicates that the local Hurst exponenth is the same throughout the
signal and identical to the global Hurst exponentH.
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tifractal formalism for the description of a physiological
signal—the human heartbeat.17 The motivation for our work
is not merely looking for yet another example of multifrac-
tality, this time in the biological sciences. In fact, if we con-
sider the neuroautonomic control mechanisms responsible
for the generation of heartbeats, it is natural to expect the
need for multifractal concepts for their description, since the
heartbeats are a result of the interaction of many physiologi-
cal components operating on different time scales. These in-
teractions are nonlinear and self-regulating~through feed-
back control!, leading to thenonlinear character of the
output signal and to the heterogeneous features of heartbeat
time series.

In contrast, the assumption of heartbeat mono-
fractality—which has been the scope of studies in the field so
far—is unrealistic because the monofractal hypothesis as-
sumes that the scaling properties of the signal are the same
throughout time, and are characterized by the same local
Hurst exponenth @Fig. 7~c!#. However, inspection of heart-
beat signals shows them to be heterogeneous and suggests
they might require more exponents for their description.
Since the power spectrum and the correlation analysis~DFA
method! can measure onlyone exponent characterizing a
given signal, these methods are more appropriate for the
study of monofractal signals. Moreover, the power spectrum
and the correlation analysis reflect only the linear character-
istics, while the heartbeat dynamics exhibits nonlinear prop-
erties. Thus the multifractal analysis may reveal new infor-
mation on the nature of the nonlinearity encoded in the
Fourier phases~see Fig. 12 later in this work!.

The first problem, therefore, is to extract the local value
of h. To this end we use methods derived from wavelet
theory.64 The properties of the wavelet transform make
wavelet methods attractive for the analysis of complex non-
stationary time series such as one encounters in physiology.13

In particular, wavelets can remove polynomial trends that
could lead box-counting techniques to fail to quantify the
local scaling of the signal.65 Additionally, the time-frequency
localization properties of the wavelets makes them particu-
larly useful for the task of revealing the underlying hierarchy
in the cascade of fluctuations~Fig. 5! that governs the tem-
poral distribution of the local Hurst exponents. Hence, the
wavelet transform enables a reliable multifractal analysis.65

As the analyzing wavelet, we use derivatives of the Gaussian
function, which allows us to estimate the singular behavior
and the corresponding exponenth at a given location in the
time series. The higher the ordern of the derivative, the
higher the order of the polynomial trends removed and the
better the detection of the temporal structure of the local
scaling exponents in the signal.

The concept of multifractality is exemplified in Figs.
7~a! and 7~b! for a heartbeat intervals record from a healthy
subject. The heterogeneity of the healthy heartbeat is repre-
sented by the broad range of local Hurst exponentsh ~colors!
present and the complex temporal organization of the differ-
ent exponents. The middle and bottom panels illustrate the
different fractal structure of two subsets of the time series
characterized by different local Hurst exponents. The value
of the local Hurst exponent for each subset is represented

with a shade of green and red, respectively. The two subsets
display different temporal structures which can be quantified
by different fractal dimensionD(h). The healthy signal is
represented by amulticolor plot, reflectingmultifractal be-
havior through the variety of values for the local Hurst ex-
ponents. In contrast, fractional Brownian motion~a mono-
fractal signal! is essentiallymonochromatic, indicating that
the local Hurst exponenth is the same throughout the signal
@Fig. 7~c!#.

VI. MULTIFRACTALITY IN HEARTBEAT DYNAMICS

We evaluate the local exponenth through the modulus of
the maxima values of the wavelet transform at each point in
the time series using the wavelet transform modulus maxima
method.65 However, heartbeat time series contain densely
packed,nonisolatedsingularities which unavoidably affect
each other in the time-frequency decomposition. Therefore,
rather than evaluating the distribution of the inherently un-
stable local singularity exponents~as shown in color in Fig.
7!, we estimate the scaling of an appropriately chosen global
measure—a partition functionZq(a), which is defined as the
sum of theqth powers of the local maxima of the modulus of
the wavelet transform coefficients at scalea. For each scalea
these local maxima values are traced along the maxima lines
obtained after the wavelet decomposition of the heartbeat
signal ~maxima lines appear in bright/white color in Fig. 5!.
As analyzing wavelet we use the third derivative of the
Gaussian function. For small scales, we expect

Zq~a!;at~q!. ~6.1!

For certain values ofq, the exponentst(q) have familiar
meanings. In particular,t~2! is related to the scaling expo-
nent of the Fourier power spectra,S( f );1/f b, as b52
1t(2). Forpositiveq, Zq(a) reflects the scaling of the large
fluctuations and strong singularities, while for negativeq,
Zq(a) reflects the scaling of the small fluctuations and weak
singularities.55,57Thus, the scaling exponentst(q) can reveal
different aspects of cardiac dynamics~Fig. 8!. Monofractal
signals display a lineart(q) spectrum,t(q)5qH21, where
H is the global Hurst exponent. For multifractal signals,t(q)
is a nonlinear function:t(q)5qh(q)21, where h(q)
[dt(q)/dq is not constant.

A previous obstacle to the determination of the multi-
fractal spectrum of a time series has been the calculation of
the negative moments. Until the application of the wavelet
modulus maxima method, it was not possible to estimate
Zq(a) for q,0. We calculate t(q) for moments q
525,4,...,0,...,5 and scalesa5231.15i , i 50,...,41 from 6 h
records obtained from a healthy subject and a subject with
congestive heart failure. In Figs. 8~a! and 8~b! we display the
calculated values ofZq(a) for scalesa.8. The top curve
corresponds toq525, the middle curve~shown heavy! to
q50 and the bottom curve toq55. The exponentst(q) are
obtained from the slope of theZq(a) curves in the region
16,a,700, thus eliminating the influence of any residual
small scale random noise due to electrocardiogram signal
pre-processing as well as extreme, large-scale fluctuations of
the signal. A monofractal signal would correspond to a
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straight line fort(q), while for a multifractal signalt(q) is
nonlinear. Note the clear differences between thet(q) curves
for healthy and heart failure records@Fig. 8~c!#. The con-
stantly changing curvature of thet(q) curves for the healthy
records suggests multifractality. In contrast,t(q) is almost

linear for the congestive heart failure subject, indicating
monofractality.

We analyze both daytime~12:00 to 18:00! and nighttime
~0:00 to 6:00! heartbeat time series records of healthy sub-
jects, and the daytime records of patients with congestive
heart failure. These data were obtained by Holter monitoring.
Our database includes 18 healthy subjects~13 female and 5
male, with ages between 20 and 50, average 34.3 years!, and
12 congestive heart failure subjects~3 female and 9 male,
with ages between 22 and 71, average 60.8 years! in sinus
rhythm.46

FIG. 9. ~Color online! ~a! Multifractal spectrumt(q) of the group averages
for daytime and nighttime records for 18 healthy subjects and for 12 patients
with congestive heart failure. The results show multifractal behavior for the
healthy group and distinct change in this behavior for the heart failure
group.~b! Fractal dimensionsD(h) obtained through a Legendre transform
from the group averagedt(q) spectra of~a!. The shape ofD(h) for the
individual records and for the group average is broad (Dh'0.25), indicat-
ing multifractal behavior. On the other hand,D(h) for the heart failure
group is very narrow (Dh'0.05), indicating loss of multifractality. The
different form ofD(h) for the heart failure group may reflect perturbation of
the cardiac neuroautonomic control mechanisms associated with this pathol-
ogy. Note that, forq52, the heartbeat fluctuations of healthy subjects are
characterized byh'0.1, which corresponds toa'1.1 for the interbeat in-
terval series obtained from DFA analysis~Sec. III!.

FIG. 8. ~Color online! Scaling of the partition functionZq(a) with scalea
obtained from daytime records consisting of'25 000 beats for~a! a healthy
subject and~b! a subject with congestive heart failure.~c! Multifractal spec-
trum t(q) for the individual records in~a! and ~b!.

648 Chaos, Vol. 11, No. 3, 2001 Ivanov et al.

Downloaded 12 Oct 2001 to 128.197.42.78. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/chaos/chocr.jsp



Next, we obtain the fractal dimensionD(h). It is related
to t(q) through a Legendre transform,

D~h!5q
dt~q!

dq
2t~q!. ~6.2!

For all healthy subjects, we find thatt(q) is a nonlinear
function @Figs. 8~c! and 9~a!#, which indicates that the heart
rate of healthy humans is a multifractal signal. Figure 9~b!
shows that for healthy subjects,D(h) has nonzero values for
a broad range of local Hurst exponentsh. The multifractality
of healthy heartbeat dynamics cannot be explained by activ-
ity, as we analyze data from subjects during nocturnal hours.
Furthermore, this multifractal behavior cannot be attributed
to sleep-stage transitions, as we find multifractal features
during daytime hours as well.66 The range of scaling
exponents—0,h,0.3—with nonzero fractal dimension
D(h), suggests that the fluctuations in the healthy heartbeat
dynamics exhibit anticorrelated behavior~h5 1

2 corresponds
to uncorrelated behavior whileh. 1

2 corresponds to corre-
lated behavior!.

In contrast, we find that heart rate data from subjects
with a pathological condition—congestive heart failure—
show a clearloss of multifractality@Figs. 9~a! and 9~b!#. For
the heart failure subjects,t(q) is close to linear andD(h) is
nonzero only over a very narrow range of exponentsh indi-
cating monofractal behavior~Fig. 9!.

Our results show that, for healthy subjects, local Hurst
exponents in the range 0.07,h,0.17 are associated with
fractal dimensions close to one. This means that the subsets
characterized by these local exponents are statistically domi-
nant. On the other hand, for the heart failure subjects, we
find that the statistically dominant exponents are confined to
a narrow range of local Hurst exponents centered ath
'0.22. These results suggest that for heart failure the fluc-
tuations are less anticorrelated than for healthy dynamics
since the dominant scaling exponentsh are closer to1

2. Thus,
our findings support previous reports of long-range anticor-
relations in healthy heartbeat fluctuations~see caption to Fig.
9!.23

We present color panels with the local Hursth exponent
for six healthy individuals~Fig. 10! and six subjects with
congestive heart failure~Fig. 11!. Each panel represents a 6 h
long record. The color code for these panels is the following:
with increasing value ofh, the spectrum goes from red to
green to blue. A wider range of colors indicates a higher
degree of multifractality. For this reason, records from
healthy individuals should be more polychromatic. On the
other hand, records from heart failure patients should be
more monochromatic~with a single color predominating!,
indicating loss of multifractality. In addition, the color spec-
trum for the healthy individuals is shifted to the red and for
the heart failure patients is shifted to the blue. This is in
agreement with the results in Fig. 9 where the peak of the
multifractal spectrumD(h) is centered at smaller values ofh
for the healthy group and at larger values ofh for the heart
failure group. These findings may have a potential for
diagnosis.67

VII. MULTIFRACTALITY AND NONLINEARITY

The multifractality of heart beat time series also enables
us to quantify the greater complexity of the healthy dynamics
compared to pathological conditions. Power spectrum and
detrended fluctuation analysis define the complexity of heart
beat dynamics through its scale-free behavior, identifying a
singlescaling exponent as an index of healthy or pathologic
behavior. Hence, the power spectrum is not able to quantify
the greater level of complexity of the healthy dynamics, re-
flected in the heterogeneity of the signal. On the other hand,
the multifractal analysis reveals this new level of complexity
by the broad range of exponents necessary to characterize
the healthy dynamics~Fig. 9!. Moreover, the change in shape
of the D(h) curve for the heart failure group may provide
insights into the alteration of the cardiac control mechanisms
due to this pathology.

To further study the complexity of the healthy dynamics,
we perform two tests with surrogate time series. First, we

FIG. 10. ~Color online! Panels obtained from healthy individuals illustrating
how the local Hurst exponenth ~vertical color bars! changes with time
~x-axis!. Each panel represents a 6 hrecord. A broad range of colors indi-
cates broad multifractal spectrum.
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generate a surrogate time series by shuffling the interbeat
interval increments of a record from a healthy subject. The
new signal preserves the distribution of interbeat interval in-
crements but destroys the long-range correlations among
them. Hence, the signal is a simple random walk, which is
characterized by a single Hurst exponentH5 1

2 and exhibits
monofractal behavior@Fig. 12~a!#. Second, we generate a
surrogate time series by performing a Fourier transform on a
record from a healthy subject, preserving the amplitudes of
the Fourier transform but randomizing the phases, and then
performing an inverse Fourier transform. This procedure
eliminates nonlinearities, preserving only the linear features
of the original time series. The new surrogate signal has the
same1/f behavior in the power spectrum as the original
heart beat time series; however, it exhibits monofractal be-
havior @Fig. 12~a!#. We repeat this test on a record of a heart
failure subject. In this case, we find a smaller change in the
multifractal spectrum@Fig. 12~b!#. The results suggest that

the healthy heartbeat time series contains important phase
correlations canceled in the surrogate signal by the random-
ization of the Fourier phases, and that these correlations are
weaker in heart failure subjects. Furthermore, the tests indi-
cate that the observed multifractality is related to nonlinear
features of the healthy heartbeat dynamics. A number of re-
cent studies have tested for nonlinear and deterministic prop-
erties in recordings of interbeat intervals.9–11,14,15Our results
suggest an explicit relation between the nonlinear features
~represented by the Fourier phase interactions! and the mul-
tifractality of healthy cardiac dynamics~Fig. 12!.

FIG. 11. ~Color! Panels obtained from subjects with congestive heart failure
illustrating how the local Hurst exponenth ~vertical color bars! changes with
time ~x-axis!. Each panel represents a 6 hrecord. An almost monochromatic
appearance indicates narrow multifractal spectrum, i.e., loss of multi-
fractality.

FIG. 12. ~Color! ~a! The fractal dimensionsD(h) for a 6 hdaytime record
of a healthy subject. After reshuffling and integrating the increments in this
interbeat interval time series, so that all correlations are lost but the distri-
bution is preserved, we obtain monofractal behavior—a very narrow point-

like spectrum centered ath[H5
1
2. Such behavior corresponds to a simple

random walk. A different test, in which the 1/f -scaling of the heart beat
signal is preserved but the Fourier phases are randomized~i.e., nonlinearities
are eliminated! leads again to a monofractal spectrum centered ath'0.07,
since the linear correlations were preserved. These tests indicate that the
observed multifractality is related to nonlinear features of the healthy heart
beat dynamics rather than to the ordering or the distribution of the interbeat
intervals in the time series.~b! The fractal dimensionsD(h) for a 6 h
daytime record of a heart failure subject. The narrow multifractal spectrum
indicates loss of multifractal complexity and reduction of nonlinearities with
pathology.
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VIII. SUMMARY AND OPEN QUESTIONS

The discovery of multifractality in a physiological time
series and its breakdown with pathology is significant from a
number of perspectives.

First, contemporary analysis of heartbeat fluctuations,
and the study of physiological time series in general, have
emphasized two important, but apparently unconnected prop-
erties:~i! the presence of nonlinearities and~ii ! 1/f -behavior
~monofractality!. The monofractal hypothesis assumes that
the scaling properties of the signal are the same throughout.
Yet the heterogeneous nature of the heartbeat interval time
series clearly indicates nonlinear features. The finding of a
multifractal mechanism for heart rate control provides a uni-
fying connection between nonlinear and fractal properties
and, indeed, indicates that they are aspects of a more funda-
mental type of mechanism. In particular, we show that both
the multifractal character and the nonlinear properties of the
signal are encoded in the Fourier phases~Fig. 12!. The origin
and nature of these Fourier phase interactions is an open
question.

Second, our analysis indicates that the healthy heartbeat
is described by a broad range of scaling exponentsh with a
well-defined set of bounding parameters,hmin andhmax. Fur-
thermore, certain exponents appear to be ‘‘forbidden’’~h
,hmin andh.hmax! and the exponents present occur with a
given structure characterized by the functionD(h).

Third, our findings may lead to new diagnostic applica-
tions. Further detailed studies on a larger number of datasets
are needed to establish the advantages of given methods
compared to others and to find optimal combinations of
methods for diagnostic and prognostic purposes.

Fourth, our analysis is based on a ‘‘microscopic’’ ap-
proach which can identify the statistical properties of the
self-affine cascade of heartbeat fluctuations at different
scales~Fig. 5!. Our finding of multifractality quantifies the
complex dynamics of this cascade and suggests that amulti-
plicative mechanism might be the origin of this phenomena.
The detailed features of the cascades and how they relate to
otherprocesseswith cascades~e.g., turbulence! remain to be
addressed.

On a more general level, our approach provides a way of
testing a broad range of 1/f -type signals to see if they repre-
sent multifractal or monofractal processes. As such, these
findings should be of interest to a very wide audience given
the historic interest in elucidating the nature of different
types of 1/f noise.

Finally, from a physiological perspective, the detection
of robust multifractal scaling in the heart rate dynamics is of
interest because our findings raise the intriguing possibility
that the control mechanisms regulating the heartbeat interact
as part of a coupled cascade of feedback loops in a system
operating far from equilibrium—an extraordinarily complex
behavior which in physical systems has been connected with
turbulence and related multiscale phenomena.68–70 Further-
more, the present results indicate that the healthy heartbeat is
even more complex than previously suspected, posing a chal-
lenge to ongoing efforts to develop realistic models of the

control of heart rate and other processes under neuroauto-
nomic regulation.18,33,71–73
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Scale Invariance in the Nonstationarity of Human Heart Rate
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We introduce a segmentation algorithm to probe the temporal organization of heterogeneities in human
heartbeat interval time series. We find that the lengths of segments with different local mean heart rates
follow a power-law distribution and show that this scale-invariant structure is not a simple consequence of
the long-range correlations present in the data. The differences in mean heart rates between consecutive
segments display a common functional form, but with different parameters for healthy individuals and for
heart-failure patients. These findings suggest that there is relevant physiological information hidden in the
heterogeneities of the heartbeat time series.

DOI: 10.1103/PhysRevLett.87.168105 PACS numbers: 87.19.Hh, 05.40.–a, 87.80.Vt, 89.75.Da

A time series is stationary if the mean, standard devia-
tion, and all higher moments, as well as the correlation
functions, are invariant under time translation [1]. Signals
that do not obey these conditions are nonstationary. Non-
stationarity is a prominent feature of biological variability
that can be associated with regimes (segments) of different
statistical properties. The borders between different seg-
ments can be gradual or abrupt (Fig. 1).

A major challenge in contemporary physiology is the
nonstationarity of time series generated under free-running
conditions [2]. Physiological signals obtained under
widely varying conditions raise serious difficulties to both
technical and fundamental aspects of time series analysis.
By filtering out effects of nonstationarity, much work has
focused on “intrinsic properties” of physiological signals
[3]. This approach is based on the implicit assumption
that the nonstationarity arises simply from changes in en-
vironmental conditions—e.g., different daily activities —
so environmental “noise” may be treated as a “trend” and
distinguished from the more subtle fluctuations that may
reveal intrinsic correlation properties of the dynamics.
Indeed, important scale-invariant features in physiological
processes were recently revealed after filtering out mask-
ing effects of nonstationarity [4]. However, nonstationarity
itself is also an important feature of physiological time
series and is known to change from healthy to pathological
conditions [5], suggesting more than only environmental
conditions are reflected in the phenomena. Thus one
would expect that there is a nontrivial structure associated
with the nonstationarity in physiological signals, which
may change with disease. To test this hypothesis we focus
on one statistical property, the mean heart rate, which is
related to physiologic responses and is used for medical
evaluation.

The problem we address is the partition of a nonsta-
tionary time series, which is composed of many segments
with different mean value, in such a way as to maximize
the difference in the mean values between adjacent seg-

ments. We apply the following procedure: We move a
sliding pointer from left to right along the signal. At each
position of the pointer, we compute the mean of the sub-
set of the signal to the left of the pointer �mleft� and to
the right �mright�. To measure the significance of the
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FIG. 1. (a) Plot of 20 000 interbeat intervals (�6 h) for a
healthy subject (upper curve) and a subject with heart failure
(bottom curve). Note the larger variability and patchiness for
the healthy record. (b) Magnification of a small fraction (2000
beats) of the signals in (a). (c) Same signals as displayed in (a)
after subtracting the global average and dividing by the global
standard deviation; after this normalization both signals appear
very similar. (d) Magnification of a small fraction (2000 beats)
of the signals in (c).
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difference between mleft and mright, we compute the
statistic t � j�mleft 2 mright��sD j, where sD � ��s2

left 1

s2
right���Nleft 1 Nright 2 2��1�2�1�Nleft 1 1�Nright�1�2 is

the pooled variance [6] and sleft and sright are the standard
deviations of the data to the left and to the right of the
pointer, respectively, and Nleft and Nright are the number
of points to the left and to the right of the pointer.

We next determine the position of the pointer for which
t reaches its maximum value, tmax, and compute the statis-
tical significance of tmax. The significance level P �t� of
a possible cutting point with tmax � t is defined as the
probability of obtaining the value t or lower values within
a random sequence: P �t� � Prob�tmax # t	. Thus, a se-
ries of N random numbers of fixed mean would remain
unsegmented with probability P �t�.

We check if this significance exceeds a selected thresh-
old P0, usually taken to be 95%. If so, then the signal is cut
at this point into two subsequences; otherwise the signal
remains undivided. If the sequence is cut, the procedure
continues recursively for each of the two resulting subse-
quences created by each cut. Before a new cut is accepted,
we also compute t between the right-hand new segment
and its right neighbor (obtained by a previous cut) and t
between the left-hand new segment and its left neighbor
(also obtained by a previous cut) and check if both val-
ues of t have a statistical significance exceeding P0. If so,
we proceed with the new cut; otherwise we do not cut.
Thus all resulting segments have a statistically significant
difference in their means. The process stops when none
of the possible cutting points has a significance exceeding
P0, and we say that the signal has been segmented at the
“significance level P0” (Fig. 2).

As we could not obtain P �t� in a closed analytical form,
we have developed a suitable approximation by means
of Monte Carlo simulations. P �t� � �1 2 I�n��n1t2�� 3

�dn, d�	g, where g � 4.19 lnN 2 11.54, d � 0.40, N
is the size of the sequence or subsequence to be split,
n � N 2 2 is the number of degrees of freedom, and
Ix�a, b� is the incomplete beta function [6]. To check the
validity of this approximation, we have carried out the fol-
lowing experiments: We generate 100 000 random series
of given length N and fixed mean, and we segment them at
significance level P0. In all experiments the ratio between
the number of series which remain undivided and the total
number of series is very close to P0, independently of N .

Our method leads to partitioning of a time series into
segments with well-defined means, each significantly dif-
ferent from the mean of the adjacent segments (Fig. 1),
and we probe the nonstationarity in a signal through the
statistical analysis of the properties of the segments.

Here we consider 47 datasets from 18 healthy subjects,
17 records of cosmonauts during orbital flight, and 12 pa-
tients with congestive heart failure [7]. We separately ana-
lyze 6-h long subsets of each dataset, corresponding to the
periods when the subject is awake or sleeping. Figure 1
shows a representative dataset of a healthy subject, and a
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FIG. 2. (a) An artificial time series f�x� composed of three
segments with different mean values. (b) Values of the statistic
t obtained by moving the pointer along the time series. Note
that tmax is reached at x1. We find that if P �tmax� $ P0 � 95%,
and so we cut the series at x1. (c) We iterate the procedure
with the segment �0, x1�. We find that P �tmax� $ 95% and we
also find that the significance of t computed between �x2, x1�
and �x2, 2000� is greater than 95%, so the series is cut at x2.
(d) We iterate the procedure with the segment �x1, 2000�. Now,
P �tmax� # 95%, so this segment is not cut. Our procedure has
a limitation for the extreme case of a long segment with a given
mean, followed by a short segment with a different mean, which
again is followed by a long segment with a mean identical to
the mean of the first segment. First, we note that this is a very
unlikely event in real data. However, even in this extreme case,
the algorithm could provide a good segmentation, if we lower
sufficiently the significance level, P0. In fact, more often one
can find in real data a situation when the second long segment
has a mean value very close but not identical to the mean value
of the first long segment; in such a case the procedure works
accurately.

subject with heart failure. Superposed on the interbeat in-
terval series, we also plot the segments obtained by means
of our segmentation algorithm.

To quantify the nonstationarity in heart rate variability,
we study the statistical properties of the segments corre-
sponding to parts of the signal with significantly different
mean values. To characterize the segments, we analyze
two quantities: (i) the length of the segments and (ii) the
absolute values of the differences between the mean values
of consecutive segments, called jumps.

(i) Distribution of segment lengths.—Healthy subjects
typically exhibit nonstationary behavior associated with
large variability, trends, and segments with large differ-
ences in their mean values, while data from heart-failure
subjects are characterized by reduced variability and ap-
pear to be more homogeneous (Fig. 1) [5]. Thus, one
might expect that signals from healthy subjects will be
characterized by a large number of segments, while signals
from heart-failure subjects will exhibit a smaller number
of segments (i.e., the average length of the segments for
healthy subjects could be expected to be smaller than for
heart-failure subjects).

We find that the distribution of segment lengths for the
healthy subjects is well described by a power law with

168105-2 168105-2
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similar exponents, indicating absence of a characteristic
length for the segments. Surprisingly, we also find that
this power law remains unchanged for records obtained
from cosmonauts during orbital flight (under conditions of
microgravity) and for patients with heart failure (Fig. 3).
A similar common type of behavior is also observed from
6-h records during sleep for all three groups [8].

To verify the results of the segmentation procedure, we
perform several tests. First, we check the validity of the
observed power law in the distribution of segment lengths.
We generate a surrogate signal formed by joining seg-
ments of white noise with standard deviation s � 0.5, and
mean values chosen randomly from the interval �0, 1�. We
choose the lengths of these segments from a power-law
distribution with a given exponent. Even when the dif-
ference between the mean values of adjacent segments is
smaller than the standard deviation of the noise inside the
segments, we find that our procedure partitions the surro-
gate signal into segments with lengths that reproduce the
original power-law distribution [Fig. 4(a)]. This test shows
that the distributions, obtained after segmenting surrogate
data with similar values of their exponents, appear clearly
different from each other, confirming that the distributions
obtained for the lengths of the segments for the healthy,
cosmonauts, and congestive heart-failure subjects (Fig. 3)
follow indeed an identical distribution.

Second, we test if the observed power-law distribution
for the segment lengths is simply due to the known pres-
ence of long-range correlations in the heartbeat interval
series [9]. We generate correlated linear noise [10] with
the same correlation exponent as the heartbeat data and
find that the distribution of segment lengths obtained for
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FIG. 3. Probability of finding segments with a length � larger
than a given value for the segments obtained from all subjects in
the healthy, cosmonauts, and heart-failure groups during daily
activity. The significance level is fixed to P0 � 95%, and the
imposed minimum length of the segments is �0 � 50 beats.
For all three groups we find a power law in the distribution
of segment lengths with exponent b � 2.2.

the linear noise differs from the distribution obtained for
the heartbeat data [Fig. 4(b)]. For the noise, the distri-
bution decays faster, which means that these signals are
more segmented than the heart data. For different linear
noises with a broad range of correlation exponents, we do
not find power-law behavior in the distribution of the seg-
ments. Thus, we conclude that the linear correlations are
not sufficient to explain the power-law distribution of seg-
ment lengths in the heartbeat data.

(ii) Differences between the mean values of consecu-
tive segments (jumps).—Different healthy records can be
characterized by different overall variance, depending on
the activity and the individual characteristics of the sub-
jects. Moreover, subjects with heart failure exhibit inter-
beat intervals with lower mean and reduced beat-to-beat
variability (lower standard deviation). Thus, one can as-
sume that these larger jumps in healthy records are due
only to the fact that their average standard deviation is
larger [Figs. 1(a) and 1(b)]. In order to systematically
compare the statistical properties of the jumps between dif-
ferent individuals and different groups, we normalize each
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FIG. 4. (a) To test the validity of the observed power-law be-
havior in the distribution of segment lengths, we generate sur-
rogate signals formed by joining segments of white noise with
standard deviation s � 0.5 and average values chosen randomly
from the interval �0, 1�. We chose the lengths of these segments
from a power-law distribution with a given exponent b and find
excellent agreement between the given values of b and the val-
ues estimated from the segmentation. (b) To test the effect of
long-range correlations in the signal on the segmentation pro-
cess, we generate ten realizations, each with a length of 26 000
points, of a monofractal Gaussian-distributed correlated noise
with power spectrum decaying as f21 [10]. We find that the
distribution of segment lengths for the correlated noise does not
follow the power law found for the heartbeat data, suggesting
that the observed scale-invariant behavior in the distributions
of segment lengths in the heartbeat is not simply due to the
correlations. To verify that the curvature found in the distribu-
tion of segments for the noise is not due to finite size effects,
we also repeated the test with longer realizations of the noise
(1 000 000). (c) To test the effect of the selected value of �0 on
the segmentation process, we generate surrogate signals, as in
(a), with power-law distribution of segment lengths with an ex-
ponent b � 2.2 and a cutoff at lmin � 50. We test for different
values of �0 and find that the correct behavior is obtained only
when �0 � lmin.
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FIG. 5. (a) Probability density functions of the absolute value
of the difference between the mean values (jumps) of consecu-
tive segments. Both healthy and cosmonaut subjects follow
an identical distribution while the heart-failure subjects follow
a quite different distribution with higher probability for small
jumps consistent with reports of smaller variability in heart-
failure subjects [5]. All distributions are normalized to unit area.
Note that the distributions are plotted in units of standard devia-
tion, and that the results present a striking difference between
the healthy and the heart-failure group, which are not as ap-
parent by eye in the raw data after normalization [Fig. 1(d)].
(b) Same probability distributions as in (a), after rescaling P�s�
by Pmax, and s by 1�Pmax. This transformation preserves the
normalization to unit area.

time series by subtracting the global average (over 6 h) and
dividing by the global standard deviation. In this way, all
individual time series have zero mean and unit standard
deviation [Figs. 1(c) and 1(d)]. Such a normalization does
not affect our segmentation procedure.

We find that both the healthy subjects and the cosmo-
nauts follow identical distributions, but the distribution
of the jumps obtained from the heart-failure group are
markedly different —centered around lower values — in-
dicating that, even after normalization, there is a higher
probability for smaller jumps compared to the healthy
subjects [Fig. 5(a)]. Note that the distributions for all
groups appear to follow an identical homogeneous func-
tional form, so we can collapse these distributions on top
of each other by means of a homogeneous transformation
[Fig. 5(b)]. The ratio between the scaling parameters used
in this transformation gives us a factor by which this fea-
ture of the heart rate variability is reduced for the subjects
with heart failure as compared to the healthy subjects. This
finding indicates that, although the heart rate variability is
reduced with disease, there may be a common structure to
this variability, reflected in the identical functional form.
These observations agree with previously reported results
for the distribution of heartbeat fluctuations obtained by
means of wavelet and Hilbert transforms [11].

An important question raised by our results regards the
physiologic meaning of the finding of identical distribu-

tions of segment length for both diseased and healthy sub-
jects. This finding is unexpected because these two groups
have radically distinct levels of physical activity and of
neuroautonomic control of the heart rate [12]. This is a
very intriguing finding for which there is no clear expla-
nation. In fact, it raises a new scientific question: What
is the origin of the mean heart rate nonstationarity? One
possible explanation is that, for both healthy and heart-
failure subjects, the effects of intrinsic (neuroautonomic)
and external stimuli on the heart rate are reflected in seg-
ments with different local mean, the characteristics of
which exhibit surprising universal features — i.e., identical
power-law distribution for the length of the segments and
identical functional form for the distribution of the jumps.
However, the smaller mean value for the jumps observed
in the heart-failure subjects, even after normalization, in-
dicates decreased reflexive-type responsiveness compared
to healthy subjects.
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