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Abstract

We present a random walk, fractal analysis of the stride-to-stride 'uctuations in the human gait
rhythm. The gait of healthy young adults is scale-free with long-range correlations extending over
hundreds of strides. This fractal scaling changes characteristically with maturation in children
and older adults and becomes almost completely uncorrelated with certain neurologic diseases.
Stochastic modeling of the gait rhythm dynamics, based on transitions between di)erent “neural
centers”, reproduces distinctive statistical properties of the gait pattern. By tuning one model
parameter, the hopping (transition) range, the model can describe alterations in gait dynamics
from childhood to adulthood—including a decrease in the correlation and volatility exponents
with maturation. c© 2001 Published by Elsevier Science B.V.
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1. Fractal scaling of healthy gait

What does human walking have to do with fractals? During gait, the locomotor
system moves the body, one stride after the next, in an apparently regular fashion.
Statistical physics typically deals with phase transitions, 'uctuations, and interactions
that occur at the microscopic level. Here we brie'y describe our investigations of
the subtle stride-to-stride 'uctuations in gait and demonstrate the strong connection
between human walking and random walks. 1 These investigations provide insight into
the neural control of locomotion as well as its changes with aging and disease.

∗ Corresponding author.
1 The present description is based upon Refs. [3–6,15,25]. For more details, see those references.
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Fig. 1. Stride interval time series of a healthy subject during a walk with constant environmental conditions.
While the stride interval appears to be fairly constant, it 'uctuates about its mean (the solid line) in an
apparently unpredictable manner. The stride interval is a measure of the gait rhythm and is typically deKned
as the time from heel strike (initial contact) to heel strike of the same foot.

At Krst inspection, walking appears to be a periodic, regular process. As illustrated in
Fig. 1, however, closer examination reveals small 'uctuations in the gait pattern, even
under stationary conditions [1–6]. One possible explanation for these stride-to-stride
variations in the walking rhythm is that they simply represent uncorrelated (white)
noise superimposed on a basically regular process. This is what one might expect
a priori if one assumes that these subtle 'uctuations are merely “noise”. A second
possibility is that there are Knite-range correlations: the current value is in'uenced by
only the most recent stride intervals, but over the long term, 'uctuations are random.
A third, less intuitive possibility is that the 'uctuations in the stride interval exhibit
long-range correlations, as seen in a wide class of scale-free phenomena [7–12]. In this
case, the stride interval at any instant would depend (at least in a statistical sense) on
the interval at relatively remote times, and this dependence would decay in a scale-free
(fractal-like), power-law fashion.
To answer this question, we Krst measured the stride interval in 10 young, healthy

men [3–6]. Subjects walked continuously on level ground around an obstacle free,
130 m long, approximately circular path at their self-determined, usual rate for about
9 min. To measure the stride interval, the output of ultra-thin, force sensitive switches
was recorded on an ambulatory recorder and heelstrike timing was automatically deter-
mined. For a group of ten healthy, young adults, we Knd long-range correlations with
scaling exponent of �=0:76±0:11 (mean ± standard deviation) for the original stride
interval time series and, after random shuOing, uncorrelated behavior with scaling ex-
ponent �=0:50 ± 0:03; we use the detrended 'uctuation analysis (DFA method) for
the scaling analysis. Similar results were observed for �, the slope of the line Ktted to
the Fourier power spectrum. Thus, � and � (�=2�− 1) both indicate the presence of
long-range correlations and a fractal gait rhythm.
To study the stability and extent of these long-range correlations, we asked 10 young

(ages 18–29 years), healthy men to walk for 1 h at their usual, slow and fast paces
around an outdoor track. A representative example of the e)ect of walking rate on the
stride interval 'uctuations and long-range correlations is shown in Fig. 2. The locomotor
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Fig. 2. An example of the e)ects of walking rate on stride interval dynamics. (Top) One hour stride interval
time series for slow (1:0 m=s), normal (1:3 m=s) and fast (1:7 m=s) walking rates. Note the breakdown of
structure with random re-ordering or shuOing of the fast walking trial data points, even though this shuOed
time series has the same histogram of strides intervals (with the same mean and standard deviation) as
the original, fast time series. (Bottom) Fluctuation and power spectrum analyses conKrm the presence of
long-range correlations at all three walking speeds and its absence with random shuOing of the data. F(n)
is the 'uctuation size at a given window size, n [9].

control system maintains the stride interval at an almost constant level throughout the
one hour of walking (the coePcient of variation was less than 3%). Nevertheless,
the stride interval 'uctuates about its mean value in a highly complex, seemingly
random fashion. However, both DFA and power spectral analysis indicate that these
variations in walking rhythm are not random. Instead, the time series exhibit long-range
correlations at all three walking rates. The scaling indices � and � remained fairly
constant despite substantial changes in walking velocity and mean stride interval.
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Consistent results were obtained for all 10 subjects. For all thirty 1 h trials, � was
0:95 ± 0:06 (range: 0:84 to 1:10). Similar results were also observed for the power
spectrum scaling exponent � (e.g., for all thirty trials, � was 0:93±0:13). Thus, for all
subjects tested at all three rates, the stride interval time series displayed long-range
(fractal-like) correlations over thousands of strides.
To investigate further the possible mechanisms of this fractal gait rhythm, all

10 subjects were studied under three additional conditions. Subjects were asked
to walk in time to a metronome that was set to each subject’s mean stride
interval (computed from each of the three unconstrained walks). The results
during metronomic walking were completely di)erent from those obtained when
the walking rhythm was unconstrained. During metronomically-paced walking,
'uctuations in the stride interval were, surprisingly, anti-correlated in most of the
30 walking trials (the average scaling exponent ± standard deviation are: total: 0:26±
0:24 normal walking: 0:3 ± 0:24 slow walking: 0:2 ± 0:26 fast walking:
0:28± 0:22). 2

These Kndings indicate that the fractal dynamics of walking rhythm are normally
quite robust and intrinsic to the locomotor system. The breakdown of long-range corre-
lations during metronomically-paced walking demonstrates that supra-spinal in'uences
(a metronome) can override the normally present long-range correlations. Since metro-
nomic and free walking utilize the same lower motor neurons, actuators, and feedback,
one might speculate further that supra-spinal control (e.g., the brain) is critical in gen-
erating these long-range correlations.

2. Changes in fractal dynamics with aging and Huntington’s disease

To gain further insight into the basis for this long-term, fractal dependence in walking
rhythm, we investigate the e)ects of advanced age and Huntington’s disease, a neu-
rodegenerative disorder of the central nervous system, on stride interval correlations.
Using DFA, we compared the stride interval time series (i) of healthy elderly subjects
(n=10) and healthy young adults (n=22), and (ii) of subjects with Huntington’s
disease, (n=17) and healthy controls (n=10).
Fig. 3 compares the stride interval time series for a young and an elderly adult.

Visual inspection suggests a possible subtle di)erence in the dynamics of the two time
series. Fluctuation analysis reveals a marked distinction in how the 'uctuations change
with time scale for these subjects. The slope of the line relating logF(n) to log n is
less steep and closer to 0.5 (uncorrelated, white noise) for the elderly subject. This
indicates that the stride interval 'uctuations are more random and less correlated for
the elderly subject than for the young subject. Similar results were obtained for other

2 We Knd this anti-correlated behavior after integrating the stride interval series and subtracting one from
the scaling exponent. This integration procedure is consistent with Ref. [24]. Analysis of the stride interval
series without integration yielded uncorrelated random behavior [3–6].
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Fig. 3. Example of the e)ects of aging on the 'uctuation analysis of stride interval dynamics. Stride interval
time series are shown above and 'uctuation analysis below for a 71 year old elderly subject and a 23 year
old, young subject. For illustrative purposes, each time series is normalized by subtracting its mean and
dividing by its standard deviation. For the elderly subject, 'uctuation analysis indicates a more random and
less correlated time series. Indeed, � is 0.56 (≈ white noise) for the elderly subject and 1.04 (≈ 1=f noise)
for this young subject.

subjects in these groups as well. � was 0:68 ± 0:14 for the elderly subjects versus
0:87± 0:15 in the young subjects (p¡ 0:003).
Interestingly, although the correlation properties of stride interval were di)erent in

the elderly and young adults, the Krst moment, the average stride interval, was sim-
ilar in both groups (elderly: 1:05 ± 0:10 s; young: 1:05 ± 0:07 s). The magnitude of
stride-to-stride variability (i.e., stride interval coePcient of variation) was also very
similar in the two groups (elderly: 2:0± 0:7%; young: 1:9± 0:4%). These results show
that while � was di)erent in the two age groups, the usual measures of gait and mobility
function of these elderly subjects were not signiKcantly a)ected by age.
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Fig. 4. The scaling exponents of the stride interval series of 50 children between 3 and 13 years old
[22,23] and a neural hopping model (see below). To study the e)ects of maturation, we divide the children
into 5 age groups: (i) 3–4 year olds (11 subjects), (ii) 5–6 year olds (10 subjects), (iii) 7–8 year olds
(14 subjects), (iv) 10–11 year olds (10 subjects), and (v) 12–13 year olds (5 subjects). We also show data
[3–6] from an adult group (10 subjects 1 h long each; ages 20–30 years). For the model simulation, we
generate 40 realizations for each value of C; the average value is presented. The age axis for the model
follows the relation: age (years)=C + 2. (a) The short-range scaling exponents of the original time se-
ries both for the data (open circles) and the model (black squares). The exponents calculated for window
sizes 6¡n¡ 13 strides, decrease with age [3–6]. The scaling exponent obtained by the model decreases
monotonically as C increases and is within the error bars of the data. (b) The scaling exponent of the stride
interval magnitude series, |�(strideinterval)i|. The magnitude scaling exponent decreases with age, indicating
a loss of magnitude correlations with maturation. The model exhibits a similar decrease and the simulation
is within the error bars of the actual data. The subject-to-subject variability is consistent with the scatter
observed in physiologic indices of neural development [13,14].

The scaling exponent � was also reduced in the subjects with Huntington’s dis-
ease compared to disease-free controls (Huntington’s disease: 0:60 ± 0:24; controls:
0:88 ± 0:17; p¡ 0:005). Moreover, among the subjects with Huntington’s disease,
� was related to degree of functional impairment (r=0:78, p¡ 0:0005), such that
the stride-to-stride 'uctuations become completely uncorrelated in patients with more
advanced disease.
In older adults, we observed a decrease in the fractal scaling exponents. On the

other end of the age spectrum, the scaling properties also change as children mature.
In contrast to what was observed among older adults, the short-range scaling expo-
nents of young children are larger than that seen in healthy young adults and decrease,
becoming more adult-like, as children mature [3–6]. We compare the short range scal-
ing exponents for a group of 50 children [22,23] with those of 10 adults [3–6]; this
exponent decreases from ∼ 1:0 to ∼ 0:7 (Fig. 4a).
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The magnitude series exponent, a measure of volatility [20], 3 of the stride inter-
val series also decreases with maturation (Fig. 4b). These results suggest that gait
pattern of children is more volatile than the usual walking pattern of healthy, young
adults.

3. Modeling the fractal gait rhythm

To investigate the fractal gait rhythm and the mechanisms that might account for it,
we attempted to simulate the experimental results. Deterministic and stochastic models
have been proposed to understand the underlying regulatory mechanisms of walking.
For example, classic “central pattern generator” (CPG) models are based on oscillatory
neural activity, where the interaction between neural centers helps regulate gait dynam-
ics [16–19]. These models, however, do not reproduce the observed fractal scaling. A
stochastic version of a central pattern generator model generates a fractal stride inter-
val time series, like that seen in healthy young adults [3–6]. However, existing models
do not explain observed changes in scaling exponents [3–6], and volatility (magni-
tude) correlations [20] (see above) that occur during gait maturation from childhood
to adulthood.
We propose a stochastic model consisting of a random walk (RW) on a chain, the

elements of which represent excitable neural centers [13]. A step of the RW between
element i and element j represents the “hopping” of the excitation from center i to
center j. The increase of neural interconnectedness with maturation is modeled by
increasing the range of “jump” sizes of the RW, since larger jump sizes will allow
exploration of more neural centers. This property mimics one aspect of the increasing
complexity of the adult nervous system.
Previous studies [21] have identiKed neural centers with pacemaker-like qualities

that Kre with frequency fi, so we represent the network of neural centers by di)er-
ent frequency modes. One mode is activated at a given time (strideinterval ˙ 1=fi),
and the fi are Gaussian distributed. The model is based on the following assumptions
(Fig. 5): Assumption (i) is that the fi have Knite-size correlations, 〈fifi+�〉=〈f2

i 〉=e−�=�0 .
We assume Knite-range correlations among fi because neighboring neurons are likely
to be in'uenced by similar factors [15]. This assumption e)ectively creates “neuronal
zones” composed of neural centers (modes) along the chain with a typical size �0.
Assumption (ii) concerns the rule followed by the RW process. The active neural cen-
ter is determined by the location of the RW. The “jump” sizes of the RW follow a
Gaussian distribution of width C. Assumption (iii) is that a small fraction of noise is
added to the output of each mode to mimic biological noise not otherwise modeled.
The output y becomes y(1 + A�) where A is the noise level and � is Gaussian white
noise with zero mean and unit variance.

3 Other studies deKne volatility as the local variance of the signal. Here by volatility correlations we mean
correlation in the magnitudes of the series increments.
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f i f i+1 f i+2 f i+3 f i+4 f i+5 f i+6 f i+7

Fig. 5. Illustration of the “neural” hopping model. The values of fi are not uncorrelated but rather have
Knite size correlations. Shown is a sequence of four transitions, from mode fi+4 to fi+7 to fi+3 to fi to
fi+2 : : : : Larger values of the hopping-range parameter C are associated with larger “jump sizes” along the
chain. The neuronal zone of size �0 = 4 is indicated by the dashed boxes.
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Fig. 6. (a) Examples of stride-interval series of healthy subjects, ages 5 and 25 years. (b) Examples of
stride-interval generated by the model. Iterating the model with a small value of the hopping-range parameter
(C =3) mimics the stride-interval of young children, while a large value (C =25) mimics that of adults.

The model has three parameters �0, C, and A. We Knd that the best agreement with
the data is achieved when A=0:02 and �0 = 25. In order to simulate changes with
maturation, we vary only the third parameter, C, as a function of age, C =(age − 2)
for ages 3–25 years (see Fig. 6 for visual comparison between the data and the model’s
output). Increasing the hopping range with age is consistent with the fact that neural
transmission is not fully developed until the late teens [6].
Brie'y, we Knd that this simple stochastic model captures multiple aspects of gait

dynamics and their changes with maturation (see Fig. 4), including: (i) the shape of
the probability distribution of the stride interval increments; (ii) correlation properties
of the stride interval; and (iii) correlations properties in the magnitudes of the stride
interval increments. Further, by varying only a single “hopping-range” parameter, C, a
wide array of multifractal dynamics can be generated. The model can also be altered
by “knocking out” certain frequency modes (akin to what may occur during very
advanced age or in response to neurodegenerative disease). Simulation with drop-out
of frequency modes predicts increased gait variability, with (i) increased magnitude
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exponents, and (ii) decrease of long-range correlations. Our preliminary analysis of the
stride interval series of older adults prone to falls is consistent with this prediction.
Generalization of the model to two and three dimensional networks to describe other
types of neurological activities is underway.

4. Discussion

Our Kndings demonstrate that the stride interval time series exhibits long-range,
self-similar correlations. This fractal scaling is apparently an intrinsic feature of nor-
mal walking rhythm. Scaling exponents obtained using two complementary methods,
'uctuation analysis and Fourier analysis, both indicate the presence of long-range,
power-law correlations in the gait rhythm during slow, normal and fast walking. With
random shuOing of the stride interval, the scaling exponents change to that of an un-
correlated random process. Thus, stride interval 'uctuations are not random like white
noise, nor are they the outcome of a process with short-term correlations. Instead, the
present stride interval is related to the interval thousand of strides earlier and this
scaling occurs in a scale-invariant, fractal-like manner.
The presence of a fractal gait rhythm is notable for several reasons: (i) It suggests the

presence of a non-trivial long-term dependence (“memory” e)ect). (ii) Such 'uctuations
are often associated with a non-equilibrium dynamical system with multiple-degrees-of-
freedom, rather than being the output of a classical “homeostatic” process. (iii) Models
of the neural basis of rhythmic motor acts (e.g. CPG’s) need to be re-examined to
account for this previously unanticipated fractal scaling property. (iv) The Knding of
reduced stride interval correlations with aging and with Huntington’s disease parallels
the e)ects of age and disease on the fractal scaling of other processes under neural
control [10–12].
Precise elucidation of the factors a)ecting the fractal dynamics of gait remains to

be determined. Nevertheless, we can begin to form an idea of what contributes to this
behavior. The drastic change of long-range correlations to long-range anti-correlations
during metronomically-paced walking in the same neuro-mechanical system that pro-
duces this fractal behavior during normal walking (i.e., in healthy young subjects) sug-
gests: (i) that supra-spinal in'uences can override the normally present fractal rhythm,
and (ii) that this behavior is not simply a result of the neuro-mechanical interaction of
a highly complex system.
The alterations in the fractal dynamics of the stride interval with advanced age and

Huntington’s disease provide additional evidence. Changes in the fractal rhythm in these
populations are not simply attributable to reduced gait speed or increased stride-to-stride
variability with aging or disease. When healthy young adults walk slowly, the fractal
rhythm is not reduced. Moreover, the magnitude of the stride interval correlations was
independent of gait speed and stride-to-stride variability. Apparently, stride interval
correlations depend on some aspect of the neuro-muscular control system that is not
directly related to walking velocity or gait unsteadiness. The stochastic, neural hopping
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model suggests that perhaps changes in connectivity and the ability of neurons to
communicate with one another contribute to the observed scaling changes in aging and
disease. Further investigations will help to elucidate under what conditions and why
scale-free human walking becomes a non-correlated random walk.
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Colloquium

Fractal dynamics in physiology: Alterations with
disease and aging
Ary L. Goldberger*†, Luis A. N. Amaral*‡, Jeffrey M. Hausdorff*, Plamen Ch. Ivanov*‡, C.-K. Peng*,
and H. Eugene Stanley‡

*Cardiovascular Division and Margret and H. A. Rey Laboratory for Nonlinear Dynamics in Medicine, Department of Medicine, Beth Israel Deaconess
Medical Center�Harvard Medical School, Boston, MA 02215; and ‡Center for Polymer Studies, Physics Department, Boston University, Boston, MA 02215

According to classical concepts of physiologic control, healthy
systems are self-regulated to reduce variability and maintain
physiologic constancy. Contrary to the predictions of homeostasis,
however, the output of a wide variety of systems, such as the
normal human heartbeat, fluctuates in a complex manner, even
under resting conditions. Scaling techniques adapted from statis-
tical physics reveal the presence of long-range, power-law corre-
lations, as part of multifractal cascades operating over a wide
range of time scales. These scaling properties suggest that the
nonlinear regulatory systems are operating far from equilibrium,
and that maintaining constancy is not the goal of physiologic
control. In contrast, for subjects at high risk of sudden death
(including those with heart failure), fractal organization, along
with certain nonlinear interactions, breaks down. Application of
fractal analysis may provide new approaches to assessing cardiac
risk and forecasting sudden cardiac death, as well as to monitoring
the aging process. Similar approaches show promise in assessing
other regulatory systems, such as human gait control in health and
disease. Elucidating the fractal and nonlinear mechanisms involved
in physiologic control and complex signaling networks is emerging
as a major challenge in the postgenomic era.

A hallmark of physiologic systems is their extraordinary
complexity. The nonstationarity and nonlinearity of signals

(Fig. 1) generated by living organisms defy traditional mecha-
nistic approaches based on homeostasis and conventional bio-
statistical methodologies. Recognition that physiologic time
series contain ‘‘hidden information’’ has fueled growing interest
in applying concepts and techniques from statistical physics,
including chaos theory, to a wide range of biomedical problems
from molecular to organismic levels (1, 2).

This presentation describes one area of investigation that has
engaged our collaborative attention, namely, fractal analysis of
physiologic time series in health and disease. The discussion will
focus primarily on certain features of the human heartbeat, one
important example of complex physiologic fluctuations. The
dynamics of another physiologic control system—human gait—is
also briefly discussed. Recognizing that this topic represents only
one selected aspect of the broad and rapidly expanding appli-
cations of complexity theory to biomedicine (Table 1), readers
are referred to a number of useful reviews and references therein
(1, 3–10).

A motivating problem for our work is depicted in Fig. 1, which
presents a dynamical self-test. Shown are 30-min heart rate time
series from four subjects. Only one is from a healthy individual;
the other three are from patients with life-threatening forms of
heart disease. The problem is to identify the normal record. The
(perhaps nonintuitive) answer to this ‘‘test’’ is given in the figure
caption. Beyond its obvious diagnostic import, the problem of
classifying temporal assays of integrated cardiac physiology has
implications for understanding and modeling basic signaling
and regulatory networks. These representative time series in

health and disease illustrate two major themes of this review
(11–16): (i) The output of healthy systems, under certain critical
parameter conditions, reveals a type of complex variability
associated with long-range (fractal) correlations, along with
distinct classes of nonlinear interactions. (ii) Multiscale, nonlin-
ear complexity appears to degrade in characteristic ways with
aging and disease, reducing the adaptive capacity of the indi-
vidual. Further, these ‘‘syndromes’’ of fractal�nonlinear break-
down may be quantified, with potential applications to diagnostic
and prognostic assessment.

We begin, therefore, by defining the fractal concept. We then
describe certain aspects of fractal scaling in health, followed by
illustrations of the breakdown of fractal complexity in aging and
disease. To catalyze progress in the applications of fractals, and
complexity science in general, to biomedicine, we conclude with
a plea for open-source data and algorithms.

Fractal Anatomies and Self-Similar Dynamics
The concept of a fractal is most often associated with irregular
geometric objects that display self-similarity (refs. 3, 13, and
17–19; ref. 19 available at www.physionet.org�tutorials�fmnc�).
Fractal forms are composed of subunits (and sub-sub-units, etc.)
that resemble the structure of the overall object (Fig. 2 Left). In
an idealized model, this property holds on all scales. The real
world, however, necessarily imposes upper and lower bounds
over which such scale-invariant behavior applies. Many non-
Euclidean structures in nature, such as branching trees, wrinkly
coastlines, and the rough surfaces of mountains, are fractal. A
number of complex anatomic structures also display fractal-like
geometry (3, 12, 13, 18, 20). Examples include arterial and
venous trees and the branching of certain cardiac muscle bun-
dles, as well as other networks such as the tracheobronchial tree
and the His-Purkinje conduction system. These self-similar
cardiopulmonary structures subserve at least one fundamental
physiologic function: rapid and efficient transport over complex,
spatially distributed networks. Fractal geometry also appears to
underlie important aspects of cardiac mechanical function (21).
A variety of other organ systems contain fractal-like structures
that facilitate information dissemination (nervous system), nu-
trient absorption (bowel), as well as distribution, collection, and
transport (biliary ducts, renal calyces, choroidal plexus, and
placental chorionic villae). With aging and disease, fractal
anatomic structures may show degradation in their structural

This paper results from the Arthur M. Sackler Colloquium of the National Academy of
Sciences, ‘‘Self-Organized Complexity in the Physical, Biological, and Social Sciences,’’ held
March 23–24, 2001, at the Arnold and Mabel Beckman Center of the National Academies
of Science and Engineering in Irvine, CA.

Abbreviations: DFA, detrended fluctuation analysis.
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complexity (11, 12). Examples include loss of dendritic arbor in
aging cortical neurons (11) and vascular ‘‘pruning’’ in primary
pulmonary hypertension.

The fractal concept can be applied not just to irregular
geometric forms that lack a characteristic (single) scale of length,
but also to certain complex processes that lack a single scale of
time (17, 19, 22, 23). Fractal processes generate irregular fluc-
tuations across multiple time scales, analogous to scale-invariant
objects that have a branching or wrinkly structure across multiple
length scales. A qualitative appreciation for the self-similar
nature of fractal processes can be obtained by plotting their
f luctuations at different temporal resolutions. For example, Fig.
2 Right displays a heart rate time series from a healthy subject on
three different time scales. Each graph has an irregular appear-
ance, reminiscent of a mountain range. The irregularity seen on
different scales is not readily distinguishable, suggesting statis-
tical self-similarity. A more rigorous representation of the
temporal self-similarity of the healthy heartbeat is provided by
wavelet analysis (Fig. 3; refs. 24 and 25).

An important methodologic challenge is how to detect and
quantify the scaling and correlation properties of physiologic
time series, which are typically not only irregular, but also
nonstationary (i.e., their statistical properties change with time).
To help deal with the ubiquitous biologic ‘‘complication’’ of
nonstationarity, we have introduced a modified rms analysis of
a random walk—termed detrended fluctuation analysis (DFA;
refs. 19 and 26–29). To illustrate the DFA algorithm briefly,
consider the cardiac interbeat series shown in Fig. 4A. First, the
original time series is integrated, and then divided into boxes of
equal length, n. For each box of length n, a least squares line
(representing the trend in that box) is fit to the data (Fig. 4B). For
a given box size n, the characteristic size of the fluctuations,
denoted by F(n), is then calculated as the rms deviation between
y(k) and its trend in each box. This computation is repeated over
all time scales (box sizes). Typically, F(n) will increase with box
size n. A linear relationship on a log-log graph indicates the
presence of scaling (self-similarity), such that fluctuations in
small boxes are related to the fluctuations in larger boxes in a
power-law fashion. The slope of the line relating log F(n) to log
n determines the fractal scaling exponent, � (Fig. 4C). This
exponent provides a measure of the ‘‘roughness’’ of the original
time series: the larger the value of �, the smoother the time
series. In this context, 1�f-like noise (� � 1) can be interpreted
as a ‘‘compromise’’ between the complete unpredictability of
white noise (� � 0.5) and the much smoother ‘‘landscape’’ of
Brownian noise (� � 1.5; ref. 19).§

To test whether heartbeat time series exhibit fractal behavior
and to determine their correlation properties, we can apply the
DFA algorithm and other scaling techniques to long-term heart
rate recordings. Fig. 5A compares the scaling analysis of the
interbeat interval time series from a representative healthy
young adult with its randomized time series as a control. For the
healthy subject, DFA shows scaling behavior with exponent � �

§A detailed description of the DFA algorithm with source code is available at www.
physionet.org.

Fig. 1. Representative heart rate recordings in health and disease, presented
as four unknowns. One record is normal; the other three represent severe
pathologies. Can you identify which is normal? Answers: A and C are from
patients in sinus rhythm with severe congestive heart failure. D is from a
subject with a cardiac arrhythmia, atrial fibrillation, which produces an erratic
heart rate. The healthy record, B, far from a homeostatic constant state, is
notable for its visually apparent nonstationarity and ‘‘patchiness.’’ These
features are related to fractal and nonlinear properties. Their breakdown in
disease may be associated with the emergence of excessive regularity (A) and
(C), or uncorrelated randomness (D). Of note in C is the presence of strongly
periodic oscillations (�1�min), which are associated with Cheyne-Stokes
breathing, a pathologic type of cyclic respiratory pattern. Quantifying and
modeling the complexity of healthy variability, and detecting more subtle
alterations with disease and aging, present major challenges in contemporary
biomedicine.

Table 1. Nonlinear�complexity mechanisms and phenomena in
physiology: partial list of possible contenders

Abrupt changes
Bifurcations
Intermittency�bursting
Bistability�multistability
Phase transitions

Hysteresis
Nonlinear oscillations

Limit cycles
Phase-resetting
Entrainment
Pacemaker annihilation

Scale-invariance
Fractal and multifractal scaling
Long-range correlations
Self-organized criticality
Diffusion limited aggregation

Alternans phenomena
Nonlinear waves: spirals; scrolls; solitons
Complex periodic cycles and quasiperiodicities
Stochastic resonance and related noise-modulated mechanisms
Time irreversibility
Complex networks
Deterministic chaos
Emergent properties

Modified from ref. 13.
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1 over nearly three decades, indicative of long-range correlations
extending to thousands of heartbeats. As expected, the random-
ized ‘‘control’’ data set shows a trivial exponent � � 0.5,
indicating a white noise output associated with the breakdown of
correlations. Power spectrum analysis (Fig. 5B) is consistent with
the DFA results. However, the � exponent derived from the
power spectrum is less accurate because the stationarity require-
ments for Fourier analysis, are, as usual, not satisfied in this case
of real-world data.¶ Systematic analysis has confirmed the scaling
behavior and long-range correlation properties of the healthy
human heartbeat (14, 22, 23).

Altered Fractal Dynamics of the Heartbeat
The presence of long-range (fractal) correlations in cardiovas-
cular fluctuations in health has implications for understanding
and modeling neuroautonomic regulation. Of particular note,
this type of scaling behavior is not accounted for by traditional
homeostatic mechanisms of control, whose goal is to maintain a
constant, ‘‘steady-state’’ output (2, 13, 19, 22, 30). A related
consideration is whether pathologic states and aging are asso-
ciated with distinctive alterations in these scaling properties,
which could be of practical diagnostic and prognostic use. We
have found that datasets from patients with congestive heart
failure are particularly useful in assessing correlations under
markedly pathologic conditions, because this life-threatening
condition is associated with profound abnormalities in both the

sympathetic and parasympathetic control mechanisms that reg-
ulate beat-to-beat variability. Fig. 6 compares scaling analysis of
representative 24-hr interbeat interval time series from a healthy
subject and a patient with congestive heart failure. For large time
scales (asymptotic behavior), data from the healthy subject
(consistent with data in Figs. 4 and 5), show long-range corre-
lations extending over nearly three decades, with � � 1 (i.e., 1�f
noise), whereas for the heart failure data set, � � 1.3 (closer to
Brownian noise). Analysis of scaling behavior in a variety of
life-threatening cardiac pathologies indicates significant alter-
ations in short and long-range heartbeat correlation properties,
suggesting possible clinical applications (22, 27, 31–34). Subse-
quent studies have also revealed significant differences in scaling
exponents associated with circadian variations in health and
disease (35), as well as during different phases of sleep (36).

¶One alternative method to reduce the effects of nonstationarity in heart rate time
series is to study the first difference of the original time series. In that case, the
interbeat interval increments in health exhibit long-range anti-correlations, such that
increases (decreases) in heart rate are likely to be followed by decreases (increases)
over multiple time scales (22, 30).

Fig. 2. Schematic representations of self-similar structures and self-similar
fluctuations. The tree-like, spatial fractal (Left) has self-similar branchings, such
that the small-scale structure resembles the large-scale form. A fractal temporal
process, such as healthy heart rate regulation (Right), may generate fluctuations
on different time scales that are statistically self-similar. Adapted from ref. 13.

Fig. 3. (Top) Color-coded wavelet analysis of a heart rate time series in
health. The x axis represents time (�1700 beats), and the y axis indicates the
wavelet scale, extending from about 5 to 300 s, with large time scales at the
top. The brighter colors indicate larger values of the wavelet amplitudes,
corresponding to large heartbeat fluctuations. White tracks represent the
wavelet transform maxima lines—the structure of these maxima lines shows
the evolution of the heartbeat fluctuations with scale and time. This wavelet
decomposition reveals a tree-like, self-similar hierarchy to the healthy cardiac
dynamics. (Middle) Magnification of the central portion of the top panel, with
200 beats on the x axis and wavelet scale corresponding to about 5 to 75 s on
the y axis, shows similar branching patterns. (Bottom) In contrast, wavelet
decomposition of heartbeat intervals (�1500 beats) from a patient with
obstructive sleep apnea, a common pathologic condition, shows the loss of
complex, multiscale hierarchy, with emergent, single-scale (periodic) behav-
ior. The wavelet scale (along the y axis) extends from about 5 to 200 s. The red
background is used to provide contrast with the fractal cascades under healthy
conditions, shown in the Upper panels. Adapted from ref. 24.
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We have applied similar analyses to assess the effects of
physiologic aging on heartbeat correlation behavior. For a group
of healthy elderly subjects (68–81 years), the cardiac interbeat
interval time series suggested two scaling regions. Over short
time scales, f luctuations resembled a random walk process
(Brownian noise, � � 1.5), whereas over the longer range, they
resembled white noise (� � 0.5). Both short-range and long-
range exponents were significantly different in the elderly sub-
jects compared with young adults (37). Further, the alterations
of scaling behavior associated with physiologic aging exhibited
different patterns compared with the changes associated with
heart failure (Fig. 6). We have speculated that the degradation
of short and longer range correlation properties with aging may
be associated with the loss of integrated physiologic responsive-

ness, thereby increasing susceptibility to injury and illness in the
elderly (11, 16).

Beyond 1�f Noise: Multifractal Scaling in Heartbeat Dynamics
The DFA algorithm, and related two-point correlation methods,
such as Fourier transform and Hurst analyses, measure only one
exponent characterizing a given signal. These methods, there-
fore, are most appropriate for the analysis of monofractal signals.
Monofractals are homogeneous in the sense that they have the
same scaling properties, characterized by only one singularity
exponent throughout the entire signal (38–40). In contrast, an
interesting class of signals is multifractal, requiring a larger, and
theoretically infinite, number of indices to characterize their

Fig. 4. Illustration of the DFA algorithm to test for scale-invariance and
long-range correlations. (A) Interbeat interval (IBI) time series from a healthy
young adult. (B) The solid black curve is the integrated time series, y(k). The
vertical dotted lines indicate boxes of size n � 100 beats. The red straight line
segments represent the ‘‘trend’’ estimated in each box by a linear least-
squares fit. The blue straight line segments represent linear fits for box size n �
200. Note that the typical deviation from the y(k) curve to the red lines is
smaller than the deviation to the blue lines. (C) The rms deviations, F(n), in B
are plotted against the box size, n, in a double logarithmic plot. The red circle
is the data point for F(100), and the blue circle is the data point for F(200). A
straight-line graph indicates power-law scaling. The slope of the line, �,
relates to the presence and type of two-point correlations. In this case, � � 1.0,
consistent with 1�f noise and long-range correlations; � � 0.5 indicates white
noise with uncorrelated randomness; � � 1.5 indicates Brownian noise. See
Figs. 5–7 and text. Adapted from ref. 19.

Fig. 5. Fractal scaling analyses for two 24-hr interbeat interval time series.
The solid black circles represent data from a healthy subject, whereas the open
red circles are for the artificial time series generated by randomizing the
sequential order of data points in the original time series. (A) Plot of log F(n)
vs. log n by the DFA analysis. (B) Fourier power spectrum analysis. The spectra
have been smoothed (binned) to reduce scatter. DFA and Fourier scaling
exponents, � � 1.0 and � � 1.0, respectively, are consistent with long-range
correlations (1�f noise). After randomization, � � 0.5 and � � 0, consistent
with loss of correlation properties (white noise).
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scaling properties. Multifractal signals are intrinsically more
complex and inhomogeneous than monofractals (Fig. 7). The
visually apparent ‘‘patchiness’’ of healthy heartbeat time series
(Fig. 1B) suggests that different parts of the signal may have
different scaling properties. In addition, evidence that heartbeat
dynamics exhibit nonlinear properties (41–44) indicates the need
to study higher order correlations. To obtain additional infor-
mation about the singular properties of such signals, we recently
adapted the wavelet modulus maxima method to physiologic
time series (14). Our findings suggest that not only are heart rate
time series of healthy humans multifractal signals (14), but that
this type of complex variability is not simply attributable to
physical activity (45). Furthermore, heart rate time series from
patients with severe heart failure show a breakdown of multi-
fractal scaling (ref. 14; Fig. 7).

The detection of multifractal scaling in heart rate dynamics is
of interest for a number of reasons (14, 38, 39, 45). Previous
analyses by our group and others have focused only on the
quantification of a single exponent (i.e., monofractal behavior)
to characterize the 1�f-like scaling of healthy interbeat intervals
and other physiologic time series over a wide range of time scales
(20, 22, 23, 46, 47). Subsequent findings suggest that the healthy
heartbeat is even more complex than suspected, because it
requires multiple exponents for its characterization. The appar-
ent loss of multifractal complexity in a life-threatening patho-
logic condition—namely heart failure—confirms and extends
the monofractal (DFA and Fourier transform) analyses de-
scribed above. These findings also pose a challenge to contem-
porary efforts aimed at developing realistic models of heart rate
control and other processes under neuroautonomic regulation
(14, 30, 48). No precedent exists in physiology to account for
dynamics with such multiscale, nonlinear complexity, which in
physical systems has been connected with turbulence and related
phenomena (14, 49, 50). Multifractality in heartbeat dynamics
raises the intriguing possibility that the nonlinear control mech-
anisms involve coupled cascades of feedback loops in a system
operating far from equilibrium (14).

Fractal Scaling in Other Signals: Human Gait Dynamics
Concepts and methods described above to detect and quantify
scaling behavior of heartbeat time series can be applied to other
complex physiologic signals. An illustrative example is the
analysis of the step-to-step (stride interval) f luctuations in
human walking rhythm. The stride interval is analogous to the
cardiac interbeat interval, and, like the heartbeat, traditionally it
has been thought to be quite regular under healthy conditions.
However, as shown in Fig. 8 Top, subtle but complex fluctuations
are apparent in healthy gait dynamics. Whereas this ‘‘noise’’ had
been previously observed, until recently these fluctuations had
not been characterized. Our goal has been to analyze step-to-
step fluctuations in gait to help understand the neural control of
locomotion in health and disease (refs. 15 and 51–53; for ref. 52,
text and data available at http:��www.physionet.org�publica-
tions�); for ref. 53, data available at http:��www.physionet.org�
physiobank�database�gaitndd�?M�A).

By using scaling analysis techniques described above (Fig. 4),
we have found that (i) for healthy adults, f luctuations in the
stride interval during walking are not random, but display
long-range correlations, extending over thousands of steps,
consistent with a fractal gait rhythm (51) and (ii) these corre-
lation properties evolve during childhood (52) and degrade both
with physiologic aging and with certain degenerative neurologic
diseases, including Huntington’s disease and Parkinson’s disease
(15). Furthermore, in subjects with Huntington’s disease, the
scaling exponent, �, is strongly related to the degree of functional
impairment (15).

These findings are of interest from both basic and bedside
perspectives. The long-range correlations in stride dynamics are not
accounted for by traditional central pattern generator models of
rhythmic motor behavior (51, 54). The observation that aging and
neurologic disease diminish stride interval correlation properties
parallels the effects of age and pathology on heartbeat dynamics
described above, and may also generalize to modeling other neu-
roregulatory processes. From a practical viewpoint, measurement
of short and longer-range scaling properties, along with other
temporal parameters of gait, may aid in the quantitative assessment

Fig. 6. Scaling analysis of heartbeat time series in health, aging, and disease.
Plot of log F(n) vs. log n for data from a healthy young adult, a healthy elderly
subject, and a subject with congestive heart failure. Compared with the
healthy young subject, the heart failure and healthy elderly subjects show
alterations in both short and longer range correlation properties. To facilitate
assessment of these scaling differences, the plots are vertically offset from
each other. Adapted from ref. 19.

Fig. 7. Singularity spectra of heart rate signals in health and disease. The
function D(h) measures the fractal dimension of the subset of the signal that is
characterized by a local Hurst exponent with value h. (The local Hurst exponent
h is related to the exponent � of the DFA method by the relationship � � 1 � h.)
Note the broad range of values of h with non-zero fractal dimensions for the
healthy heartbeat, indicating multifractal dynamics. In contrast, data from a
representative subject with severe heart failure shows a much narrower range of
values of h with non-zero fractal dimensions, indicating loss of multifractal
complexity with a life-threatening disease. Adapted from ref. 14.
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of neurologic status and the efficacy of pharmacologic therapy and
other interventions designed to maintain or restore gait stability
(refs. 19, 53, 55, and 56; for ref. 55, data available at http:��
www.physionet.org�physiobank�database�umwdb�).

Fractal Physiology: Implications for the Dynamics of Health
and Disease
A defining feature of healthy function is adaptability, the
capacity to respond to unpredictable stimuli and stresses. Func-
tional plasticity requires a broad range of integrated outputs.
Fractal physiology, exemplified by long-range correlations in the
human heartbeat, as well as in gait dynamics, may be adaptive
from at least two perspectives (12–14, 19): (i) long-range cor-
relations serve as a (self-) organizing mechanism for highly
complex processes that generate fluctuations across a wide range
of time scales; and (ii) the absence of a characteristic scale
inhibits the emergence of highly periodic behaviors (mode-
locking), which would greatly narrow functional responsiveness.
This latter conjecture is supported by findings from life-
threatening conditions such as heart failure, where the break-
down of fractal correlations is often accompanied by the emer-
gence of a dominant mode (e.g., the Cheyne-Stokes breathing
frequency; Fig. 1C). Transitions to strongly periodic dynamics

are observed in many other pathologies, including Parkinson’s
disease (tremor), obstructive sleep apnea (ref. 41; Fig. 3), sudden
cardiac death, epilepsy, and fetal distress syndromes, to name but
a few (12–14, 57).

The paradoxical appearance of highly ordered dynamics with
pathologic states (often termed ‘‘disorders’’) exemplifies the con-
cept of complexity loss in disease and aging (11, 13). We have
defined physiologic complexity as relating, at least in part, to the
presence of long-range (fractal) correlations, along with distinct
classes of nonlinear interactions (13, 16). The antithesis of a
scale-free system is one dominated by a characteristic frequency.
Physiologic systems manifesting only one (or a few) dominant
scale(s) become especially easy to recognize and characterize for
clinicians because they necessarily display strongly periodic dynam-
ics—repeating their behavior over a sustained time in a highly
predictable (syndromic) pattern (Fig. 1 A and C; refs. 12 and 13).

Whereas fractals are irregular, not all irregular spatial or
temporal structures are fractal. A key feature of the class of
fractals observed in healthy physiology appears to be the dis-
tinctive type of long-range order described above (13, 19). This
power-law correlation property can extend over many scales of
space or time (Fig. 5). For complex physiologic processes,
scale-invariance is the mechanism underlying a ‘‘memory’’ ef-
fect: the value of some variable, e.g., heart rate or stride interval
at a given time, is related not just to immediately preceding
values, but to fluctuations in the remote past (19, 51). Certain
pathologies are marked by a breakdown of this organization,
sometimes producing an uncorrelated randomness similar to
‘‘white noise,’’ and apparently distinct from deterministic chaos
(13, 19). Examples include the erratic ventricular response in
atrial fibrillation over relatively short time scales (Fig. 1D) and
stride interval f luctuations in Huntington’s disease (Fig. 8).

In summary, the breakdown of fractal physiologic complexity
may be associated with excessive order (pathologic periodicity),
on the one hand, or uncorrelated randomness, on the other (13,
16, 19). A unifying theme underlying both routes to pathology is
the degradation of correlated, multiscale dynamics.

Future Directions: Addressing the Problem of Access to
Physiologic Data
A major impediment to the dynamical analysis of physiologic
signals has been the unavailability of large, well-characterized
databases and algorithms necessary to promote multidisciplinary
efforts to find ‘‘hidden information’’ in such recordings. In
September, 1999, under the sponsorship of the National Center
for Research Resources of the National Institutes of Health, we
and our colleagues inaugurated the Research Resource for
Complex Physiologic Signals (refs. 58 and 59; ref. 58 available at
http:��circ.ahajournals.org�cgi�content�full�101�23�e215).
The ‘‘PhysioNet’’ Resource has three interdependent compo-
nents: (i) PhysioBank is a large and growing archive of well-
characterized digital recordings of physiologic signals. Currently
available databases include multiparameter cardiopulmonary,
neural, and other biomedical signals from healthy subjects and
from those with a variety of conditions with major public health
implications, such as life-threatening cardiac arrhythmias, con-
gestive heart failure, sleep apnea, neurologic disorders, and
aging. (ii) PhysioToolkit is a library of open-source software for
physiologic signal processing and analysis, detection of physio-
logically significant events by using both classical techniques, and
novel methods based on statistical physics and nonlinear dynam-
ics (e.g., DFA and multifractal analysis). (iii) PhysioNet (from
which the Resource derives its name) is an on-line forum for
dissemination and exchange of recorded biomedical signals and
open-source software for analyzing them.

PhysioNet recently initiated a series of unique web-based
competitions (in the spirit of Fig. 1). Researchers are confronted
with a major clinical problem (e.g., diagnosing sleep apnea from

Fig. 8. Stride interval fluctuations in health and disease. For illustrative
purposes, each time series has been normalized by subtracting its mean and
dividing by its standard deviation. The breakdown in long-range correla-
tions with Huntington’s disease is indicated by the change in scaling
exponent, �, from close to 1 in health to about 0.5 with severe pathology.
Logarithmic values are given to base 10. Adapted from ref. 15.
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a single-lead electrocardiogram, or forecasting the occurrence of
cardiac arrhythmias), and are challenged to develop new diag-
nostic methods based on ‘‘real-world’’ physiologic data made
available over the Internet. This modality is intended to foster
friendly competition and collaboration, helping to create inter-
disciplinary ‘‘laboratories without walls.’’ The initial experience
has been very encouraging: PhysioNet challenges have been
creatively addressed by researchers who would, otherwise, never
have had access to these kinds of annotated biomedical datasets,
including investigators with expertise in physics, computer sci-
ence, bioengineering, and mathematics.

PhysioNet also provides a platform for investigators to publish
not only the text of peer-reviewed articles, but also the support-
ive original data and algorithms (‘‘Pub-Med Plus’’ initiative).
This capability facilitates reanalysis of data with new techniques
as they become available, permitting ongoing ‘‘data-leveraging’’
and ‘‘data-mining,’’ as well as validation studies. We anticipate
that future explorations will focus productively not only on
scale-invariance and its alterations with aging and disease, but
also on the rich and remarkable array of other behaviors related

to complexity and nonlinear dynamics in physiology and medi-
cine listed in Table 1. Many more manifestations of physiologic
complexity likely remain to be discovered. Just as GenBank and
related databases have greatly accelerated progress in molecular
biology, open-source datasets of carefully annotated dynamical
signals, along with analytic software, promise to catalyze efforts
to understand and model integrative physiologic control and
complex signaling networks in the postgenomic era (2, 58). In a
related way, open-source data and algorithms are likely to be
essential not only in the development of new diagnostic and
prognostic measures, but also in the discovery of novel thera-
peutic interventions.
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Abstract

According to classical concepts of physiologic control, healthy systems are self-regulated to reduce

variability and maintain physiologic constancy. Contrary to the predictions of homeostasis, however,

the output of a wide variety of systems, such as the normal human heartbeat, fluctuates in a complex

manner, even under resting conditions. Scaling techniques adapted from statistical physics reveal the

presence of long-range, power-law correlations, as part of multifractal cascades operating over a wide

range of time scales. These scaling properties suggest that the nonlinear regulatory systems are

operating far from equilibrium, and that maintaining constancy is not the goal of physiologic control.

In contrast, for subjects at high risk of sudden death (including those with heart failure), fractal

organization, along with certain nonlinear interactions, breaks down. Application of fractal analysis

may provide new approaches to assessing cardiac risk and forecasting sudden cardiac death, as well

as to monitoring the aging process. Similar approaches show promise in assessing other regulatory

systems, such as human gait control in health and disease. Elucidating the fractal and nonlinear

mechanisms involved in physiologic control and complex signaling networks is emerging as a major

challenge in the postgenomic era.
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PACS. 02.50.Ey – Stochastic processes.
PACS. 05.40.Fb – Random walks and Levy flights.
PACS. 05.40.-a – Fluctuation phenomena, random processes, noise, and Brownian motion.

Abstract. – We study the dynamics of the awakening during the night for healthy subjects and
find that the wake and the sleep periods exhibit completely different behavior: the durations
of wake periods are characterized by a scale-free power law distribution, while the durations of
sleep periods have an exponential distribution with a characteristic time scale. We find that
the characteristic time scale of sleep periods changes throughout the night. In contrast, there
is no measurable variation in the power law behavior for the durations of wake periods. We
develop a stochastic model which agrees with the data and suggests that the difference in the
dynamics of sleep and wake states arises from the constraints on the number of microstates in
the sleep-wake system.

In clinical sleep centers, the “total sleep time” and the “total wake time” during the
night are used to evaluate sleep efficacy and to diagnose sleep disorders. However, the total
wake time during a long period of nocturnal sleep is actually comprised of many short wake
intervals (fig. 1). This fact suggests that the “total wake time” during sleep is not sufficient to
characterize the complex sleep-wake transitions and that it is important to ask how periods
of the wake state distribute during the course of the night. Although recent studies have
focused on sleep control at the neuronal level [1–4], very little is known about the dynamical
mechanisms responsible for the time structure or even the statistics of the abrupt sleep-wake
transitions during the night. Furthermore, different scaling behavior between sleep and wake
activity and between different sleep stages has been observed [5, 6]. Hence, investigating the
statistical properties of the wake and sleep states throughout the night may provide not only
a more informative measure but also insight into the mechanisms of the sleep-wake transition.

We analyze 39 full-night sleep records collected from 20 healthy subjects (11 females and
9 males, ages 23–57, with average sleep duration 7.0 hours). We first study the distribution
of durations of the sleep and of the wake states during the night (fig. 1). We calculate the
cumulative distribution of durations, defined as

P (t) ≡
∫ ∞

t

p(r)dr , (1)

c© EDP Sciences
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Fig. 1 – Sleep-wake transitions during nocturnal sleep. (a) Representative example of sleep-stage tran-
sitions from a healthy subject. Data were recorded in a sleep laboratory according to the Rechtschaffen
and Kales criteria [7]: two channels of electroencephalography (EEG), two channels of electrooculog-
raphy (EOG) and one channel of submental electromyography (EMG) were recorded. Signals were
digitized at 100 Hz and 12 bit resolution, and visually “scored” by sleep experts in segments of 30 sec-
onds for sleep stages: wakefulness, rapid-eye-movement (REM) sleep and non-REM sleep stages 1, 2,
3 and 4. (b) Magnification of the shaded region in (a). In order to study sleep-wake transitions, we
reduce the five sleep stages into a single sleep state by grouping rapid-eye-movement (REM) sleep
and sleep stages 1 to 4 into a single sleep state.

where p(r) is the probability density function of durations between r and r + dr. We analyze
P (t) of the wake state, and we find that the data follow a power law distribution,

P (t) ∼ t−α . (2)

We calculate the exponent α for each of the 20 subjects, and find an average exponent α = 1.3
with a standard deviation σ = 0.4.

It is important to verify that the data from individual records correspond to the same
probability distribution. To this end, we apply the Kolmogorov-Smirnov test to the data from
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Fig. 2 – Cumulative probability distribution P (t) of sleep and wake durations of individual and pooled
data. Double-logarithmic plot of P (t) of wake durations (a) and semi-logarithmic plot of P (t) of sleep
durations (b) for pooled data and for data from one typical subject. P (t) for three typical subjects is
shown in the insets. Note that due to the limited number of sleep-wake periods for each subject, it is
difficult to determine the functional form for individual subjects. We perform the K-S test and com-
pare the probability density p(t) for all individual data sets and pooled data for both wake and sleep
periods. For both sleep and wake, less than 10% of the individual data fall below the 0.05 significant
level of disproof of the null hypothesis, that p(t) for each individual subject is very likely drawn from
the same distribution. The K-S statistics significantly improves if we use recordings only from the
second night. Therefore, pooling all data improves the statistics by preserving the form of p(t).
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Fig. 3 – Cumulative distribution of durations P (t) of sleep and wake states from data. (a) Double-
logarithmic plot of P (t) from the pooled data. For the wake state, the distribution closely follows
a straight line with a slope α = 1.3 ± 0.1, indicating power law behavior of the form of eq. (2).
(b) Semi-logarithmic plot of P (t). For the sleep state, the distribution follows a straight line with a
slope 1/τ where τ = 22 ± 1, indicating an exponential behavior of the form of eq. (3). It has been
reported that the individual sleep stages have exponential distributions of durations [8–10]. Hence
we expect an exponential distribution of durations for the sleep state.

individual records. We find that we cannot reject the null hypothesis that p(t) of the wake
state of each subject is drawn from the same distribution, suggesting that one can pool all
data together to improve the statistics without changing the distribution (fig. 2a). Pooling
the data from all 39 records, we find that P (t) of the wake state is consistent with a power
law distribution with an exponent α = 1.3 ± 0.1 (fig. 3a).

In order to verify that the distribution of durations of the wake state is better described
by a power law rather than an exponential or a stretched exponential functional form, we fit
these curves to the distributions from pooled data. Using the Levenberg-Marquardt method,
we find that both the exponential and the stretched exponential forms lead to worse fits. The
χ2 errors of the power law fit, exponential fit and stretched exponential fits are 3 × 10−5,
1.6× 10−3 and 3.5× 10−3, respectively. We also check the results by plotting i) log P (t) vs. t
and ii) log(| log P (t)|) vs. log t (1) and find in both cases that the data are clearly more curved
than when we plot log P (t) vs. log t, indicating that a power law provides the best description
of the data (2).

We perform a similar analysis for the sleep state and find, in contrast to the result for the
wake state, that the data in the large-time region (t > 5 min) exhibit exponential behavior

P (t) ∼ e−t/τ . (3)

We calculate the time constants τ for the 20 subjects, and find an average τ = 20 min
with σ = 5. Using the Kolmogorov-Smirnov test, we find that we cannot reject the null

(1)For the stretched exponential y = a exp [−bxc], where a, b and c are constants, the log(| log y|) vs. log x
plot is not a straight line unless a = 1. Since we do not know what the corresponding value of a is in our data,
we cannot rescale y so that a = 1. The solution is to shift x for a certain value to make y = 1 when x = 0,
in which case a = 1. In our data, P (t) = 1 when t = 0.5, so we shift t by −0.5 before plotting log(| log P (t)|)
vs. log t.
(2)According to eq. (1), if P (t) is a power law function, so is p(t). We also separately check the functional
form of p(t) for the data with the same procedure and find that the power law provides the best description
of the data.
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Fig. 4 – P (t) of sleep and wake states in the first two hours, middle two hours and last two hours
of sleep. (a) P (t) of wake states; the power law exponent α does not change in a measurable way.
(b) P (t) of sleep states; the characteristic time τ decreases in the course of the night.

hypothesis that p(t) of the sleep state of each subject of our 39 data sets is drawn from the
same distribution (fig. 2b). We further find that P (t) of the sleep state for the pooled data is
consistent with an exponential distribution with a characteristic time τ = 22±1 min (fig. 3b).

In order to verify that P (t) of the sleep state is better described by an exponential func-
tional form rather than by a stretched exponential functional form, we fit these curves to the
P (t) from pooled data. Using the Levenberg-Marquardt method, we find that the stretched
exponential form leads to worse fit. The χ2 errors of the exponential fit and the stretched
exponential fit are 8×10−5 and 2.7×10−2, respectively. We also check the results by plotting
log(| log P (t)|) vs. log t (1) and find that the data are clearly more curved than when we plot
log P (t) vs. t, indicating that an exponential form provides the best description of the data.

Sleep is not a “homogeneous process” throughout the course of the night [11, 12], so we
ask if there is any change of α and τ during the night. We study sleep and wake durations
for the first two hours, middle two hours, and the last two hours of nocturnal sleep using the
pooled data from all 39 records (fig. 4). Our results suggest that α does not change for these
three portions of the night, while τ decreases from 27± 1 min in the first two hours to 22± 1
min in the middle two hours, and then to 18± 1 min in the last two hours. The decrease in τ
implies that the number of wake periods increases as the night proceeds, and we indeed find
that the average number of wake periods for the last two hours is 1.4 times larger than for
the first two hours.

We next investigate mechanisms that may be able to generate the different behavior ob-
served for sleep and wake. Although several quantitative models, such as the two-process
model [13] and the thermoregulatory model [14], have been developed to describe human sleep
regulation, detailed modeling of frequent short awakening during nocturnal sleep has not been
addressed [15]. To model the sleep-wake transitions, we make three assumptions (fig. 5):

Assumption 1 defines the key variable x(t) for sleep-wake dynamics. Although we consider
a two-state system, the brain as a neural system is unlikely to have only two discrete states.
Hence, we assume that both wake and sleep “macro” states comprise a large number of
“microstates” which we map onto a continuous variable x(t) defined in such a way that
positive values correspond to the wake state while negative values correspond to the sleep
state. We further assume that there is a finite region −∆ ≤ x ≤ 0 for the sleep state.

Assumption 2 concerns the dynamics of the variable x(t). Recent studies [2, 4] suggest
that a small population of sleep-active neurons in a localized region of the brain distributes
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Fig. 5 – (a) The upper panel illustrates the dynamics of the model. The state x(t) of the sleep-wake
system evolves as a random walk with the convention that x > 0 corresponds to the wake state
and −∆ ≤ x ≤ 0 corresponds to the sleep state. In the wake state there is a “restoring force,”
f(x) = −b/x, “pulling” the system towards the sleep state. The lower panel illustrates sleep-wake
transitions from the model, where Sn and Wn indicate the durations of the n-th sleep and wake
states, respectively. (b) Comparison of typical data and of a typical output of the model. The visual
similarity between the two records is confirmed by quantitative analysis (fig. 6).

inhibitory inputs to wake-promoting neuronal populations, which in turn interact through a
feedback on the sleep-active neurons. Because of these complex interactions, the global state
of the system may present a “noisy” behavior. Accordingly, we assume that x(t) evolves
by a random-walk type of dynamics due to the competition between the sleep-active and
wake-promoting neurons.

Assumption 3 concerns a bias towards sleep. We assume that if x(t) moves into the wake
state, then there will be a “restoring force” pulling it towards the sleep state. This assumption
corresponds to the common experience that in wake periods during nocturnal sleep, one usually
has a strong tendency to quickly fall asleep again. Moreover, the longer one stays awake, the
more difficult it may be to fall back asleep, so we assume that the restoring force becomes
weaker as one moves away from the transition point x = 0. We model these observations by
assuming that the random walker moves in a logarithmic potential V (x) = b ln x, yielding a
force f(x) ≡ −dV (x)/dx = −b/x, where the bias b quantifies the strength of the force.

Assumptions 1-3 can be written compactly as

δx(t) ≡ x(t + 1) − x(t) =

{
ε(t), if − ∆ ≤ x(t) ≤ 0 (sleep),
− b

x + ε(t), if x(t) > 0 (wake),
(4)

where ε(t) is an uncorrelated Gaussian-distributed random variable with zero mean and unit
standard deviation. In our model, the bias b and the threshold ∆ may change during the
course of the night due to physiological variations such as the circadian cycle [13,15].

In our model, the distribution of durations of the wake state is identical to the distribution
of return times of a random walk in a logarithmic potential. For large times, this distribution
is of a power law form [16–19]. Hence, for large times, the cumulative distribution of return
times is also a power law, eq. (2), and the exponent is predicted to be

α =
1
2

+ b . (5)

From eq. (5) it follows that the cumulative distribution of return times for a random walk
without bias (b = 0) decreases as a power law with an exponent α = 1/2. Note that intro-
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Fig. 6 – Comparison of P (t) for data and model (two runs with same parameters). (a) P (t) of the
wake state. (b) P (t) of the sleep state. Note that the choice of ∆ depends on the choice of the
time unit of the step in the model. We choose the time unit to be 30 seconds, which corresponds
to the time resolution of the data. To avoid big jumps in x(t) due to the singularity of the force
when x(t) approaches x = 0, we introduce a small constant λ in the definition of the restoring force
f(x) = −b/(x + λ). We find that the value of λ does not change α or τ .

ducing a restoring force of the form f(x) = −b/xγ , with γ �= 1, yields stretched exponential
distributions [19], so γ = 1 is the only case yielding a power law distribution.

Similarly, the distribution of durations of the sleep state is identical to the distribution
of return times of a random walk in a space with a reflecting boundary. Hence P (t) has
an exponential distribution, eq. (3), in the large-time region, with the characteristic time τ
predicted to be

τ ∼ ∆2 . (6)

Equations (5) and (6) indicate that the values of α and τ in the data can be reproduced in our
model by “tuning” the threshold ∆ and the bias b (fig. 6). The decrease of the characteristic
duration of the sleep state as the night proceeds is consistent with the possibility that ∆
decreases. Our calculations suggest that ∆ decreases from 7.9± 0.2 in the first hours of sleep,
to 6.6±0.2 in the middle hours, and then to 5.5±0.2 for the final hours of sleep. Accordingly,
the number of wake periods of the model increases by a factor of 1.3 from the first two hours
to the last two hours, consistent with the data. However, the apparent consistency of the
power law exponent for the wake state suggests that the bias b may remain approximately
constant during the night. Our best estimate is b = 0.8 ± 0.1.

To further test the validity of our assumptions, we examine the correlation between
the durations of consecutive states. Consider the sequence of sleep and wake durations
{S1 W1 S2 W2...Sn Wn}, where Sn indicates the duration of the n-th sleep period and Wn

indicates the duration of the n-th wake period (fig. 5a). Our model predicts that there are no
autocorrelations in the series Sn and Wn, as well as no cross-correlations between series Sn and
Wn, the reason being that the uncorrelated random walk carries no information about previous
steps. The experimental data confirms these predictions, within statistical uncertainties.

Our findings of a power law distribution for wake periods and an exponential distribution
for sleep periods are intriguing because the same sleep-control mechanisms give rise to two
completely different types of dynamics —one without and the other with a characteristic scale.
Our model suggests that the difference in the dynamics of the sleep and wake states (e.g.,
power law vs. exponential) arises from the distinct number of microstates that can be explored
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by the sleep-wake system for these two states. During the sleep state, the system is confined
in the region −∆ ≤ x ≤ 0. The parameter ∆ imposes a scale which causes an exponential
distribution of durations. In contrast, for the wake state the system can explore the entire half-
plane x > 0. The lack of constraints leads to a scale-free power law distribution of durations.
In addition, the 1/x restoring force in the wake state does not change the functional form
of the distribution, but its magnitude determines the power law exponent of the distribution
using eq. (5).

Although in our model the sleep-wake system can explore the entire half-plane x > 0
during wake periods, the “real” biological system is unlikely to generate very large value (i.e.,
extreme long wake durations). There must be a constraint or boundary in the wake state
at a certain value of x. If such a constraint or boundary exists, we will find a cut-off with
exponential tail in the distribution of durations of the wake state. More data are needed to
test this hypothesis.

Our additional finding of a stable power law behavior for wake periods for all portions of
the night implies that the mechanism generating the restoring force in the wake state is not
affected in a measurable way by the mechanism controlling the changes in the durations of the
sleep state. We hypothesize that even though the power law behavior does not change in the
course of the night for healthy individuals, it may change under pharmacological influences or
under different conditions, such as stress or depression. Thus, our results may also be useful
for testing these effects on the statistical properties of the wake state and the sleep state.
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Detrended fluctuation analysis~DFA! is a scaling analysis method used to quantify long-range power-law
correlations in signals. Many physical and biological signals are ‘‘noisy,’’ heterogeneous, and exhibit different
types of nonstationarities, which can affect the correlation properties of these signals. We systematically study
the effects of three types of nonstationarities often encountered in real data. Specifically, we consider nonsta-
tionary sequences formed in three ways:~i! stitching together segments of data obtained from discontinuous
experimental recordings, or removing some noisy and unreliable parts from continuous recordings and stitch-
ing together the remaining parts—a ‘‘cutting’’ procedure commonly used in preparing data prior to signal
analysis;~ii ! adding to a signal with known correlations a tunable concentration of random outliers or spikes
with different amplitudes; and~iii ! generating a signal comprised of segments with different properties—e.g.,
different standard deviations or different correlation exponents. We compare the difference between the scaling
results obtained for stationary correlated signals and correlated signals with these three types of nonstationari-
ties. We find that introducing nonstationarities to stationary correlated signals leads to the appearance of
crossovers in the scaling behavior and we study how the characteristics of these crossovers depend on~a! the
fraction and size of the parts cut out from the signal,~b! the concentration of spikes and their amplitudes~c! the
proportion between segments with different standard deviations or different correlations and~d! the correlation
properties of the stationary signal. We show how to develop strategies for preprocessing ‘‘raw’’ data prior to
analysis, which will minimize the effects of nonstationarities on the scaling properties of the data, and how to
interpret the results of DFA for complex signals with different local characteristics.

DOI: 10.1103/PhysRevE.65.041107 PACS number~s!: 05.40.2a

I. INTRODUCTION

In recent years, there has been growing evidence indicat-
ing that many physical and biological systems have no char-
acteristic length scale and exhibit long-range power-law cor-
relations. Traditional approaches such as the power-spectrum
and correlation analysis are suited to quantify correlations in
stationary signals@1,2#. However, many signals that are out-
puts of complex physical and biological systems are
nonstationary—the mean, standard deviation, and higher mo-
ments, or the correlation functions are not invariant under
time translation@1,2#. Nonstationarity, an important aspect of
complex variability, can often be associated with different
trends in the signal or heterogeneous segments~patches!
with different local statistical properties. To address this
problem, detrended fluctuation analysis~DFA! was devel-
oped to accurately quantify long-range power-law correla-
tions embedded in a nonstationary time series@3,4#. This
method provides a single quantitative parameter—the scaling
exponenta—to quantify the correlation properties of a sig-
nal. One advantage of the DFA method is that it allows the
detection of long-range power-law correlations in noisy sig-
nals with embedded polynomial trends that can mask the true
correlations in the fluctuations of a signal. The DFA method
has been successfully applied to research fields such as DNA
@3,5–16#, cardiac dynamics@17–37#, human gait@38#, me-
teorology @39#, climate temperature fluctuations@40–42#,
river flow and discharge@43,44#, neural receptors in biologi-
cal systems@45#, and economics@46–58#. The DFA method
may also help identify different states of the same system
with different scaling behavior—e.g., the scaling exponenta

for heartbeat intervals is different for healthy and sick indi-
viduals @17,28# as well as for waking and sleeping states
@23,33#.

To understand the intrinsic dynamics of a given system, it
is important to analyze and correctly interpret its output sig-
nals. One of the common challenges is that the scaling ex-
ponent is not always constant~independent of scale! and
crossovers often exist—i.e., the value of the scaling exponent
a differs for different ranges of scales@17,18,23,59,60#. A
crossover is usually due to a change in the correlation prop-
erties of the signal at different time or space scales, though it
can also be a result of nonstationarities in the signal. A recent
work considered different types of nonstationarities associ-
ated with different trends~e.g., polynomial, sinusoidal, and
power-law trends! and systematically studied their effect on
the scaling behavior of long-range correlated signals@61#.
Here we consider the effects of three other types of nonsta-
tionarities, which are often encountered in real data or result
from ‘‘standard’’ data preprocessing approaches.

(a) Signals with segments removed. First we consider a
type of nonstationarity caused by discontinuities in signals.
Discontinuities may arise from the nature of experimental
recordings, e.g., stock exchange data are not recorded during
the nights, weekends, and holidays@46–53#. Alternatively,
discontinuities may be caused by the fact that some noisy
and unreliable portions of continuous recordings must be dis-
carded, as often occurs when analyzing physiological signals
@17–37#. In this case, a common preprocessing procedure is
to cut out the noisy, unreliable parts of the recording and
stitch together the remaining informative segments before
any statistical analysis is performed. One immediate problem
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is how such cutting procedure will affect the scaling proper-
ties of long-range correlated signals. A careful consideration
should be made when interpreting results obtained from scal-
ing analysis, so that an accurate estimate of the true correla-
tion properties of the original signal may be obtained.

(b) Signals with random spikes. A second type of nonsta-
tionarity is due to the existence of spikes in data, which is
very common in real life signals@17–38#. Spikes may arise
from external conditions that have little to do with the intrin-
sic dynamics of the system. In this case, we must distinguish
the spikes from normal intrinsic fluctuations in the system’s
output and filter them out when we attempt to quantify cor-
relations. Alternatively, spikes may arise from the intrinsic
dynamics of the system, rather than being an epiphenomenon
of external conditions. In this second case, careful consider-
ations should be made as to whether the spikes should be
filtered out when estimating correlations in the signal, since
such ‘‘intrinsic’’ spikes may be related to the properties of
the noisy fluctuations. Here, we consider only the simpler
case, namely, when the spikes are independent of the fluc-
tuations in the signal. The problem is how spikes affect the
scaling behavior of correlated signals, e.g., what kind of
crossovers they may possibly cause. We also demonstrate to
what extent features of the crossovers depend on the statis-
tical properties of the spikes. Furthermore, we show how to
recognize if a crossover indeed indicates a transition from
one type of underlying correlations to a different type, or if
the crossover is due to spikes without any transition in the
dynamical properties of the fluctuations.

(c) Signals with different local behavior. A third type of
nonstationarity is associated with the presence of segments
in a signal that exhibit different local statistical properties,
e.g., different local standard deviations or different local cor-
relations. Some examples include the following:~a! 24-h
records of heart rate fluctuations are characterized by seg-
ments with larger standard deviation during stress and physi-
cal activity and segments with smaller standard deviation
during rest@19#; ~b! studies of DNA show that coding and
noncoding regions are characterized by different types of
correlations@5,8#; ~c! brain wave analysis of different sleep
stages~rapid eye movement sleep, light sleep, and deep
sleep! indicates that the signal during each stage may have
different correlation properties@62#; ~d! heartbeat signals
during different sleep stages exhibit different scaling proper-
ties @33#. For such complex signals, results from scaling
analysis often reveal a very complicated structure. It is a
challenge to quantify the correlation properties of these sig-
nals. Here, we take a first step toward understanding the
scaling behavior of such signals.

We study these three types of nonstationarities embedded
in correlated signals. We apply the DFA method to stationary
correlated signals and identical signals with artificially im-
posed nonstationarities, and compare the difference in the
scaling results.~i! We find that cutting segments from a sig-
nal and stitching together the remaining parts does not affect
the scaling for positively correlated signals. However, this
cutting procedure strongly affects anticorrelated signals,
leading to a crossover from an anticorrelated regime~at
small scales! to an uncorrelated regime~at large scales!. ~ii !

For the correlated signals with superposed random spikes,
we find that the scaling behavior is a superposition of the
scaling of the signal and the apparent scaling of the spikes.
We analytically prove this superposition relation by introduc-
ing asuperposition rule. ~iii ! For the case of complex signals
comprised of segments with different local properties, we
find that their scaling behavior is a superposition of the scal-
ing of the different components—each component containing
only the segments exhibiting identical statistical properties.
Thus, to obtain the scaling properties of the signal, we need
only to examine the properties of each component—a much
simpler task than analyzing the original signal.

The layout of the paper is as follows: In Sec. II, we de-
scribe how we generate signals with desired long-range cor-
relation properties and introduce the DFA method to quantify
these correlations. In Sec. III, we compare the scaling prop-
erties of correlated signals before and after removing some
segments from the signals. In Sec. IV, we consider the effect
of random spikes on correlated signals. We show that the
superposition of spikes and signals can be explained by a
superposition rule derived in Appendix A. In Sec. V, we
study signals comprised of segments with different local be-
havior. We systematically examine all resulting crossovers,
their conditions of existence, and their typical characteristics
associated with the different types of nonstationarities. We
summarize our findings in Sec. VI.

II. METHOD

Using a modified Fourier filtering method@63#, we gen-
erate stationary uncorrelated, correlated, and anticorrelated
signalsu( i ) ( i 51,2,3, . . . ,Nmax) with a standard deviation
s51. This method consists of the following steps.

~a! First, we generate an uncorrelated and Gaussian dis-
tributed sequenceh( i ) and calculate the Fourier transform
coefficientsh(q).

~b! The desired signalu( i ) must exhibit correlations that
are defined by the form of the power spectrum

S~q!5^u~q!u~2q!&;q2(12g), ~1!

where u(q) are the Fourier transform coefficients ofu( i )
and g is the correlation exponent. Thus, we generateu(q)
using the following transformation:

u~q!5@S~q!#1/2h~q!, ~2!

whereS(q) is the desired power spectrum in Eq.~1!.
~c! We calculate the inverse Fourier transform ofu(q) to

obtainu( i ).
We use the stationary correlated signalu( i ) to generate

signals with different types of nonstationarities and apply the
DFA method@3# to quantify correlations in these nonstation-
ary signals.

Next, we briefly introduce the DFA method, which in-
volves the following steps@3#.

~i! Starting with a correlated signalu( i ), where i
51, . . . ,Nmax, andNmax is the length of the signal, we first
integrate the signalu( i ) and obtainy(k)[( i 51

k @u( i )2^u&#,
where^u& is the mean.

CHEN, IVANOV, HU, AND STANLEY PHYSICAL REVIEW E 65 041107

041107-2



~ii ! The integrated signaly(k) is divided into boxes of
equal lengthn.

~iii ! In each box of lengthn, we fit y(k), using a polyno-
mial function of orderl, which represents thetrend in that
box. They coordinate of the fit line in each box is denoted by
yn(k) ~see Fig. 1, where linear fit is used!. Since we use a
polynomial fit of orderl, we denote the algorithm as DFA-l .

~iv! The integrated signaly(k) is detrended by subtracting
the local trendyn(k) in each box of lengthn.

~v! For a given box sizen, the root-mean-square~rms!
fluctuation for this integrated and detrended signal is calcu-
lated:

F~n![A 1

Nmax
(
k51

Nmax

@y~k!2yn~k!#2. ~3!

~vi! The above computation is repeated for a broad range
of scales~box sizesn) to provide a relationship between
F(n) and the box sizen.

A power-law relation between the average root-mean-
square fluctuation functionF(n) and the box sizen indicates
the presence of scaling:F(n);na. The fluctuations can be
characterized by a scaling exponenta, a self-similarity pa-
rameter that represents the long-range power-law correlation
properties of the signal. Ifa50.5, there is no correlation and
the signal is uncorrelated~white noise!; if a,0.5, the signal
is anticorrelated; ifa.0.5, the signal is correlated@64#.

We note that for anticorrelated signals, the scaling expo-
nent obtained from the DFA method overestimates the true
correlations at small scales@61#. To avoid this problem, one
needs first to integrate the original anticorrelated signal and
then apply the DFA method@61#. The correct scaling expo-
nent can thus be obtained from the relation betweenn and
F(n)/n @instead ofF(n)#. In the following sections, we first
integrate the signals under consideration, then apply DFA-2
to remove linear trends in these integrated signals. In order to
provide a more accurate estimate ofF(n), the largest box
sizen we use isNmax/10, whereNmax is the total number of
points in the signal.

We compare the results of the DFA method obtained from
the nonstationary signals with those obtained from the sta-
tionary signalu( i ) and examine how the scaling properties
of a detrended fluctuation functionF(n) change when intro-
ducing different types of nonstationarities.

III. SIGNALS WITH SEGMENTS REMOVED

In this section, we study the effect of nonstationarity
caused by removing segments of a given length from a signal
and stitching together the remaining parts—a ‘‘cutting’’ pro-
cedure often used in preprocessing data prior to analysis. To
address this question, we first generate a stationary correlated
signalu( i ) ~see Sec. II! of lengthNmax and a scaling expo-
nent a, using the modified Fourier filtering method@63#.
Next, we divide this signal intoNmax/W nonoverlapping
segments of sizeW and randomly remove some of these
segments. Finally, we stitch together the remaining segments
in the signalu( i ) @Fig. 2~a!#, thus obtaining a surrogate non-
stationary signal, which is characterized by three parameters:
the scaling exponenta, the segment sizeW, and the fraction
of the signalu( i ), which is removed.

We find that the scaling behavior of such a nonstationary
signal strongly depends on the scaling exponenta of the
original stationary correlated signalu( i ). As illustrated in
Fig. 2~b!, for a stationaryanticorrelatedsignal witha50.1,
the cutting procedure causes a crossover in the scaling be-
havior of the resultant nonstationary signal. This crossover
appears even when only 1% of the segments are cut out. At
scales larger than the crossover scalen3 , the rms fluctuation
function behaves asF(n);n0.5, which means an uncorre-
lated randomness, i.e., the anticorrelation has been com-
pletely destroyed in this regime. For all anticorrelated signals
with exponenta,0.5, we observe a similar crossover behav-
ior. This result is surprising, since researchers often take for
granted that a cutting procedure before analysis does not
change the scaling properties of the original signal. Our
simulation shows that this assumption is not true, at least for
anticorrelated signals.

Next, we investigate how the two parameters—the seg-
ment sizeW and the fraction of points cut out from the
signal—control the effect of the cutting procedure on the
scaling behavior of anticorrelated signals. For a fixed size of
the segments (W520), we find that the crossover scalen3

decreaseswith the increasing fraction of the cut out seg-
ments @Fig. 2~c!#. Furthermore, for anticorrelated signals
with small values of the scaling exponenta, e.g.,a50.1 and
a50.2, we find thatn3 and the fraction of the cut out seg-
ments display an approximate power-law relationship. For a
fixed fraction of the removed segments, we find that the
crossover scalen3 increaseswith increasingsegment sizeW
@Fig. 2~d!#. To minimize the effect of the cutting procedure
on the correlation properties, it is advantageous to cut
smaller number of segments of larger sizeW. Moreover, if
the segments that need to be removed are too close~e.g., at a
distance shorter than the size of the segments!, it may be
advantageous to cut out both the segments and a part of the
signal between them. This will effectively increase the size
of the segmentW without substantially changing the fraction

FIG. 1. ~a! The correlated signalu( i ). ~b! The integrated signal
y(k)5( i 51

k @u( i )2^u&#. The vertical dotted lines indicate a box of
sizen5100, the solid straight line segments are the estimated linear
‘‘trend’’ in each box by least-squares fit.
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of the signal that is cut out, leading to an increase in the
crossover scalen3 . Such a strategy would minimize the
effect of this type of nonstationarity on the scaling properties
of the data. For small values of the scaling exponenta (a
,0.25), we find thatn3 and W follow power-law relation-
ships@Fig. 2~d!#. The reason we do not observe a power-law
relationship betweenn3 and W and betweenn3 and the
fraction of cut out segments, for the values of the scaling
exponenta close to 0.5, may be due to the fact that the
crossover regime becomes broader when it separates scaling
regions with similar exponents, thus leading to an uncer-
tainty in definingn3 . For a fixedW and a fixed fraction of

the removed segments@see Figs. 2~c! and 2~d!#, we observe
that n3 increases with the increasing value of the scaling
exponenta, i.e., the effect of the cutting procedure on the
scaling behavior decreases when the anticorrelations in the
signal are weaker (a closer to 0.5).

Finally, we consider the case of correlated signalsu( i )
with 1.5.a.0.5. Surprisingly, we find that the scaling of
correlated signals is not affected by the cutting procedure.
This observation remains true independently of the segment
size W—from very small W(55) up to very largeW
(55000) segments—even when up to 50% of the segments
are removed from a signal withNmax;106 points@Fig. 2~e!#.

FIG. 2. Effects of the ‘‘cutting’’ procedure on the scaling behavior of stationary correlated signals.Nmax5220 is the number of points in
the signals~standard deviations51) andW is the size of the cut out segments.~a! A stationary signal with 10% of the points removed. The
removed parts are presented by shaded segments of sizeW520 and the remaining parts are stitched together.~b! Scaling behavior of
nonstationary signals obtained from an anticorrelated stationary signal~scaling exponenta,0.5) after the cutting procedure. A crossover
from anticorrelated to uncorrelated (a50.5) behavior appears at scalen3 . The crossover scalen3 decreases by increasing the fraction of
points removed from the signal. We determinen3 based on the differenceD between the logarithm ofF(n)/n for the original stationary
anticorrelated signal (a50.1) and the nonstationary signal with cut out segments:n3 is the scale at whichD>0.04. Dependence of the
crossover scalen3 on the fraction~c! and on the sizeW ~d! of the cutout segments for anticorrelated signals with different scaling exponents
a. ~e! Cutting procedure applied to correlated signals (a.0.5). In contrast to~b!, no discernible effect on the scaling behavior is observed
for different values of the scaling exponenta, even when up to 50% of the points in the signals are removed.
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IV. SIGNALS WITH RANDOM SPIKES

In this section, we consider nonstationarity related to the
presence of random spikes in the data and we study the effect
of this type of nonstationarity on the scaling properties of
correlated signals. First, we generate surrogate nonstationary
signals by adding random spikes to a stationary correlated
signalu( i ) @see Sec. II and Figs. 3~a!–3~c!#.

We find that the correlation properties of the nonstation-
ary signal with spikes depend on the scaling exponenta of
the stationary signal and the scaling exponentasp of the
spikes. When uncorrelated spikes (asp50.5) are added to a
correlated or anticorrelated stationary signal@Figs. 3~d! and
3~e!#, we observe a change in the scaling behavior with a
crossover at a characteristic scalen3 . For anticorrelated sig-
nals (a,0.5) with random spikes, we find that at scales
smaller thann3 , the scaling behavior is close to that ob-
served for the stationary anticorrelated signal without spikes,
while for scales larger thann3 , there is a crossover to ran-
dom behavior. In the case of correlated signals (a.0.5) with
random spikes, we find a different crossover from uncorre-
lated behavior at small scales, to correlated behavior at large
scales with an exponent close to the exponent of the original
stationary correlated signal. Moreover, we find that spikes
with a very small amplitude can cause strong crossovers in
the case of anticorrelated signals, while for correlated sig-
nals, identical concentrations of spikes with a much larger
amplitude do not affect the scaling. Based on these findings,
we conclude that uncorrelated spikes with a sufficiently large
amplitude can affect the DFA results at large scales for sig-
nals with a,0.5 and at small scales for signals witha
.0.5.

To better understand the origin of this crossover behavior,
we first study the scaling of the spikes only@see Fig. 3~b!#.
By varying the concentrationp(0<p<1) and the amplitude
Asp of the spikes in the signal, we find that for the general
case when the spikes may be correlated, the rms fluctuation
function behaves as

Fsp~n!/n5k0ApAspn
asp, ~4!

wherek0 is a constant andasp is the scaling exponent of the
spikes.

Next, we investigate the analytical relation between the
DFA results obtained from the original correlated signal, the
spikes, and the superposition of signal and spikes. Since the
original signal and the spikes are not correlated, we can use
a superposition rule~see@61# and Appendix A! to derive the
rms fluctuation functionF(n)/n for the correlated signal
with spikes,

@F~n!/n#25@Fh~n!/n#21@Fsp~n!/n#2, ~5!

where Fh(n)/n and Fsp(n)/n are the rms fluctuation
functions for the signal and the spikes, respectively.
To confirm this theoretical result, we calculate
A@Fh(n)/n#21@Fsp(n)/n#2 @see Figs. 3~d! and 3~e!# and
find that Eq.~5! is remarkably consistent with our experi-
mental observations.

FIG. 3. Effects of random spikes on the scaling behavior of
stationary correlated signals.~a! An example of an anticorrelated
signal u( i ) with scaling exponenta50.2, Nmax5220, and stan-
dard deviations51. ~b! A series of uncorrelated spikes (asp

50.5) at 5% randomly chosen positions~concentrationp50.05)
and with uniformly distributed amplitudesAsp in the interval
@24,4#. ~c! Superposition of the signals in~a! and ~b!. ~d!
Scaling behavior of an anticorrelated signalu( i ) (a50.2) with
spikes (Asp51, p50.05, asp50.5). For n,n3 , F(n)/n
'Fh(n)/n;na, whereFh(n)/n is the scaling function of the sig-
nal u( i ). For n.n3 , F(n)/n'Fsp(n)/n;nasp. ~e! Scaling be-
havior of a correlated signalu( i )(a50.8) with spikes (Asp

510, p50.05, asp50.5). For n,n3 , F(n)/n'Fsp(n)/n
;nasp. For n.n3 , F(n)/n'Fh(n)/n;na. Note that whena
5asp50.5, there is no crossover.
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Using the superposition rule, we can also theoretically
predict the crossover scalen3 as the intercept between
Fh(n)/n and Fsp(n)/n, i.e., whereFh(n3)5Fsp(n3). We
find that

n35SApAsp

k0

b0
D 1/(a2asp)

, ~6!

since the rms fluctuation functions for the signal and
the spikes are Fh(n)/n5b0na @61# and Fsp(n)/n
5k0ApAspn

asp @Eq. ~4!#, respectively. This result predicts
the position of the crossover depending on the parameters
defining the signal and the spikes.

Our result derived from the superposition rule can be use-
ful to distinguish two cases:~i! the correlated stationary sig-
nal and the spikes are independent~e.g., the case when a
correlated signal results from the intrinsic dynamics of the
system while the spikes are due to external perturbations!
and ~ii ! the correlated stationary signal and the spikes are
dependent~e.g., both the signal and the spikes arise from the
intrinsic dynamics of the system!. In the latter case, the iden-
tity in the superposition rule is not correct~see Appendix A!.

V. SIGNALS WITH DIFFERENT LOCAL BEHAVIOR

Next, we study the effect of nonstationarities on complex
patchy signals where different segments show different local
behavior. This type of nonstationarity is very common in real
world data @5,8,19,33,62#. Our discussion of signals com-
posed of only two types of segments is limited to two simple
cases:~a! different standard deviations and~b! different cor-
relations.

A. Signals with different local standard deviations

Here we consider nonstationary signals comprised of seg-
ments with the same local scaling exponent, but different
local standard deviations. We first generate a stationary cor-
related signalu( i ) ~see Sec. II! with fixed standard deviation
s151. Next, we divide the signalu( i ) into nonoverlapping
segments of sizeW. We then randomly choose a fractionp of
the segments and amplify the standard deviation of the signal
in these segments,s254 @Fig. 4~a!#. Finally, we normalize
the entire signal to global standard deviations51 by
dividing the value of each point of the signal by
A(12p)s1

21ps2
2.

For nonstationaryanticorrelated signals (a,0.5) with
segments characterized by two different values of the stan-
dard deviation, we observe a crossover at scalen3 @Fig.
4~b!#. For small scalesn,n3 , the behavior is anticorrelated
with an exponent equal to the scaling exponenta of the
original stationary anticorrelated signalu( i ). For large scales
n.n3 , we find a transition to random behavior with expo-
nent 0.5, indicating that the anticorrelations have been de-
stroyed. The dependence of crossover scalen3 on the frac-
tion p of segments with larger standard deviation is shown in
Fig. 4~c!. The dependence is not monotonic because forp
50 and p51, the local standard deviation is constant
throughout the signal, i.e., the signal becomes stationary and

FIG. 4. Scaling behavior of nonstationary correlated signals
with different local standard deviations.~a! Anticorrelated signal
(a50.1) with standard deviations151 and amplified segments
with standard deviations254. The size of each segment isW
520 and the fraction of the amplified segments isp50.1 from the
total length of the signal (Nmax5220). ~b! Scaling behavior of the
signal in ~a! for a different fractionp of the amplified segments
~after normalization of the globe standard deviation to unity!. A
crossover from anticorrelated behavior (a50.1) at small scales to
random behavior (a50.5) at large scales is observed.~c! Depen-
dence of the crossover scalen3 on the fractionp of amplified
segments for the signal in~a!. n3 is determined from the difference
D of log10@F(n)/n# between the nonstationary signal with ampli-
fied segments and the original stationary signal. Here we choose
D50.04. ~d! Scaling behavior of nonstationary signals obtained
from correlated stationary signals (1.a.0.5) with standard devia-
tion s151 for a different fraction of the amplified segments with
s254. No difference in the scaling is observed, compared to the
original stationary signal.
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thus there is no crossover. Note the asymmetry in the value
of n3—a much smaller value ofn3 for p50.05 compared to
p50.95 @see Figs. 4~b! and 4~c!#. This result indicates that
very few segments with a large standard deviation~compared
to the rest of the signal! can have a strong effect on the
anticorrelations in the signal. Surprisingly, the same fraction
of segments with a small standard deviation~compared to the
rest of the signal! does not affect the anticorrelations up to
relatively large scales.

For nonstationarycorrelated signals (a.0.5) with seg-
ments characterized by two different values of the standard
deviation, we surprisingly find no difference in the scaling of
F(n)/n, compared to the stationary correlated signals with
constant standard deviation@Fig. 4~d!#. Moreover, this obser-
vation remains valid for different sizes of the segmentsW
and for different values of the fractionp of segments with
larger standard deviation. We note that in the limiting case of
very large values ofs2 /s1, when the values of the signal in
the segments with standard deviations1 could be considered
close to ‘‘zero,’’ the results in Fig. 4~d! do not hold and we
observe a scaling behavior similar to that of the signal in Fig.
5~c! ~see following section!.

B. Signals with different local correlations

Next we consider nonstationary signals that consist of
segments with identical standard deviations (s51) but dif-
ferent correlations. We obtain such signals using the follow-
ing procedure:~1! generate two stationary signalsu1( i ) and
u2( i ) ~see Sec. II! of identical lengthNmax and with different
correlations, characterized by scaling exponentsa1 anda2;
~2! divide the signalsu1( i ) and u2( i ) into nonoverlapping
segments of sizeW; ~3! randomly replace a fractionp of the
segments in signalu1( i ) with the corresponding segments of
u2( i ). In Fig. 5~a!, we show an example of such a complex
nonstationary signal with different local correlations. In this
section, we study the behavior of the rms fluctuation function
F(n)/n. We also investigateF(n)/n separately for each
component of the nonstationary signal~which consists only
of the segments with identical local correlations! and suggest
an approach, based on the DFA results, to recognize such
complex structures in real data.

In Fig. 5~d!, we present the DFA result on such a nonsta-
tionary signal, composed of segments with two different
types of local correlations characterized by exponentsa1
50.1 anda250.9. We find that at small scales the slope of
F(n)/n is close toa1 and at large scales the slope ap-
proachesa2 with a bump in the intermediate scale regime.
This is not surprising sincea1,a2 and thusF(n)/n is
bound to have a small slope (a1) at small scales and a large
slope (a2) at large scales. However, it is surprising that al-
though 90% of the signal consists of segments with scaling
exponenta1 , F(n)/n deviates at small scales (n'10)
from the behavior expected for an anticorrelated signalu( i )
with exponenta1 @see, e.g., the solid line in Fig. 2~b!#. This
suggests that the behavior ofF(n)/n for a nonstationary sig-
nal comprised of mixed segments with different correlations
is dominated by segments exhibiting higher positive correla-
tions even in the case when their relative fraction in the

signal is small. This observation is pertinent to real data such
as~i! heart rate recordings during sleep where different seg-
ments corresponding to different sleep stages exhibit differ-
ent types of correlations@33#, ~ii ! DNA sequences including
coding and noncoding regions characterized by different cor-
relations@5,8,16#, and~iii ! brain wave signals during differ-
ent sleep stages@62#.

To better understand the complex behavior ofF(n)/n for
such nonstationary signals, we study their components sepa-
rately. Each component is composed only of those segments
in the original signal that are characterized by identical cor-
relations, while the segments with different correlations are
substituted with zeros@see Figs. 5~b! and 5~c!#. Since the two
components of the nonstationary signal in Fig. 5~a! are inde-
pendent, based on the superposition rule@Eq. ~5!#, we expect
that the rms fluctuation functionF(n)/n will behave as
A@F1(n)/n#21@F2(n)/n#2, whereF1(n)/n andF2(n)/n are
the rms fluctuation functions of the components in Figs. 5~b!

FIG. 5. Scaling behavior of a nonstationary signal with two
different scaling exponents.~a! Nonstationary signal~length Nmax

5220, standard deviations51), which is a mixture of correlated
segments with exponenta150.1 ~90% of the signal! and segments
with exponenta250.9 ~10% of the signal!. The segment size is
W520, ~b! the 90% component containing all segments witha1

50.1 and the remaining segments~with a250.9) are replaced by
zero, ~c! the 10% component containing all segments witha2

50.9 and the remaining segments~with a150.1) are replaced by
zero,~d! DFA results for the mixed signal in~a!, for the individual
components in~b! and ~c!, and our prediction obtained from the
superposition rule.
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and 5~c!, respectively. We find a remarkable agreement be-
tween the superposition rule prediction and the result of the
DFA method obtained directly from the mixed signal@Fig.
5~d!#. This finding helps us understand the relation between
the scaling behavior of the mixed nonstationary signal and its
components.

Information on the effect of such parameters as the scal-
ing exponentsa1 and a2, the size of the segmentsW, and
their relative fractionp on the scaling behavior of the com-
ponents provides insight into the scaling behavior of the
original mixed signal. When the original signal comes from
real data, its composition isa priori unknown. A first step is
to ‘‘guess’’ the type of correlations~exponentsa1 and a2)
present in the signal, based on the scaling behavior of
F(n)/n at small and large scales@Fig. 5~d!#. A second step is
to determine the parametersW andp for each component by
matching the scaling result from the superposition rule with
the original signal. Hence in the following sections, we focus
on the scaling properties of the components and how they
change withp, a, andW.

1. Dependence on the fraction of segments

First, we study how the correlation properties of the com-
ponents depend on the fractionp of the segments with iden-
tical local correlations. For components containing segments
with anticorrelations (0,a,0.5) and fixed sizeW @Fig.
5~b!#, we find a crossover to random behavior (a50.5) at
large scales, which becomes more pronounced~shift to
smaller scales! when the fractionp decreases@Fig. 6~a!#. At
smallscales (n<W), the slope ofF(n)/n is identical to that
expected for a stationary signalu( i ) ~i.e., p51) with the
same anticorrelations@solid line in Fig. 6~a!#. Moreover, we
observe a vertical shift inF(n)/n to lower values when the
fraction p of nonzero anticorrelated segments decreases. We
find that at small scales, after rescalingF(n)/n by Ap, all
curves collapse on the curve for the stationary anticorrelated
signal u( i ) @Fig. 6~a!#. Since at small scales (n<W) the
behavior ofF(n)/n does not depend on the segment sizeW,
this collapse indicates that the vertical shift inF(n)/n is due
only to the fractionp. Thus, to determine the fractionp of
anticorrelated segments in a nonstationary signal@mixture of
anticorrelated and correlated segments, Fig. 5~a!# we only
need to estimate at small scales the vertical shift inF(n)/n
between the mixed signal@Fig. 5~d!# and a stationary signal
u( i ) with identical anticorrelations. This approach is valid
for nonstationary signals where the fractionp of the anticor-
related segments is much larger than the fraction of the cor-
related segments in the mixed signal@Fig. 5~a!#, since only
under this condition the anticorrelated segments can domi-
nateF(n)/n of the mixed signal at small scales@Fig. 5~d!#.

For components containing segments with positive corre-
lations (0.5,a,1) and fixed sizeW @Fig. 5~c!#, we observe
a similar behavior forF(n)/n, with collapse atsmall scales
(n<W) after rescaling byAp @Fig. 6~b!# ~for a.1, there are
exceptions with different rescaling factors, see Appendix B!.
At small scales the values ofF(n)/n for components con-
taining segments with positive correlations are much larger
compared to the values ofF(n)/n for components containing

an identical fractionp of anticorrelated segments@Fig. 6~a!#.
Thus, for a mixed signal where the fraction of correlated
segments is not too small~e.g.,p>0.2), the contribution at
small scales of the anticorrelated segments toF(n)/n of the
mixed signal@Fig. 5~d!# may not be observed, and the be-
havior ~values and slope! of F(n)/n will be dominated by
the correlated segments. In this case, we must consider the
behavior ofF(n)/n of the mixed signal at large scales only,
since the contribution of the anticorrelated segments at large
scales is negligible. Hence, we next study the scaling behav-
ior of components with correlated segments atlarge scales.

For components containing segments with positive corre-
lations and fixed sizeW @Fig. 5~c!#, we find that atlarge
scales the slope ofF(n)/n is identical to that expected for a
stationary signalu( i ) ~i.e., p51) with the same correlations
@solid line in Fig. 7~a!#. We also observe a vertical shift in
F(n)/n to lower values when the fractionp of nonzero cor-

FIG. 6. Dependence of the scaling behavior of components on
the fractionp of the segments with identical local correlations, em-
phasizing data collapse atsmall scales. The segment size isW
520 and the length of the components isNmax5220. ~a! Compo-
nents containing anticorrelated segments (a50.1) at small scales
(n<W). The slope ofF(n)/n is identical to that expected for a
stationary (p51) signal with the same anticorrelations. After res-
caling F(n)/n by Ap, at small scales all curves collapse on the
curve for the stationary anticorrelated signal.~b! Components con-
taining correlated segments (a50.9) atsmall scales (n<W). The
slope of F(n)/n is identical to that expected for a stationary (p
51) signal with the same correlations. After rescalingF(n)/n by
Ap, at small scales all curves collapse on the curve for the station-
ary correlated signal.
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related segments in the component decreases. We find that
after rescalingF(n)/n by p, at large scales all curves col-
lapse on the curve representing the stationary correlated sig-
nal u( i ) @Fig. 7~a!#. Since at large scales (n@W), the effect
of the zero segments of sizeW on the rms fluctuation func-
tion F(n)/n for components with correlated segments is neg-
ligible, even when the zero segments are 50% of the compo-
nent @see Fig. 7~a!#, the finding of a collapse at large scales
indicates that the vertical shift inF(n)/n is only due to the
fractionp of the correlated segments. Thus, to determine the
fraction p of correlated segments in a nonstationary signal
~which is a mixture of anticorrelated and correlated segments
@Fig. 5~a!#!, we only need to estimate at large scales the
vertical shift inF(n)/n between the mixed signal@Fig. 5~d!#
and a stationary signalu( i ) with identical correlations.

For components containing segments with anticorrela-
tions and fixed sizeW @Fig. 5~b!#, we find that at large scales
in order to collapse theF(n)/n curves (n@W) @Fig. 6~a!# we

need to rescaleF(n)/n by Ap(12p) @see Fig. 7~b!#. Note
that there is a difference between the rescaling factors for
components with anticorrelated and correlated segments at
small @Figs. 6~a!–6~b!# and large@Figs. 7~a!–7~b!# scales.
We also note that for components with correlated segments
(a.0.5) and sufficiently smallp, there is a different rescal-
ing factor ofAp(12p) in the intermediate scale regime~see
Appendix B, Fig. 10!.

For components containing segments of white noise (a
50.5), we find no change in the scaling exponent as a func-
tion of the fractionp of the segments, i.e.,a50.5 for the
components at both small and large scales. However, we ob-
serve at all scales a vertical shift inF(n)/n to lower values
with decreasingp: F(n)/n;Ap.

2. Dependence on the size of segments

Next, we study how the scaling behavior of the compo-
nents depends on the size of the segmentsW. First, we con-
sider components containing segments with anticorrelations.
For a fixed value of the fractionp of the segments, we study
how F(n)/n changes withW. At small scales, we observe a
behavior with a slope similar to that for a stationary signal
u( i ) with identical anticorrelations@Fig. 8~a!#. At large
scales, we observe a crossover to random behavior~exponent
a50.5) with an increasing crossover scale whenW in-
creases. At large scales, we also find a vertical shift with
increasing values ofF(n)/n when W decreases@Fig. 8~a!#.
Moreover, we find that there is an equidistant vertical shift in
F(n)/n when W decreases by a factor of 10, suggesting a
power-law relation betweenF(n)/n andW at large scales.

For components containing correlated segments with a
fixed value of the fractionp we find that in the intermediate
scale regime, the segment sizeW plays an important role in
the scaling behavior ofF(n)/n @Fig. 8~b!#. We first focus on
the intermediate scale regime when bothp50.1 and W
520 are fixed@middle curve in Fig. 8~b!#. We find that for a
small fractionp of the correlated segments,F(n)/n has slope
a50.5, indicating random behavior@Fig. 8~b!#, which
shrinks whenp increases~see Appendix B, Fig. 10!. Thus,
for components containing correlated segments,F(n)/n ap-
proximates at large and small scales the behavior of a sta-
tionary signal with identical correlations (a50.9), while in
the intermediate scale regime there is a plateau of random
behavior due to the random ‘‘jumps’’ at the borders between
the nonzero and zero segments@Fig. 5~c!#. Next, we consider
the case when the fraction of correlated segmentsp is fixed
while the segment sizeW changes. We find a vertical shift
with increasing values forF(n)/n when W increases@Fig.
8~b!#, as opposed to what we observe for components with
anticorrelated segments@Fig. 8~a!#. Since the vertical shift in
F(n)/n is equidistant whenW increases by a factor of 10,
our finding indicates a power-law relationship between
F(n)/n andW.

3. Scaling expressions

To better understand the complexity in the scaling behav-
ior of components with correlated and anticorrelated seg-

FIG. 7. Dependence of scaling behavior of components on the
fraction p of the segments with identical local correlations, empha-
sizing data collapse atlarge scales. The segment size isW520 and
the length of the components isNmax5220. ~a! Components con-
taining correlated segments (a50.9) at large scales (n@W). The
slope of F(n)/n is identical to that expected for a stationary (p
51) signal with the same correlations. After rescalingF(n)/n by p,
at large scales all curves collapse on the curve for the stationary
correlated signal.~b! Components containing anticorrelated seg-
ments (a50.1) at large scales (n@W). There is a crossover to
random behavior (a50.5). After rescalingF(n)/n by Ap(12p),
all curves collapse at large scales.
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ments at different scales, we employ the superposition rule
~see@61# and Appendix A!. For each component we have

F~n!/n5A@Fcorr~n!/n#21@F rand~n!/n#2, ~7!

whereFcorr(n)/n accounts for the contribution of the corre-
lated or anticorrelated nonzero segments andF rand(n)/n ac-
counts for the randomness due to ‘‘jumps’’ at the borders
between nonzero and zero segments in the component.

Components with correlated segments(a.0.5). At small
scalesn,W, our findings presented in Fig. 6~b! suggest that
there is no substantial contribution fromF rand(n)/n. Thus
from Eq. ~7!,

F~n!/n'Fcorr~n!/n;b0Apna, ~8!

where b0na is the rms fluctuation function for stationary
(p51) correlated signals@Eq. ~6! and @61##.

Similarly, at large scalesn@W, we find that the contribu-
tion of F rand(n)/n is negligible@see Fig. 7~a!#, thus from Eq.
~7! we have

F~n!/n'Fcorr~n!/n;b0pna. ~9!

However, in the intermediate scale regime, the contribution
of F rand(n)/n to F(n)/n is substantial. To confirm this we
use the superposition rule@Eq. ~7!# and our estimates for
Fcorr(n)/n at small@Eq. ~8!# and large@Eq. ~9!# scales@65#.
The result we obtain from

F rand~n!/n5A@F~n!/n#22@b0Apna#22@b0pna#2

~10!

overlaps withF(n)/n in the intermediate scale regime, ex-
hibiting a slope of '0.5: F rand(n)/n;n0.5 @Fig. 9~a!#.
Thus,F rand(n)/n is indeed a contribution due to the random
jumps between the nonzero correlated segments and the zero
segments in the component@see Fig. 5~c!#.

Further, our results in Fig. 8~b! suggest that in the inter-
mediate scale regime,F(n)/n;Wgc(a) for fixed fraction p
~see Sec. VB 2!, where the power-law exponentgc(a) may
be a function of the scaling exponenta characterizing the
correlations in the nonzero segments. Since at intermediate
scalesF rand(n)/n dominates the scaling@Eq. ~10! and Fig.
9~a!#, from Eq.~7! we findF rand(n)/n'F(n)/n;Wgc(a). We
also find that at intermediate scales,F(n)/n;Ap(12p) for
fixed segment sizeW ~see Appendix B, Fig. 10!. Thus from
Eq. ~7! we find F rand(n)/n'F(n)/n;Ap(12p). Hence we
obtain the following general expression:

F rand~n!/n;h~a!Ap~12p!Wgc(a)n0.5. ~11!

Here we assume thatF rand(n)/n also depends directly on the
type of correlations in the segments through some function
h(a).

To determine the form ofgc(a) in Eq. ~11!, we perform
the following steps.

~a! We fix the values ofp and a, and from Eq.~10! we
calculate the value ofF rand(n)/n for two different values of
the segment sizeW, e.g., we chooseW15400 andW2520.

~b! From the expression in Eq.~11!, at the same scalen in
the intermediate scale regime, we determine the ratio

F rand~W1!/F rand~W2!5~W1 /W2!gc(a). ~12!

~c! We plot F rand(W1)/F rand(W2) vs a on a linear-log
scale@Fig. 9~b!#. From the graph and Eq.~12! we obtain the
dependence

gc~a!5
ln@F rand~W1!/F rand~W2!#

ln~W1 /W2!

5H Ca2C/2, 0.5<a<1

0.50 for a.1,
~13!

whereC50.8760.06. Note thatgc(0.5)50.
To determine ifF rand(n)/n depends onh(a) in Eq. ~11!,

we perform the following steps.

FIG. 8. Dependence of the scaling behavior of components on
the segment sizeW. The fractionp50.1 of the nonzero segments is
fixed and the length of the components isNmax5220. ~a! Compo-
nents containing anticorrelated segments (a50.1). At large scales
(n@W), there is a crossover to random behavior (a50.5). An
equidistant vertical shift inF(n)/n whenW decreases by a factor of
10 suggests a power-law relation betweenF(n)/n andW. ~b! Com-
ponents containing correlated segments (a50.9). At intermediate
scales,F(n)/n has slopea50.5, indicating random behavior. An
equidistant vertical shift inF(n)/n suggests a power-law relation
betweenF(n)/n andW.

CHEN, IVANOV, HU, AND STANLEY PHYSICAL REVIEW E 65 041107

041107-10



~a! We fix the values ofp andW and calculate the value of
F rand(n)/n for two different values of the scaling exponent
a, e.g., 0.5 and any other value ofa from Eq. ~10!.

~b! From the expression in Eq.~11!, at the same scalen in
the intermediate scale regime, we determine the ratio

F rand~a!

F rand~0.5!
5

h~a!

h~0.5!
Wgc(a)2gc(0.5)5

h~a!

h~0.5!
Wgc(a),

~14!

sincegc(0.5)50 from Eq.~13!.
~c! We plotF rand(a)/F rand(0.5) vsa on a linear-log scale

@Fig. 9~b!# and find that whenW[W1 /W2 @in Eqs.~12! and
~14!# this curve overlaps withF rand(W1)/F rand(W2) vs a

@Fig. 9~b!# for all values of the scaling exponent 0.5<a
<1.5. From this overlap and from Eqs.~12! and ~14!, we
obtain

Wgc(a)5
h~a!

h~0.5!
Wgc(a) ~15!

for every value ofa, suggesting thath(a)5const and thus
F rand(n)/n can finally be expressed as

F rand~n!/n;Ap~12p!Wgc(a)n0.5. ~16!

Components with anticorrelated segments(a,0.5). Our
results in Fig. 6~a! suggest that at small scalesn,W there is
no substantial contribution ofF rand(n)/n and that

F~n!/n'Fcorr~n!/n;b0Apna, ~17!

a behavior similar to the one we find for components with
correlated segments@Eq. ~8!#.

In the intermediate and large scale regimes (n>W), from
the plots in Figs. 7~b! and 8~a! we find that the scaling be-
havior of F(n)/n is controlled byF rand(n)/n and thus

F~n!/n'F rand~n!/n;Ap~12p!Wga(a)n0.5, ~18!

wherega(a)5Ca2C/2 for 0,a,0.5 @see Fig. 9~b!#, and
the relation forF rand(n)/n is obtained using the same proce-
dure we followed for Eq.~16!.

VI. CONCLUSIONS

In this paper we studied the effects of three different types
of nonstationarities using the DFA correlation analysis
method. Specifically, we consider sequences formed in three
ways: ~i! stitching together segments of signals obtained
from discontinuous experimental recordings, or removing
some noisy and unreliable segments from continuous record-
ings and stitching together the remaining parts;~ii ! adding
random outliers or spikes to a signal with known correla-
tions, and~iii ! generating a signal composed of segments
with different properties, e.g., different standard deviations
or different correlations. We compare the difference between
the scaling results obtained for stationary correlated signals
and for correlated signals with artificially imposed nonsta-
tionarities.

~i! We find that removing segments from a signal and
stitching together the remaining parts does not affect the
scaling behavior of positively correlated signals (1.5>a
.0.5); even when up to 50% of the points in these signals
are removed. However, such a cutting procedure strongly
affects anticorrelated signals, leading to a crossover from an
anticorrelated regime~at small scales! to an uncorrelated re-
gime ~at large scales!. The crossover scalen3 increases with
increasing value of the scaling exponenta for the original
stationary anticorrelated signal. It also depends both on the
segment size and the fraction of the points cut out from the
signal: ~1! n3 decreases with the increasing fraction of cut
out segments and~2! n3 increases with increasing segment
size. Based on our findings, we propose an approach to mini-

FIG. 9. ~a! Scaling behavior of components containing corre-
lated segments (a.0.5). F(n)/n exhibits two crossovers and three
scaling regimes at small, intermediate, and large scales. From the
superposition rule@Eq. ~7!# we find that the small and large scale
regimes are controlled by the correlations (a50.9) in the segments
@Fcorr(n)/n from Eqs. ~8! and ~9!# while the intermediate regime
@F rand(n)/n;n0.5 from Eq.~10!# is dominated by the random jumps
at the borders between nonzero and zero segments.~b! The ratio
F rand(W15400)/F rand(W2520) in the intermediate scale regime for
fixed p and different values ofa, and the ratioF rand(a)/F rand(a
50.5) for fixedp andW5W1 /W2 . F rand(n)/n is obtained from Eq.
~10! and the ratios are estimated for all scalesn in the intermediate
regime. The two curves overlap for a broad range of values for the
exponenta, suggesting thatF rand(n)/n does not depend onh(a)
@see Eqs.~11! and ~16!#.
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mize the effect of the cutting procedure on the correlation
properties of a signal: When two segments that need to be
removed are on distances shorter than the size of the seg-
ment, it is advantageous to cut out both the segments and the
part of the signal between them.

~ii ! Signals with superposed random spikes. We find that
for an anticorrelated signal with superposed spikes at small
scales, the scaling behavior is close to that of the stationary
anticorrelated signal without spikes. At large scales, there is
a crossover to random behavior. For a correlated signal with
spikes, we find a different crossover from uncorrelated be-
havior at small scales to correlated behavior at large scales
with an exponent close to the exponent of the original sta-
tionary signal. We also find that the spikes with identical
density and amplitude may have a strong effect on the scal-
ing of an anticorrelated signal while they have a much
smaller or no effect on the scaling of a correlated signal—
when the two signals have the same standard deviations. We
investigate the characteristics of the scaling of the spikes
only and find that the scaling behavior of the signal with
random spikes is a superposition of the scaling of the signal
and the scaling of the spikes. We analytically prove this su-
perposition relation by introducing asuperposition rule.

~iii ! Signals composed of segments with different local
properties. We find the following.

~a! For nonstationary correlated signals comprised of seg-
ments that are characterized by two different values of the
standard deviation, there is no difference in the scaling be-
havior compared to stationary correlated signals with con-
stant standard deviation. For nonstationary anticorrelated sig-
nals, we find a crossover at scalen3 . For small scalesn
,n3 , the scaling behavior is similar to that of the stationary
anticorrelated signals with constant standard deviation. For
large scalesn.n3 , there is a transition to random behavior.
We also find that very few segments with large standard
deviation can strongly affect the anticorrelations in the sig-
nal. In contrast, the same fraction of segments with standard
deviation smaller than the standard deviation of the rest of
the anticorrelated signal has much weaker effect on the scal-
ing behavior—n3 is shifted to larger scales.

~b! For nonstationary signals consisting of segments with
different correlations, the scaling behavior is a superposition
of the scaling of the different components—where each com-
ponent contains only the segments exhibiting identical corre-
lations and the remaining segments are replaced by zero.
Based on our findings, we propose an approach to identify
the composition of such complex signals: A first step is to
‘‘guess’’ the type of correlations from the DFA results at
small and large scales. A second step is to determine the
parameters defining the components, such as the segment
size and the fraction of nonzero segments. We studied how
the scaling characteristics of the components depend on
these parameters and provide analytic scaling expressions.
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APPENDIX A: SUPERPOSITION RULE

Here we show how the DFA results for any two signalsf
and g @denoted asF f(n) and Fg(n)# relate with the DFA
result for the sum of these two signalsf 1g @denoted as
F f 1g(n), wheren is the box length~scale of analysis!#. In
the general cases, we finduF f2Fgu<F f 1g<F f1Fg . When
the two signals are not correlated, we find that the following
superposition ruleis valid: F f 1g

2 5F f
21Fg

2 . Here we derive
these relations.

First we summarize again the procedure of the DFA
method@3#. It includes the following steps: starting with an
original signalu( i ) of lengthNmax, we integrate and obtain
y(k)5( j 51

k @u( j )2^u&#, where ^u& is the mean ofu( i ).
Next, we dividey(k) into nonoverlapping boxes of equal
lengthn. In each box we fit the signaly(k) using a polyno-
mial functionyn(k)5a01a1x(k)1a2x2(k)1•••1asx

s(k),
wherex(k) is thex coordinate corresponding to thekth sig-
nal point. We calculate the rms fluctuation functionF(n)
5A(1/Nmax)(k51

Nmax@y(k)2yn(k)#2.
To prove the superposition rule, we first focus on one

particular box along the signal. In order to find the analytic
expression of best fit in this box, we write

I ~a0 , . . . ,as!5 (
k51

n

$y~k!2@a01•••1asx
s~k!#%2,

~A1!

where am ,m50, . . . ,s, are the same for all points in this
box. The ‘‘best fit’’ requires thatam ,m50, . . . ,s satisfy

]I

]am
50, m50, . . . ,s. ~A2!

Combining Eq.~A1! with Eq. ~A2! we obtains11 equations

ym5a0tm01a1tm11•••1astms, m50, . . . ,s,
~A3!

where

ym5 (
k51

n

y~k!xm~k!, tm j5 (
k51

n

xm1 j~k!, j 50, . . . ,s.

~A4!

From Eqs.~A3! we determinea0 ,a1 , . . . ,as .
For the signalsf, g, and f 1g, after the integration in each

box we have

f m5a0tm01a1tm11•••1astms, m50, . . . ,s,

gm5a08tm01a18tm11•••1as8tms, m50, . . . ,s,

~ f 1g!m5a09tm01a19tm11•••1as9tms, m50, . . . ,s,

~A5!

CHEN, IVANOV, HU, AND STANLEY PHYSICAL REVIEW E 65 041107

041107-12



where f m , gm , and (f 1g)m correspond toym in Eqs.~A3!.
Comparing the three groups of equations in Eqs.~A5!, we

find that when we add the first two groups together, the left
side becomesf m1gm5( f 1g)m , which is precisely the left
side of the third group of equations. Thus we find

am9 5am1am8 , m50, . . . ,s ~A6!

and for each pointk in every box, the polynomial fits for the
signalsf, g, and f 1g satisfy

~ f 1g!n~k!5 f n~k!1gn~k!. ~A7!

This result can be extended to all boxes in the signals. For
the signalf 1g we obtain

F f 1g
2 5

1

Nmax
(
k51

Nmax

@ f ~k!2 f n~k!#21@g~k!2gn~k!#2

12@ f ~k!2 f n~k!#@g~k!2gn~k!#. ~A8!

After the substitutions f (k)2 f n(k)5Yf(k) and g(k)
2gn(k)5Yg(k), we rewrite the above equation as

F f 1g
2 5

1

Nmax
F (

k51

Nmax

@Yf~k!#21 (
k51

Nmax

@Yg~k!#2

12 (
k51

Nmax

Yf~k!Yg~k!G5F f
21Fg

2

1
2

Nmax
(
k51

Nmax

Yf~k!Yg~k!. ~A9!

In the general case, we can utilize the Cauchy inequality

U (
k51

Nmax

Yf~k!Yg~k!U<S (
k51

Nmax

@Yf~k!#2D 1/2S (
k51

Nmax

@Yg~k!#2D 1/2

~A10!

and we find

~F f2Fg!2<F f 1g
2 <~F f1Fg!2⇒uF f2Fgu<F f 1g<F f1Fg .

~A11!

From Eqs. ~A3! for m50, in every box we have
(k51

n y(k)5(k51
n yn(k). Thus we obtain (k51

NmaxYf(k)

5(k51
NmaxYg(k)50, whereYf(k) and Yg(k) fluctuate around

zero. WhenYf(k) andYg(k) are not correlated, the value of

the third term in Eq.~A9! is close to zero and we obtain the
following superposition rule:

F f 1g
2 5F f

21Fg
2 . ~A12!

APPENDIX B: STRONGLY CORRELATED SEGMENTS

For components containing segments with stronger posi-
tive correlations (a.1) and fixedW520, we find that at
small scales (n,W), the slope ofF(n)/n does not depend
on the fractionp and is close to that expected for a stationary
signalu( i ) with identical correlations~Fig. 10!. Surprisingly
we find that in order to collapse theF(n)/n curves obtained
for different values of the fractionp, we need to rescale
F(n)/n by Ap(12p) instead ofAp, which is the rescaling
factor at small scales for components containing segments
with correlationsa,1. Thusa51 is a threshold indicating
when the rescaling factor changes. Our simulations show that
this threshold increases when the segment sizeW increases.

For components containing a sufficiently small fractionp
of correlated segments (a.0.5), we find that in the interme-
diate scale regime there is a crossover to random behavior
with slope 0.5. TheF(n)/n curves obtained for different
values ofp collapse in the intermediate scale regime if we
rescaleF(n)/n by Ap(12p) ~Fig. 10!. We note that this
random behavior regime at intermediate scales shrinks with
the increasing fractionp of correlated segments and, as ex-
pected, forp close to 1 this regime disappears~see thep
50.9 curve in Fig. 10!.
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Abstract

Detrended fluctuation analysis (DFA) is a scaling analysis method used to quantify long-range power-

law correlations in signals. Many physical and biological signals are "noisy," heterogeneous, and

exhibit different types of nonstationarities, which can affect the correlation properties of these

signals. We systematically study the effects of three types of nonstationarities o�en encountered in

real data. Specifically, we consider nonstationary sequences formed in three ways: (i) stitching

together segments of data obtained from discontinuous experimental recordings, or removing some

noisy and unreliable parts from continuous recordings and stitching together the remaining parts-a

"cutting" procedure commonly used in preparing data prior to signal analysis; (ii) adding to a signal

with known correlations a tunable concentration of random outliers or spikes with different

amplitudes; and (iii) generating a signal comprised of segments with different properties-e.g.,

different standard deviations or different correlation exponents. We compare the difference between

the scaling results obtained for stationary correlated signals and correlated signals with these three

types of nonstationarities. We find that introducing nonstationarities to stationary correlated signals

leads to the appearance of crossovers in the scaling behavior and we study how the characteristics of

these crossovers depend on (a) the fraction and size of the parts cut out from the signal, (b) the

concentration of spikes and their amplitudes (c) the proportion between segments with different

standard deviations or different correlations and (d) the correlation properties of the stationary

signal. We show how to develop strategies for preprocessing "raw" data prior to analysis, which will

minimize the effects of nonstationarities on the scaling properties of the data, and how to interpret

the results of DFA for complex signals with different local characteristics.
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Characterization of sleep stages by correlations in the magnitude and sign of heartbeat increments
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We study correlation properties of the magnitude and the sign of the increments in the time intervals between
successive heartbeats during light sleep, deep sleep, and rapid eye movement~REM! sleep using the detrended
fluctuation analysis method. We find short-range anticorrelations in the sign time series, which are strong
during deep sleep, weaker during light sleep, and even weaker during REM sleep. In contrast, we find
long-range positive correlations in the magnitude time series, which are strong during REM sleep and weaker
during light sleep. We observe uncorrelated behavior for the magnitude during deep sleep. Since the magnitude
series relates to the nonlinear properties of the original time series, while the sign series relates to the linear
properties, our findings suggest that the nonlinear properties of the heartbeat dynamics are more pronounced
during REM sleep. Thus, the sign and the magnitude series provide information which is useful in distinguish-
ing between the sleep stages.

DOI: 10.1103/PhysRevE.65.051908 PACS number~s!: 87.19.Hh, 05.45.Tp, 87.10.1e

I. INTRODUCTION

Healthy sleep consists of cycles of approximately 1–2 h
duration. Each cycle is characterized by a sequence of sleep
stages usually starting with light sleep, followed by deep
sleep, and rapid eye movement~REM! sleep@1#. While the
specific functions of the different sleep stages are not yet
well understood, many believe that deep sleep is essential for
physical rest, while REM sleep is important for memory con-
solidation@1#. It is known that changes in the physiological
processes are associated with circadian rhythms~wake or
sleep state! and with different sleep stages@2–5#.

Here we investigate how the heart rhythms of healthy
subjects change within the different sleep stages. Typically
the differences in cardiac dynamics during wake or sleep
states and during different sleep stages are reflected in the
average and standard deviation of the interbeat interval time
series@5,6#. However, heartbeat dynamics exhibit complex
behavior which is also characterized by long-range power-
law correlations@7–9#, and recent studies show that changes
in cardiac control due to circadian rhythms or different sleep
stages can lead to systematic changes in the correlation~scal-
ing! properties of the heartbeat dynamics. In particular, it
was found that the long-range correlation in heartbeat dy-
namics change during wake and sleep periods@10#, indicat-
ing different regimes of intrinsic neuroautonomic regulation
of the cardiac dynamics, which may switch on and off with
the circadian rhythms. Moreover, different sleep stages dur-
ing nocturnal sleep were found to relate to a specific type of
correlations in the heartbeat intervals@11#, suggesting a
change in the mechanism of cardiac regulation in the process
of sleep.

We employ a recently proposed approach of magnitude
and sign analysis@12,13# to further investigate how the linear

and nonlinear properties of heartbeat dynamics change dur-
ing different stages of sleep. We focus on the correlations of
the sign and the magnitude of the heartbeat incrementsdt i

[t i2t i 21 obtained from recordings of interbeat intervalst i

from healthy subjects during sleep~Fig. 1!, wherei indexes
each heartbeat interval. We apply the detrended fluctuation
analysis~DFA! method on both the sign and the magnitude
time series. We find that the sign series exhibits anticorre-
lated behavior at short time scales which is characterized by
a correlation exponent with smallest value for deep sleep,
larger value for light sleep, and largest value for REM sleep.
The magnitude series, on the other hand, exhibits uncorre-
lated behavior for deep sleep, and long-range correlations are
found for light and REM sleep, with a larger exponent for
REM sleep. The observed increase in the values of both the
sign and magnitude correlation exponents from deep through
light to REM sleep is systematic and significant. We also find
that the values of the sign and magnitude exponents for REM
sleep are very close to the values of these exponents for the
wake state.

Recent studies suggest that~i! long-range correlated be-
havior of the magnitude series obtained from a long-range
anticorrelated increment seriesdt i relates to the nonlinear
properties of the signal, while the sign series reflects the
linear properties@12,13#, and~ii ! the increments in the heart-
beat intervals are long-range anticorrelated@8# and exhibit
nonlinear properties@12–16#. Thus, our finding of positive
power-law correlations for the magnitude of the heartbeat
increments during REM sleep and of loss of these correla-
tions during deep sleep indicates a different degree of non-
linearity in the cardiac dynamics associated with different
sleep stages. Our results may be useful, when combined with
earlier studies of interbeat interval correlations in different
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sleep stages@11#, for distinguishing the different sleep stages
using electrocardiogram records.

The paper is organized as follows. In Sec. II we review
the DFA method. In Sec. III we apply the DFA to analyze the
sign and magnitude time series of healthy subjects. In Sec.
IV the significance of the results and interpretations are dis-
cussed.

II. DETRENDED FLUCTUATION ANALYSIS

In recent years the DFA method@17,18,9,11# is becoming
a widely used technique for the detection of long-range cor-
relations in noisy, nonstationary time series@19–22,9–
13,23–38#. It has successfully been applied to diverse fields
such as DNA sequences@23,24#, heart rate dynamics@9–13#,
neuron spiking@25,26#, human gait@27#, long-time weather
records@28–30#, cloud structure@31#, geology@32#, ethnol-
ogy @33#, economics time series@34–36#, and solid state
physics@37,38#. One reason we employ the DFA method is
to avoid spurious detection of correlations that are artifacts
of nonstationarities in the heartbeat time series. Other tech-
niques for the detection of correlations like the autocorrela-

tion function and the power spectrum are not suited for non-
stationary time series~see, e.g.,@39#!.

The DFA procedure consists of four steps.
Step 1. Determine the ‘‘profile’’

Ỹ~ i ![(
k51

i

xk2^x&, i 51, . . . ,L, ~1!

of the data seriesxk of lengthL. Subtraction of the mean̂x&
is not compulsory, since it would be eliminated by the later
detrending in the third step.

Step 2. Divide the profileỸ( i ) into Ln[@L/n# nonover-
lapping segments of equal lengthn. Since the lengthL of the
series is often not a multiple of the considered time scalen,
a short part at the end of the profile may remain. In order not
to disregard this part of the series, the same procedure is
repeated starting from the opposite end. Thereby, 2Ln seg-
ments are obtained altogether.

Step 3. Calculate the local trend for each of the 2Ln seg-
ments by a least-squares fit of the data. Then we determine
the variance

F̃n
2~n![

1

n (
i 51

n

$Ỹ@~n21!n1 i #2pn~ i !%2 ~2!

for each segmentn,n51, . . . ,2Ln . Here,pn( i ) is the fitting
polynomial in segmentn. Linear, quadratic, cubic, or higher
order polynomials can be used in the fitting procedure~con-
ventionally called DFA1, DFA2, DFA3, etc.! @11#. Since the
detrending of the time series is done by the subtraction of
the polynomial fits from the profile, different order DFA’s
differ in their capability of eliminating trends in the data. In
DFA m, mth order DFA, trends of orderm in the profile
~or, equivalently, of orderm21 in the original series! are
eliminated. Thus a comparison of the results for different
orders of DFA allows one to estimate the type of the poly-
nomial trend in the time series@20,21#.

Step 4. Average over all segments and take the square root
to obtain the fluctuation function@40#,

F̃~n![F 1

2Ln
(
n51

2Ln

F̃n
2~n!G1/2

. ~3!

We are interested in howF̃(n) depends on the time scalen.
Hence, we have to repeat steps 2–4 for several time scalesn.
It is apparent thatF̃(n) will increase with increasingn. If
dataxi are long-range power-law correlated,F̃(n) increases,
for large values ofn, as a power law,

F̃~n!;nã. ~4!

For long-range correlated or anticorrelated data, random
walk theory implies that the scaling behavior ofF̃(n) is re-
lated to the autocorrelation function and the power spectrum.
If the time series is stationary, we can apply standard spectral

FIG. 1. ~a! One-night record for a healthy subject. The interme-
diate wake states as well as REM sleep, light sleep, and deep sleep
stages have been determined by visual evaluation of brain, eye, and
muscle activity @41#. ~b! Heartbeat intervalst i , incrementsdt i

[t i2t i 21, signs of the increments sgn(dt i), and absolute incre-
mentsudt i u for a subset of the record shown in~a!.
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analysis techniques and calculate the power spectrumS( f ) as
a function of the frequencyf. Then, the exponentb in the
scaling law

S~ f !; f 2b ~5!

is related to the mean fluctuation function exponentã by

b52ã21. ~6!

If 0.5,ã,1, the correlation exponent

g5222ã ~7!

describes the decay of the autocorrelation function

C~n![^xixi 1n&;n2g. ~8!

We plot F̃(n) as a function ofn on double logarithmic
scales and calculateã by a linear fit. For uncorrelated data,
the profileỸ( i ) corresponds to the profile of a random walk,
and ã51/2 corresponds to the behavior of the root-mean-
square displacementR of the walk,R(t);t1/2, wheret is the
time ~number of steps the walker makes!. For short-range
correlated data, a crossover toã50.5 is observed asymptoti-
cally for large scalesn. If a power-law behavior withã
,0.5 is observed, the profile corresponds to anticorrelated
fractional Brownian motion, and the dataxi are long-range
anticorrelated~antipersistent!. Power-law behavior withã
.0.5 indicates persistent fractional Brownian motion, and
the dataxi are positively long-range correlated. In particular,
for Gaussian distributed white noise with zero mean~uncor-
related signal!, we obtainã50.5 from the DFA method. In
addition, DFA can also be used to determine the scaling ex-
ponent for a wide variety of self-affine series, if the first step
@Eq. ~1!# is skipped and the data are used directly instead of
the profile. In this way, the analysis is related to standard
self-affine and fractal analysis.

However, the DFA method cannot detectnegativefluctua-
tion exponentsã, and it already becomes inaccurate for
strongly anticorrelated signals whenã is close to zero. Since
strongly anticorrelated behavior~corresponding toã'0)
was previously reported for the heartbeat sign series, we use
a modified DFA technique@12#. The simplest way to analyze
such data is to integrate the time series before the standard
DFA procedure. Hence, we replace thesinglesummation in
Eq. ~1!, which describes the determination of the profile from
the original dataxk , by adoublesummation,

Y~ i ![(
k51

i

@Ỹ~k!2^Ỹ&#. ~9!

Following the DFA procedure as described above, we obtain
a fluctuation functionF(n) described by a scaling law as in
Eq. ~4!, but with an exponenta5ã11,

F~n!;na[nã11. ~10!

Thus, the scaling behavior can be accurately determined
even if ã is smaller than zero~but larger than21). We note
thatF(n)/n corresponds to the conventionalF̃(n) in Eq. ~4!.
If we do not subtract the average values in each step of the
summation in Eq.~9!, this summation leads to quadratic
trends in the profileY( i ). In this case we must employ at
least the second order DFA to eliminate these artificial
trends.

III. CORRELATION ANALYSIS OF SIGN AND
MAGNITUDE TIME SERIES

To study the correlation properties of the signsi
[sgn(dt i) and magnitudemi[udt i u obtained from the
original interbeat increment time seriesdt i , we investigate
in parallel the corresponding double profiles@see Eq.~9!# for
xi5si and xi5mi . We calculate the fluctuation function
F(n) by DFA2 for a range of time scales 4<n<200. The
DFA2 method turned out to be the most appropriate degree
of detrending in an earlier study@11#. In the following we
will use the notationasign for the valuea5ã11 of the sign
series andamag for the valuea of the magnitude series.

We consider 24 records of interbeat intervals obtained
from 12 healthy individuals during sleep. The records have
an approximate duration of 7.5 h. Figure 1~a! shows the
heartbeat interval time series for a typical healthy subject
with periods of light sleep, deep sleep, REM sleep, and short
intermediate wake phases. The annotation and duration of
the sleep stages were determined based on standard proce-
dures@41#. Figure 1~b! shows a subset of the heartbeat inter-
val seriest i and the increment seriesdt i as well as the
corresponding series of signsi and magnitudemi .

In order to analyze the correlation properties during the
different sleep stages separately, we split each heartbeat in-
terval series into subsequences corresponding to the sleep
stages. Thus, from a typical 7.5 h series, we obtain several
subsequences of heartbeat intervals corresponding to light
sleep, deep sleep, and REM sleep, as well as several subse-
quences corresponding to intermediate wake states. In order
to eliminate the effect of transitions between subsequent
sleep stages, and because the determination of the sleep
stages is done in intervals of 30 s, we disregard the first and
last 50 s of each individual subsequence. Then, to apply the
DFA method, we calculate the profile for each subsequence
~step 1!, cut each of these profiles into segments~step 2!, and
calculate the variance for each segment~step 3!. In step 4,
we calculate the fluctuation functionF(n) for each sleep
stage by averaging over all segments corresponding to~i!
light sleep,~ii ! deep sleep, and~iii ! REM sleep, as well as for
the intermediate wake states.

Figure 2 shows the normalized fluctuation functions
F(n)/n @corresponding toF̃(n)# versus the segment size

CHARACTERIZATION OF SLEEP STAGES BY . . . PHYSICAL REVIEW E65 051908

051908-3



~time scale! n for the sign and the magnitude for a represen-
tative subject. We find short-range anticorrelated behavior
for the sign of the increments@Fig. 2~a!#. Our analysis is
performed for time scalesn>7 beats—just above the breath-
ing peak@42#. In the intermediate regime 7<n<20 beats,
we observe significant differences in the behavior of the fluc-
tuation functionF(n) for the different sleep stages. For deep
sleep theF(n)/n curve bends down, characterized by a cor-
relation exponentasign,1, for light sleep theF(n)/n curve
remains flat (asign'1), and for REM sleepF(n)/n increases
with n(asign.1). At n'20, F(n)/n exhibits a crossover,
and at larger time scales the observed anticorrelations slowly
decay. Forn.100 beats, we find uncorrelated behavior
~characterized byasign51.5 for the profile after double inte-
gration! for all sleep stages. For the sign series we also ob-
serve that the value of the fluctuation functionF(n) at the
position of the crossover (n'20) is significantly different
for deep sleep, light sleep, and REM sleep@Fig. 2~a!#. This
observation, as well as the finding that a different correlation
exponentasign characterizes the behavior ofF(n) for differ-
ent sleep stages in the intermediate regime 7<n<20, could
be of practical use in developing an algorithm that can auto-
matically distinguish between different sleep stages based
solely on heartbeat records.

In Fig. 2~b! we present our results of the DFA2 method
for the magnitude of the heartbeat increments. In contrast to
the short-range correlations observed for the sign series, we
find that the magnitude series for REM sleep is characterized
by a scaling exponentamag.1.5 for time scalesn.10, cor-
responding to positive long-range power-law correlations.
For light sleep, we find a smaller scaling exponentamag than
for REM sleep, indicating weaker long-range correlations.

Surprisingly, we find that in contrast to REM and light sleep,
the magnitude series for deep sleep is uncorrelated, since the
profile is characterized byamag51.5 after the double integra-
tion. This finding is consistent with stronger multifractality
during REM sleep than during deep sleep@43#, since previ-
ous studies have related positive long-range correlations in
the magnitude series with multifractal and nonlinear features
present in the signal@12,13,16#. Following Refs.@44,45# we
define a time series to be linear if its scaling properties are
not modified by randomizing its Fourier phases. In contrast,
when applied to a nonlinear series, the surrogate data test for
nonlinearity, which is based on Fourier phase randomization
@44,45#, generates a linear series with different scaling prop-
erties for the magnitude series.

The nonlinearity of a time series is related to its multifrac-
tality. The partition functionZq(n) of a time seriesxi may be
defined as@46#,

Zq~n!5^uxi 1n2xi uq&, ~11!

where ^•& denotes the average over the indexi. In some
casesZq(n) obeys scaling laws

Zq~n!;nt(q). ~12!

If the exponentst(q) are linearly dependent onq the series
xi is monofractal, otherwisexi is multifractal. Monofractal
series fall under the category of linear series while multifrac-
tal series are classified as nonlinear series@47#. A possible
way to test this classification is to apply the surrogate data
test@44,45#. When this test is applied to a multifractal series,
it generates a linear series with a linear dependence oft(q)
on q in contrast to the nonlinear dependence for the original
series. On the other hand, applying the surrogate data test to
a monofractal series does not affect its lineart(q) depen-
dence.

In @12,13# it was shown that the long-range correlations in
the magnitude series indicate nonlinear behavior. Specifi-
cally, the results suggested that the correlation exponentamag
of the magnitude series is a monotonically increasing func-
tion of the multifractal spectrum width of the original series.
This conclusion was obtained based upon several examples
of artificial multifractal series@12,13#.

Thus, the long-range magnitude correlations we find for
REM sleep indicate nonlinear contributions to the heartbeat
regulation, which are reduced during light and deep sleep.
Indeed, a multifractal analysis of heartbeat intervals during
daytime @16# indicated the presence of multifractality. In a
recent study we also found stronger multifractality during
REM sleep than during deep sleep@43# which is consistent
with the scaling behavior of the magnitude series reported in
the present study.

IV. SIGNIFICANCE OF THE RESULTS AND SUMMARY

The mean values of the effective fluctuation scaling expo-
nents and their standard deviations are shown in Fig. 3 for
the different sleep stages. We estimate the exponentsa from
the slopes in the log-log plot ofF(n) versusn for all records.

FIG. 2. The normalized fluctuation functionsF(n)/n of the in-
tegrated series of signssi ~a! and magnitudesmi ~b! of the heartbeat
increments for a representative healthy subject.n is the time scale in
beat numbers. Before applying the DFA2 the profiles were split
according to the sleep stages. The fluctuation functions for the seg-
ments corresponding to the same type of sleep have been averaged
with weights according to the number of intervals in each segment.
The different symbols correspond to the different sleep stages, light
sleep, deep sleep, and REM sleep.
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Since the most significant differences for the short-range sign
correlations occur in the range of 8<n<13 heartbeats, we
use this fitting range for the exponentsasign. For the expo-
nent of the integrated magnitude seriesamag, we use the
range 11<n<150, since the long-range correlations occur-
ring in light and REM sleep can be observed best in this
region. We find that there is a significant difference in the
integrated sign series exponentasign observed for all three
sleep stages~the p value, obtained by Student’st test, is
below 0.001), and thus we confirm the conclusions drawn
from Fig. 2. The magnitude correlation exponents for REM
sleep and for intermediate wake states are significantly larger
than those for the non-REM stages~light and deep sleep!.
Here also thep values are less than 0.001. Note that we do
not find a significant difference between the average expo-
nents for REM sleep and for the intermediate wake states.
This is not surprising because heartbeat activity during REM
sleep is very close to heartbeat activity during the wake state
and the heartbeat time series during REM and waking exhibit
similar scaling properties@10,11#.

More significant than the differences for the average ex-
ponents are the differences between the exponents for each
individual. Figure 4 shows thea values for REM, light, and
deep sleep for all 12 healthy subjects~second night only!. In
almost all cases the exponent of the REM sleep is the largest,
the exponent of the light sleep is intermediate, and the expo-
nent of the deep sleep is smallest~there are three exceptions,
indicated by arrows!. In our group of 24 records from 12
healthy individuals, we find larger exponents in REM sleep
than in deep sleep for 100% of the sign series and for 88%
of the magnitude series.

In a previous study of heartbeat records from healthy sub-
jects during daytime activity, we found that the magnitude
series is long-range correlated, while the sign series is short-
range anticorrelated for all subjects in the database@12,48#.
This finding suggests an empirical ‘‘rule,’’ namely, that a
large ~small! heartbeat increment in the positive direction is
most likely to be followed by a large~small! increment in the
negative direction, and that a large~small! increment is most

likely followed by large~small! increments. Our present re-
sults suggest that this empirical ‘‘rule’’ also applies to REM
sleep, while in deep sleep small and large increments seem to
appear in a random fashion. On the other hand, the stronger
sign anticorrelations in deep sleep indicate that a positive
increment is more likely—even more likely than in REM
sleep—to be followed by a negative increment. Thus, the
correlation behavior of the heartbeat increments and their
signs and magnitudes during daytime activity is similar to
the behavior we find in REM sleep, but quite different from
the behavior we observe in deep sleep. This is consistent
with our finding ~Fig. 3! of average exponent values for the
wake episodes similar to the exponent values for REM sleep.

In summary, we analyzed, for healthy subjects, interbeat
interval fluctuations during different sleep stages which are
associated with different brain activity. We find that the
short-range anticorrelations in the sign of the increments are
stronger during deep sleep, weaker during light sleep, and
even weaker during REM sleep. In contrast, the magnitude
of the increments is long-range correlated with a larger ex-
ponent during REM sleep, suggesting stronger nonlinear
contributions to the heartbeat dynamics in this stage com-
pared with weaker nonlinear contributions in the non-REM
stages.
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FIG. 3. The average values of the fluctuation exponentsamag for
the integrated magnitude series andasign for the integrated sign
series for the different phases~wake state, REM sleep, light sleep,
and deep sleep!. For each of the 24 records from 12 healthy subjects
the corresponding second order DFA fluctuation functionsF(n)
have been fitted by Eq.~4! in the range of 8<n<13 and 11<n
<150 heartbeats forasign and amag, respectively, where the most
significant differences between the sleep stages occur.

FIG. 4. The values of the effective fluctuation exponentsa for
the integrated sign series~a! and the integrated magnitude series~b!
are shown for all 12 healthy subjects~second night of recording!.
While thea values fluctuate, for REM sleep thea is larger than the
a for light sleep, which is larger than thea for deep sleep~the three
arrows indicate the cases that are not ordered in the same way as the
majority!. The exponent values were determined over the fitting
ranges as described in the caption of Fig. 3.
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According to Bloch’s theorem, electronic wavefunctions in per-
fectly ordered crystals are extended, which implies that the
probability of finding an electron is the same over the entire
crystal1. Such extended states can lead to metallic behaviour. But
when disorder is introduced in the crystal, electron states can
become localized, and the system can undergo a metal–insulator
transition (also known as an Anderson transition)2–4. Here we
theoretically investigate the effect on the physical properties of
the electron wavefunctions of introducing long-range corre-
lations in the disorder in one-dimensional binary solids, and
find a correlation-induced metal–insulator transition. We per-
form numerical simulations using a one-dimensional tight-bind-
ing model, and find a threshold value for the exponent
characterizing the long-range correlations of the system. Above
this threshold, and in the thermodynamic limit, the system
behaves as a conductor within a broad energy band; below
threshold, the system behaves as an insulator. We discuss the
possible relevance of this result for electronic transport in DNA,
which displays long-range correlations5,6 and has recently been
reported to be a one-dimensional disordered conductor7–10.

The tight-binding model of a solid is characterized by a hamil-
tonian in which one orbital (single electron) and a single energy 1i

are assigned to each lattice site i

H ¼
i

X
1ijilkij þ

ki;jl

X
tjilkjj ð1Þ

where t is the electronic overlap (hopping term) between the
wavefunctions of electrons centred at two neighbouring sites i, j.
For a perfectly ordered crystal, all site energies 1i have the same
value or follow a periodic pattern. For disordered solids, 1i can be
randomly chosen from a certain probability distribution—for ex-
ample, a uniform distribution or a gaussian. The probability
distribution generating 1i is characterized by a parameter W
which quantifies the spread of the distribution, and thus the degree
of disorder. In the case of a uniform distribution W is the
distribution width, whereas in the case of a gaussian distribution
W is the standard deviation. Models for one-dimensional (1D)
disordered solids traditionally consider only two parameters of
interest, namely the interaction term between nearest neighbours,
t, and the disorder of the system, W. Thus the controlling parameter
is the ratio W/t. Typically, t is fixed (for example, t ¼ 1), thus fixing
the energy scale in the system, and W is changed to study the effects
produced by different levels of disorder.

In the limit W ! 0, where the coupling energy t between
neighbours dominates, a perfect lattice is recovered, and Bloch’s
theorem applies: there are extended electron states, and the system
can conduct1. This is valid for finite system size only, because
localization theory asserts that in the limit of large systems all
electron states are localized in the 1D case3. For sufficiently large W,
where the disorder dominates, the wavefunctions are strongly
localized. This localization phenomenon depends on the system
dimension. For three-dimensional (3D) systems at zero tempera-
ture, T ¼ 0, there is a critical value Wc for which a metal–insulator
transition occurs11,12. For a uniform distribution, Wc ¼ 16.5. For
W , Wc, despite some degree of disorder, the electron wavefunc-
tions are extended, and the system behaves as a metal, whereas for
W . Wc, the wavefunctions become localized, and the system
behaves as an insulator. For two-dimensional (2D) and 1D dis-
ordered systems even infinitesimal disorder produces localized
states3, so at T ¼ 0 the system behaves as an insulator in the
thermodynamic limit, although for some particular cases in two
dimensions it is possible to find a metal–insulator transition13–15.

We consider the case of a 1D system, and show that randomly
chosen but long-range correlated {1i} can lead to extended wave-
functions and thus to conductivity, in contrast to the expectation—
based on the assumption of uncorrelated disorder—that no
extended states can be found in 1D disordered systems at T ¼ 0
(ref. 1). Traditionally, localization of the electron wavefunction in
one dimension is considered to be unaffected by the form and width
of the distribution from which the {1 i} are chosen. Although all
proofs establishing localization in one dimension are model-depen-
dent, exponential localization of all eigenstates in one dimension is
believed to occur at T ¼ 0 (refs 16–18). In this case, electron
wavefunctions are of the form WðxÞ ¼ f ðxÞ expð2jx 2 x0j=lÞ;
where f(x) is a random function which depends on the particular
realization of the disordered chain, and l is the localization length,
which is a measure of the size of the wavefunction.

The simplest 1D model exhibiting Anderson localization is the
random binary alloy19, where there are two types of atoms, A and B,
and two different diagonal energies, 1A and 1B. To build the series of
diagonal energies of the hamiltonian (equation (1)), 1A and 1B are
assigned at random to each lattice site with probabilities p and
1 2 p, respectively. For the random binary alloy, the corresponding
wavefunctions are localized and the system behaves as an insulator
(Fig. 1a).

We now show that introducing correlations in the disorder can
markedly change the physics. The first attempt to introduce corre-
lations into the random binary alloy model was the random dimer
model20,21. In this model, short-range correlations are introduced by
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assigning a dimer AA with probability p, and a monomer B with
probability 1 2 p. The main property of the random dimer model is
that there exists a particular energy (the resonant energy of the
dimer) for which there is perfect electron transmission through the
system. Wavefunctions corresponding to energies close to this
resonant energy behave as extended states20,21, although they do
not form an energy band.

A recent attempt to introduce long-range correlations in 1D
systems utilizes {1i} drawn from a continuous probability distri-
bution22. Because in this case the fluctuations in the diagonal
energies (and thus the disorder in the system) increase with the
system size, this work was limited to finite systems, and found

 

Figure 1 Wavefunctions for periodic, disordered and correlated-disordered chains.

a, Typical wavefunctions for a periodic binary chain (dashed line) spreading over the

whole system and for a random binary alloy (solid line) localized in a small region. Both are

calculated for a system of size N ¼ 300 atoms, and for 1A ¼ 1/2 and 1B ¼ 21/2. The

wavefunctions are obtained by means of numerical diagonalization of the hamiltonian

(equation (1)). b, Top panel: energy profile realization for a binary chain of N ¼ 512 atoms

with correlation exponent a¼ 1:2 , ac: Bottom panel: two typical wavefunctions

corresponding to a localized and a nearly extended state obtained by numerical

diagonalization of the hamiltonian for the profile shown in the top panel. The localized

state (dashed line) which corresponds to an energy E ¼ 21.5372, randomly chosen

outside the conducting band [21.5, 1.5], is different from zero only inside a cluster of

identical B atoms with 1B ¼ 21/2 shown in the top panel. Out of this cluster the

wavefunction becomes zero, indicating that the electron is localized and confined inside

the cluster — a behaviour typical of disordered systems. However, for the nearly extended

state, which correspond to an energy E ¼ 0.05421 inside the central band, a very strong

coupling mechanism among different correlated clusters is observed, and the

wavefunction (solid line) is clearly different from zero almost everywhere, indicating

delocalization of the electron even when a , ac. This coupling mechanism is

responsible for the electronic delocalization, and it only occurs in the presence of

correlations and for electron states corresponding to the central energy band. The vertical

scale on the left axis corresponds to the extended wavefunction, and the right axis to the

localized one.

 

Figure 2 Localization length behaviour in correlated-disordered chains. a, Behaviour of

the localization length l as a function of energy E for several values of the correlations.

The horizontal dashed line corresponds to the fixed system size N ¼ 215 < 3 £ 104. For

a < 1.4 we find a threshold above which extended (delocalized) states with l < N exist

in the central region of the energy band [1 A 2 2t,1 A þ 2t] > [1 B 2 2t,1 B þ 2t]. As

t ¼ 1, 1 A ¼ 21 B ¼ 1/2, this energy band is [21.5,1.5]. b, Scaling relation l / N g

for different values of the correlation exponent a. This behaviour is identical for all energy

values in the central band 2 1.5 , E , 1.5. We show results for E ¼ 0 and E ¼ 1

while keeping the disorder parameter fixed at W ¼ 1. To avoid numerical fluctuations, l

is averaged in a small window of width DE ¼ 0.1 around each energy value. N ranges

from 28 to 218 atoms. The solid lines correspond to fits of the type l / N g, from where

the exponent g is obtained. For a random binary chain with a ¼ 0.5, l remains constant

for all values of N and correspondingly g ¼ 0. For a correlated binary chain with a . ac

we find g ¼ 1, indicating that above the ‘critical point’ of the metal–insulator transition

the localization length is of the size of the system N. Note that, although l is smaller for

E ¼ 1 compared to E ¼ 0 for all a, the exponent g remains unchanged. Thus the

observed quantum insulator–metal transition is indeed valid in the thermodynamic limit

and for a broad energy band. c, l as a function of N for different degrees of disorder

W ; j1 A 2 1 Bj and for fixed E ¼ 0. Although the system with higher disorder (filled

symbols) exhibits shorter localization lengths for all system sizes, the scaling property

l / N g is not altered with W, for all values of a. Thus independently of W (provided there

is an intersection between the bands of A and B) the system exhibits an insulator–

conductor transition for a . ac in the thermodynamic limit.

letters to nature

NATURE | VOL 418 | 29 AUGUST 2002 | www.nature.com/nature956 © 2002        Nature  Publishing Group



extended states with increasing strength of the correlations only for
E ! 0. In order to control the disorder and to maintain the spread
of the density of states, a normalization to unit standard deviation is
needed, which ultimately eliminates the correlations in the 1i and
produces a series of energies that tend to be constant23.

We propose a binary 1D model of correlated disorder, which
generates a broad energy band of extended states and leads to
conductivity even in the thermodynamic limit of large system size.
For a perfectly ordered 1D system with atoms of only type A, the
energy spectra of the solid form a single energy band ½1A 2 2t;1Aþ
2t�;W/t ¼ 0, and we have a perfect conductor. For a random binary
solid, W ; j1A 2 1Bj: The closer the values of 1A and 1B are, the
smaller is the ratio W/t, and the conducting properties of the
disordered solid become similar to those of the perfectly ordered
solid. The larger W is, the stronger is the localization. We choose
W/t ¼ 1, and we have strong localization in the case of pure
disorder. For long-range power-law correlations in the diagonal
energies 1i, we still have W/t ¼ 1. Thus, we are able to obtain
extended states by keeping the level of disorder fixed, which allows
conducting behaviour in the thermodynamic limit and in a broad
energy band.

We generate binary sequences with long-range correlations using
the modified Fourier filter method24, and we use these sequences as
the {1i} in the binary chain. The algorithm generates random noise
in the frequency domain, multiplies this noise by a power-law with
the desired exponent, and then Fourier-transforms the signal back
into real space. As we must generate a binary sequence, we consider
a transformation which maps any positive value of the correlated
series into 1A, and any negative value into 1B. Such a mapping can
change the correlation properties of the series, and therefore the
correlations are not properly quantified by the power-law exponent
in the original correlated series. To quantify the correlations in the
final binary sequence, we calculate the scaling exponent a using
detrended fluctuation analysis25,26. A value of a ¼ 0.5 corresponds
to an uncorrelated random sequence (white noise). If a , 0.5, the
binary sequence is anticorrelated, while if a . 0.5, there are positive
long-range correlations (Supplementary Information).

Next, we study the effect of long-range power-law correlations on
the localization properties of disordered binary chains. We calculate
l using the transfer matrix method11. The Schrödinger equation for
the hamiltonian (equation (1)) becomes

Ewn ¼ twn21þ 1nwnþ twn21 ð2Þ

where E is the energy corresponding to the electron wavefunction,
jwnj

2 is the probability of finding an electron at site n in the chain,
and 1n ¼ 1A or 1B (Fig. 1b). Using the transfer matrix method, we
write equation (2) in the recursive form:

Mn

wn

wn21

 !
¼

wnþ1

wn

 !
; Mn ¼

E 2 1n 2t

t 0

 !
ð3Þ

The localization length l(E) is then defined by

1

lðEÞ
¼

N!1
lim

1

N
ln

wN

w0

���� ���� ð4Þ

where N is the chain length. We choose w0 ¼ w1 ¼ 1=
ffiffiffi
2
p
: For every

realization of the potential we apply equation (3) to obtain wN, and
we calculate l(E) from equation (4). We average l over a large
ensemble of realizations for a fixed system size N and fixed value of
the energy E. We repeat this procedure for different values of N and
E.

Our results for l show that correlations in the sequence of {1i} in
the binary chain strongly modify the localization properties of the
wavefunctions (Fig. 2). For a ¼ 0.5 and fixed N, we obtain the
shortest localization length as a function of E, which corresponds to
the result for a random binary alloy19. We find that long-range
correlations (a 0

. 0.5) change drastically the localization proper-

ties of the electronic states. When we increase the long-range
correlations in the chain, l increases in the central region of the
energy band, and eventually, for a fixed N, we find a critical value a c

above which l . N, which corresponds to extended wavefunctions
(Fig. 2a). The energy region ½1A 2 2t;1Aþ 2t�> ½1B 2 2t;1Bþ 2t�
in which this increase of l takes place is precisely the overlap of the
energy bands corresponding to ordered chains formed only by A
atoms and only by B atoms, so we obtain a broad band of extended
states. In the random dimer model20,21, there is only a single energy
value that corresponds to an extended state, implying that the
probability of an electron having precisely this energy is small for

Figure 3 Density of states and scaling exponent as a function of the correlations. a,

Density of states as a function of energy for three different values of the correlation

exponent a and for N ¼ 216. As the strength of the correlations increases (that is, larger

values of a), there is (1) a migration of electron states to the central region 21:5 ,

E , 1:5 where the delocalization takes place, and (2) the density of states approaches

the form expected for a system of two semi-infinite clusters of type A and B—four peaks

with central conducting region (Fig. 2a). This reflects the fact that with increasing a the

probability of finding large clusters of type A or type B in the system with correlated

disorder also increases, although clusters of all sizes are present (Supplementary

Information). We find that the delocalized states (conducting electrons) form a substantial

fraction of the total number of electron states, and that this fraction increases with a—

52.5% for a ¼ 0.5, 57.8% for a ¼ 0.9 and 66.6% for a ¼ 1.5. For given a the fraction

of delocalized states remains the same with varying system size N. Thus for a . ac the

majority of electron states are extended and the system exhibits metallic behaviour. b, The

scaling exponent g as a function of a. The value g ¼ 1, which corresponds to extended

(delocalized) electron states in the limit N ! 1, is obtained for a < 1.45, suggesting a

critical point at which there is transition from insulating to metallic behaviour. Note that the

observed enhanced conductivity and quantum metal–insulator transition in 1D binary

systems with long-range correlations is not a trivial consequence of the presence of long

repetitive sequences of atoms of type A followed by long repetitive sequences of atoms B,

provided the energy bands of A and B overlap. Even in the presence of very strong

correlations, there is a mixture of both small and large clusters of type A and B. This is not

surprising, as the correlations we introduce in the system are power-law long-range

correlations, and thus the energy profile is self-similar on different size scales. Our results

suggest that this self-similar organization of clusters of different size can lead to extended

states and metal–insulator transition.
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finite systems, and becomes zero in the thermodynamic limit of
large system size. In contrast, long-range power-law correlations
produce a broad conducting energy band. Moreover, the population
of this central band increases with the correlations, ranging from

52% for a ¼ 0.5 to 67% for a ¼ 1.5 (Fig. 3a). Thus, the probability
of an electron propagating throughout the system, which is pro-
portional to the width of the conducting energy band, is not small,
and the conducting behaviour resembles a metal.

To speak properly of extended states, we need the condition
limN!1ðl=NÞ ¼ constant – 0: If this condition is not fulfilled, l
becomes negligible in comparison to N in the thermodynamic limit
N ! 1, and the wavefunction is therefore localized. Hence, we next
study the behaviour of l as a function of N for different values of the
correlations. As l is also a function of the electron energy E, we
choose E ¼ 0—that is, the central energy of the band. To avoid
excessive numerical fluctuations, we average l in a small energy
window around E ¼ 0, specifically the interval [20.05,0.05]. We
find a power-law relation between l and N, l / Ng (Fig. 2b, c),
where the exponent g depends on the correlation exponent a (Fig.
3b). Our results for the values of l(E) (Fig. 2a) indicate a nearly flat
plateau covering the central energy band, suggesting that a similar
relation between l and N can be expected for every other value of E
in this energy interval. Indeed, for all E [ ½21:5;1:5� we find the
same values of g (Fig. 2b).

Further, we find that g is also independent of W (Fig. 2c). As W is
fixed, introducing power-law correlations in the chain leads to re-
ordering of the diagonal energy values 1i to produce clusters the
sizes of which are power-law distributed (Supplementary Infor-
mation), and at the same time not changing the level of disorder
when N varies. We find that a change in Wmodifies the values of l: l
decreases with increasing W. But owing to the power-law corre-
lations, the fraction l/N remains constant when N ! 1 (note the
constant vertical shift in Fig. 2c), while the scaling relation, l/Ng;
does not change with W. Thus, in the thermodynamic limit, this
scaling behaviour is independent of the level of disorder.

For values of a < 0.5 we find that g < 0, so we have localized
states. As a increases, g also increases; for a $ 1.45 we obtain g ¼ 1
within our error bars (Fig. 3b). Therefore, at T ¼ 0 and in the limit
N ! 1, for a , 1.45, the system behaves as an insulator, while for
a . 1.45 the system behaves as a conductor within a broad energy
band. For a¼ ac ¼ 1:45; we find a new ‘critical point’ at which a
quantum metal–insulator transition occurs.

These findings can be used to better understand the conduction
properties in 1D disordered binary solids, which are important for
practical applications such as the construction of nanoscopic
electronic devices9. Electrical conduction in biological macromol-
ecules, in particular DNA, has also attracted much attention. Recent
work has shown that electrons or holes are responsible for the
electrical current in DNA7–10. Moreover, it has been observed that
certain mutation repairs occur in natural DNA by means of
electrical current transport along the molecule27. Experiments of
DNA conductivity find conducting7,28, semiconducting9 and insu-
lating29 behaviour, due perhaps to the different type of DNA
sequences considered—random, repetitive or correlated. An open
question is the influence of the ‘ordering’ (that is, correlations) of
the DNA nucleotides on the conduction properties of the sequence.

In DNA, correlations with exponent a < a c do not exist. Typical
values of a in DNA range between 0.6 and 0.9 (refs 5, 6), which are
below ac but are significantly greater than the value of 0.5 for purely
random sequences. Our results show that such long-range corre-
lations can strongly affect the electronic transport over relatively
large distances. In particular, we consider a sequence of 50,000
nucleotides of the largest contig of human chromosome 22 (Fig. 4).
We find that for non-repetitive regions with long-range corre-
lations, the localization length obtained with our model when the
DNA is mapped onto a binary chain is between one and two orders
of magnitude greater (Fig. 4a) than that expected for a random
sequence (Fig. 2a, b). This behaviour is also reflected in the fact that
we obtain nearly extended wavefunctions for all energy values from
the central band of the DNA sequence (Fig. 4b). Recent experiments
show that random DNA is not a good conductor29, whereas

Figure 4 Results in DNA. a, l as a function of the position in a DNA sequence. We

present the following experiment: (1) We select a DNA sequence corresponding to the first

50,000 nucleotides of the largest contig (a perfectly sequenced region without gaps) of

human chromosome 22 (NT_011520) retrieved from the National Center for

Biotechnology Information (NCBI). (2) We map this sequence onto a binary alphabet so

that nucleotides A and T gives 1A ¼ 1/2 and nucleotides C and G give 1B ¼ 21/2 to

construct the diagonal energies in the hamiltonian (equation (1)). (3) We divide the

sequence into overlapping subsequences of size N ¼ 300, one for each nucleotide in the

original DNA sequence (that is, for nucleotide i we consider the subsequence between

[i,i þ 299]), and we calculate l for E ¼ 0 and for each i. (4) We plot l as a function of the

sequence position i. Note that there is a certain region of non-repetitive DNA comprising

N < 8,000 nucleotides and characterized by strong long-range correlations with

a < 0.9. For this region, we find that l is on average ten times greater compared to the

neighbouring segments of DNA where there are no strong correlations, and compared to a

surrogate random sequence (horizontal dashed line). Thus electron transport in DNA can

be clearly enhanced owing to long-range correlations, leading to conductivity over DNA

segments comprising hundreds or even thousands of nucleotides. Looking for segments

of DNA from the human chromosome 22 which have similar correlation properties and

enhanced electron transport, we found that the biological function of these segments is

not provided and is not known. Perhaps the patterns formed by segments with particular

conduction (correlation) properties can provide a clue to understanding their biological

function. b, Two wavefunctions corresponding to a subsequence of length N ¼ 300

located at i ¼ 15,000, as described in a. The wavefunctions are obtained by numerical

diagonalization of the hamiltonian in equation (1) with diagonal energies corresponding

precisely to these 300 nucleotides. The solid line (left vertical axis) represents a nearly

extended state corresponding to an energy value E ¼ 20.17753 from the central band

[21.5, 1.5], and the dotted line (right vertical axis) shows a strongly localized state

corresponding to E ¼ 1.55761 outside the central band. Whereas the localized state is

confined within ,30 base pairs, the extended state allows for an electron transport

throughout the sequence. Moreover, because l exceeds the size of the segments with

correlated disorder, the electron wavefunction overlaps with parts of the neighbouring

uncorrelated disordered segments and can affect their conducting properties, thus

facilitating important genomic functions27. Note the similarity between this plot obtained

for DNA and the wavefunction in Fig. 1b obtained for a computer-generated correlated

binary sequence.
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repetitive DNA conducts quite well30—both cases are in agreement
with our model (Figs 2 and 3). Further, our results suggest that in
non-repetitive long-range correlated regions of DNA, electrons can
propagate over average distances of ,300 nucleotides, and that a
fraction can propagate over distances of more than 1,000 nucleo-
tides. In fact, the DNA segment in Fig. 4a, where our model predicts
very good conducting behaviour, is even longer—extending to
,8,000 nucleotides. This conducting behaviour does not imply
that correlated DNA is a macroscopic conductor, but rather that
electronic transport at moderate distances can be found at T ¼ 0.
This distance range (,1 mm) is the focus of the above-mentioned
experiments.

In summary, we find that long-range correlations change the
localization properties of 1D disordered binary solids. We show that
the localization length of the electron wavefunction is greatly
increased by long-range correlations. In addition, for correlations
stronger than a certain threshold, we find in the thermodynamic
limit a broad energy band of extended states, and therefore a
conducting phase. Thus, although still disordered, the 1D system
can behave as a conductor, in contrast to the traditional theory
which is applicable only for uncorrelated disorder. The threshold in
the control parameter (the value of the correlation exponent)
corresponds to a ‘critical point’ at which a metal–insulator tran-
sition takes place. These findings may be of importance for
elucidating the electronic transport and the biological function of
DNA segments with different types of correlations, as well as for the
design of nanoscopic devices. A
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Among the various applications for reversible holographic sto-
rage media1,2, a particularly interesting one is time-gated holo-
graphic imaging (TGHI)3–5. This technique could provide a
noninvasive medical diagnosis tool, related to optical coherence
tomography6,7. In this technique, biological samples are illumi-
nated within their transparency window with near-infrared light,
and information about subsurface features is obtained by a
detection method that distinguishes between reflected photons
originating from a certain depth and those scattered from various
depths. Such an application requires reversible holographic
storage media with very high sensitivity in the near-infrared.
Photorefractive materials, in particular certain amorphous
organic systems, are in principle promising candidate media,
but their sensitivity has so far been too low, mainly owing to their
long response times in the near-infrared. Here we introduce an
organic photorefractive material—a composite based on the
poly(arylene vinylene) copolymer TPD-PPV8—that exhibits
favourable near-infrared characteristics. We show that pre-illu-
mination of this material at a shorter wavelength before holo-
graphic recording improves the response time by a factor of 40.
This process was found to be reversible. We demonstrate multiple
holographic recording with this technique at video rate under
practical conditions.

† Present address: Physical Chemistry Department, University of Cologne, Luxemburgerstrasse 116,

50939 Cologne, Germany.
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Abstract

According to Bloch's theorem, electronic wavefunctions in perfectly ordered crystals are extended, which implies that the

probability of finding an electron is the same over the entire crystal(1). Such extended states can lead to metallic behaviour.

But when disorder is introduced in the crystal, electron states can become localized, and the system can undergo a metal-

insulator transition (also known as an Anderson transition)(2-4). Here we theoretically investigate the effect on the physical

properties of the electron wavefunctions of introducing long-range correlations in the disorder in one-dimensional binary

solids, and find a correlation-induced metal-insulator transition. We perform-numerical simulations using a one-

dimensional tight-binding model, and find a threshold value for the exponent characterizing the long-range correlations of

the system. Above this threshold, and in the thermodynamic limit, the system behaves as a conductor within a broad energy

band; below threshold, the system behaves as an insulator. We discuss the possible relevance of this result for electronic

transport in DNA, which displays long-range correlations(5,6) and has recently been reported to be a one-dimensional

disordered conductor(7-10)
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Individuals having frequent abnormal heartbeats interspersed with normal heartbeats may be at an increased
risk of sudden cardiac death. However, mechanistic understanding of such cardiac arrhythmias is limited. We
present a visual and qualitative method to display statistical properties of abnormal heartbeats. We introduce
dynamical ‘‘heartprints’’ which reveal characteristic patterns in long clinical records encompassing'105

heartbeats and may provide information about underlying mechanisms. We test if these dynamics can be
reproduced by model simulations in which abnormal heartbeats are generated~i! randomly,~ii ! at a fixed time
interval following a preceding normal heartbeat, or~iii ! by an independent oscillator that may or may not
interact with the normal heartbeat. We compare the results of these three models and test their limitations to
comprehensively simulate the statistical features of selected clinical records. This work introduces methods
that can be used to test mathematical models of arrhythmogenesis and to develop a new understanding of
underlying electrophysiologic mechanisms of cardiac arrhythmia.

DOI: 10.1103/PhysRevE.66.031901 PACS number~s!: 87.19.Hh, 89.20.2a, 89.75.2k, 87.10.1e

I. INTRODUCTION

The human heart displays an extraordinarily large range
of complex rhythms, in both health and disease@1,2#. In the
normal individual all beats arise from the upper chambers of
the heart, the atria, in a rhythm set by a specialized pace-
maker region called the sinus node. In some individuals, in
addition to normal sinus beats, there are also abnormal beats
originating from the ventricles, the lower chambers of the
heart. The sporadic appearance of such ventricular ectopic
beats is common and is not necessarily a cause for concern.
However, an increased number of premature ventricular ec-
topic beats has been associated with an increased risk of
sudden cardiac death@3#. This finding led cardiologists to
hypothesize that medication to reduce the number of ven-
tricular ectopic beats in patients who had suffered a heart
attack could reduce the risk of sudden cardiac death. How-
ever, when clinical trials were carried out in patients treated
with drugs that decrease the number of ventricular ectopic
beats, the results surprisingly and dismayingly showed an
increased rate of sudden death in the patients who received
the medication compared to those who received a placebo
@4#. There has been a subsequent diminution in interest in the
analysis of the correlations between frequent ectopic beats
and sudden death in the clinical literature.

The premise of the current work is that the dynamical
patterns, not simply the number, of ventricular ectopic beats
may contain important information concerning the underly-
ing mechanisms of arrhythmia. Further, these mechanisms
can be probed by appropriate quantitative analysis of lengthy

~about 24 h! records, thereby possibly helping to identify
individuals at high risk.

A variety of different quantitative approaches have been
proposed to evaluate ventricular ectopic beats. These ap-
proaches include: counting the number of such beats in a
given time interval, developing mathematical models of ec-
topic beats and fitting these to observed data for short time
intervals@5–10#; and using computers to analyze data over
several hours by developing novel methods to plot data to
underscore mechanisms@11–13# or scaling properties@14–
16#. Although these methods yield important information,
they have not been useful in decoding the mechanisms of
ectopic beats based on quantitative analysis of the dynamics.

To achieve this goal, we develop a method to analyze in
detail the transient dynamics of ectopic beats in lengthy
records, and we systematically study how different models
can account for the observed dynamical patterns. The struc-
ture of the paper is as follows. In Sec. II we introduce the
basic terminology concerning the beat intervals in cardiac
arrhythmia. In Sec. III we introduce four clinical 24 h
records which were selected to illustrate different patterns of
complex arrhythmia. We do this by introducing a procedure
we call the dynamical ‘‘heartprint’’—a graphical montage of
histograms useful in identifying different properties of the
arrhythmia and their changes. In Secs. IV to VII we present
four simple models to study the dynamics of ventricular ec-
topic beats. We try to understand the dynamics in ‘‘real
world’’ clinical data in terms of these models. A discussion
follows in Sec. VIII. A preliminary account of some aspects
of this work has recently appeared in Ref.@17#.

II. TERMINOLOGY CONCERNING BEAT INTERVALS IN
CARDIAC ARRHYTHMIA

Figure 1 shows an excerpt of an electrocardiogram of a
patient with normal sinus beats~S! as well as abnormal ven-*Electronic address: frohlind@argento.bu.edu
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,tricular ectopic beats (V), which are distinguishable by their
characteristic morphologies. After each heartbeat, regardless
of its origin, there is a periodu, called the refractory time,
during which no other heartbeat can be expressed. Thus, if a
ventricular beat~depolarization! falls inside the refractory
time u after a sinus beat, that ventricular beat is not ex-
pressed; it is concealed~blocked!. However, if the ventricu-
lar beat falls outside the refractory period, then it is ex-
pressed and the following sinus beat is usually blocked. In
some cases, for example, if a ventricular ectopic beat falls
during a relatively long sinus beat interval, the following
sinus beat may not be blocked, in this case theV-beat is said
to be interpolated. Although it is not evident from the short
record in Fig. 1, the sinus rate normally fluctuates consider-
ably during the course of the day@18#. These fluctuations
reflect the operation of a number of different mechanisms so
that the cardiac output is matched to physiological activity
@19#. The control is exerted via autonomic nerve activity di-
rectly to the heart as well as via circulating hormones. Fac-
tors that modulate the heart rate can also affect the mecha-
nisms underlying the ectopic beat formation@20#.

Ventricular ectopic beats may arise from several different
electrophysiologic mechanisms@1,2# including the follow-
ing. In reentry, the excitation wave following a normal sinus
impulse travels through a loop of ventricular muscle to reex-
cite the heart tissue, usually at a fixed delay after the normal
sinus beat. For example, a reentrant pathway could be
formed as a circuit of viable tissue in an area of a scar caused
by a previous myocardial infarction~‘‘heart attack’’!. In trig-
gered activity, the action potential of the excitation wave
following a normal beat triggers early or late ventricular af-
terdepolarizations. Both types of triggered arrhythmias can
lead to either a single beat, or a sequence of impulses begin-
ning at a fixed time interval following the sinus beat. The
third basic mechanism for ventricular ectopic beats is anin-
dependent spontaneous pacemakerin the ventricles which
competes with the normal sinus rhythm. This class of ar-
rhythmias is called parasystole. The ventricular pacemaker
may have a fixed frequency, or it may be reset by the sinus
pacemaker@6,8#. Independent of the mechanism, a given
ventricular beat will only be observed on the electrocardio-
gram if it falls outside of the refractory period induced by the
preceding beat.

The characterization of complex ventricular rhythms leads

to the definition of a number of terms, illustrated in Fig. 1.
The sinus beat interval,TS , is the time between successive
sinus beats and theV-V interval is the time between succes-
sive ventricular beats. The coupling interval, CI, is the time
from an ectopic beat to the previous sinus beat. The number
of intervening sinus beats, NIB, between each two successive
ectopic beats is an integer that may reveal distinctive statis-
tical properties.~If the first of the two ectopic beats is inter-
polated we do not include the first normal beat into the NIB
value unless otherwise stated.!

Finally, for a given time period, the number of expressed
ectopic beats,nV , divided by the total number of sinus beats,
expressed and concealed,N, gives the fractionnV /N of beats
that are ectopic. One of the features that makes the study of
ventricular ectopic beats so challenging is that all of these
parameters may change during the course of the day. Al-
though the precise mechanisms that lead to the changes may
differ from person to person, in many cases there appears to
be a strong correlation between these changes and the sinus
cycle time. Consequently, we have developed some tech-
niques for presenting clinical data, by plotting each of the
above quantities as a function of the sinus cycle time.

III. HEARTPRINT PRESENTATIONS OF DATA

We plot the parameters describing complex arrhythmia in
the form of what we call dynamical ‘‘heartprints’’~see Fig.
2!. The heartprint is a way to represent dependences between
the sinus interval and~i! the ectopic interval (V-V), ~ii ! the
number of intervening sinus beats between ectopic beats
~NIB!, and ~iii ! the CI. We represent these dependences in
gray scale plots~where the darker shading represents more
events! @21#. The ordinate in each case represents the sinus
beat interval. The abscissa represents theV-V interval, the
NIB, and the CI, respectively. The histogram of sinus beat
intervals is shown at the left of the figure, and the histograms
of the V-V intervals, the NIB, and the CI are shown above
the gray scale plots. Thus each heartprint contains seven pan-
els.

In Fig. 2 we show the heartprints for 24 h recordings of
four different patients with life-threatening heart disease and
frequent ventricular ectopic beats (.5000 beats/24 h!. Three
cases are associated with congestive heart failure@~a!, ~c!,
and ~d!#, whereas Record 2 in~b! is from a patient at high
risk of sudden cardiac death whose record also shows pro-
longed runs of consecutive ventricular ectopic beats~ven-
tricular tachycardia!. These four patients represent notable
classes of patterns we observed by inspection of recordings
from '50 patients with heart failure. However, they are not
intended to represent the broad range of conditions associ-
ated with premature ventricular beats. We briefly describe the
heartprint of each record, and then discuss the differences
between them.

Record 1.The heartprint of Record 1 is shown in Fig.
2~a!. The gray scale plot of theV-V intervals as a function of
the sinus beat intervals shows a diagonal line structure con-
sisting of linearly increasing lines implying that manyV-V
intervals coexist for each sinus beat interval. Further, the
V-V intervals increase linearly with the sinus beat interval.

FIG. 1. Electrocardiogram over a time interval 6.6 s of a patient
with heart failure~Record 3 of Fig. 2!. Sinus~S! and ventricular~V!
beats differ in shape. The ventricular ectopic beats each block the
appearance of a sinus beat but do not alter the sinus rhythm other-
wise. Examples for a coupling interval~CI!, and aV-V interval with
the corresponding number of intervening sinus beats~NIB! are in-
dicated.
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This structure is a common feature of such records and may
arise from the restriction of the occurrence of ectopic beats to
the time interval following the refractory time of the preced-
ing sinus beat. If the variability of the coupling intervals is
even more restricted, the line structure will be more pro-
nounced. However, the histograms of theV-V intervals and
the NIB show little structure. The ectopic ventricular beats
predominantly occur with a coupling interval of 0.35–0.55 s.
This record shows much less structure than the following
records.

Record 2.The heartprint of Record 2@Fig. 2~b!# is very
different from that of Record 1. The histogram of theV-V
intervals shows a narrow peak at approximately 0.38–0.40 s
and then several broad peaks at largerV-V intervals. The
narrow peak at the 0.38–0.40 s is due to ventricularcouplets,
in which there are two consecutive ventricular ectopic beats,
or to longer sequences of ventricular ectopic beats without
intervening sinus beats. The gray scale plot of theV-V inter-
vals as a function of the sinus beat intervals again shows a
diagonal line structure. At some sinus rates there are two
parallel diagonal lines separated by about 0.38–0.40 s which
are associated with the frequent couplets. The coupling inter-
val is sharply peaked in the range of 0.6–0.7 s. In contrast to
the preceding example, the NIB show some interesting struc-
ture. For sinus beat intervals less than 1.0 s, low NIB values
~2–5! predominate, whereas for sinus beat intervals greater
than 1.15 s the NIBs take only odd values, mainly 5, 7, and
9. ~For TS.1.1 s, the single ectopic beats that are not part of

a couplet, are all interpolated. As mentioned earlier, the nor-
mal beat immediately following an interpolated one is not
included in the NIB count. Thus, the NIB pattern in Fig. 2~b!
is not changed by the appearance of the interpolated beats.!

Record 3.The sinus beat intervals in the heartprint of
Record 3@Fig. 2~c!# are constrained in the narrow range of
TS50.5560.10 s. A prominent feature here is that the histo-
gram of theV-V intervals consists of equidistant peaks with
a spacing of'1.6 s. The gray scale plot of theV-V intervals
now shows a vertical line structure reflecting the observation
that theV-V intervals are integer multiples of a common
divisor independent of the sinus beat interval. This suggests
that at the origin of the abnormal beats might be a periodic
pacemaker with a periodTV'1.6 s@17#. In this record there
is order in the structure of the NIB that we will discuss in
detail later. The coupling intervals take all values in the in-
terval between'0.33 s and the next sinus beat.

Record 4.The heartprint of Record 4@Fig. 2~d!# has simi-
larities to Record 3 in that we see distinct values for the
NIBs. However, the peaks in theV-V interval histogram are
not equidistant. In fact, the diagonal line structure of theV-V
intervals is a feature we saw in Records 1 and 2. Also, the
coupling interval histogram is peaked but the gray scale plot
of the coupling interval as a function of sinus beat interval
shows that the ectopic beats can occur in the time interval
between'0.55 s and the next sinus beat.~No interpolated
beats are present in this record.!

We now briefly describe the most apparent differences

FIG. 2. Heartprints for;24 h clinical records~a! Record 1,~b! Record 2,~c! Record 3, and~d! Record 4. See text for a detailed
explanation.
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among the four records and their potential relevance to the
underlying mechanisms. The plots of the coupling interval as
a function of the sinus beat intervals show different struc-
tures in the different records. In Record 2, the coupling in-
terval is approximately the same for all sinus rates whereas
the other records show much more variability. The refractory
time of the heart following a sinus beat must be shorter than
the shortest coupling interval. The longest coupling interval
must be shorter than the sinus cycle time. Therefore, if all
possible coupling intervals occur for any given sinus rate,
there will be an almost triangular~or quadrilateral! structure
in the CI gray scale plots as was observed in Records 3 and
4, and the lower bound of the coupling interval may give
information about the refractory time and its dependence on
the sinus cycle length. In the case of fixed coupling intervals
the refractory time may be estimated from the occurrence of
interpolated beats. The shortest interval occurring between a
V beat and a following interpolated sinus beat gives an upper
limit for the refractory time of the heart tissue. For Record 2
we find u'0.57–0.6 s.

Since a fixed coupling interval means that the ectopic beat
occurs at a fixed time interval after a sinus beat, fixed cou-
pling intervals have been taken to imply either a reentrant
mechanism or a triggered mechanism. In contrast, if the cou-
pling intervals vary over a broad range for any given sinus
cycle length, then the ectopic mechanism would appear to be
independent of the preceding sinus cycle. This could occur if
there were an independent ectopic pacemaker or if the ec-
topic beats were generated randomly in time. In Record 1 the
coupling intervals appear to be quite broad and featureless,
suggesting a random mechanism, whereas the fixed time in-
tervals between theV-V beats in Record 3 suggest an inde-
pendent pacemaker in this record.

The heartprints also show differences in the patterns of
the NIB values. It is remarkable that these records show
areas where the NIB values assume only odd values~as oc-
curs in Record 2!, or assume one of the values 2,5,8,11, . . .
~as occurs in Record 3!. Although previous workers have
examined mechanisms that can give rise to this sort of
rhythms @5–13#, the systematic study of arrhythmia over
long periods of time is only made possible by computerized
analysis of extended records. A mechanism that might appear
valid over a short interval might be inconsistent with the data
in an extended record.

Another way to compare the patterns of ectopy in differ-
ent records is to plot the fractionnV /N of ventricular ectopic
beats as a function of the sinus beat interval~Fig. 3!, where
nV is the number of expressedV beats andN is the total
number of normal beats, expressed and concealed. The solid
points represent the data, whereas the open symbols and the
superimposed lines represent the behavior of models that are
presented below. Once again, there are distinct differences
among the records. The above discussion suggests theoretical
models that might be appropriate for the analysis of the com-
plex ectopy. We present three different classes of models
whose basic features are intended to capture fundamental
physiologic mechanisms including parasystole and reentry as
described in Sec. II.

IV. MODEL 1: RANDOM VENTRICULAR
ECTOPIC BEATS

Perhaps the simplest assumption concerning the ectopic
beats is that they occur randomly in time. This model is
useful because it serves as a baseline for comparing heart-
prints, since the only way in which this model generates
patterns is through the refractory times of the sinus and ec-
topic beats. We simulate@22# a record in which the probabil-
ity for an ectopic beat isp050.5/s@23#. The distribution of
the V-V intervals of such randomly appearing ectopicV
beats is of the form

p~ t !5p0 exp~2p0t !. ~1!

However, since after each heartbeat the heart is refractory for
a time intervalu, the appearance of the ectopicV beats is
limited to time intervals when the heart is not refractory. This
generates the diagonal line structure in the gray scale plot of
theV-V intervals@Model 1 in Fig. 4~a!#. ForTS fixed and for
smallDt5TS2u.0, the histograms ofV-V intervals consist
of a series of sharp peaks with a spacing of approximately
TS . Using the Poisson distribution we find that the integrated
density in the peak centered at (n11)TS is given by

~12p0Dt !np0Dt. ~2!

FIG. 3. FractionnV /N of appearingV beats, wherenV is the
number of appearingV beats, andN the sum of appearing and
concealed normal beats, versus sinus beat intervals.~a! Record 1
together with the simulation from Fig. 7.~b! Record 2;~c! Record
3, and the result of a corresponding simulation of modulated para-
systole~Fig. 11!. The lines are given by Eq.~7! for two different
periods of the independent ventricular pacemakerTV51.67 s and
TV51.76 s, and the refractory time linearly dependent on the sinus
beat intervalu50.29TS10.17 s. Note that the curves for the data
and simulation with weak coupling deviate from the lines atTS

50.55 s. ~d! Record 4, and a simulation of strongly modulated
parasystole~Fig. 12!. The line is again given by Eq.~7! with TV

51.5 s andu50.5 s andu50.55 s, respectively.
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The actual distribution of theV-V intervals for fixedTS lies
between these two limiting cases: Eq.~1! for zero refractory
time and Eq.~2! for maximal refractory time.

We chooseu50.4 s in all simulations of the basic mod-
els since this is a value typically found in clinical records.
Figure 5~a! shows schematically a beat sequence resulting
from such a model. The heartprint generated with this model
is shown in Fig. 4~a!. For a larger value of the refractory time
u the diagonal line structure in the gray scale plot on theV-V
intervals is more pronounced, approaching the discrete case
for u;TS .

In the plots of coupling intervals as a function of the sinus
beat intervals, the density distribution is uniform as expected
for randomly distributedV beats.

To find an expression for the fraction ofV beats as a
function of the sinus beat intervals we start with the prob-
ability to find a V beat in a time periodTS , which is p0TS
50.5TS . The probability for theV beat to fall outside of the
refractory time of a normal beat is given by (TS2u)/TS .
The fraction ofV beats is then given by the product of these
two terms,

nV

N
5p0~TS2u!50.5~TS20.4!. ~3!

The line given by Eq.~3! is plotted in Fig. 6~a!. It overesti-
mates the number of ectopic beats because the randomly

FIG. 4. The heartprint for the basic models@22#. ~a! Model 1, random distribution of ventricular beats;~b! Model 2, fixed delay;~c!
Model 3A, independent pacemaker; and~d! Model 3B, coupled pacemaker. See text for a detailed explanation.

FIG. 5. Schematic illustration of the sequence of normal beats
~upper boxes! and ectopic beats~black bars with lower boxes! for
the three basic electrophysiologic models for the generation of ven-
tricular ectopy. Expressed beats are shaded, blocked beats are empty
~normal beats! or have no box (V beats!. The sinus beat interval is
TS50.7, the refractory time~boxes! is u50.4 ~arbitrary units!. ~a!
Model 1, randomV-beat distribution~Model 1!; ~b! Model 2, fixed
delay with a coupling interval CI50.5 ~Model 2!; and ~c! Model
3A, independent pacemaker~parasystole! with the periodTV51.2.
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timedV beats may block each other due to the refractoriness
of the heart tissue. This reduces the probabilityp0 and there-
fore the slope in Fig. 6~a!.

The assumption of random occurrence of ectopic beats
does not fully correspond to the dynamics observed in any of
the records. Although the data in Record 1 have some simi-
larity to what is expected with randomly occurring ventricu-
lar beats, this record is better discussed in the context of the
next model.

V. MODEL 2: V BEATS WITH FIXED COUPLING
INTERVAL—REENTRY AND TRIGGERED ACTIVITY

In Record 2, all of the ectopic beats occur at a fixed cou-
pling interval following the preceding sinus beat. A simple
model that could display such dynamics is the one based on
a reentrant mechanism or a triggering mechanism. After each
expressed normal beat we generate aV beat with probability
p. If a V beat appears, it occurs at a fixed coupling interval CI
after the normal beat as shown in Fig. 5~b!. In a simulation
@22# of the model, we choose CI50.6 s, andp50.36. The
resulting heartprint is shown in Fig. 4~b! ~Model 2!. V beat
activity starts whenTS.CI. The fixed delay leads to a
straight line at CI50.6 s in the gray scale plot of the cou-
pling intervals. The distribution of the number of intervening
beats~NIB! is independent of the sinus beat intervals since
the probability for the appearance of aV beat does not
change withTS . Consequently, the probability that the NIB
value is equal ton11 is given by (12p)np. In Fig. 5~b! we
see that, for NIB5n, theV-V interval is (n11)TS , and this
is reflected in the gray scale plot for theV-V intervals in Fig.

4~b!. The smallestV-V interval is therefore equal to 2TS
51.2 s since everyV beat conceals the next normal beat and
only the next normal beat can generate anotherV beat. For
TS larger thanCI1u'1.1 s allV beats are interpolated, i.e.,
the following normal beats are not concealed and may gen-
erate aV beat on their own. In this case, the smallestV-V
distance is equal toTS . This is the only exception where the
NIB values following an interpolatedV beat do include the
nonconcealed normal beat because otherwise we may gener-
ate NIB50, which is not possible in the mechanism.

To calculate the fraction ofV beats we must consider that
only expressed normal beats generateV beats, and subtract
the number of concealed normal beats (5number of ex-
pressedV beatsnV) from the total number of normal beatsN.
HencenV5(N2nV)p, so

nV

N
5

p

11p
. ~4!

For p50.36, nV /N50.2647. In Fig. 6~b!, we plotnV /N and
compare with the simulated curve. ForTS larger thanCI
1u51.0 s no normal beats are concealed, such that all
beats contribute to the generation ofV beats, and we find

nV

N
5p for TS.1.0 s. ~5!

Comparison with Record 1.The rhythm displayed in
Record 1 in Fig. 2~a! has features in common with Model 1
in Fig. 4~a!, as well as with Model 2 in Fig. 4~b!. The V-V
intervals and the coupling intervals are more restricted than
in Model 1 but less than in Model 2. This is not due to a
large refractory timeu, since the gray scale plot of the cou-
pling intervals gives 0.3–0.4 s as upper limits for the refrac-
tory time. Therefore, we simulate Record 1 by assuming a
mechanism similar to the fixed coupling interval mechanism
of Model 2 in Fig. 4~b! where each expressed normal beat
generates with probabilityp a V beat. Instead of fixed cou-

FIG. 6. FractionnV /N of manifestV beats plotted against sinus
beat intervals for model simulations~Fig. 3!. ~a! Model 1 ~random
distribution ofV beats!, and Eq.~3!. ~b! Model 2 (V beats randomly
generated by a preceding normal beat with a fixed coupling inter-
val! and Eqs.~4! and ~5!. ~c! Model 3A ~independent pacemaker
with the periodTV'1.5 s) and Eq.~7!. ~d! Model 3B, the same as
~c! but with the coupling shown in Fig. 10 between the pacemakers.
The coupling changes the curve significantly.

FIG. 7. Simulation for Record 1@Fig. 2~a!# in which each nor-
mal beat generates aV beat with probabilityp50.045, similar to
Fig. 4~b! but the coupling intervals are drawn from Gaussian dis-
tributed noise. The center of the Gaussian is linearly dependent on
the sinus beat intervals: 0.2910.21TS . We use the sinus beat inter-
vals of Record 1 in the simulation.
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pling intervals we use Gaussian-distributed coupling inter-
vals to incorporate the randomness from Model 1. The center
of the Gaussian distributed coupling intervals increases lin-
early with TS . It is known that the refractory time can in-
crease with increasing sinus beat intervals. For the simula-
tion, we also use the actual sinus beat intervals from the data.
The heartprint in Fig. 7 shows the result. The features of
Record 1 can almost entirely be reproduced. We do not gen-
erate the narrow peak at very smallV-V intervals since they
result from ventricular couplets which we do not include in
this simulation.

Comparison with Record 2.Since there is a fixed coupling
interval in Record 2@Fig. 2~b!#, this record is a candidate for
simulation by a model for reentry or triggered activity. The
heartprint of Record 2 also shows peaks in the NIBs. These
cannot be reproduced with the basic Model 2. We have at-
tempted to simulate the data in this record by developing a
model for reentry in which the conduction through the reen-
trant pathway depends on prior activity. This physiological
property can be described with a refractory timeuLoopÞu for
the reentry pathway@10,13#. The travel time through the re-
entry loop ~which gives the coupling interval CI if a ven-
tricular beat is generated! may depend on the recovery time
that has elapsed since the previous travel through the loop.
The functional form for this dependence could be a decaying
exponential@24#. The more the time that has passed since the
last travel through the loop, the faster the travel will be.
Eventually it may be so fast that the excitation wave meets
refractory tissue after traveling through the loop such that no
V beat is generated. This model is described in the Appendix.

In Record 2, however, the coupling intervals are almost
fixed. We therefore chose for the travel time a fixed number
plus some fluctuations. If the travel time equals the refrac-
tory time these little fluctuations will conceal some ventricu-
lar beats. The refractory time of the loop is chosen such that
the NIBs take only odd numbers as shown in the simulation
for Record 2 in Fig. 8.

In the data, however, mainly NIB55,7,9 . . . are present
for TS.1 s. The lower sinus beat interval part in Fig. 2~b!
can be generated by setting the refractory time of the loop
large enough to reach NIB'3,4,5, i.e.,uLoop'5TS , and add-
ing a lot of noise.

Thus, the generation of both, the low and the highTS
patterns present in Fig. 2~b!, seems impossible with the cur-
rent model with fixed parameter settings. The double lines in
Fig. 2~b! are reproduced in Fig. 8 by randomly allowing
ventricular beats to be followed by other ventricular beats.

VI. MODEL 3A: INDEPENDENT PACEMAKERS—PURE
PARASYSTOLE

We now assume that an independent pacemaker with pe-
riod TV is the source of the ventricular beats as shown in the
cartoon in Fig. 5~c!. This mechanism is calledpure parasys-
tole @6,9# and Fig. 5~c! displays a schematic plot of a beat
sequence. The heartprint resulting from a simulation@22# of
this model withTV51.75 s andu50.4 s is shown as Model
3A in Fig. 4~c!. The histogram of theV-V intervals consists
of equidistant peaks which are separated by the periodTV .
The fact that there is more than one peak is due to the re-
fractory time which conceals some of the abnormal beats and
leads toV-V intervals that are integer multiples ofTV . The
corresponding gray scale plot shows lines that are not tilted.
We also see that at most three differentV-V intervals or NIB
values are found for any given sinus beat interval.

A mathematical description@6,9# of such a model intro-
duces the phasef i of the i th V beat in the sinus cycle, i.e.,
the coupling interval divided byTS . Successive values off i
are determined by iterating the difference equation~circle
map!,

f i 115~f i1TV /TS! mod 1, ~6!

where aV beat is expressed iff i 11.u/TS . This equation
depends on only two parameters, the ratio of the two periods
TV /TS , and the ratio of the refractory time to the sinus pe-
riod u/TS . For an irrational ratioTV /TS ~incommensurate
periods! the V beats will, for sufficiently long times, be
equally distributed in the sinus cycle, i.e., the phasesf i will
take all values betweenu and 1 with equal probability. The
NIB sequence then has the following properties@6,9#: ~i!
there are at most three different values for the NIB;~ii ! the
sum of the two smaller NIBs is the largest NIB minus one;
and ~iii ! only one of the NIB values is odd. The
u/TS , TV /TS-parameter space can be completely parti-
tioned into regions of these triplets as in Fig. 9. If the ratio of
the periods of the two pacemakers is close to an integern,
the sequence of NIBs contains long sequences ofn21 inter-
rupted occasionally by two large numbers. Forn52 this
yields a pattern called bigeminy (NIB51), since every sec-
ond beat can be aV beat; for n53 the rhythm is called
trigeminy.

The uniform distribution of the phases of theV beats al-
lows us to derive the fraction ofV beats which are observed
at a particularTS . The probability for aV beat to be gener-
ated in a time periodTS is given by TS /TV . Of these a

FIG. 8. Simulation of the reentry mechanism withuLoop

51.6 s and a fixed travel timet50.6 s plus Gaussian distributed
noise (s50.03 s), and refractory timeu50.6 s. The concealed
bigeminy (NIB51,3,5,7, . . . ) is reproduced but in the data NIB
51 does not appear. The couplets were also simulated by randomly
deciding with probability 1/2 if aV beat should follow aV beat.
Again, the sinus beat intervals from the data were used.
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fraction of (TS2u)/TS occurs outside the refractory period
and is observed. The ratio of the number of the observedV
beatsnV to the total number of normal beats~observed and
concealed! N is then@25#

nV

N
5

TS

TV

TS2u

TS
. ~7!

Perturbation of the timing of theV beats by noise does not
affect this distribution since it does not affect the uniform
distribution of the phases. But any coupling between the two
oscillators will change this distribution as well as the distri-
bution of the coupling intervals in dependence on the sinus
beat intervals@25#.

Comparison with Record 3.Comparison between Model
3A in Fig. 4~c! and Record 3 in Fig. 2~c! immediately sug-
gests that the origin of theV beats in Record 3 may be an
independent~parasystolic! pacemaker. In theV-V interval
histogram Fig. 2~c!, we see, however, that the peaks have
some broadness. A closer look at the corresponding gray
scale plot reveals a substructure in the vertical lines. This
substructure consists of parts of the diagonal lines familiar
from Fig. 2~a!. It seems that the present mechanism selects
those points out of underlying diagonal lines which equal a
multiple of the periodTV plus some noise. The noise leads to
the broadness of the vertical lines.

As mentioned above, in the case of parasystole we expect
the occurrence of only three different NIBs, whose values
depend on the sinus interval. But, we clearly find more than
three NIB values for each sinus beat interval. Comparison
with the theoretical values for the NIB in Fig. 9
(,2.5TV /TS,3.5,u/TS'0.6) shows that the NIB values at
the edges (TS,0.53 s andTS.0.57 s) are reproduced. In
addition to the triplet we find the NIBs from neighboring
sinus beat intervals. In the center, however, we find the NIB
sequence 2,5,8,11 instead of just 2. These discrepancies from
pure parasystole can be accounted for by noise affecting the
periods of the two pacemakers@17#.

Another important feature of a system of two uncoupled
oscillators is the uniform distribution of the phase shift be-

tween the two oscillators which corresponds to the uniform
distribution in the gray scale plot of the coupling intervals of
Model 3A in Fig. 4~c!. For Record 3, the entire allowed
triangular space is filled but the varying gray scale implies a
nonuniform distribution of the probability. Some coupling
intervals are preferred compared to others. In addition, we
compare the fraction ofV beats in the data@Fig. 3~c!# and in
the simple model for pure parasystole@Fig 6~c!#. We find that
close to the ratioTV /TS53 manyV beats predicted by the

FIG. 9. Parameter plots of the NIB triplets in parasystole as adapted from Ref.@9#. For each set of parametersu/TS , TV /TS three NIB
values make up the NIB sequence. The organization of the sequence varies within the region of any given triplet. The dashed lines indicate
increasingly narrow regions with triplets made up fromTV /TS21, and two large numbers. The dashed arrows on the left-hand side show the
region relevant for Record 4, and the dashed arrow on the right-hand side for Record 3.

FIG. 10. Coupling mechanism between two pacemakers. The
changeDTV of the period of theV oscillator as a function of the
ratio of the timetVN between the lastV beat and a normal beat, and
TV . The coupling shortens the intrinsicTV0

to the apparentTV . ~a!

shows the weak coupling used to simulate Record 3 in Fig. 11.~b!
shows the strong coupling used to simulate the model in Fig. 4~d!.
~c! shows the coupling used to simulate Record 4 in Fig. 12.
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model are ‘‘missing’’ in the data. The reason for these dis-
crepancies may be the coupling between the sinus pacemaker
and the ectopic pacemaker@26#. We will therefore continue
to discuss this record in the following section as an example
of weakly coupled parasystole.

VII. MODEL 3B: COUPLED PACEMAKER—MODULATED
PARASYSTOLE

An extension of the third model assumes that the sinus
rhythm resets or modulates@27# the ectopic pacemaker in the
ventricles@5,8,28#. This interaction can be formulated as a
phase resetting curve~Fig. 10!, which gives the change of
the period of the extra pacemaker as a function of the timing
of an intervening sinus beat. A sinus beat appearing in the
first part of the ventricular cycle either has no effect or pro-
longs it. In contrast, a sinus beat appearing in the second part
of the ventricular cycle shortens the cycle@5,8,27#. This sec-
ond part may extend over most of the range.

A system of coupled pacemakers can be described by a
difference equation@29#. In its most general form there will
also be stochastic fluctuations on the timings of theV beats,

f i 115S f i1
TV

TS
1

f ~f i ,TS ,TV!

TS
1

h

TS
D mod 1, ~8!

whereh is a Gaussian random variable distributed around 0,
and f (f i ,TS ,TV) gives the iteratively added change ofTV
due to the coupling of the normal beats to theV beats@5,8#.

Comparison with Record 3.In Record 3 in Fig. 2~c! the
basic features of parasystole are preserved. In a recent study
@17#, we used the coupling shown in Fig. 10~a! to simulate
this heartprint using the sinus beats of the actual data. The
result is shown in Fig. 11. Since the coupling shortensTV
only by 7.6%, the basic structure of parasystole is present:
equidistantV-V intervals, the NIB triplets, and uniform dis-

tribution of the coupling intervals. The coupling leads, for
TV /TS'3, to a fixed point in Eq.~8!, such that theV beats
always fall in the refractory period of the normal beat and
thus are always blocked@30#. In combination with the noise
that moves theV beats randomly in and out of the refractory
time, the blocking mechanism gives rise to a discrete Poisson
process leading to an approximately exponential falloff of
the peak heights of the NIB values 2,5,8, . . . @9,31#. Finally,
the model gives an accurate estimate of the fraction ofV
beats as a function ofTS shown in Fig. 3~b!.

For other interactions all resemblance to parasystole may
be lost. In Fig. 4~d! we present the heartprint of a simulation
of two strongly coupled pacemakers using the same system
as for the two uncoupled pacemakers in Fig. 4~c!. The phase
response curve of the coupling is shown in Fig. 10~b!, it
shortens the time remaining until the nextV beat by up to
60%. The peaks in theV-V interval histogram are not equi-
distant, and theV-V intervals show the diagonal line struc-
ture we have seen before. Some structure is still present in
the gray scale plot of the NIB but does not correspond to the
triplets. The uniform distribution of the coupling intervals is
replaced by a strongly peaked one which is more similar to
the fixed delay simulation than to the uncoupled pacemakers.
In this case it is difficult to recognize parasystole at all and
will be even more difficult in the presence of noise on both
mechanisms. In general, for a strong coupling, the distinction
between coupled parasystole and a mechanism with fixed
delay is very difficult, since the coupling leads to phase lock-
ing which is effectively a fixed delay.

Comparison with Record 4.The heartprint of Record 4 is
shown in Fig. 2~d!. Since the coupling intervals cover a
broad range, a parasystolic mechanism seems possible. How-
ever, in contrast to Record 3, in which theV-V intervals are
multiples of a common divisor, theV-V intervals of Record 4
are more widely dispersed. Therefore, if the underlying
mechanism is parasystole, resetting must play an important
role. This is also evident when comparing the NIB triplets of
the data to those for uncoupled parasystole in Fig. 9, where
the leftmost dashed arrow indicates the range of this record.

FIG. 11. Simulation of weakly coupled pacemakers based on the
sinus beats of Record 3 and the coupling shown in Fig. 10~a!. Some
noise (s50.07 s) is added to the timings of the ventricular pace-
maker and the sinus beat intervals of Record 3 are used in the
simulation. Comparison with Fig. 2~c! shows that the simulation
reproduces most of the patterns of Record 3. The coupling reduces
the number of ventricular beats that are generated. The narrow peak
in the coupling interval is not reproduced.

FIG. 12. Simulation of a model with strongly coupled pacemak-
ers with the sinus beat intervals of Record 4. Gaussian distributed
noise with a standard deviations50.1 s was added to the period of
the V beats (TV51.50 s). The refractory time isu50.55 s. The
coupling is shown in Fig. 10~c!.
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We estimateTV'1.5 s, andu'0.55 s from the shortest
V-V and CI interval, respectively. We carried out simulations
using various resetting functions. We were able to find agree-
ment with some aspects of the data. Figure 12 shows the
results using the resetting curve Fig. 10~c!. In the simulation,
there is a broad region of concealed bigeminy, NIB
51,3,5,7, . . . for TS5TV/2'0.8 s. In contrast, in Record 4
there is, forTS'0.8 s, a strong presence of NIB51, and 3
only. Although there are qualitative similarities in the gray
scale plots of theV-V and CI intervals, there is only partial
agreement with the NIB gray scale plot. We think the under-
lying mechanism is not clear—and may not be parasystolic.

VIII. DISCUSSION

Reduced to the most basic terms, cardiac rhythms arise
from a small number of fundamental processes involving
pacemakers and waves of activation~depolarization! and re-
covery~repolarization!. The waves can propagate or they can
be blocked. If the waves propagate, characteristics of the
propagation such as the duration of the action potential and
the velocity of the propagation usually depend on the physi-
ological state of the system. All this activity takes place in an
anatomically complex structure.

Given these straightforward theoretical concepts and the
importance of cardiac arrhythmia for human health, it is per-
haps surprising that our understanding of cardiac arrhythmias
is not more advanced. Certainly, some of the striking patterns
that we have described are apparent on even the most super-
ficial examination of the electrocardiogram, and have been
the subject of clinical description, classification, and theoret-
ical modeling for almost a hundred years. A problem is that
different theoretical models can account for the same elec-
trocardiographic pattern. For example, a bigeminal rhythm in
which sinus beats and ectopic beats alternate can be ac-
counted for by reentry@32#, modulated parasystole@5,6,8#, or
by triggered automaticity@2#. Consequently, showing agree-
ment between a short stretch of an electrocardiographic
record and a given model does not constitute a sharp test of
a theoretical mechanism. Computer analyses carried out over

longer time intervals are essential for a critical test of any
hypothesized mechanism.

Only a few previous studies have considered in detail the
dynamical features of complex arrhythmia as provided by 24
h electrocardiographic Holter tape recordings@11,13,14,26#.
The important feature of the current work is the comparison
of the simulated dynamics~using a hypothesized theoretical
mechanism! with the observed dynamics over long times. In
developing the theoretical models, we focus on observable
features of the dynamics to give insight into the underlying
mechanisms. Ectopic beats are only observed during time
intervals during which the heart is excitable. Consequently,
the gray scale~heartprint! plots of the coupling intervals as a
function of the sinus rate, gives information about the refrac-
tory period of the heart. If the coupling interval varies
widely, this is an indication of a lack of tight coupling be-
tween the sinus beat and the ectopic beat as was found in
Figs. 2~c! and 2~d!. In contrast, if the coupling interval is
confined to a narrow range as in Fig. 2~b!, this indicates that
there is a strong interaction between the sinus beat and the
generation of the ectopic beat. In most cases, as a conse-
quence of the refractory time, there are elevated densities
along the diagonals in the gray scale plots of theV-V inter-
vals as a function of the sinus cycle length, Figs. 2~a!, 2~b!,
and 2~d!. An exception occurs when the ectopic beats are
associated with an independent parasystolic pacemaker, Fig.
2~c!, leading to vertical lines in the gray scale plots of the
V-V intervals as a function of the sinus cycle length and
sharp peaks separated by multiples of a common divisor in
the histogram of theV-V intervals. Striking regularities in
the distribution of the number of sinus beats intervening two
ectopic beats are evident in Figs. 2~b!, 2~c!, and 2~d!, but
only for Fig. 2~c! was it possible to develop a convincing
theoretical interpretation.

We believe that our difficulties in replicating the dynam-
ics of some of the records, especially Record 2, Fig. 2~b!,
reflect fundamental deficiencies in our understanding of ba-
sic underlying mechanisms. We believe that in order to help
determine the underlying mechanism in this and other sub-
jects, it might be useful to combine the analysis of the long
term electrocardiographic tapes with direct investigations
that are possible in subjects who are undergoing clinical
electrophysiological studies that enable stimulation and re-
cording directly from the patient’s heart.

The current work demonstrates that complex arrhythmia
in human hearts recorded over long times displays a number
of dynamic features. Appreciation of these features is pos-
sible using computer aided analysis of data recorded over
long times. Better understanding of the underlying mecha-
nisms of these rhythms should facilitate the development of
theoretical models. However, at the present time, it is clear
that one model does not fit all—each of the cases we have
studied has unique distinguishing features. Developing a bet-
ter classification of the mechanisms underlying the complex
rhythms should be possible, but such efforts will necessarily
involve extensive data analysis, physiological insight, and
simulation of nonlinear equations.

FIG. 13. Schematic plot of a reentry model including a variable
refractory time for the reentry pathway.
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APPENDIX: MODEL FOR REENTRY

Figure 13 shows a schematic plot for the beat sequence in
a model for reentry. The boxes represent the sinus beats with
their refractory time~empty boxes indicate blocked sinus
beats!, the black bars are theV beats~empty bars indicate
lockedV beats!. Here everyV beat blocks the following si-
nus beat even if it is an interpolated beat. Fluctuations in the
otherwise constant sinus beat intervals are indicated by the
dashed arrow above. Without fluctuations this model gener-
ates stable beat sequences. A sinus beat can start an excita-
tion traveling through the reentry loop, indicated by the di-
agonal line. The travel timet through the reentry loop is the
horizontal projection of this diagonal line. If it ends after the
refractory time of the sinus beat, aV beat is generated~black
bar!. The travel time depends on the recovery time~numbers
given in units ofTS), the time elapsed since the last excita-
tion entered the loop. The travel time is shorter if the recov-
ery was longer. After an excitation travels through the loop,

no matter if it results in aV beat or not, the reentry loop will
be refractory for a timeuLoop indicated by the gray narrow
trapezoid. During this time no excitation can propagate
through the reentry loop. The upper panel the of Fig. 13
indicates that travel timet(2TS) is much longer than the
refractory timeu, such that all propagations through the loop
result in aV beat. The travel time is longer if a shorter sinus
beat interval prolongs the recovery time~dashed arrow!. In
the present case the travel time is still longer than the refrac-
tory time and the beat sequence is unchanged. The middle
panel of Fig. 13 indicates that the travel timet is almost the
same as the refractory timeu, i.e., for a recovery time of 2TS
with the present sinus beat intervalTS the travel time is
shorter than the refractory time. Only if a shorter sinus beat
interval occurs, the travel time becomes long enough to re-
sult in aV beat. Thus, if the travel time is of the duration of
the refractory time, fluctuations of the sinus beat intervals
change the beat sequence significantly. The resulting NIB
sequence here consists of the values 1,3,5, . . . , a pattern
called concealed bigeminy. The lower panel of Fig. 13 indi-
cates that in the upper and middle panel the refractory time
of the reentry loop is too short to play any role. In this case
the very long refractory time of the reentry loop dominates
the beat sequence. The excitation of only every fourth sinus
beat can enter the reentry loop. In the presence of fluctua-
tions, also the third sinus beat may also generate aV beat.
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Correlation differences in heartbeat fluctuations during rest and exercise
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We study the heartbeat activity of healthy individuals at rest and during exercise. We focus on correlation
properties of the intervals formed by successive peaks in the pulse wave and find significant scaling differences
between rest and exercise. For exercise the interval series is anticorrelated at short-time scales and correlated
at intermediate-time scales, while for rest we observe the opposite crossover pattern—from strong correlations
in the short-time regime to weaker correlations at larger scales. We also suggest a physiologically motivated
stochastic scenario to provide an intuitive explanation of the scaling differences between rest and exercise.

DOI: 10.1103/PhysRevE.66.062902 PACS number~s!: 87.19.Hh, 05.45.Tp, 89.75.Da

One of the important questions in the analysis of complex
physiological time series is how such series reflect the dy-
namical properties associated with the underlying control
mechanism@1,2#. Recently, it was found, e.g., that the fluc-
tuations of the heart interbeat intervals reveal long-range
power-law correlations@3# and follow scale-invariant struc-
ture@4# which may be useful for diagnosis and prognosis@5#.
Here we study the correlation~scaling! properties of heart-
beat dynamics as reflected by the pulse wave measured from
the finger@6,7#.

Previous studies of interbeat interval series have focused
primarily on long records of at least several hours@8,9#,
which include periods of rest as well as periods of a more
intensive physical activity. However, heartbeat dynamics can
change dramatically with physical activity. Thus, important
differences in cardiac regulation associated with rest and ex-
ercise may not be clearly seen when analyzing records which
mix together rest and exercise regimes. Here we consider rest
and exercise activitiesseparately. We focus on the correla-
tions in the interpulse interval~IPI! series derived from the
pulse wave signal during rest and exercise@Fig. 1~a!#. By
studying the changes in the correlation properties we wish to
achieve a better understanding of the physiological mecha-
nism that regulates heartbeat dynamics at rest and during
physical exercise.

We analyze 21 records from healthy subjects. Each record
includes four different stages of physical activity denoted as
rest 1, exercise 1, rest 2andexercise 2@Fig. 1~b!#. At the first
stage~rest 1! we measure the IPI under normal rest condi-
tions. At the next stage~exercise 1! subjects are asked to run
on a treadmill. After a shortrecovery, during which subjects
sit down to recover their heart rate, a new rest-exercise epi-
sode~denoted asrest 2andexercise 2! is followed.

To study the correlation properties of the IPI series,
we use the detrended fluctuation analysis~DFA! @10# which
is a method developed to avoid spurious detection of corre-
lations that are artifacts of trends related to nonstationarity.
The DFA procedure consists of the following steps. We
first integrate the IPI series$ui% to construct the profile
Y(k)5( i 51

k (ui2^u&), where ^u& is the series average.

Next, we divide the integrated seriesY(k) into equal non-
overlapping windows of sizen and find the local trend in
each window by a least-squares polynomial fit. The order of
the polynomial fit specifies the order of the DFA@11,12#.
Then we calculate the average of the square distances around
the local trend. This procedure is repeated to obtain the root
mean square fluctuation functionF(n) for different window
sizesn. A power-law relationF(n);na indicates the pres-
ence of scaling in the series. According to random walk
theory, the scaling exponenta is related to the autocorrela-

FIG. 1. ~a! A typical example of a pulse wave measured as a
function of time. As in the case of the electrocardiogram signal
where interbeat interval fluctuations are studied~see, e.g., Ref.@8#!,
we analyze the interpulse intervals~IPIs! between successive peaks
in the pulse wave.~b! IPI series obtained from the pulse wave
signal shown in~a!. Each record includes two rest and two exercise
stages. The duration of each stage varies from subject to subject and
is between 6 and 10 min.~c! Sign series obtained from the incre-
ments in the interpulse intervals during rest and~d! during exercise.
Note that the sign series of the exercise regime exhibits more fre-
quent alternations~stronger anticorrelated behavior! compared to
rest.
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tion function exponentg @C(n);n2g when 0,g,1] and
to the power spectrum exponentb „S( f );1/f b

… by a51
2g/25(b11)/2 @13#. The valuea50.5 indicates that there
are no ~or finite-range! correlations in the data. Whena
,0.5 the series isanticorrelated, meaning that large values
are most probable to be followed by small values. Whena
.0.5 the series iscorrelated, meaning that large values are
most probable to be followed by large values. The higher the
a is, the stronger are the correlations in the signal.

We also study the correlation properties of the sign
series, sgn(Dui) @14#, derived from the IPI increments
Dui5ui 112ui @15#. The simplicity of the sign series may
allow easier interpretation of the results. Figs. 1~c! and 1~d!
show representative examples of sign series obtained from
rest and exercise stages, respectively. For exercise, the signs
of IPI increments tend to alternate rapidly, indicating a strong
anticorrelated behavior. At rest stage, on the other hand, the
signs alternate every several points, and thus this dynamics
may be characterized by a randomlike behavior at small
scales.

Due to the fact that during exercise the IPI series exhibits
strong short-range anticorrelations, we first integrate the IPI
series for all rest and exercise episodes~in addition to the
integration builtin the DFA method!, to avoid inaccurate es-
timation of the scaling exponents for exercise segments. Be-
cause of the apparent linear decrease of the IPI during the
exercise stage@Fig. 1~b!#, the extra integration introduces a
parabolic trend. To eliminate the effect of this parabolic trend
in the exercise stage, we perform third order DFA@16# on the
integratedIPI series. The integration procedure is not neces-
sary for evaluatinga for the rest episodes, since they exhibit
correlated behavior@17#.

In Fig. 2~a! we present the fluctuation functionF(n) of

the integrated IPI series@18# for rest and exercise segments
of a typical subject. For all 21 individuals we observe a
characteristic crossover aroundn'20, where there is a
change in the correlation behavior between short- and
intermediate-scales regimes. We denote the scaling exponent
of the short-range regime asa1 ~estimated for scales 8<n
<14) and the scaling exponent of the intermediate regime as
a2 ~estimated for 30<n<300) @19#. The type of crossover is
different for rest and exercise: for the resta1.a2, while for
the exercisea1,a2. The fluctuation functions for rest and
exercise stages construct a ‘‘fish’’-like pattern~Fig. 2!.

We apply a similar scaling analysis to sign series derived
from rest and exercise segments of the IPI series@Fig. 2~b!#.
The sign series do not have any global trend, thus, in this
case it is enough to use second order DFA. For sign series
we calculate the short-range scaling exponenta1 in the
range 6<n<12 and intermediate exponenta2 in the range
20<n<60 @20#.

We obtain a very good separation between rest and exer-
cise for the original and sign series in both the short-range
and the intermediate-range regimes~see Fig. 3 and Table I!.
Thep valuesfor the original and sign series~obtained by the
paired samples student’st test @21#! are less than 10210 for
the short-range regime and less than 1024 for the intermedi-
ate regime. The fact that sign series behave similarly to IPI
series may indicate that in many cases only the direction of
an increment is of import, and not the magnitude. We find
that our results are robust and do not change significantly for
the second rest-exercise episode~Table I!.

To illustrate the importance of considering separately rest
and exercise episodes, we perform our analysis also on the
entire IPI records which include rest and exercise episodes
altogether@Fig. 1~b!#. We find indeed that the scaling of the
whole record reflects neither the correlation properties of
rest, nor of exercise~see Table I!.

FIG. 2. Fluctuation functionF(n) as a function of time scalen
~in pulse number! for rest (D) and exercise (s) stages of a typical
healthy subject for~a! the original IPI series and~b! the sign series
of the IPI increments. For all records we observe a crossover be-
tween two different regimes of correlations. The dashed lines indi-
cate the boundaries of these regimes in which short-range scaling
exponentsa1 and intermediate exponentsa2 have been calculated.
Note the different crossover patterns for rest (a1.a2) and exercise
(a1,a2) stages.

FIG. 3. Short-range scaling exponentsa1 from 21 healthy indi-
viduals ~a! for the original IPI series and~b! for the sign series at
rest (d) and during exercise (s). At the right hand side we show
the averagea16 standard deviation. In accordance with Fig. 2, the
short-range exponents during exercise are significantly smaller than
during rest. Note the complete separation of the two stages, empha-
sized by the dashed lines.
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The significant differences between the values ofa1 ~Fig.
3! and the different crossover patterns for rest and exercise
stages~Fig. 2! may offer insight on the underlying physi-
ological mechanism controling the heartbeat dynamics. The
heart rhythm is regulated mainly by the parasympathetic
~PS! and the sympathetic~SM! branches of the autonomic
nervous systems@22#. PS impulses slow the heart rate while
SM impulses accelerate it. The interaction between these two
branches is reflected by the time organization of the IPI se-
ries @Fig. 1~b!#.

In a recent work Ivanovet al. @23# proposed a general
approach based on the concept of stochastic feedback to ac-
count for the complex time organization in biological
rhythms. In this framework the time evolution of a physi-
ologic system, e.g., the heartbeat dynamics, can be repre-
sented by a random walk biased toward some preferred ‘‘at-
tracting’’ levels. Both the SM and PS systems controlling the
heart rhythm generate attracting levels which bias the walker
~modelling the interbeat interval series! in opposite direc-
tions leading to complex heartrate fluctuations. Although
these attracting levels change in time, according to the re-
sponse of the intrinsic physiological mechanism, they can
vary in a limited range only, thus keeping the walker away
from extreme values.

Based on this general approach we suggest an intuitive
schematic scenario that might contribute to a better under-
standing of different crossover patterns of the IPI fluctuations
for rest and exercise~Fig. 2!. At rest both the SM and PS
systems are active, and each of them attracts the walker to-
ward its own level@Fig. 4~a!#. When the walker is between
the two attracting levels, each level imposes a bias in an
opposite direction, practically canceling the effect of one an-
other. Thus the walker is free to move in both directions until
he crosses any of the two levels after which he is pulled
back. This picture reproduces the crossover in the scaling
behavior~Fig. 2! from a larger value of the correlation ex-
ponent at short scales, where the fluctuations of the walker
are not bounded, to a lower value of the exponent at large-
time scales, where the dynamics of the walker is limited by
the SM and PS attracting levels.

During exercise the SM system dominates@25#, and the
dynamics can be described effectively by a single attracting
level @Fig. 4~b!#. In this case the walker fluctuates around

this level producing an anticorrelated behavior at short-time
scales. However, since the attracting level changes with time
and since the walker follows these changes, the fluctuations
in the walk increase at intermediate time scales, causing a
crossover to a more correlated behavior~Fig. 2!.

This schematic scenario may also provide a qualitative
explanation of the remarkable differences in the amplitude of
fluctuations at rest and during exercise@see Fig. 1~b!#. When
the walker is between the two attracting levels no total force
is acting at him, thus he has a finite probability to go several
steps in the same direction@Fig. 4~c!#. On the other hand, for
the case of a single attracting level, there is a strong con-
straint forcing the walker to change his direction@Fig. 4~d!#.
That is why at rest when both levels are active the fluctua-
tions are larger compared to exercise when there is a single
dominant attracting level.

Our findings can be supported by other studies, compar-
ing the heartbeat dynamics of healthy people and congestive
heart failure patients. For heart failure patients there are evi-
dences of a reduced vagal tone~PS activity! @26#, resembling
the state of the autonomic nervous system under physical
exercise when SM system dominates. Indeed, heart failure
patients possess decreased variability of heartbeat fluctua-
tions compared to normal conditions@27# and a similar
crossover pattern, but with different scaling exponents@8#.

In summary, we study correlations in heartbeat fluctua-
tions and show significant differences in scaling patterns be-
tween rest and exercise. We also suggest a schematic sce-
nario in an effort to provide an intuitive explanation of our
results from physiological point of view. Although this

TABLE I. Comparison of scaling exponentsa1 anda2 between
rest stages, exercise stages, and whole records that include rest and
exercise episodes all together. For each stage the average scaling
exponent6 standard deviations are shown.

Original IPI series Sign of IPI increments
a1 a2 a1 a2

Rest 1 1.4260.35 0.7860.16 0.4760.19 0.1760.11
Rest 2 1.4360.30 0.7560.17 0.3860.26 0.1560.12
Ex. 1 20.0460.26 1.0760.18 20.1760.05 0.4160.09
Ex. 2 20.1460.17 1.1160.16 20.2160.06 0.4160.1
Whole 1.2160.25 0.9160.12 0.2360.15 0.2260.07

FIG. 4. Schematic illustration of a random walk with~a! two
different levels of attraction and~b! a single attraction level, and
their sign decomposition~c! and~d!. ~a! At rest the combined effect
of the upper level@representing the parasympathetic~PS! system#
and the lower level@sympathetic~SM! system# @24# does not restrict
the walker’s fluctuations as long as the walker is between the two
attracting levels. But whenever the walker crosses any of them, he
is immidiately pulled back.~b! On the other hand, during exercise
the walker attracted by a single SM level cannot get far away from
the attractor, resulting in smaller fluctuations compared to rest. The
sign series for the two attractive levels presented in~c! is more
likely to cluster than the series for a single level scenario presented
in ~d! @compare with sign dynamics for rest and exercise shown in
Fig. 1~c! and Fig. 1~d!#.
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speculative scenario should not be treated as a real model
coming to explain all the complexity of heartbeat dynamics,
we believe it may contribute to a better understanding of the
mechanism underlying heartbeat fluctuations.

We wish to thank J.W. Kantelhardt and J.M. Hausdorff for
helpful discussions. This work was supported by the Bina-
tional Israel-USA Science Foundation and the NIH/National
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Abstract

We present a stochastic model of gait rhythm dynamics, based on transitions between di'erent
“neural centers”, that reproduces distinctive statistical properties of normal human walking. By
tuning one model parameter, the transition (hopping) range, the model can describe alterations in
gait dynamics from childhood to adulthood—including a decrease in the correlation and volatil-
ity exponents with maturation. The model also generates time series with multifractal spectra
whose broadness depends only on this parameter. Moreover, we 8nd that the volatility exponent
increases monotonically as a function of the width of the multifractal spectrum, suggesting the
possibility of a change in multifractality with maturation.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Many physical and physiological processes exhibit complex @uctuations character-
ized by scaling laws [1–9], some with monofractal [2] and others with multifractal
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behavior 1 [3]. The origin of these complex @uctuations and the factors that contribute
to di'erences in their behavior are largely unknown. Here we develop a physiologi-
cally motivated model that may be helpful in explaining some of the properties that
contribute to complex dynamics. We focus on one class of signals—the time series of
the inter-stride-intervals (ISI) between successive strides in human gait.
Walking is a voluntary process, but under normal circumstances, stride-to-stride regu-

lation of gait is controlled by the nervous system in a largely automatic fashion [10,11].
Gait is regulated in part by “neural centers” within the cortex and the spinal cord [11].
As a result of time-varying inputs, neural activity at di'erent times are thought to be
dominated by di'erent centers, leading to complex @uctuations in the ISI “output”.
Furthermore, as the central nervous system matures from infancy to adulthood, the
interaction between neural centers becomes richer [10].
To understand the underlying regulatory mechanisms of walking, deterministic and

stochastic models have been proposed. For example, classic “central pattern generator”
models are based on oscillatory neural activity, where the interaction between neural
centers helps regulate gait dynamics [12–15]. A stochastic version of a central pattern
generator model reproduces certain fractal properties of the ISI series [4]. However,
existing models do not explain observed changes in scaling exponents [6], and volatility
(magnitude) correlations [16–18] (a new 8nding reported in the present study) that
occur during gait maturation from childhood to adulthood.
We propose a stochastic model consisting of a random walk (RW) on a chain, the

elements of which represent excitable neural centers. 2 A step of the RW between
element i and element j represents the “hopping” of the excitation from center i to
center j. The increase of neural interconnectedness with maturation is modeled by
increasing the range of hopping sizes of the RW, since larger hopping sizes will allow
exploration of more neural centers. This property mimics one aspect of the increasing
complexity of the adult nervous system.

2. Model

Previous studies [19] have identi8ed neural centers with pacemaker-like qualities
that 8re with frequency fi, so we represent the network of neural centers by di'erent
frequency modes. One mode is activated at a given time (ISI˙ 1=fi), and the fi are
Gaussian distributed. The model is based on the following assumptions (Fig. 1):

• Assumption (i) is that the fi have 8nite-size correlations, 〈fifi+�〉=〈f2
i 〉= e−�=�0 .

We assume 8nite-size correlations among fi because neighboring neurons are likely

1 Series with long-range power-law correlations can be characterized by their second moment (q = 2)
scaling exponent. It is possible to 8nd a set of scaling exponents, 
(q), associated with di'erent moments,
q [22,23]. If d
=dq is constant, the series is monofractal. Otherwise if d
=dq monotonically decreases with
q, the signal is multifractal. The width of the multifractal spectrum is the magnitude of this decrease, i.e.
d
(−∞)=dq− d
(∞)=dq.

2 We model one speci8c type of human locomotion, namely “usual” or “directed” gait. This type of
voluntary, goal-directed activity has a large automatic component and usually tends to minimize variability.
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fi f i+1 fi+2 fi+3 fi+4 fi+5 fi+6 fi+7

Fig. 1. Illustration of the “neural” hopping model. Shown is a sequence of four transitions, from mode fi+4
to fi+7 to fi+3 to fi to fi+2 ... Larger values of the hopping-range parameter C expose more modes along
the chain. The neuronal zone of size �0 = 4 is indicated by the dashed boxes.

to be in@uenced by similar factors [11]. This assumption e'ectively creates “neuronal
zones” composed of neural centers (modes) along the chain with a typical size �0.

• Assumption (ii) concerns the rule followed by the RW process. The active neural
center is determined by the location of the RW. The hopping sizes of the RW follow
a Gaussian distribution of width C.
• Assumption (iii) is that a small fraction of noise is added to the output of each

mode to mimic biological noise not otherwise modeled. The output y becomes y(1+A�)
where A is the noise level and � is Gaussian white noise with zero mean and unit
variance. 3

The model has three parameters �0; C, and A. We 8nd that the best agreement with
the data is achieved when A = 0:02 and �0 = 25. In order to simulate changes with
maturation, we vary only the third parameter, C, as a function of age, C= (age – 2)
for ages 3–25 years. Increasing the hopping range with age is consistent with the fact
that neural transmission is not fully developed until the late teens. 4

3. Results

Examples of ISI time series are shown in Fig. 2a. The ISI series of the adult subject
has smaller @uctuations compared with the more variable ISI of the child. Two exam-
ples of the model’s output are shown in Fig. 2b; using a large value of C (C = 25)
simulates the ISI series of an adult, while using a small value (C =3) mimics the ISI

3 It is possible to add the following assumption in order to capture the observed decrease of ISI variability
with maturation [6]. When in a mode of frequency fi , the model generates as an output ISI = B=fi . We
suggest the proportionality constant, B, to be the ratio between the number of simulated strides and the
number of di4erent modes that were visited during a simulation. Then, the standard deviation of the model
output decreases when C increases with no e'ect on the model dynamics.

4 Central nervous system myelination is not fully complete until the late teens. Consequently, neural
processing and the speed of neural transmission do not reach maximum values until this point, consistent
with increasing neural interactions with maturation. See Ref. [10]. The model’s dynamics can be understood
in the following intuitive way. For C��0 (small hopping range, young child), the dynamics will be con8ned
mainly to a single “neuronal zone”; this will lead to correlations in the ISI time series. For C ≈ �0 (large
hopping range, adult), the dynamics will explore frequency modes from di'erent zones; this will lead to a
decrease in the correlations. Moreover, for C��0 the dynamics changes back and forth from one mode to a
nearby mode leading to increased magnitude correlations. For C ≈ �0 the dynamics are governed by many
di'erent modes leading to the loss of magnitude correlations.
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Fig. 2. (a) Examples of ISI series of healthy subjects, ages 5 and 25 years. (b) Examples of ISI generated
by the model. Iterating the model with a small value of the hopping-range parameter (C = 3) mimics the
ISI of young children, while a large value (C = 25) mimics that of adults.
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Fig. 3. (a) The normalized distribution of the increments of ISI series (�(ISI)i = (ISI)i+1 − (ISI)i) for the
child’s ISI series (Fig. 2a) and for the model with C =3 (Fig. 2b); both model and data are consistent with
an exponential distribution, P(x) = e−2|x| (solid line). (b) Same as (a) for the adult shown in Fig. 2a and
for model (C=25) shown in Fig. 2b; in this histogram, both data and model are consistent with a Gaussian
distribution, P(x) = e−�x

2
(solid line).

series of a child. Surprisingly, we 8nd that the normalized probability distributions of
the child ISI increment series, �(ISI)i =(ISI)i+1 − (ISI)i, and of the model with small
C are close to exponential (Fig. 3a). In contrast, the distribution converges to Gaussian
in the adult and for large C in the model (Fig. 3b).
To further test the model, we study time correlations in the ISI series. We calculate

the function F(n), which corresponds to the rms @uctuations of the integrated ISI series
of the adult (Fig. 2a) and of the model for C=25 (Fig. 2b) [4,5,7]; we use detrended
@uctuation analysis for the scaling analysis [20]. Estimating the scaling exponent from
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Fig. 4. (a) The rms @uctuation function F(n) for the ISI series of adult (©) and of the simulation (C=25; �)
shown in Fig. 2. Here n indicates the window size in stride number. Both the data and the model have
similar long-range correlation properties for the ISI series. (b) In contrast, F(n) of the magnitudes of the
ISI increments |�(ISI)i| shows weak correlations (scaling exponent of ≈ 0:55 compared to ≈ 0:5 of an
uncorrelated series).

the slope of logF(n) vs. log n, we 8nd, for both data and model, that the ISI time
series have correlations with scaling exponents ≈ 0:8 (Fig. 4a).
The scaling exponents of the original signal provide an indication of the linear

properties (two-point correlations) of the time series. Certain nonlinear aspects may
be associated with the presence of long-range correlations in the magnitudes of ISI
increments |�(ISI)i|, an index of “volatility” [17,18]. We 8nd (Fig. 4b) that the adult
magnitude series is uncorrelated (the scaling exponent is close to 0.5). The model
shows similar behavior for large C (Fig. 4b).
Next we inquire if changes in gait dynamics from childhood to adulthood might be

re@ected in changes in the scaling exponents of the ISI series. The short-range scaling
exponents of the ISI series decrease as children mature [6]. We compare the short range
scaling exponents for a group of 50 children 5 [21] with those of 10 adults [5]; this
exponent decreases from ∼ 1:0 to ∼ 0:7 (Fig. 5a). By altering C, the model simulates
these maturation-related changes in two-point correlation properties.
The magnitude series exponent of the ISI series also decreases with maturation

(Fig. 5b). Our results for the magnitude series suggest that the gait pattern of children
is more volatile (and thus more nonlinear) than the usual walking pattern of adults. We
note that: (i) unlike adults, young children have diRculty keeping their walking speed

5 Subjects walked at their self-determined, normal pace for 8 min around a 400 m running track.
Force-sensitive switches were placed inside the subject’s right shoe, underneath the heel and the ball of
the foot. The force signal was automatically analyzed to determine initial contact time (heel-strike) of each
stride. The ISI is the time between consecutive heel-strikes. For more details see Ref. [6].
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Fig. 5. The scaling exponents of the ISI series of the gait maturation database [21] and for the model. The
gait maturation database consists of ISI time series from 50 children between 3 and 13 years old. Each
time series is around 8 min (∼ 500 data points). To study the e'ects of maturation, we divide the database
into 5 subgroups: (i) 3–4 year olds (11 subjects), (ii) 5–6 year olds (10 subjects), (iii) 7–8 year olds (14
subjects), (iv) 10–11 year olds (10 subjects), and (v) 12–13 year olds (5 subjects). We also show data
[5] from an adult group (10 subjects 1 h long each; ages 20–30 years). Values for the scaling exponent
axis are given as mean ± standard deviation. For the model simulation, we generate 40 realizations for
each value of C; the average value is presented (the standard deviation is ∼ 0:05). The age axis for the
model follows the relation: age (years) =C + 2. (a) The short-range scaling exponents of the original ISI
series both for the data (©) and the model (�). The exponents calculated for window sizes 6¡n¡ 13
steps, decrease with age [6]. The scaling exponent obtained by the model decreases monotonically as C
increases and is within the error bars of the data. (b) The scaling exponent of the ISI magnitude series,
|�(ISI)i|. The magnitude scaling exponent is calculated for window size 6¡n¡ 64 for the children’s group
and 6¡n¡ 256 for the adult’s group; the maximum window size is ∼ 1

10 of the series length for both
groups. The magnitude scaling exponent decreases with age, indicating a loss of magnitude correlations with
maturation. The model exhibits a similar decrease and the simulation is within the error bars of the actual
data. The subject-to-subject variability is consistent with the scatter observed in physiologic indices of neural
development [10].

constant. A large “walking error” in one direction is likely to be followed by a large
compensatory walking error in the opposite direction—i.e., a large (or small) increment
of ISI is likely to be followed by a large (or small) decrement over a given range of
scales. This instability may lead to increased magnitude correlations. (ii) Adults can
voluntarily simulate the less stable gait of children and thereby increase the magnitude
correlations of the ISI. Children, however, cannot maintain the less volatile dynam-
ics of adults. Thus, in general, the more mature adult gait dynamics are likely to be
richer. The model shows (Fig. 5b) a similar decrease of the magnitude exponents when
increasing C and is within the error bars of the data.
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Fig. 6. The multifractal formalism applied to time series generated by the model. For the multifractal analy-
sis, we applied the wavelet transform modulus maxima technique [22,23] with the Daubechies 10-tap discrete
wavelet [24] (we repeated the analysis with the continuous Gaussian wavelet transform and obtain similar
results). We integrate the series before applying the multifractal formalism. The series length is 32,768
data points and for each value of C, we generate 10 realizations; the average value is presented. As the
8rst step of the multifractal analysis we extract the partition function Zq(n) as a function of the window
size n for di'erent moments q. Then we estimate the scaling exponent 
(q) from the slope of log2 Zq(n)
vs. log2 n, where 46 n6 2048. (a) The exponent 
(q) vs. the moment q for C = 2. (b) The Legendre
transform D(h) = qh − 
(q) of (a) where h(q) = d
=dq and D(h) is the multifractal spectrum. The maxi-
mum and minimum Holder exponents, hmax and hmin, are indicated by dashed lines and estimated as the
slope of 
(q) for −20¡q6 − 15 and 156 q¡ 20, respectively (see the dashed lines in (a)). Error bars
(1 standard deviation) are shown for both axes for q=−20, 0, and 20. (c) The broadness of the multifrac-
tal spectrum, hmax − hmin, as a function of C. For larger C, the multifractal spectrum becomes narrower.
For C�1 hmax ∼ hmin ∼ 0:5. (d) The scaling exponent of the ISI magnitude series, |�(ISI)i|, increases
monotonically as a function of hmax − hmin suggesting an increased multifractality for young children.

The decrease of the magnitude exponent with maturation is consistent with the pos-
sibility that the ISI time series becomes less multifractal as the individual matures. This
prediction cannot be tested directly on the available data since the time series for the
children are too short for multifractal analysis. However, this prediction can be tested
indirectly through our model. Fig. 6 summarizes the results of a systematic multifrac-
tal analysis on ISI series generated by the model: First, we 8nd narrower multifractal
spectra with increasing C, suggesting the possibility of a decrease of multifractality
with maturation during normal walking (Fig. 6c). Second, we 8nd that the magnitude
exponent increases monotonically with the width of the multifractal spectrum (Fig. 6d).
These two 8ndings, together with the experimental observation of the decrease of the
magnitude exponent with maturation (Fig. 5b), are consistent with the prediction of our
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model of loss of multifractality with maturation. The model’s prediction agrees with a
recent 8nding regarding the monofractality of normal gait in adults [25].

4. Summary

Before concluding, we note that this relatively simple, stochastic model is unlikely
to accurately mirror anatomical structure. However, from a “functional physiology”
point of view, the model does capture experimentally observed neurodynamics. While
a one-to-one correspondence with neural structures is not likely, the model’s be-
havior should re@ect more global features of the neural circuitry that regulates the
stride-to-stride @uctuations in gait timing and its changes with maturation and aging.
As such, study of the model and its properties may be helpful in elucidating the control
of human locomotion.
In summary, we 8nd that a simple stochastic model captures multiple aspects of gait

dynamics, and their changes with maturation, including: (i) the shape of the distribu-
tion of the ISI increments; (ii) correlation properties of the ISI; and (iii) correlation
properties in the magnitudes of the ISI increments. Further, by varying only a single
“hopping-range” parameter, C, a wide array of multifractal dynamics can be generated.
The model can also be altered by “knocking out” certain frequency modes (akin to
what may occur during very advanced age or in response to neurodegenerative disease).
Simulation with drop-out of frequency modes predicts increased gait variability, with (i)
increased magnitude exponents, and (ii) decrease of decreased long-range correlations.
Our preliminary analysis of the ISI series of older adults prone to falls is consistent
with this prediction. Generalization of the model to two and three-dimensional networks
to describe other types of neurological activities is underway.
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Europhys. Lett., 62 (2), pp. 147–153 (2003)

EUROPHYSICS LETTERS 15 April 2003

Modeling transient correlations in heartbeat dynamics
during sleep

J. W. Kantelhardt
1
, S. Havlin

2 and P. Ch. Ivanov
1,3

1 Center for Polymer Studies and Department of Physics, Boston University
Boston, MA 02215, USA
2 Gonda-Goldschmied-Center and Department of Physics, Bar-Ilan University
Ramat-Gan 52900, Israel
3 Beth Israel Deaconess Medical Center, Harvard Medical School
Boston, MA 02215, USA

(received 19 August 2002; accepted in final form 16 February 2003)

PACS. 02.50.Ey – Stochastic processes.
PACS. 05.40.-a – Fluctuation phenomena, random processes, noise, and Brownian motion.
PACS. 87.19.Hh – Cardiac dynamics.

Abstract. – We propose a model to generate stochastic signals with transient correlations,
i.e. correlations of different strength and different typical duration within finite segments of
the signal. The exponents and crossovers characterizing the correlations in the signal and in
its variance can be tuned independently and allow us to generate model time series which
are in agreement with data of heartbeat dynamics observed during wake and during different
sleep stages. We also propose a model dynamics that reproduces the changes in the heartbeat
fluctuations during the entire night, including transitions between different sleep stages.

In recent years, 1/f noise and long-range correlations have been reported in many physical
and biological systems [1], ranging from weather and climate records [2] to certain parts of
DNA sequences [3,4]. In many cases, the scaling behaviour in the correlations is characterized
by a power law with a fractal exponent [1]. In physiology, long-range power law correlations
have been found in heartbeat dynamics [5,6], neuron spike trains [7], and gait time series [8].
Often the length of the examined records has been 50000–100000 data points, e.g., when heart-
beat recordings of 24 h duration were analyzed. The reason for analyzing such long records was
to obtain good statistics for the fluctuation and correlation properties. However, physiological
data does not remain stationary and homogeneous over long periods of time [9]. Since nonsta-
tionarities and trends in the data can lead to a spurious detection of long-range correlations
if conventional methods such as autocorrelation, power spectrum, or Hurst analysis are used,
special methods have been developed to determine the correlation behaviour in the presence
of trends. Among these is the detrended fluctuation analysis (DFA) method [3,10,11], which
has become a widely used technique for quantifying correlations and scaling in noisy and non-
stationary time series. Using such detrending methods, long-range power law scaling has been
reported, e.g., for heartbeat time series up to scales of more than 10000 heartbeats [6].

While detrending methods [3, 10, 11] can accurately quantify correlations in signals with
trends, they cannot reveal transient correlations, e.g., when applied to long series comprised of
segments with different local correlations. Recent studies have attempted to characterize and
c© EDP Sciences
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Fig. 1 – On the left: representative recordings of 300 time intervals between successive heartbeats for
a healthy subject during deep sleep, light sleep, REM sleep, and an intermediate wake state (from
top to bottom). On the right: corresponding series simulated by the proposed model.

quantify the correlation properties by segmentation of the data series before analysis —e.g.,
long heartbeat series have been split into segments corresponding to sleep hours (night time)
and wake hours (day time) [12], and further into segments corresponding to different sleep
stages [13,14] or segments corresponding to periods of rest and exercise [15]. These studies have
reported very different correlation behaviour for segments associated with different physiologic
functions, suggesting that long heartbeat time series do not exhibit homogeneous fractal
scaling behaviour. Rather, these series are heterogeneous, composed of segments characterized
by different linear and nonlinear properties [14]. We call such features transient, since they
change gradually or abruptly in accordance with physiologic function, reflecting dynamic
changes in the underlying mechanism of heartbeat regulation. Thus, the scaling behaviour is
often the result of a complex superposition of patches with different local scaling behaviour [11]
and exhibits crossovers. Further, even for homogeneous segments where there is no change in
physiologic function, one can often observe a crossover in the scaling behaviour suggesting a
change in the type of correlations from small to large time scale regimes.

Here we propose a model based on a stochastic process with two parameters which gen-
erates complex fluctuating signals with transient correlations. It accounts for the correlation
properties observed in the nonstationary physiologic time series. Specifically, we consider
human heart rate dynamics during sleep —a representative of complex multicomponent phys-
iological processes with transient correlations.

Healthy sleep consists of cycles of approximately 1-2 hours duration. Each cycle is charac-
terized by a sequence of sleep stages usually starting with light sleep, followed by deep sleep,
and rapid eye movement (REM) sleep [16]. It is known that certain changes in physiological
processes are associated with circadian rhythms (alternation of wake and sleep states) and
with different sleep stages. Differences in cardiac dynamics corresponding to these stages are



J. W. Kantelhardt et al.: Modeling transient correlations 149

10
1

10
2

10
3

10
-2

10
-1

 data
 model

(a)  night: data and model
α = 1.0

α = 0.5

α = 0.85 

 deep sleep    light sleep
 REM sleep   whole night

F
( n

) 
/ n

1/
2

scale n (in beat numbers)
10

1
10

2
10

3

10
-2

10
-1

α = 0.0

α = 1.1

(b) wake and excercise:
      data and model

α = 0.95

 wake (data)
 wake (model)
 excercise (model)

F
( n

) 
/ n

1/
2

scale n (in beat numbers)

Fig. 2 – Average results of detrended fluctuation analysis (DFA) of 18 heartbeat time series (≈ 30000
beats each) from 10 healthy subjects (open symbols) compared with results for model series (filled
symbols). The rescaled DFA fluctuation functions F (n)/

√
n of the heartbeat interval series τi are

shown in (a) for deep sleep, light sleep, REM sleep, and the whole night, and in (b) for wake states and
for exercise. Since F (n) ∼ nα, on log-log plot of F (n)/

√
n vs. time scale n, long-range correlations

are indicated by a positive slope with a scaling exponent α > 0.5. The straight lines indicate the
approximate power law scaling behaviour F (n) ∼ nα observed for large scales n (except for the α = 0
line indicating the intermediate behaviour during exercise [15]). The model series we generate consist
of 500000 beats each.

reflected in the average and standard deviation of the heartbeat intervals [17]. Figure 1 shows
representative recordings of the time intervals τi between successive heartbeats (registered by
the R-peaks in the ECG) for a healthy subject during deep sleep, light sleep, REM sleep, and
an intermediate wake state. Data show that the average duration of the interbeat intervals is
slightly longer during deep sleep and light sleep and that the signal is more homogeneous in
deep sleep compared with light sleep, REM sleep, and wake where it exhibits more irregular
fluctuations.

Recent studies have specifically focused on the correlation properties of heartbeat fluctu-
ations and found that the correlations change in time in accordance with the sleep stages.
During deep sleep the time series of heartbeat intervals τi are nearly uncorrelated above the
breathing cycle period [13]. For light sleep only short-range correlations in the τi are ob-
served, suggesting a more random regulation of the heartbeat at large scales [13]. In contrast,
long-range correlations corresponding to a power law decay of the correlation function and
characterized by a DFA scaling exponent α ≈ 0.85 are present in the REM phase [13]. They
are reminiscent of the wake phase characterized by long-range correlations with α ≈ 1.0 for
healthy subjects [12]. Even larger values of α ≈ 1.1 have recently been observed during exer-
cise [15]. Figure 2 shows, for the different sleep stages, the average DFA fluctuation function
F (n) for 18 heartbeat recordings from 10 healthy subjects in our data base [13,14].

Further, positive long-range correlations in the heartbeat magnitude series have been re-
cently observed [14, 18]. The magnitude series is defined by the absolute values |δτi| of the
heartbeat increments, δτi ≡ τi − τi−1, and it is also sometimes referred to as the volatil-
ity [18,19]. These correlations in the magnitude are strong during REM sleep, weaker during
light sleep, and nearly vanish during deep sleep. Since positive correlations in the magnitude
series have been related to the nonlinear properties of the original time series [18], these find-
ings suggest that the nonlinear properties of the heartbeat dynamics are more pronounced
during REM sleep [14]. In fig. 3(a) we show the DFA function Fmag(n) for the magnitude
series averaged over the 18 heartbeat recordings in our data base.
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The straight lines indicate the approximate power law scaling behaviour Fmag(n) ∼ nαmag observed
for large scales n [20]. The symbols are the same as in fig. 2.

To model the complex transient changes in the correlation properties of the heart rate
signal we introduce a process consisting of two series of random variables. We begin with a
series of independently and identically distributed (i.i.d.) real numbers xi, i = 1, . . . , N , taken
from an exponential distribution,

P (|xi|) = exp[−|xi|], (1)

and with random sign. The second series of random variables consists of i.i.d. integers ki,
i = 1, . . . , N , following a power law distribution [21],

P (ki) ∼ k−γ
i , for ki ≥ 6. (2)

The exponent γ determines the strength of the correlations in the model time series and relates
to the DFA correlations exponent α. Using the series ki, variance correlations are introduced
into the series xi, and we obtain a new series yi, i = 1, . . . , N ,

yi = xi

√
1 + b

〈
y2

i−1

〉
ki

, (3)

where 〈y2
i−1〉ki

designates the average of the previous values y2
i−ki

, y2
i−ki+1, . . . , y

2
i−1 with yj = 0

for j = i − ki, . . . , 0 for initialization. Based on the two series of random variables yi and ki,
we construct our model series τi, i = 1, . . . , N ,

τi = µ + 0.03 sin
(
2πti/3.6

)
+ 0.025

i∑
j=1

yjΘ
(
kj + j − i

)
, (4)

where Θ(m) = 1 for m > 0 and Θ(m) = 0 for m ≤ 0, ti =
∑i−1

j=i−(i mod 4)−1 τj for i ≥ 5 and
ti = 0 for initialization (i < 5) is the time of the oscillation period, and all time variables and
constants are in unit of seconds [22]. The values of the two parameters in our model, γ and
b, are presented in table I for the different sleep stages, wake state, and exercise.

The first term µ in eq. (4) is constant and describes the mean interbeat interval τi, which
varies for different sleep stages [17]. We choose the values of µ (as presented in table I) ac-
cording to the averages determined from the 18 heartbeat recordings in our data base. The
second term in eq. (4) accounts for the effect of breathing on the heartbeat. The breathing
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Table I – Parameters and data used to model the heartbeat during different sleep and wake states.
The model uses two parameters: the correlation parameter γ in eq. (2) and the nonlinearity parameter
b in eq. (3). The mean interbeat interval µ in eq. (4) has been determined from the data. The
other columns characterize the sleep stage dynamics during the night and are chosen according to
experimental results [23]: the fraction f (percentage time) spent in a given sleep stage throughout the
night, and the type of the distribution of sleep stage durations.

γ b µ (s) f Type

Deep sleep 5.0 0.3 0.95 0.15 exponential
Light sleep 2.7 0.45 0.95 0.55 exponential
REM sleep 2.4 0.55 0.90 0.20 exponential
Wake states 2.1 0.75 0.85 0.10 power law
Exercise 1.8 0.75 0.7

activity modulates the duration of the interbeat intervals, which also become synchronized
with the breathing rhythm [24]. Thus, the modeled fluctuations are not completely random
at short time scales, but are rather periodic with a period equal to the breathing interval.
The amplitude of these breathing oscillations (prefactor value 0.03 s) and the breathing period
(3.6 s) were chosen in order to obtain agreement with the heartbeat recordings. The synchro-
nization between heartbeats and breathing [24] is modeled by the sum defining ti in eq. (4).
By using modulus 4 in the definition of ti, we reset the phase of the breathing cycle to zero
after each 4 heartbeats, so that the time ti is defined from up to 4 preceding intervals τi.
Modulus 4 is used, since there are about 4 heartbeats per breathing cycle. This rule intro-
duces a rather strong synchronization, which could be weakened by increasing the number of
preceding intervals τi taken into account.

The third term in eq. (4) is stochastic and accounts for the fluctuations in the heartbeat
intervals by employing the i.i.d. stochastic process xi. We choose xi from an exponential dis-
tribution, eq. (1), because heartbeat increments were found to follow an exponential distribu-
tion [25,26]. We note that the effect of the distribution of the random variable xi on the corre-
lation properties of the generated series is negligible —a Gaussian or uniform distribution will
lead to equivalent results. In order to model correlated series corresponding to the heartbeat
dynamics during REM sleep, wake state, and exercise, we use the random variables xj not only
for the modeling of one interval τi, but for kj successive intervals τi, where j = i−kj +1, . . . , i.
We first set b = 0, leading to yj = xj in place of eq. (3). If kj > 1, the value of xj affects
kj successive values τi in eq. (4), because Θ(kj + j − i) = 1 for kj successive values of i, and
thus generates correlations in the τi series. Hence the form of the distribution P (kj) (eq. (2))
determines the choice of the integers kj and thus accounts for the correlations in the τi series.
We assume a power law distribution in eq. (2), since an automatic segmentation of heartbeat
time series data was shown to lead to a power law distribution of segment lengths [27].

We analyze our model time series generated by eq. (4) (with the parameters given in table I)
using the DFA method and compare the results with data (fig. 2). The curves correspond to
the different sleep stages, wake state, and exercise. It can be seen that the modeled scaling
behaviour is in agreement with the data. The correlation exponents α can be tuned with the
parameter γ characterizing the decay in the distribution P (ki) (eq. (2)). We note that the
correlations do not persist beyond several thousand heartbeats if γ > 2. Since the sleep stages
and wake periods are usually of short duration, the transient correlations generated by our
model are sufficient to mimic the data.

For b = 0, our model based on eqs. (1)-(4) does not include any nonlinearities or variance
correlations, and the analysis of the corresponding magnitude series simply shows uncorrelated
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behaviour (αmag = 0.5) not consistent with data (see fig. 3(a)). Thus, we include in eq. (3)
the term involving the square root, which causes correlations in the variance when b > 0.
The term is similar to an autoregressive conditional heteroscedasticity (ARCH) process, that
is often used to describe systems characterized by correlations in the variance [19, 28]. In
order to generate long-range correlations in the variance, we propose a generalized ARCH
process by replacing the square of the previous value, y2

i−1, by the average of the previous ki

values in eq. (3). Figure 3(b) shows our results of the DFA analysis for the magnitude series
corresponding to the different sleep stages and wake in our model in close agreement with the
results obtained from data. We note that the use of the generalized ARCH process does not
affect the regular correlations in the time series τi. Thus, the correlations in the magnitude
series |δτi| can be tuned independent of the correlations in the original series τi by changing
the parameters b and γ, respectively. This feature of our model makes it suitable for modeling
of a broad range of physiological time series.

In order to model heartbeat series not only for individual sleep stages but for the whole
night, we utilize experimental results for the fraction f of total sleep time for each sleep stage
and the corresponding distributions (see table I) [23]. The durations of the sleep stages follow
an exponential distribution with the mean duration of approximately 600 seconds, while the
intermediate wake states follow a power law distribution characterized by the scaling exponent
δ = 2.1 [29]. Using the values taken from [23], we have modeled heartbeat time series for entire
nights. Since transitions between some sleep stages are associated with arousals [23] and
impose stress on the body perhaps similar to exercise, we insert 30 beats of modeled exercise
data at 50% of the sleep stage transitions. Figure 2(a) shows that the scaling behaviour of the
modeled series for the whole night is in good agreement with data (square symbols). Thus,
our model can describe the transient heartbeat dynamics associated with the sleep stages and
wake states during the entire night.

Understanding the origins of nonlinear processes which exhibit scaling features charac-
terized by long-range power law correlations remains a challenge. Previous work shows that
physiologically motivated modeling approaches based on stochastic and feedback mechanisms
can successfully account for key scaling features in physiological data observed over a wide
range of time scales [26]. Here we show that stochastic concepts can be extended and uti-
lized to account for both linear and nonlinear scaling features, as well as for the transient
changes of these features in time and over different scaling regimes as observed in physiolog-
ical data. In the context of heartrate regulation our modeling approach suggests that the
volatility in heartbeat fluctuations is controlled by a long-memory process, and that transient
patches of fluctuations with different magnitude are regulated by an inherent to the neuroau-
tonomic system power law distribution. Such nonrandom transient changes in the volatility
appear to reflect the nature of the sympathetic and parasympathetic interactions regulating
the heartbeat fluctuations during different sleep stages, and our modeling approach provides
a quantitative measure of this regulation through the parameters γ and b. Finally our study
accounts for the synchronization between the breathing rhythm and the heartrate fluctuations
in the presence of long memory.
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Abstract

A time series can be decomposed into two sub-series: a magnitude series and a sign series.
Here we analyze separately the scaling properties of the magnitude series and the sign series using
the increment time series of cardiac interbeat intervals as an example. We 6nd that time series
having identical distributions and long-range correlation properties can exhibit quite di8erent
temporal organizations of the magnitude and sign sub-series. From the cases we study, it follows
that the long-range correlations in the magnitude series indicate nonlinear behavior. Speci6cally,
our results suggest that the correlation exponent of the magnitude series is a monotonically
increasing function of the multifractal spectrum width of the original series. On the other hand,
the sign series mainly relates to linear properties of the original series. We also show that the
magnitude and sign series of the heart interbeat interval series can be used for diagnosis purposes.
c© 2003 Published by Elsevier Science B.V.

PACS: 87.10.+e; 87.80.+s; 87.90.+y
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1. Introduction

A broad class of physical and biological systems exhibits complex dynamics associ-
ated with the presence of many components interacting over a wide range of time or
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space scales. These often-competing interactions may generate an output signal with
Ductuations that appear noisy and erratic but in fact possess long-range correlations
with scale-invariant structure [1–3]. Examples from diverse 6elds of interest that follow
scaling laws include certain DNA sequences [4–8], heart-rate dynamics [9–16], neuron
spiking [17], human gait [18], long-time weather records [19–21], cloud structures
[22,23], and econometric time series [24,25].
In a recent study [26], it was shown that the Ductuations in the dynamical output may

be characterized by two components—magnitude (absolute value) and sign (direction).
These two quantities reDect the underlying interactions in a system, and the resulting
force of these interactions at each moment determines the magnitude and direction of
the Ductuations.
Here, we study the two-point correlation (scaling) properties of the magnitude and

sign series 1 of series with long-range correlations. We 6nd that di8erent time series
with the same long-range two-point correlations may have di8erent correlations in their
magnitude series. Using a recent test for nonlinearity [27] we see that the long-range
two-point correlations of a time series quantify the linear properties of the underlying
process (see Appendix A). Thus, di8erent physical and biological systems may fol-
low similar two-point scaling laws although the nonlinear properties of the underlying
stochastic processes may be di8erent. We show that correlations in the magnitude se-
ries are also related to the nonlinearity of a time series. We demonstrate that these
correlations are related to the multifractal spectrum width (see Appendix A for the
de6nition of multifractal spectrum).
The analysis of the long-range correlations of the magnitude and sign series is

demonstrated on two types of time series: (i) the “real-life” time series (the cardiac
interbeat-interval series), and (ii) the synthetic time series with well-known multifractal
properties. The time series (i) of the increments of successive heartbeat intervals is an-
ticorrelated over a broad range of time scales, i.e., the power spectrum follows a power
law in which the amplitudes of the higher frequencies are dominant [5,11,28,29]. 2 The
synthetic time series (ii) allows us to investigate how the multifractal properties of a
time series are reDected by the magnitude series correlations.
The paper is organized as follows. First we describe the magnitude and sign de-

composition method (recently developed in Ref. [26]) and interpret the correlations
in the magnitude and sign series (Section 2). Next we study the linear and nonlinear
properties of the original series by analyzing the correlations in the magnitude and sign
series. We generate surrogate data out of the original data by basically randomizing the
Fourier phases—a procedure which is known to destroy nonlinearities. We compare the

1 Some time series are uncorrelated although their magnitude series are correlated; the magnitude/sign
decomposition is also applicable for this kind of series. Certain econometric time series [25], e.g., are
uncorrelated at long-range although the volatility (local standard deviation) series is long-range correlated.
Analysis of the correlation properties in the magnitude series is applicable for such series.

2 By long-range anticorrelations we also mean that the root mean square Ductuations function F(n) is
proportional to n� where n is the window scale and the scaling exponent � is smaller than 0.5. In contrast,
for uncorrelated (or 6nite correlated) series, �=0:5, while for correlated series, �¿ 0:5. In the present study
we integrate the series before applying the DFA scaling analysis and thus � = 1:5 indicates uncorrelated
behavior while �¿ 1:5 (�¡ 1:5) indicates correlated (anticorrelated) behavior.
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correlation exponents of the magnitude and sign series of the original and the surrogate
data (Section 3) and conclude that the correlations in magnitude series mainly reDect
the nonlinearity of the original series while the sign series is mainly related to the
linear properties. We then study the relation between the correlations in the original
series and the correlations in the decomposed magnitude and sign series (Section 4).
To study what type of nonlinearity is revealed by the magnitude series we generate two
examples of multifractal (nonlinear) noise (Section 5) and 6nd that the magnitude se-
ries two-point correlation scaling exponent is related to the multifractal spectrum width
of the original series. 3 We then show that the magnitude and sign scaling exponents
of the heart interbeat increment series may be used to separate healthy individual and
those with congestive heart failure. Finally, we summarize and draw conclusions from
our results (Section 7).

2. Magnitude and sign decomposition—method and interpretation

Any long-range correlated time series xi can be decomposed into two di8erent
sub-series [26,30] formed by the magnitude and the sign of the increments

Mxi ≡ xi+1 − xi ; (1)

(see, e.g., Fig. 1). Here we perform detrended Ductuation analysis (DFA) [5,11] to 6nd
the correlations in the magnitude and sign sub-series.
The DFA procedure involves the following steps. The time series is integrated after

subtracting the global average and then divided into windows of equal size n. In each
window the data are 6tted with a least-square polynomial curve [15] that represents
the local trend in that window. In lth-order DFA, the polynomial has degree l. The
integrated time series is detrended by subtracting the local polynomial trend in each
window. The root mean square Ductuation F(n) of the integrated and detrended time
series is calculated for di8erent window sizes; when F(n)∼ n�, the two-point scaling
exponent is �. A long-range correlated series has exponent �¿ 0:5, an uncorrelated
series exponent �= 0:5, and an anticorrelated series exponent �¡ 0:5.
The correlation analysis of the magnitude and sign decomposition consists of the

following steps:

(i) From a given time series xi we create the increment series Mxi. 4

3 Here we study one type of nonlinearity, namely, long-range (scaling) nonlinearity. The long-range (scal-
ing) linearity/nonlinearity is de6ned by the linear/nonlinear relation between the scaling exponents �(q) of
di8erent moments q (see Appendix A). Short-range nonlinear systems, like chaotic systems, are uncorrelated
at long range and do not exhibit long-range nonlinear behavior; thus systems like chaotic systems require
di8erent techniques to reveal their 6nite-range nonlinear properties.

4 For anticorrelated series, the original series xi may be treated as the increment series. In the case that
the increment series is correlated with DFA exponent �¿ 0:5 it is necessary to di8erentiate the series until
it becomes anticorrelated with exponent �¡ 0:5.
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Fig. 1. (a) An example of 4000 heartbeat (RR) intervals of a healthy subject during daytime. (b) The
increment series of the RR series shown in (a). (c) The magnitude series of the RR series shown in (a).
Patches of more “volatile” increments with large magnitude (shaded area) are followed by patches of less
volatile increments with small magnitude, consistent with our quantitative conclusion that there is correlation
in the magnitude time series. (d) The sign (sgn) series (◦), as well as the MRR series (•) of a portion of the
RR series (beat numbers 1000–1050) shown in (a). The positive sign (+1) represents a positive increment,
while the negative sign (−1) represents a negative increment in the RR series of interbeat intervals. The
tendency to alternation between +1 and −1 is consistent with our quantitative conclusion that there is
(multiscale) anticorrelation in the sign time series.

(ii) We decompose the increment series into a magnitude series |Mxi| and a sign series
sgn(Mxi), 5

Mxi = sgn(Mxi)|Mxi| : (2)

(iii) To avoid arti6cial trends we subtract from the magnitude and sign series their
respective means.

(iv) Because of limitations in the accuracy of the DFA method for estimating the
scaling exponents of anticorrelated series (with scaling exponent �¡ 0:5), we
6rst integrate the magnitude and sign series. The integrated series are thus corre-
lated and their correlation exponents can be estimated accurately using the DFA
method. 6

5 The function sgn(x) for x = 0 might be de6ned to be +1; 0, or −1. Here we choose sgn(0) = 0.
6 If, under rare circumstances, the integrated series is still anticorrelated, it is necessary to repeat steps

(iii) and (iv) until the integrated magnitude/sign series become correlated.
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(v) We perform a scaling analysis using second-order DFA on the integrated magni-
tude and sign series. 7

(vi) To obtain the scaling exponents for the magnitude and sign series we calculate the
slope of F(n)=n from a log–log plot. We use the normalized Ductuation function
F(n)=n∼ n�−1 to compensate for the additional integration from step (iv). This
enables us to interpret the scaling results on the level of the increment series
[Mxi; |Mxi|; sgn(Mxi)] instead of on the level of the integrated series.

As a physiological example, we analyze the heart rate data (Fig. 1) for a group of
18 healthy individuals 8 for which it is known [11] that the heartbeat increment time
series is anticorrelated (Figs. 3a and 4a). We 6nd that the magnitude series exhibits
correlated behavior (Figs. 3b and 4b). The sign series, however, exhibits anticorrelated
behavior for window scales smaller than 100 beats (Figs. 3c and 4c); for scales larger
than 100 beats the sign series gradually becomes uncorrelated.
Correlation in the magnitude series indicates that an increment with large (small)

magnitude is more likely to be followed by an increment with large (small) magnitude.
Anticorrelation in the sign series indicates that a positive increment is more likely to
be followed by a negative increment and vice versa. Thus, our result for the temporal
organization of heartbeat Ductuations suggests that, under healthy conditions, a large
magnitude increment in the positive direction is more likely to be followed by a large
magnitude increment in the negative direction. We 6nd that this empirical “rule” holds
over a broad range of time scales from several beats up to ∼ 100 beats (Fig. 3)
[26,31]. 9

3. Linearity and nonlinearity as re�ected by the magnitude and sign series

Scaling laws that are based on two-point correlations cannot reDect the nonlinearity
of a series (see Appendix A) but, as we will show, the two-point correlations in the
magnitude series do reDect the nonlinearity of the original series. For this purpose,
we generate surrogate data out of a heartbeat interval increment time series using a
technique that preserves the two-point correlations (as reDected by the power spectrum)
and the histogram (but not the nonlinearities [32]). Comparison of the original time
series with the surrogate time series shows that Ductuations with an identical scaling
law can exhibit di8erent correlations for the magnitude series.

7 The 6rst-order DFA eliminates constant trends from the original series (or, equivalently, linear trends
from the integrated series) [5,11]; the second-order DFA removes linear trends, and the nth-order DFA
eliminates polynomial trends of order n − 1.

8 MIT-BIH Normal Sinus Rhythm Database and BIDMC Congestive Heart Failure Database available at
http://www.physionet.org/physiobank/database/#ecg.

9 Heartbeat increment series were investigated by A. Babloyantz and P. Maurer [31]. These studies di8er
from ours because we investigate, quantitatively, normal heartbeats by evaluating the scaling properties of
the magnitude and sign series. In addition, our calculations are based on window scales larger than six and
up to 1000 heartbeats.

http://www.physionet.org/physiobank/database/#ecg
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A basic approach to creating surrogate data with the same scaling law as the original
data is to perform a Fourier transform on the time series, preserving the amplitudes
but randomizing the Fourier phases, and then to perform an inverse Fourier transform
to create the surrogate series. This procedure should eliminate nonlinearities stored
in the Fourier phases, preserving only the linear features of the original time series
[33]. However, this does not preserve the probability distribution of the time series
and may lead to an erroneous conclusion regarding the nonlinearity of the underlying
process [27].
A technique which eliminates the nonlinearity of the original data but keeps the

same power spectrum and histogram as the original was suggested in Ref. [32]. The
procedure is iterative and consists of the following steps:

(i) Store a sorted list of the original data {xi} and the power spectrum {Sk} of {xi}.
(ii) Begin (l= 0) with a random shuPe {x(l=0)

i } of the data.
(iii) Replace the power spectrum {S(l)

k } of {x(l)i } by {Sk} (keeping the Fourier phases
of {S(l)

k }) and then transform back.
(iv) Sort the series obtained from (iii).
(v) Replace the sorted series from (iv) by the sorted {xi} and then return to the

pre-sorting order [i.e., the order of the series obtained from (iii)]; the resulting
series is {x(l+1)

i }.

Repeat steps (iii)–(v) until convergence (i.e., until series from consecutive iterations
will be almost the same). 10

We iterate steps (iii)–(v) 100 times to create surrogate data of heartbeat incre-
ment series (Fig. 2); we use 100 iterations to make sure that convergence is achieved.
Nonetheless, in some cases, few iterations may be suQcient for convergence. We apply
the surrogate test to the increment series and not to the original series in part because
the increment series is stationary (i.e., the variance of the series remains 6nite when
increasing the series length to in6nity) and is thus more appropriate for the use of the
surrogate data test. The new surrogate series (Fig. 2a) has almost the same Ductua-
tion function F(n) as the original heartbeat increment series, with a scaling exponent
indicating long-range anticorrelations in the interbeat increment series (Fig. 3a). Our
analysis of the sign time series derived from the surrogate series (Fig. 2c) shows scal-
ing behavior almost identical to the scaling of the sign series derived from the original
data (Fig. 3c). On the other hand, the magnitude time series derived from the surrogate
(linearized) signal (Fig. 2b) exhibits uncorrelated behavior—a signi6cant change from
the strongly correlated behavior observed for the original magnitude series (Fig. 3b).
Thus, the increments in the surrogate series do not follow the empirical “rule” ob-
served for the original heartbeat series, although these increments follow a scaling law

10 Another test for nonlinearity [34] consists of the following steps: (i) create a Gaussian white noise,
(ii) reorder it as the original series, (iii) phase-randomize the series, and (iv) reorder the original series
according to the series from (iii). The surrogate series from (iv) has the same distribution and similar power
spectrum as the original series; however, this procedure does not accurately preserve the low frequencies in
the power spectrum [32] and thus is not applicable for series with long-range correlations.



Y. Ashkenazy et al. / Physica A 323 (2003) 19–41 25

-1

1

sg
n(

∆R
R

)

0 1000 2000 3000 4000
0.0

0.1

0.2

|∆
R

R
|

1000 1010 1020 1030 1040 1050

Beat No.

0.0

0.2

∆R
R

Surrogate Data

∆R
R

(a)

(b)

(c)

Fig. 2. (a) The surrogate data of the MRR series shown in Fig. 1b. The surrogate increment series has
almost the same two-point correlations and the same probability distribution but random Fourier phases. The
surrogate series is more homogeneous than the original MRR series. (b) The magnitude series decomposed
from the series shown in (a). The magnitude series is homogeneous and does not show the patches of small
and big magnitude values shown in Fig. 1c. This suggests that the “clustering” of the magnitude series is a
measure of nonlinearity. (c) A portion of the sign series of the series shown in (a). The sign series shows
similar alternations as in the original sign series (Fig. 1d).

identical to the original heartbeat increment series. Our results indicate that the magni-
tude series carries information about the nonlinear properties of the original heartbeat
series, while the sign series relates mainly to linear properties.
To further validate these results, we apply the surrogate data test for nonlinearity

to the heartbeat increment series (daily records) of the 18 healthy subjects discussed
above (see footnote 8). For each of the 18 individuals we 6nd that the DFA scaling
exponent of the surrogate data is very close to (although slightly higher than) the
exponent of the original data (Fig. 4a). The small discrepancies between the surrogate
data exponents and the original data exponents might be a result of the 6nite length
and 6nite resolution of the interbeat interval series. The magnitude exponent of the
surrogate data indicates uncorrelated behavior (scaling exponent of � − 1≈ 0:5) for
each of the subjects (Fig. 4b) in contrast to the correlations found in the magnitude
series of the original data. This drastic change from correlated to uncorrelated behavior
for all subjects con6rms our result that the magnitude series carries information about
nonlinear properties of the original data. In Section 5, we show that this type of
nonlinearity is related to multifractality. The sign series exponent of the surrogate data
remains almost unchanged after the surrogate data test (Fig. 4c). Thus, the sign series
seems mainly to reDect the linear properties of the original series.
The di8erence between the exponents before and after the surrogate data test for

nonlinearity may be quanti6ed as follows. If � is the exponent derived from the original
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Fig. 3. (a) Root mean square Ductuation, F(n), for ≈ 6 h record (≈ 32 000 data points) for the interbeat
interval RR series ( ) of the healthy subject shown in Fig. 1. Here, n indicates the time scale (in beat
numbers) over which each measure is calculated. The scaling is obtained using second-order detrended
Ductuation analysis, and indicates (since � − 1 = 0) long-range anticorrelations in the heartbeat interval
increment series MRR [11,15]. By construction, the scaling properties of the interval increment series remain
almost unchanged after the surrogate data test (�). (b) The root mean square Ductuation, F(n), of the
integrated magnitude series ( ) indicates long-range correlations in the magnitude series |MRR| (group
average exponent of � − 1 = 0:74± 0:08 where F(n)=n ˙ n�−1). After a surrogate data test applied to the
interbeat interval increment series we 6nd uncorrelated behavior with exponent 0.5 (�). This change in the
scaling suggests that the magnitude series carries information about the nonlinear properties of the original
series since the nonlinear properties are removed by the surrogate test procedure. (c) The root mean square
Ductuation of the integrated sign series ( ) indicates short-range (76 n6 64) anticorrelated behavior in
sgn(MRR) series (group average exponent of � − 1 = 0:32 ± 0:06 where F(n)=n ˙ n�−1). The scaling
properties of the sign series remain unchanged after the surrogate data test (�), which suggests that the sign
series relates to linear properties of the original time series. We note the apparent crossovers at n≈ 20 beats
and n≈ 100 beats. At larger scales (n¿ 64) the sign series loses its speci6city and converges gradually to
� − 1≈ 0:5. Thus, the sign series correlation properties may reveal signi6cant information only for scales
n¡ 100. We note, however, that heartbeat increments derived from the original time series are anticorrelated
up to scales of thousands of heartbeats.

data and S�s; M�s are the average and the standard deviation of the exponents derived
from the surrogate data, then the separation is given by [34]

� = |�− S�s|=M�s : (3)

� measures how many standard deviations the original exponent is separated from
the surrogate data exponent. The larger the � the larger the separation between the
exponents derived from the surrogate data and the exponent derived from the original
data. Thus, larger � values indicate stronger nonlinearity. In Fig. 4d we show the �
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values for the magnitude and sign exponents. The � values of the magnitude exponents
are large and thus indicate a signi6cant di8erence between the magnitude exponents of
the original and the surrogate data. On the other hand the � values of the sign exponents
are small, indicating similarity between the sign exponents of the original and surrogate
data. Thus, we conclude that the magnitude series indicates nonlinearity of the original
data. The sign series, on the other hand, relates mainly to the linear properties.

4. The relation between the original, magnitude, and sign series scaling exponents

Recently [26], we investigated the relation between the scaling exponent of the
original series and the scaling exponents of the integrated magnitude series and the
integrated sign series. We generated long-range correlated linear noise with di8erent
scaling exponents ranging from � = 0:5 to 1.5. Then we decomposed the increment
series into a magnitude series and a sign series. Finally, we calculated the scaling
exponents of the integrated magnitude and sign series. At small time scales (n¡ 16),
we found an empirical approximate relation for the scaling exponents,

�sign ≈ 1
2 (�original + �magnitude) : (4)

At larger window scales (n¿ 64), we 6nd that for linear noise with a scaling exponent
�¡ 1:5, the magnitude and sign series of the increments are uncorrelated. In the fol-
lowing we suggest an explanation for these 6ndings. We also show that, for �¿ 1:5 in
the original series, the integrated magnitude series and the integrated sign series have
approximately the same two-point scaling exponent.
We observe uncorrelated behavior for the magnitude series since we use linear noise

(see Section 3 where we 6nd that uncorrelated behavior of the magnitude series reDects
linearity of the original series). In the next section, we show that the magnitude series
is correlated for multifractal nonlinear noise. The sign series exhibits anticorrelated
behavior for small scales and uncorrelated behavior for larger scales, regardless of the
nonlinear properties of the original time series.
At small scales, the sign series coarse grains the increment series and thus preserves

some of its correlation properties. For instance, if the increment series is anticorre-
lated, i.e., a large increment value is followed by a small increment value, the sign
series will also alternate and be anticorrelated. On the other hand, if the incre-
ment series is uncorrelated, the sign series will also perform random behavior and be
uncorrelated.
The power spectrum of long-range anticorrelated series increases in power-law man-

ner. This implies that the amplitudes of low frequencies are much smaller than the
amplitudes of higher frequencies. The crude coarse graining of the increment series by
the sign series mainly approximates the high frequency band (small window scales)
since the majority of the power spectrum lays in this frequency band. However, the sign
series cannot maintain the very small amplitudes of the low frequencies (long-range
anticorrelations) due to the small fraction of the power spectrum at this frequency band.
This may lead to uncorrelated behavior of the sign series for larger window scales.
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For correlated noise with scaling exponents larger than 1.5 (i.e., the increment series
is also correlated with an exponent larger than 0.5) the scaling exponents of the orig-
inal series, the integrated magnitude series, and the integrated sign series all tend to
converge to the same value (Fig. 5a, and b). An intuitive explanation for this 6nding
follows.
Correlated series are persistent: large values are followed by large values. This im-

plies that the correlated increment series crosses the x-axis only a few times. Thus, the
magnitude series will preserve the pro6le of the increment series up to the few points
where crossings with the x-axis occur. As a result, the magnitude series will preserve
the correlations of the increment series; the crossings with the x-axis will cause a small
deviation from the original correlations.
Since the increment series is also long-range correlated, its power spectrum decays

in power-law manner; the amplitudes of low frequencies are much larger than the
amplitudes of high frequencies. The sign series captures the majority of the power
spectrum which lays in the low frequency regime (large window scales) and thus
tends to follow the long-range correlations of the original increment series.

5. Relation between correlations in magnitude series and the multifractal spectrum
width

In Section 3 we proposed that the magnitude series scaling exponent is related to
nonlinear properties of the original series, while the sign series exponent is related to

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Fig. 4. A summary of the surrogate data test for nonlinearity applied for the interbeat interval (RR) series.
The surrogate data (◦) has the same linear properties as the original data (•); the nonlinear properties
of the original series are destroyed by the surrogate data test. For each of the 18 healthy records (16 384
data points each) we produce 10 realizations of surrogate data and calculate the scaling exponents of the
original RR series, the magnitude series, and the sign series (the scaling exponents are calculated in
the range 6¡n¡ 1024). (a) The scaling exponent of the original RR series and surrogate RR series.
The scaling exponent is preserved after the surrogate data test. The group averages ± standard deviation, on
the right, show similar values both for the original data and the surrogate data. (b) The scaling exponents of
the integrated magnitude series decomposed from the original RR and surrogate RR series. The magnitude
series of the original series is correlated (� − 1∼ 0:75) whereas the magnitude series of the surrogate data
is uncorrelated (�− 1∼ 0:5). This signi6cant change indicates that the magnitude series carries information
regarding the nonlinear properties of the underlying mechanism. (c) Same as (b) for the sign series. Here the
exponent derived from the surrogate series coincides with the original sign scaling exponent. This indicates
that the sign series mainly reDect the linear properties of the underlying (heartbeat) dynamics. Note that
although the sign series Ductuation function exhibits a crossover and converges to uncorrelated behavior at
large scales (n¿ 64, see Fig. 3c), we calculate the scaling exponent for the entire regime (66 n6 1024) to
emphasize that the surrogate data test does not a8ect the sign scaling in all scaling regimes. (d) A measure
for the separation between the original and surrogate data magnitude and sign exponents—large � value
indicates big di8erence between the original data and the surrogate data exponents. The gray area at the
bottom indicates � values with p-value more than 0.05 (statistical similarity) while � values above the gray
area indicate signi6cant di8erence between the original series exponents and the surrogate data exponents
(see Ref. [34] for details). Here we show that the original magnitude series exponent is signi6cantly di8erent
from the surrogate magnitude series exponent while the sign series exponent of the original data and the
surrogate data are statistically similar.
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Fig. 5. (a) The relation between the scaling exponents of correlated noise, the integrated magnitude series,
and the integrated sign series for the short-range regime (n¡ 16). We generate 10 series of length 32 768
with speci6c correlations (input exponent) and then calculate the scaling exponents of the original series
(•), of the integrated magnitude series ( ), and of the integrated sign series (�); the average ±1 standard
deviation are shown. All three exponents tend to converge to the same value. (b) Same as (a) for the
long-range regime (64¡n¡ 1024). Also in this regime the scaling exponents of the original, magnitude,
and sign series tend to converge to the same value.

linear properties. Here we study what type of nonlinearity is revealed by the magnitude
series correlations.
Linear series with long-range correlations are characterized by linearly dependent

q-order correlation exponents �(q), i.e., the exponents �(q) of di8erent moments q are
linearly dependent,

�(q) = Hq+ �(0) ; (5)

with a single Hurst exponent, 11

H ≡ d�=dq= const : (6)

In this case the series is called monofractal. Long-range correlated nonlinear signals
have a multiple Hurst exponent

h(q) ≡ d�=dq �= const ; (7)

where �(q) depends nonlinearly on q. In this case the series is called multifractal
(MF). The MF spectrum is de6ned by

D(h) = h(q)q− �(q) ; (8)

11 The DFA exponent �=H +1 and the second moment �(2)= 2H + �(0)= 2�− 2+ �(0). For continuous
series �(0) =−1 and thus �(2) = 2� − 3.
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where, for a monofractal series, it collapses to a single point,

D(H) =−�(0) : (9)

Here we show the nonlinear measure of the magnitude series scaling exponent to be
related to the MF spectrum D(h).
Indeed, a previous study [14] showed that the healthy heartbeat interval series is

MF and indicated that after Fourier-phase randomization the interbeat interval series
becomes monofractal. Moreover, this study also indicated a loss of multifractality with
disease—heart failure patients have a narrower MF spectrum than healthy individuals.
Comparison of the magnitude series scaling exponent of healthy and heart failure in-
dividuals shows signi6cantly higher exponents for healthy subjects [26]. This result is
additional numerical (although not mathematical) evidence showing that the magnitude
series scaling exponent may be related to the MF spectrum. The change in the mag-
nitude exponent for heart failure subjects is also consistent with a previously reported
loss of nonlinearity with disease [14,35,36].
In order to test the connection between the magnitude scaling exponent and the MF

spectrum, we generate arti6cial noise with built-in MF properties. Then we check how
the magnitude scaling exponent is related to the MF spectrum width.
We use the algorithm proposed in Ref. [37] to generate the arti6cial MF noise. This

algorithm is based on random cascades on wavelet dyadic trees. BrieDy, the random
MF series is built by specifying its discrete wavelet coeQcients cj;k . The coeQcient
cj;k is de6ned recursively as

c0;0 = 1 ;

cj;2k =Wcj−1; k ;

cj;2k+1 =Wcj−1; k (10)

for all j (j¿ 1) and k (06 k ¡ 2j−1), where W is a random variable. Once the
wavelet coeQcients cj;k are constructed, we apply an inverse wavelet transform to gen-
erate MF random series. The MF properties of the series can be determined according
to the distribution of the random variable W .
We consider two di8erent types of probability distributions for the random variable

W : the log-normal distribution and the log-Poisson distribution. For these two examples
the MF properties are known analytically [37]. The MF spectrum D(h) is symmetric
for the log-normal distribution and asymmetric for the log-Poisson distribution. We use
the 10-tap Daubechies discrete wavelet transform [38,39].

5.1. Log-normal W distribution

We consider the case of a log-normal random variable W where ln|W | is nor-
mally distributed and �; �2 are the mean and the variance of ln|W |. For simplicity
we choose �=− 1

4 ln 2. In this case, the scaling exponent of di8erent moments �(q) is
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given by

�(q) =− �2

2 ln 2
q2 +

q
4
− 1 (11)

and the MF spectrum D(h) is

D(h) =− (h− 1=4)2 ln 2
2�2

+ 1 : (12)

The MF spectrum width can be found by solving D(h) = 0 and is

hmax − hmin =

( √
2�√
ln 2

+
1
4

)
−
(
−
√
2�√
ln 2

+
1
4

)
=

2
√
2�√

ln 2
: (13)

Thus for � = 0 the series will be monofractal and, for larger � values, will have a
broader MF spectrum (Eq. (13)). It is also clear that for � → 0; D(H = 1=4) = 1
(Eqs. (12), (13)), and for larger values of �, the MF spectrum is symmetric around
D(1=4) = 1 (Fig. 6a, b).
We generate series with di8erent � values ranging from 0 to 0.1 (20 realizations for

each �) and calculate the original, magnitude, and sign scaling exponents (Fig. 6c). We
6nd that indeed the original series exponent has a 6xed value ≈ 1:25; this exponent
is consistent with the Hurst exponent H = 0:25 since the DFA exponent � = H + 1.
The sign series also has a 6xed value ≈ 1:45 (see Ref. [26]). The magnitude series
scaling exponent increases monotonically with � from uncorrelated magnitude series
with scaling exponent �−1≈ 0:5 to strongly correlated magnitude series with exponent
�− 1≈ 1. The magnitude exponent converges to �− 1 = 1.
Since there is a linear relation between � and the MF spectrum width (Eq. (13))

and since the magnitude exponent increases monotonically with �, we suggest that the
magnitude exponent is related to the MF spectrum width.

5.2. Log-Poisson W distribution

In the previous section, we study an example with a symmetric MF spectrum D(h).
Here we show that changes in the magnitude scaling exponent are not a result of
changes in the positive moments only (and especially the fourth moment) but rather
reDect changes of the entire MF spectrum. For this purpose we study an example with
an asymmetric MF spectrum where the exponents for negative moments, h(q¡ 0), are
changed drastically when the MF spectrum width is changed while h(q¿ 0) is less
signi6cantly changed. We tune the parameters in such a way that the fourth moment
�(4) is 6xed and the second moment �(2) is hardly changed.
We consider the case of a log-Poisson random variable W , where � is the mean and

also the variance of Poisson variable P, and ln|W | has the same distribution function
as P ln �+ �; � is an appropriately chosen positive parameter [37]. We choose �=ln 2
and �=−�4 ln 2=4. Under this choice of parameters,

�(q) =−�q + q�4=4 (14)
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Fig. 6. A test on MF random series with log-normal distribution of wavelet coeQcients. The arti6cial time
series have symmetric MF spectrum; the width of the MF spectrum is proportional to �. (a) The theoretical
scaling exponent �(q) for �=0 and �=0:1. The linear �(q) (�=0) indicates monofractality while the curved
�(q) indicates multifractality. (b) The MF spectrum, D(h), for the �(q) shown in (a). For � = 0 (•) the
D(h) MF spectrum is a single point indicating monofractality; the global Hurst exponent is H = 0:25 (DFA
exponent �=1:25). For �=0:1 (curved solid line) the D(h) spectrum is wide indicating multifractality. The
MF spectrum is symmetric and centered around h = 0:25. The vertical dashed lines indicate the minimum
(hmin) and maximum (hmax) local Hurst exponents. (c) The original, magnitude, and sign scaling exponents
as a function of �. For each � value we generate 20 realizations each of 65 536 points. Then we calculate
the di8erent scaling exponents in the range 646 n6 4096; the average exponent ±1 standard deviation is
shown. The original and sign scaling exponent remains almost constant while the magnitude scaling exponent
gradually increases from 1.5 to 2. Since � is proportional to the MF spectrum width, hmax−hmin, we suggest
that the magnitude scaling exponent is also related to the width of the MF spectrum.

and

D(h) =
1
ln �

(h− �4=4)
[
ln
(
h− �4=4
−ln �

)
− 1
]

: (15)
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Thus, the fourth moment �(4) is independent of �

�(4) = 0 (16)

and the width of the MF spectrum depends on �

hmax − hmin = (�4=4− e ln �)− (�4=4) =−e ln � : (17)

For � = 1 the MF spectrum collapses and becomes a single point (monofractal) with
Hurst exponent H=1=4 and D(1=4)=1. For decreasing or increasing � the MF spectrum
becomes wider. Here we change the MF spectrum width by decreasing �; the major
change in the MF spectrum occurs for negative moments q¡ 0 (Fig. 7a and b).
In Fig. 7c we show the scaling exponents of the original, magnitude, and sign series

for di8erent values of �. We 6nd that the original and sign series exponents hardly
change with �, while the magnitude exponent increases monotonically. This increase
suggests that the magnitude scaling exponent is related to the MF spectrum width (see
also Fig. 6).
We summarize the results of the log-normal and the log-Poisson examples in

Fig. 7d—the magnitude scaling exponent is plotted versus the width of the MF spec-
trum [Eqs. (13), (17)]. Surprisingly, these two examples collapse to the same curve.
This collapse suggests a possible one-to-one relation 12 between the magnitude scaling
exponent and the MF spectrum width. 13

The relation between the magnitude scaling exponent and the MF spectrum width
is consistent with a recent study of Bacry et al. [40]. It was shown there that it is
possible to generate an MF series xi with Gaussian random variables !l, !l,

xi =
i∑

l=1

Mxl =
i∑

l=1

!le!l : (18)

For correlated !l the series xi is MF, while for uncorrelated !l it is monofractal.
Stronger correlations in !l yields broader MF spectrum. The magnitude series |Mxl|
is equivalent to the positive numbers e!l while the sign series may be represented by
the real numbers !l. Thus, correlations in |Mxl| may be related to correlations in e!l

and both may be related to the MF spectrum width. We note that this comparison
is qualitative since the sign series is a binary series (+1 or −1) while the !l is a
continuously valued Gaussian random variable.
The results described in this section may be important from a practical point of

view since the calculation of the MF spectrum from a time series involves advanced

12 We de6ne a one-to-one relation as follows: let y = f(x), then if x is a single-valued function of y and
y is a single-valued function of x then x and y are one-to-one related.
13 We also performed the same procedure (as in Figs. 6, 7) for a deterministic multifractal object, namely

the generalized devil’s staircase [41]. Also here we 6nd that magnitude exponent increases monotonically
with the multifractal spectrum width. However, for very small multifractal width the magnitude exponent
was ∼ 1 and then increased sharply to the behavior shown in Fig. 7d; this behavior might be related to the
deterministic nature of this multifractal object.
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Fig. 7. Same as Fig. 6 for log-Poisson distribution of the discrete wavelet coeQcients. We generate series
with asymmetric MF spectrum where the second moment �(2) and the forth moment �(4) are almost 6xed.
(a) The �(q) spectrum for � = 1 (linear curve that indicates monofractality) and for � = 0:9 (curved line
that indicates multifractality). Note that for positive q’s �(q) is just slightly changed; �(q) is changed more
signi6cantly for negative q’s. (b) The MF spectrum D(h) for the examples shown in (a). The D(h) spectrum
for �= 1 is monofractal (•); the global Hurst exponent is H = 0:25 (DFA exponent �= 1:25). For �= 0:9
(solid curved line) D(h) MF spectrum is broad and asymmetric. D(h) is more stretched to the right indicating
larger changes in the negative moments. The vertical dashed lines indicate the minimum (hmin) and maximum
(hmax) local Hurst exponents. (c) Same as Fig. 6c. Here the MF spectrum width is proportional to −ln �.
The original and sign scaling exponents remain almost 6xed as a function of � while the magnitude exponent
increases gradually from 1.5 to 2. (d) The magnitude scaling exponent versus the analytical MF spectrum
width, hmax − hmin. We summarize the log-normal distribution (◦, Fig. 6c) and log-Poisson (�; c). Both
examples exhibit the same behavior of increasing magnitude exponent as a function of the MF spectrum
width. We approximate this increase by 1 + 1=(1 + e−17x) where x ≡ hmax − hmin.

numerical techniques [41]. In addition, it requires a long time series. Our analysis of
the magnitude series is less sophisticated and is applicable to shorter time series. We
note that a direct numerical calculation of the MF spectrum width from a time series
may not follow the relation described in Fig. 7d due to (i) an overestimation of the
MF spectrum width caused by the numerical technique for calculating the MF spectrum
[and estimation of �(q → ±∞)] and (ii) a 6nite series length. However, we expect
the magnitude scaling exponent to increase monotonically with the width of the MF
spectrum [42].
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6. Diagnostic utility of magnitude and sign scaling exponents on heartbeat interval
series

In a previous study, we showed that statistics obtained from the magnitude and sign
series of heartbeat increments can be used to separate healthy subjects from those with
heart failure [26]. In that work, heartbeat interval records of up to 6 h; ≈ 30; 000
points, were analyzed. Here, we show that an even shorter time series—of the order of
2000 points (∼ 1=2 h)—can yield a signi6cant separation between healthy individuals
and those with heart failure.
Our analysis is based on 24 h Holter recordings from 18 healthy individuals (Fig. 4)

and from 12 individuals with congestive heart failure (see footnote 8). We subdivide
each record to segments of 1024 data points and use the DFA method to calculate
the Ductuation function F(n). We choose the scale n = 16 to be the crossover point
since it separates between a short-range regime (6¡n¡ 16) with exponent �1, and
an intermediate-range regime (166 n6 64) with exponent �2. We perform our scaling
analysis for the original series, as well as the magnitude and sign sub-series. For each
time segment we show the 1=2 h average scaling exponent of the healthy and heart
failure groups (Fig. 8).
The short-range exponent �1 of the original RR series (Fig. 8a) shows good sepa-

ration between the healthy and heart failure groups [43]. During nighttime the healthy
exponent drops towards the heart failure exponent. This might be related to the lower
scaling exponent of interbeat interval series of healthy subjects during light and deep
sleep episodes [15]. In addition, the heart failure group shows an apparent slow
oscillatory-like behavior of two cycles per 24 h period. The intermediate exponent
does not show a clear separation between the two groups.
The short and intermediate-range magnitude series exponents also distinguish be-

tween the interbeat patterns of healthy and unhealthy hearts (Fig. 8b). For short range,
the scaling exponent for the heart failure group is systematically larger than for the
healthy group while for the intermediate-range exponent we observe the opposite. Thus,
there is a crossover behavior in the magnitude exponent both for healthy individuals
and those with heart failure; this crossover might be related to the crossover of the
interbeat intervals series [11] since the original, magnitude, and sign exponents depend
on one another at small scales (Section 4). At larger scales (n¿ 64, not shown) the
separation between healthy and unhealthy hearts is signi6cant and might be related to
the decrease of nonlinearity with disease [26].
The behavior of the sign series is similar to that of the original heartbeat increment

series (Fig. 8c). The short-range exponent �1 is larger for healthy subjects. In addition,
the intermediate-range exponent separates between healthy individuals and those with
heart failure; the exponent is smaller for the healthy. At night, the healthy tend to
converge toward the heart failure—these changes might be related to the changes in
the sign series during the di8erent sleep stages [44]. We also observe here an apparent
oscillatory-like behavior of two cycles per 24-h period.
In summary, we show that, in addition to the original RR series, the magnitude and

sign sub-series may help to distinguish between the healthy group and the heart failure
group. We also show that a short time series of order of 2000 points (∼ 1=2 h) may
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Fig. 8. Diagnostic implementation of the magnitude and sign decomposition. Here we show the di8erent
scaling exponents (original, magnitude, and sign), calculated from the interbeat interval series, as a function
of daytime. We average the healthy group and the heart failure group; the average ±1 standard deviation
is shown. We calculate the scaling exponent in two regimes, short-range exponent, �1 (66 n¡ 16), and
intermediate-range scaling exponent, �2 (166 n¡ 64). The vertical dashed line indicates midnight. The
p-value for the group averages is obtained by the Student’s t-test and is given in the right-hand side (for
all measures p¡ 10−3). (a) The summary of the correlation properties of the original RR series. The
short-range scaling exponent �1 for the healthy group is signi6cantly di8erent from thats of the heart failure
group. Note that during sleep time there is larger overlap between the healthy and heart failure group.
(b) The summary of the correlation properties of the integrated magnitude (|MRR|) series. The short-range
scaling exponent for the healthy group is smaller than the heart failure group exponent. In the intermediate
range, on the other hand, the exponent of the healthy group is larger than the exponent of the heart failure
group indicating the presence of a crossover for the magnitude series. When considering several hours of
recording during daytime the scaling exponent of the healthy group is signi6cantly higher than that of the
heart failure group indicating stronger long-term nonlinearity for the healthy individuals. (c) The summary
of the correlation properties of the integrated sign (sgn(MRR)) series. The scaling exponent also exhibit
signi6cant separation. For short range the exponent for healthy is higher than the exponent for heart failure
while for the intermediate range it is smaller than the exponent for heart failure. This is an indication for a
crossover in the scaling of the sign series. During night the scaling exponent for healthy converges to the
heart failure exponent.

yield a signi6cant separation. The combination of several measures derived from the
original, magnitude, and sign series might improve the diagnosis using short interbeat
interval time series. Note that, in general, the Ductuation function at the crossover
position F(n≈ 16) yields even more signi6cant separation between healthy individuals
and those with heart failure (not shown; see [16,26,43]).



38 Y. Ashkenazy et al. / Physica A 323 (2003) 19–41

7. Summary

We conclude that series with identical correlation properties can have completely
di8erent time ordering which can be characterized by di8erent scaling exponents for the
magnitude and sign series. The magnitude series reDects the way the series increments
are clustered (volatility [25]) while the sign reDects the way they alternate. Moreover,
we show that the magnitude series carries information regarding nonlinear properties of
the original series while the sign series carries information regarding linear properties
of the original series. The nonlinearity, as reDected by the magnitude series scaling
exponent, is related to the width of the multifractal spectrum of the original series.
Application of the magnitude and sign decomposition on heartbeat increment series

helps us to suggest a dynamical rule of healthy heartbeat increments—a big heartbeat
increment in the positive direction is likely to be followed by a big increment in the
negative direction. Moreover, the magnitude and sign scaling exponents may be used
for diagnostic purposes. Because information obtained by decomposing the original
heartbeat time series into magnitude and sign time series likely reDects aspects of
neuroautonomic regulation, this type of analysis may help address the challenge of
developing realistic models of heart rate control in health and disease.
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Appendix A. Nonlinearity and multifractality

In this appendix we de6ne the linearity and nonlinearity of a time series. We also
review the relation between the multifractality of a time series and its nonlinearity.
Following Refs. [27,32] we de6ne a time series to be linear if it is possible to repro-

duce its statistical properties from the power spectrum and the probability distribution
alone, regardless of the Fourier phases [27]. This de6nition includes (i) autoregression
processes

xn =
M∑
i=1

aixn−i +
L∑

i=0

bi*n−i ; (A.1)

where * is Gaussian white noise and (ii) fractional Brownian motion [45]; the output,
xn, of these processes may undergo monotonic nonlinear transformations

sn = s(xn) (A.2)
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and still be linear [27]. Processes which are not linear are de6ned as nonlinear. It
is possible to destroy the nonlinearity of a time series by basically randomizing its
Fourier phases (see Refs. [27,32] and Section 3).
A nonlinearity (linearity) of a time series is related to its multifractality. The de6-

nition of multifractality is based on the partition function Zq(l) of a time series sn and
may be de6ned as [46]

Zq(l) = 〈|sn+l − sn|q〉 ; (A.3)

where 〈·〉 stands for expectation value. In some cases Zq(l) obeys scaling laws

Zq(l)∼ l,q : (A.4)

If the exponents ,q are linearly dependent on q, the series sn is monofractal; if they
are not, sn is multifractal. (Note that in the present study we use a more advanced
method to calculate multifractality that can accurately estimate the exponents of nega-
tive moments q¡ 0 [41].)
The two-point correlation function of an increment time series Msn is de6ned as

A(l) = 〈MsnMsn+l〉 : (A.5)

For long-range correlated stationary Gaussian time series

A(l)∼ l−� ; (A.6)

where 0¡�¡ 1. In this case, the exponent � is related to the DFA exponent � of a
Msn series by [47,48]

Z2(l)∼〈snsn+l〉∼ l2−� = l2� : (A.7)

In addition, these exponents are related to the power spectrum exponent, ., of the
increment series Msn

S(f)∼ 1=f. (A.8)

by

. = 1− �= 2�− 1 : (A.9)

Thus, the second moment only depends on the power spectrum and is independent of
the Fourier phases

,2 = 2�= . + 1 : (A.10)

For monofractal series [41,49],

,q = �q=
. + 1
2

q : (A.11)

Thus, the MF spectrum of monofractal series is independent of the Fourier phases. This
implies that (i) a long-range correlated series that has uncorrelated Fourier phases is
monofractal and (ii) after randomizing the Fourier phases of an MF series it becomes
monofractal [14].
In summary, monofractal series are linear since their statistical properties depend

only on the power spectrum (two-point correlations) and the probability distribution.
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On the other hand, MF series are nonlinear since their higher moments are not solely
dependent on the probability distribution and the power spectrum, but also related to
the Fourier phases.
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Abstract

An important problem in physics concerns the analysis of audio time series generated by trans-
duced acoustic phenomena. Here, we develop a new method to quantify the scaling properties
of the local variance of nonstationary time series. We apply this technique to analyze audio sig-
nals obtained from selected genres of music. We 7nd quantitative di8erences in the correlation
properties of high art music, popular music, and dance music. We discuss the relevance of these
objective 7ndings in relation to the subjective experience of music.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

An important problem in physics concerns the study of sound. Music consists of
a complex Fourier superposition of sinusoidal waveforms. A person with very good
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hearing can hear continuous single frequency (“monochromatic”) musical tones in the
range 20 Hz to 20 kHz [1]. Audio CD players can reproduce high 7delity music using
a 44 kHz sampling rate for two channels of 16 bit audio signals, corresponding to
a maximum audible frequency of 22 kHz [1,2], according to the Nyquist sampling
theorem. In practice, band pass or other 7lters limit the range of frequencies to the
audible spectrum referred to above. Systematic studies of the amazing complexity of
music have focused primarily on using FFT- or DFT-based spectral techniques that
detect power densities in frequency intervals [1,3–5]. For example, 1=f-type noise in
music has received considerable attention [3]. Another approach to musical complexity
involves studies of the entropy and of the fractal dimension of pitch variations in music
[6]. Such systematic analyses have shown that music has interesting scaling properties
and long-range correlations. However, quantifying the di8erences between qualitatively
di8erent categories of music [7,8] still remains a challenge.
Here, we adapt recently developed methods of statistical physics that have found suc-

cessful application in studying 7nancial time series [9], DNA sequences [10] and heart
rate dynamics [11]. Speci7cally, we develop a new adaptation of detrended @uctuation
analysis (DFA) [12–14] to study nonstationary !uctuations in the local variance [9] of
the time series—rather than in the original time series—by calculating a function �(t)
that quanti7es correlations on time scale t. This method can detect deviations from uni-
form power-law scaling [10,11,13,14] embedded in scale invariant local variance !uctu-
ation patterns. We apply this new method to study correlations in highly nonstationary
local variance (i.e., loudness) !uctuations occurring in audio time series [4,9]. We then
study the relationship of such objectively measurable correlations to known subjective,
qualitative musical aspects that characterize selected genres of music. We show that the
correlation properties of popular music, high art music, and dance music (speci7cally,
those played in bar-rooms and discotheque clubs) di8er quantitatively from each other.

2. Methods

The loudness of music perceived by the human auditory system grows as a
monotonically increasing function of the average intensity. One typically measures
the intensity of sound signals in dB (deci-Bells or “decibels”) [1,2,15]. Hence, one
conventionally also measures loudness in dB, even though the subjectively perceived
loudness scales as a non-linear function of the intensity [15]. The subjective perception
of loudness varies according to frequency and depends also on ear sensitivity, which
in turn can depend on age, sex, medication, etc. (see, e.g., Refs. [1,2,15]). For all
practical purposes, however, the objective measurement of sound intensity provides a
good means to quantify loudness. In the remainder of this article, we use the term
“loudness” to refer to the instantaneous value of the running or “moving” average of
the intensity.
An important fact that deserves a detailed explanation concerns how the human ear

cannot perceive any variation in loudness (i.e., amplitude modulation) that occurs at fre-
quencies f¿ 20 Hz. Humans hear frequencies in the audible range 20 Hz¡f¡20 kHz
and therefore do not perceive amplitude modulation or instantaneous intensity
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!uctuations in this frequency range as variations in loudness, but rather as having
constant loudness. We brie!y explain this point as follows. We can consider the hu-
man auditory system, in a limiting approximation, as a time-to-frequency transducer
that operates in the “audible” range of 20 Hz¡f¡ 20 kHz. Any monochromatic sig-
nal in this frequency range will lead to the perception of an audible tone of that same
frequency or “pitch.” A linear combination of such signals can give a number of im-
pressions to the human ear, depending on the exact Fourier decomposition of the signal.
Speci7cally, a combination of monochromatic signals may sound as having a nontriv-
ial “timbre,” [1,15] and if the signal frequencies have special arithmetic relationships,
then they may sound as a “harmony” [1,15]. Beats and heterodyning, for two or more
closely spaced frequencies, can also arise. Most importantly, a linear superposition of
monochromatic signals can sound either as having constant loudness, or else as having
varying loudness. We discuss this last point in some detail:
If a monochromatic carrier signal U of frequency f becomes amplitude modulated

by a modulating signal v of frequency fM�f, then the Fourier decomposition of
the modulated signal Uv will include monochromatic sidebands of sum and di8erence
frequencies f ± fM , but no power at frequency fM [16]. Moreover, amplitude mod-
ulation with fM ¡ 20 Hz results in sidebands close to the carrier frequency, whereas
fM ¿ 20 Hz leads to signi7cant changes in the perceived sound timbre, due to the
distant sidebands f±fM . Indeed, if fM ¿ 20 Hz, the sidebands fall far enough away
from the carrier to enable the ear to pick up the sidebands as having distinct frequen-
cies, thereby leading to the perception of a changed timbre. Only if fM ¡ 20 Hz do the
sidebands fall suPciently close to the carrier to fool the auditory system into perceiving
a monochromatic signal of varying loudness. Speci7cally, humans hear fM ¡ 8 Hz as
a “tremolo” (i.e., a periodic oscillation in the intensity of the carrier tone), whereas
for 8 Hz¡fM ¡ 20 Hz we perceive a transition from the tremolo e8ect to the timbre
e8ect (see Refs. [1,15] for more information). The reader should not confuse tremolos
with vibratos, which arise from frequency modulation rather than amplitude modulation.
We now devise methods suitable for studying the scaling properties of the intensity

of music signals over a range of times scales [1,2,4]. We begin with selected pieces of
music taken from CDs and digitize them using 8-bit sampling at fs = 11 kHz. Since
each piece lasts several minutes, therefore, this “low” 11 kHz bit sampling rate suPces
for obtaining excellent statistics. Similarly, since we aim not to listen to music, but
to study correlations in intensity, 8-bit sound adequately satis7es basic signal-to-noise
requirements (better than 100 : 1). We choose 4 min stretches of music, and to each
piece of music assign a time series U (i), where 06U (i)6 (28 − 1) and i repre-
sents the sample index (Fig. 1(a)). We generate another series v(j) de7ned as the
standard deviation of every nonoverlapping 110 samples of U (i). The variance [v(j)]2

thus represents the average intensity of the sound (loudness) over intervals of 0:01 s
(Fig. 1(b)). Concerning the choice of the windowing time interval, we have found
the exact value of the time interval to have little or no importance; we have veri7ed
that our central results do not depend on the exact value chosen, since we aim to
study !uctuations in the intensity of the signal. We have found, e.g., that using a time
interval 7ve times larger, 0:05 s, equivalent to the minimum audible tone frequency of
20 Hz, leads to no signi7cant changes to our main results. In this context, we note that
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Fig. 1. (a) The original signal U (i) and (b) local standard deviation v(j) for a 4 s stretch of music as a
function of real time measured in seconds. We can relate the value of v(j) to the instantaneous loudness
of the music, as described in the text. (c) double log plot of the power spectrum S(f) as a function of
frequency f measured in Hz of U (i). The human ear can only detect monochromatic tones of frequencies
in the range 20 Hz¡f¡ 20 kHz. We instead perceive frequencies f¡ 20 Hz as giving rise to melodic,
rhythmic, speech and other such structures that have time scales t ¿ 20−1 s. Such spectra have previously
been studied comprehensively. Note that we 7nd 1=f-type behavior for audible frequencies. The spectrum
scales approximately as S(f) ∼ f−�, with � ≈ 1. In contrast, for lower frequencies we 7nd behavior
more reminiscent of “white noise,” with � ≈ 0. Such spectra, while useful for studying power densities in
audible frequencies, do not easily adapt to the study of loudness !uctuations. This forms the fundamental
basis motivating the development here of a new method that can detect deviations from uniform power law
scaling at a given time scale t in the instantaneous loudness of the music.
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the measurement of the loudness of music has some similarities to the measurement of
volatility in 7nancial markets, since in both cases the variance measurement e8ectively
involves a moving window of 7xed but arbitrary size [9].
We de7ne the power spectrum S(k) of the signal as the modulus squared of the

discrete Fourier transform Ũ (k) of U (i)

S(f) ≡ |Ũ (k)|2 ; (1)

where f = fsk = 11 000 × k represents the frequency measured in Hz. At the lowest
frequencies, the spectrum appears distorted by artifacts of the fast Fourier transform
(FFT) method. Speci7cally, at small frequencies approaching 1=N , where N represents
the FFT window size, a spurious contribution arises from the treatment of the data as
periodic with period N [17]. The last few decades have seen extensive studies of the
audio power spectra, considered nowadays well understood (Fig. 1(c)). The spectral
power in the range 20 Hz¡f¡ 20 kHz arises due to audible sounds, while lower
frequency contributions emerge due to the structure of the music on sub-audible scales
larger than 20−1 s (see Fig. 1(c)).

Since we primarily aim to study loudness !uctuations at these larger time scales
t ¿ 20−1 s, we 7nd it more convenient to study the power spectrum S ′(f) of the
series v(j) rather than of the series U (i). This spectrum allows us to study corre-
lations related to loudness at these higher time scales. However, v(j) behaves as a
highly nonstationary variable and the power spectrum of nonstationary signals may not
converge in a well-behaved manner. Therefore, conclusions drawn from such spectra
may lead to questions about their validity. In order to circumvent these limitations,
we use DFA. Like the power spectrum, DFA can measure two-point correlations in
time series, however unlike power spectra, DFA also works with nonstationary signals
[10,11,13,14,18].
The DFA method has been systematically compared with other algorithms for mea-

suring fractal correlations in Ref. [19], and Refs. [13,14] contain comprehensive stud-
ies of DFA. We use the variant of the DFA method described in Ref. [20]. We
de7ne the net displacement y(n) of the sequence v by y(n) ≡ ∑n

j v(j), which can
be thought of graphically as a one-dimensional random walk. We divide the sequence
y(n) into a number of overlapping subsequences of length �, each shifted with respect
to the previous subsequence by a single sample. For each subsequence, we apply linear
regression to calculate an interpolated “detrended” walk y′(n) ≡ a + b(n − n0). Then
we de7ne the “DFA !uctuation” by FD(�) ≡

√〈(�y)2〉, where �y ≡ y(n)−y′(n), and
the angular brackets denote averaging over all points y(n). We use a moving window
to obtain better statistics. We de7ne the DFA exponent �(t) by

�(t) ≡ d logFD(�)
d log(�+ 3)

; (2)

where t = 100 � gives the real time-scale measured in seconds. Uncorrelated data give
rise to � = 1

2 , as expected from the central limit theorem, while correlated data give
rise to � �= 1

2 . Speci7cally, a value � = 1
2 corresponds to uncorrelated white noise,

�= 1 corresponds to 1=f-type noise with complex nontrivial correlations, and �= 1:5
corresponds to trivially correlated Brown noise (integrated white noise). Refs. [10,21]
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discuss in further detail the relationship between DFA and the power spectrum. A
constant value of �(t) indicates stable scaling [10,11], while departures indicate loss of
uniform power-law scaling. We obtain the best statistics by studying time scales that
range from 10−0:5 to 10 s, hence we focus on these scales.

3. Results

We have recorded 10 tracks from each of nine genres: music from the Western
European Classical Tradition (WECT), North Indian Hindustani music, Javanese Game-
lan music, Brazilian popular music, Rock and Roll, Techno-dance music, New Age mu-
sic, Jazz, and modern “electronic” ForrAo dance music (with roots in traditional ForrAo,
from Northeast Brazil). We have chosen these genres of music somewhat arbitrarily,
noting that our main interest lies not in the music itself but rather in developing quan-
titative methods of analyzing music that can—in principle—be applied in future studies
systematically to compare and contrast diverse audio signals originating in music.
Fig. 2(a) shows the power spectrum S ′(f) of the series v(j). As noted previously,

v(j) does not have stationarity and therefore the meaning of such spectra may appear
ambiguous. Nevertheless, we can observe clear di8erences in the spectra of each genre
of music.
Figs. 2(b,c) show the DFA functions FD(t) and �(t), respectively. Each genre of

music has a di8erent �(t) “signature.” In Jazz, Javanese music, New Age music, Hin-
dustani music and Brazilian Pop, �(t) decreases with t. WECT music appears char-
acterized by extremely high �(t) in the region of interest from 10−0:5 to 101:0 s, with
lower values for rock and roll. Techno-dance and ForrAo music have characteristic �(t)
patterns marked by “dips” near 0:8 s. These characteristics also appear in Fig. 3, which
shows �(t) for each data set separately.
We also compute the average DFA exponent 〈�〉 in the region of interest 10−0:5 s6 t

6 10 s for each genre of music (Fig. 4). We emphasize that these values of � measure
the scaling exponents in the variance—hence, loudness—!uctuations of the music sig-
nals. Any conclusions derived from the results presented here must carefully consider
this point.

4. Discussion

Javanese Gamelan and New Age, and to a lesser extent Hindustani and WECT, have
the values closest to 〈�〉=1, corresponding to the most complex, nontrivial correlations

←−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Fig. 2. (a) Double log plot of the power spectrum S′(f) of the variable v(j) for various genres of music.
For every genre we averaged the spectrum for each individual piece of music, found using a windows of
size 213 samples (corresponding to 81:29 s of music), with shifts of 210 samples (10:24 s). We applied
logarithmic binning to smooth the spectrum by averaging over windows which grow in size as 21=4. These
spectra suggest quantitative di8erences in the scaling properties of the loudness !uctuations that depend on
the genre of music. (b) Double log plot of the average DFA functions FD(t) as a function of the time scale
t (in seconds) for each genre of music. (c) Log-linear plot of the DFA correlation exponents �(t) obtained
from local slopes in (b), according to Eq. (2). Note the striking di8erences between genres, which also
appear in Fig. 3.
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Fig. 3. DFA exponents �(t) for nine genres of music, with 10 representative signals each. We have calculated
�(t) according to Eq. (2).

(1=f-type behavior). We note that WECT music has the highest value of 〈�〉, indicating
that loudness !uctuations have the strongest correlations in this genre. Hence, from the
point of view of loudness level changes, WECT music appears the most correlated, and
modern electronic ForrAo music the least correlated. None of the results reported here
have a direct bearing on harmony, melody or other aspects of music. Our results apply
only to loudness !uctuations, which can re!ect aspects of the rhythm of the music [1].
Another observation concerns how the extremely predictable periodic rhythmic struc-

ture of Techno-dance music and ForrAo shows up as minima in �(t) near 0:8 s
(Figs. 2(c) and 3). This 7nding suggests that the periodic “beat” of the music, consid-
ered abstractly as a superposition of periodic trends and the acoustic signal, leads to
signi7cant deviations from uniform power-law scaling at that time scale [10,13,14].
The above results seem to suggest that the qualitative di8erences between genres—

well known to music lovers—may in fact be quanti7able. For example, WECT music,
Hindustani music and Gamelan music, which have the highest average 〈�〉 ≈ 1 (sug-
gesting almost perfect 1=f scaling behavior), usually belong to the general category
of high art music. On the other end, electronic ForrAo and Techno-dance music, where
periodic tends dominate, have the lowest average 〈�〉, and arguably belong to the cate-
gory of dance or danceable music. The lower 〈�〉 observed in these genres is due to a
bump and horizontal shoulder in the DFA !uctuation !uctation FD(t) that emerges at
time scales corresponding to the pronounced periodic beats [13] (see Figs. 2(c) and 3).
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Fig. 4. Average values 〈�〉 for each genre, ranked in increasing order. The standard deviation of the values
of � varies from genre to genre, but averages S� = 0:09. We note the remarkable relationship between 〈�〉
and the music genre. As discussed in the text, the presence of dominant periodic trends arising from the
regular rhythmic “beats” can lead to lower values of 〈�〉. The results raise the possibility that the qualitative
di8erences between high art, popular, and dance music genres may be quanti7able.

Such genres might have evolved primarily for dancing, rather than for listening. We
can speculate from this point of view that Jazz, Rock and Roll, and Brazilian popular
music may occupy an intermediary position between high art music and dance music:
complex enough to listen to, but periodic and rhythmic enough to dance to.
Finally, we discuss the relevance of these 7ndings to the possible e8ects of music

on the nervous system [24]. Studies of heart rate dynamics using the DFA method
have shown that healthy individuals have values relatively close to 〈�〉 = 1, corre-
sponding to 1=f correlations, while subjects with heart disease have higher values
(typically 〈�〉¿ 1:2) that indicate a signi7cant shift towards less complex behavior in
heart rate !uctuations, since �=1:5 corresponds to trivially correlated Brown noise (e.g.,
Refs. [11,22,23]). Hence, listening to certain kinds of music may conceivably bestow
bene7ts to the health of the listener [24–26]. The hypothesis that music with 〈�〉 ≈
1 confers health bene7ts still requires systematic testing. For example, the so-called
“Mozart e8ect” refers to the conjecture that listening to certain types of music may
correlate with higher test scores and more generally to intelligence [24]. If ever such
7ndings become substantiated, then a new approach to the study of music (and perhaps
other forms of art) might become a necessity. We note, however, that the Mozart e8ect
has not been legitimately established as a real phenomenon. Nevertheless, the results
reported here—and more importantly, the approach used in obtaining the results— point
towards the possibility of objectively analyzing subjectively experienced forms of art.
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Such an approach may 7nd relevance in the academic study of music, and of art in
general.
In summary, we have developed a method to study loudness !uctuations in au-

dio signals taken from music. Results obtained using this method show consistent
di8erences between di8erent genres of music. Speci7cally, dance music and high art
music appear at the lower and upper endpoints respectively in the range of observed
values of 〈�〉, with Rock and Roll, Jazz, and other genres appearing in the middle of
the range.
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We analyze the sequence of time intervals between consecutive stock trades of thirty companies representing
eight sectors of the U.S. economy over a period of 4 yrs. For all companies we find that:~i! the probability
density function of intertrade times may be fit by a Weibull distribution,~ii ! when appropriately rescaled the
probability densities of all companies collapse onto a single curve implying a universal functional form,~iii !
the intertrade times exhibit power-law correlated behavior within a trading day and a consistently greater
degree of correlation over larger time scales, in agreement with the correlation behavior of the absolute price
returns for the corresponding company, and~iv! the magnitude series of intertrade time increments is charac-
terized by long-range power-law correlations suggesting the presence of nonlinear features in the trading
dynamics, while the sign series is anticorrelated at small scales. Our results suggest that independent of
industry sector, market capitalization and average level of trading activity, the series of intertrade times exhibit
possibly universal scaling patterns, which may relate to a common mechanism underlying the trading dynamics
of diverse companies. Further, our observation of long-range power-law correlations and a parallel with the
crossover in the scaling of absolute price returns for each individual stock, support the hypothesis that the
dynamics of transaction times may play a role in the process of price formation.

DOI: 10.1103/PhysRevE.69.056107 PACS number~s!: 89.75.Da, 05.40.Fb, 05.45.Tp, 89.65.Gh

Investigations of price dynamics of financial assets and
indices have long been the key focus of economic research
@1–23#. Recent studies, however, have turned to the informa-
tion offered by other aspects of the trading process such as
volume of shares traded at each transaction@24,25# or num-
ber of trades in a unit time@27,26#, and their possible relation
to price formation@7,28–31#. Empirical observations suggest
a relationship between price and trading activity~Fig. 1!. In
addition, the impact of a significant price change on the level
of trading activity can persist for much longer than the cor-
responding effect on the level of price fluctuations@Figs. 1~a!
and 1~b!#. These features suggest that information may be
contained in the structure and temporal organization of trad-
ing activity, and that a close analysis of trading dynamics
may offer quantitative insight into the complex mechanism
driving price fluctuations@16,28#.

Recent studies have examined trading activity as mea-
sured by the average number of trades in a unit time@26,27#.
However, aggregation into uniform time intervals may affect
the analysis, since choosing a short unit time interval may
result in many points with none or very few trades, artifi-
cially altering the heteroskedasticity of the process, while
using a long unit time interval averages out multiple trans-
actions, and the fine timing structure of the data can be lost
@29#. To understand the dynamics of market activity on a
trade-by-trade level, we consider the series of time intervals
between consecutive trades, the intertrade times~ITT!. Only
a few empirical studies of ITT have previously been carried
out, examining a single actively traded stock over a period of
a few months@29,32–34#, rarely traded nineteenth century
stocks@35#, or foreign exchange transactions@36,37#.

Here we empirically investigate the statistical and scaling
properties of ITT over extended periods of time. In particu-

lar, we hypothesize that trading dynamics may carry features
independent of individual company characteristics such as
industry sector, level of trading activity, and market capitali-
zation. We examine thirty stocks listed on the New York
Stock Exchange~NYSE! from eight sectors of the U.S.
economy: technology/communications~4!, pharmaceutical
~6!, retail and food~8!, automotive~2!, oil ~2!, aerospace~1!,
financial ~4!, and chemicals~3!. We study the time intervals
between consecutive stock trades over a period of 4 yrs—
January 1993 till December 1996—as recorded in the Trades
and Quotes database~NYSE, New York, 1993!. The thirty
companies vary in their average market capitalization and
exhibit different levels of trading activity with different num-
bers of trades over this period~Table I!.

We first study the probability density function of ITT. The
distribution changes as companies with more frequently
traded shares have a higher peak at shorter intertrade times,
while more rarely traded companies have tails extended over
larger intertrade times~Fig. 2!.

We find that the individual probability distributions for all
thirty companies are well fit by a generalized homogeneous
form—the Weibull distribution

P~x,t!5
d

t S x

t D d21

expF2S x

t D dG , ~1!

whered is the stretched exponent~or shape parameter! andt
is the characteristic time scale@Fig. 2~a!# @38#. Studies of
short ITT sequences—IBM stock trades during November
1990 to January 1991@29# and GE stock trades during Oc-
tober 1999@34#—suggest stretched exponential behavior for
the tails of the probability distributions, in agreement with
Eq. ~1! @39#. The power-law prefactor in the Weibull form
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accounts for the steeper~relative to the stretched exponen-
tial! trend in the distribution at small ITT values. This func-
tional form is markedly different to the power-law form of
the distribution of number of stock trades in a unit time
reported previously@27#.

Since different companies have different average inter-
trade intervalŝ ITT& ~Table I!, they are also characterized by
a different parametert. A function P(x,t) is a generalized
homogeneous function if there exist two numbersr and s,
termed scaling parameters, such that, for all positive values
of the parameterl,

P~l rx,lst!5lP~x,t!. ~2!

Generalized homogenous functions are defined as solutions
of this functional equation.P(x,t) satisfies Eq.~2! with r

521 ands521. Data collapsing is an important property
of generalized homogeneous functions: instead of data for
P(x,t) falling on a family of curves, one for each value oft,
data points collapse onto a single curve given by the scaling
function

P̃~ x̃![ P̃S x

t
,1D5tP~x,t!, ~3!

where the number of independent variables is reduced by
defining the scaled variablex̃[x/t.

To test the hypothesis that there is a possibly universal
structure to the intertrade time dynamics of diverse compa-
nies, we rescale the distributions. We find that for all com-
panies, data conform to a single scaled plot—‘‘data collapse’’

TABLE I. Descriptive statistics of the thirty U. S. stocks studied over the period 4 January 1993–31
December 1996. We include only intertrade times occurring during NYSE trading hours from 9.30 am until
4 pm EST, excluding public holidays and weekends. The period considered covers 1010 trading days.^M.C.&
represents average market capitalization over the period in billions of U.S. dollars.^ITT& is the average
intertrade interval over the period.a1 and a2 indicate the values of the scaling exponent characterizing
power-law correlations in ITT anduDITTu over small and large times scales.a1 is computed in the scaling
range 131025 to 531024 for the first seventeen companies which have substantially less than 106 trades,
and from 431026 to 231024 for the remaining companies.a2 is computed in the scaling range 331023 to
1021 for all companies@Figs. 3~b! and 3~c!#.

^M.C.& Number ^ITT& a1 a2 a1 a2

Company Symbol ($109) of trades ~sec! ITT ITT uDITTu uDITTu

Sprint Corp. FON 12.4 362851 64 0.64 0.95 0.72 0.94
Union Carbide Corp. UK 4.4 387273 60 0.65 0.96 0.72 0.95
Morgan JP & Co. JPM 13.7 401213 58 0.61 0.89 0.68 0.88
Dow Chemical Co. DOW 18.4 411258 57 0.62 0.94 0.69 0.94
Chase Manhattan Corp. CMB 7.3 448801 52 0.66 0.94 0.71 0.94
3M MMM 24.8 449462 52 0.62 0.85 0.68 0.85
Texaco TX 18.4 457081 51 0.62 0.88 0.68 0.87
Archer Daniels Midland ADM 9.0 468148 50 0.63 0.98 0.68 0.97
Eli Lilly & Co. LLY 22.4 514899 45 0.65 0.94 0.68 0.94
Sara Lee Corp. SLE 13.4 527814 44 0.62 0.94 0.66 0.93
Du Pont DD 39.0 543724 43 0.62 0.88 0.66 0.88
Fed. Natl. Mort. Assoc. FNM 26.5 627313 37 0.64 0.89 0.67 0.88
Citicorp CCI 22.6 677484 34 0.66 0.92 0.69 0.92
Pfizer PFE 29.7 689705 34 0.64 0.89 0.67 0.89
Abbott Laboratories ABT 28.2 691877 34 0.64 0.88 0.67 0.87
Boeing BA 19.9 728779 32 0.65 0.94 0.67 0.94
Exxon XON 87.5 750298 31 0.63 0.88 0.65 0.86
Johnson & Johnson JNJ 41.6 1001549 23 0.63 0.92 0.71 0.92
Home Depot HD 20.7 1103037 21 0.62 1.03 0.68 1.04
Bristol Myers Squibb BMY 35.1 1121714 21 0.62 0.91 0.68 0.90
General Motors Corp. GM 35.6 1130452 21 0.64 0.95 0.69 0.95
Chrysler Corp. C 18.4 1231979 19 0.65 0.95 0.70 0.95
Coca Cola KO 77.0 1244660 19 0.63 0.99 0.68 0.98
General Electric GE 101.7 1374682 17 0.61 0.90 0.66 0.91
Philip Morris MO 60.2 1527659 15 0.64 1.06 0.66 1.06
IBM IBM 45.4 1677319 14 0.65 0.94 0.67 0.94
AT&T T 82.1 1689767 14 0.64 1.04 0.66 1.04
Wal Mart WMT 58.2 1794160 13 0.66 1.01 0.68 1.01
Merck & Co. MRK 56.9 2055443 11 0.65 0.94 0.66 0.94
Motorola MOT 30.4 2204059 11 0.65 1.04 0.66 1.04
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@Fig. 2~c!# @41#. Such behavior is a hallmark of scaling, and
is typical of a wide class of physical systems with universal
scaling properties@42#.

Next, we investigate the temporal organization of ITT.
Empirical observations show that like many other financial
time series, the ITT data exhibit nonstationary behavior and
complex variability with a superposed pattern of daily activ-
ity ~Fig. 1!. Patches of inactive trading are often followed by
patches of more active trading within a trading day. Similar
patterns can be observed on a daily, weekly, and even
monthly basis, independent of the average level of trading
activity for a company. Such observations suggest that there
may be a self-similar, fractal organization in the sequence of
ITT over a broad range of time scales. To test this hypothesis
we apply the detrended fluctuation analysis~DFA! method
@43,44#. The DFA method can accurately quantify fractal fea-
tures in ITT, as it permits the detection of long-range corre-
lations embedded in nonstationary time series, and avoids the
spurious detection of apparent long-range correlations that
are an artifact of trends in the data@45#.

FIG. 1. ~a! Price of AT&T stock over three weeks in September
1995 (5.23104 trades!. On 20 September 1995, AT&T announced
their intent to restructure into three separate companies, leading to a
jump in the stock price. The price fluctuations exhibit a relaxation
time of less than a day following this event.~b! Intertrade times
~ITT! of AT&T stock over the same period. Data exhibits highly
heterogeneous structure with most of the trades concentrated in the
third week. The relaxation time of the ITT response following the
price jump is much longer than the relaxation time of the price
fluctuations.~c! ITT data over the week beginning 7 September
1995—trading days typically have short intertrade times at the open
and close of business, with longer intertrade times in between.~d!
Magnitude series of the incrementsDITT of consecutive intertrade
times. Patches of more ‘‘volatile’’ increments with large magnitude
~shaded area! are followed by patches of less volatile increments
with small magnitude, suggesting persistent behavior, in accordance
with our finding @Fig. 5~a!#. ~e! Sign series of the increments of
consecutive intertrade times. The apparent strong alternation be-
tween11 and21 is consistent with our finding of antipersistent
behavior at small scales@Fig. 5~b!#.

FIG. 2. ~a! Probability density functions with Weibull fits
~solid lines! of intertrade times~ITT! over the period January
1993–December 1996 for two company stocks: Boeing~BA! fit
with parametersd50.73, t527, and AT&T ~T! fit with d50.70,
t511 @Eq. ~1!#. We use 4 sec bins, where ITT values in@2,6! are
centered at 4 sec, values in@6,10! are centered at 8 sec, etc.~b!
Probability density functions of ITT for thirty U.S. stocks over
the same period as in~a! with increasing number of trades from
top to bottom~Table I!. ~c! Same probability distributions as in~b!
after rescalingP~ITT! by ^ITT& and ITT by 1/̂ITT&. This rescaling
is equivalent to that described in Eq.~3! as P(ITT)[P(x,t) and
t;^ITT&. Data points collapse onto a single scaled curve. The
solid line represents a Weibull fit to the data points withd50.72,
t50.94.
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The DFA method consists of the following steps. We first
integrate the ITT series to construct the profileY(k)
5( i 51

k (ITT i2^ITT&) where^ITT& is the series mean. Next,
we partition the profileY(k) into nonoverlapping segments
of lengthn ~number of consecutive intertrade intervals! and
fit the local trend in each segment with a least-squares poly-
nomial fit. We then detrend the profileY(k) by subtracting
the local polynomial trend in each segment of lengthn, and
we calculate the root mean square fluctuationF(n) for the
detrended profile. For order-l DFA ~DFA-1 if l 51, DFA-2 if
l 52, etc.! a polynomial function of orderl is applied for the
fitting of the local trend in each segment of the profileY(k).
This procedure is repeated for different scalesn. A power-
law relationF(n);na indicates the presence of scaling in
the ITT series. Thus the fluctuations in the ITT can be char-
acterized by scaling exponenta, a self-similarity parameter
that quantifies the fractal power-law correlation properties of

the signal. The scaling or correlation exponenta is related
to the autocorrelation function exponentg „C(n);n2g

when 0,g,1… and to the power spectrum exponentb
„S( f );1/f b

… by a512g/25~b11!/2 @43,46#. A value of
a50.5 indicates that there are no correlations and the signal
is uncorrelated~white noise!. If a,0.5 the signal is said to
be anticorrelated, meaning that large values are more likely
to be followed by small values. Ifa.0.5 the signal is corre-
lated and exhibits persistent behavior, meaning that large val-
ues are more likely to be followed by large values and small
values by small values. The higher the value ofa, the stron-
ger the correlations in the signal.

Before performing the DFA analysis we preprocess the
data by excluding all outliers in the ITT series exceeding ten
times the standard deviation above zero. This naturally ex-
cludes large ITT values caused by unusual closures inside a
trading day, as well as data entry errors. This procedure re-

FIG. 3. ~a! Root mean square fluctuation,F(n), for intertrade times~ITT! for companies Boeing~BA! and AT&T ~T! obtained using
DFA-2 analysis. Here,n indicates the time scale in trade number. Both series exhibit long-range power-law correlations with a pronounced
crossover to larger exponent at scales above one trading day. The average daily number of trades for each company is marked by a dashed
line. As expected, the scaling properties of the ITT series remain unchanged after the Fourier-phase randomization, while the shuffled ITT
series is characterized by exponenta50.5 as for uncorrelated~white! noise. Curves are vertically offset for clarity.F(n) for the ITT series
of ~b! the first group of 15 companies and~c! the second 15 companies as ordered in Table I. Curves are vertically shifted with approximately
equal spacing and the crossovers are aligned by rescaling the time scalen by the total number of trades for each company in the period 4
January 1993–31 December 1996. All companies show a remarkably common scaling behavior.~d! F(n) for the time series of absolute
logarithmic price returns computed per minute for Boeing and AT&T. Here,n indicates the time scale in minutes. The vertical dashed line
marks a crossover at'390 minutes—a typical trading day. Both companies exhibit scaling behavior similar to that observed for their
respective ITT series, with a greater degree of correlation over scales above one trading day.
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sults in the removal of less than 0.06% of all data points. In
addition, the split transactions that arise when the volume of
an order must be matched by several opposing orders often
results in a number of transactions having an execution time
separated by less than a second. Given the one-second reso-
lution of the recordings, these transactions result in between
4% and 16% zero intertrade intervals for individual company
datasets, with a mean value of 7.3% for the whole database.
Removal of all outliers and all zero intertrade times does not
significantly affect the results of the DFA analysis for posi-
tively correlated signals@47#.

We find that the ITT series for all companies exhibit long-
range power-law correlations over a broad range of time
scales from several trades to hundreds of thousands of trades
characterized by a correlation exponenta.0.5 ~Fig. 3, Table
I!. This is consistent with the empirical observation that long
segments of high trading activity~small values of ITT! may
follow long segments of less active trading~large values of
ITT! @Fig. 1~b!#. We find that this scaling behavior is inde-
pendent of the specific company and its market capitaliza-
tion, the average level of trading activity and the industry
sector. To confirm the presence of such strong persistent be-
havior we shuffle the data and obtain white noise behavior
with exponenta50.5, significantly different from the behav-
ior of the original ITT series@Fig. 3~a!#.

For all companies we observe two scaling regimes, one at
short time scales ranging from several trades to a few thou-
sand trades within a trading day, followed by a second re-
gime ranging from thousands to hundreds of thousands of
trades corresponding to time scales from days to almost a
year @Figs. 3~a!–3~c!#. These two scaling regimes are sepa-
rated by a bump in the scaling curveF(n) due to the periodic
daily pattern in trading activity~Figs. 1 and 3!. Such periodic
trends superposed on power-law correlated signals do not
affect the value of the DFA scaling exponent@45#.

Since different companies exhibit daily patterns in the ITT
series characterized by a different number of trades per day,
we align the scaling regimes for all companies by normaliz-
ing the scalen by the total number of trades in each series
@Figs. 3~b! and 3~c!#. Remarkably we find that all companies
have common scaling behavior characterized by a correlation
exponenta150.6460.02 ~group mean6std. dev.! at time
scales within a trading day, and by correlation exponenta2
50.9460.05 at time scales larger than a trading day~Fig. 4!.
Furthermore, we find that a higher value ofa1 for a given
company is usually accompanied by a higher value ofa2,
resulting in a systematic difference between the scaling ex-
ponents ofa22a150.3060.05 ~group mean6std. dev.!.

This correlation behavior of the ITT series is also surpris-
ingly reminiscent of the scaling features of the absolute price
return series@48#. For each company both series show~i! two
scaling regimes separated by a crossover at time scales cor-
responding to one trading day,~ii ! positive correlations
within a trading day (a1

price50.5960.01, group mean6std.
dev.!, and even stronger correlations (a2

price50.7760.06),
over larger time scales, and~iii ! very similar values of the
DFA correlation exponents in the respective scaling regimes
@Figs. 3~a! and 3~d!#. Such parallels in the scaling of ITT and
absolute returns at both short and long time scales suggest an

intrinsic relation between trading activity and stock price for-
mation on an individual company basis.

To better understand the temporal organization of trading
dynamics and the nature of the observed power-law scaling,
we decompose the ITT series into a magnitude and sign se-
ries of the incrementsDITT in the consecutive intertrade
intervals. Since underlying market interactions determine the
magnitude~uDITTu! and direction„sign~DITT!… of the ITT
fluctuations, we separately analyze the correlations in the
magnitude and sign series. Previous work has demonstrated
that signals with identical long-range power-law correlations
can exhibit different time ordering for the magnitude and
sign series@50#.

We find that for all companies the magnitude series ex-
hibits long-range persistent behavior@Fig. 5~a!# with practi-
cally identical correlation exponents to the original ITT
series—a1

mag50.6860.02~group mean6std. dev.! over short
time scales within a trading day anda2

mag50.9460.06 over
large time scales. Correlation in the magnitude series indi-
cates that an increment with large magnitude is more likely
to be followed by an increment with large magnitude@Fig.
1~d!#. In contrast we find that the sign series for all compa-
nies is strongly anticorrelated over short time scales with
a1

sign50.0460.02 ~group mean6std. dev.! and is uncorre-
lated over large time scales witha2

sign50.5060.01 @Fig.
5~b!#. Thus our results suggest an empirical ‘‘rule’’ for the
temporal organization of ITT fluctuations: a large positive
increment in intertrade interval is followed by a large nega-
tive increment, and this holds over a range of time scales.

We next demonstrate that the scaling features of the mag-
nitude and sign series are independent of those of the ITT
series. We perform a Fourier transform on the ITT series, and
preserve the Fourier amplitudes but randomize the Fourier
phases. Then we take the inverse Fourier transform to create
a surrogate signal. This procedure eliminates nonlinearities,
preserving only the linear features~i.e., power spectrum! of
the original ITT series@51#. The surrogate~linearized! signal
has thesametwo-point correlations as the original ITT series
with practically identical correlation exponentsa1 and a2
indicating long-range correlations@Fig. 3~a!#. We find that
the sign series derived from the surrogate signal shows scal-

FIG. 4. Values of the DFA correlation exponents for a diverse
group of companies~Table I!. The ITT series of all companies
exhibit systematically weaker correlations over time scales less than
a trading day~small values for the scaling exponenta1), and stron-
ger correlations over time scales above one trading day~larger val-
ues fora2). Group averages and standard deviations are shown to
the right of the panel.
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ing behavior virtually identical to that of the sign series de-
rived from the original ITT series@Fig. 5~b!#. However, the
magnitude series derived from the surrogate~linearized! sig-
nal exhibits uncorrelated behavior—a significant change
from the strongly correlated behavior we find for the original
magnitude series@Fig. 5~a!#. Thus the increments in the sur-
rogate signal exhibit different time ordering for the magni-
tude, and do not follow the empirical rule observed for the
increments of the ITT series, although the surrogate signal
follows a scaling law identical to the original ITT series.
Further, our results suggest that the ITT series has nonlinear
properties encoded in the Fourier phases and represented by
the long-range correlations in the magnitude series. In con-
trast, the sign series relates to the linear properties of ITT.

In summary, we present an empirical study of intertrade
time dynamics for a diverse group of stocks listed on the
NYSE. Our findings suggest that a single, possibly universal,
functional form defines the probability density of the inter-
trade times of each company. Further, we find a common
scaling behavior in the temporal organization of trading,
characterized by long-range power-law correlations within a
trading day and by a crossover to even stronger correlations
over scales of days, months, and years. These scaling pat-

terns appear independent of level of trading activity, market
capitalization, or industry sector, and thus may be inherent to
the trading process. The two scaling regimes in the ITT and
uDITTu series may be a consequence of the time scales over
which news is absorbed@28#. Since trading activity is influ-
enced by information, there will be less coherence between
intraday trading as information takes time to disseminate,
thus leading to a lower value of the correlation exponenta.
Over time scales greater than a day more information is
available to investors, resulting in a transition to more coher-
ent and thus more persistent behavior with a higher value of
a. The universality of this behavior and our observation of a
parallel with the crossover in the scaling of price fluctuations
for each individual stock support the hypothesis that the dy-
namics of transaction times may play a role in the process of
price formation, and may have implications for financial
modeling based on continuous time random walks@40,52–
54#, stochastic subordinated processes@37,55–58# and agent-
based modeling@59–62# of market behavior.

We thank K. Hu, T. Lim and S. White for stimulating
discussions. A.Y. thanks the Department of Engineering,
Cambridge University and King’s College, Cambridge for
financial support.
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We study the properties of the level statistics of 1D disordered systems with long-range spatial
correlations. We find a threshold value in the degree of correlations below which in the limit of large
system size the level statistics follows a Poisson distribution (as expected for 1D uncorrelated-
disordered systems), and above which the level statistics is described by a new class of distribution
functions. At the threshold, we find that with increasing system size, the standard deviation of the
function describing the level statistics converges to the standard deviation of the Poissonian distribution
as a power law. Above the threshold we find that the level statistics is characterized by different
functional forms for different degrees of correlations.

DOI: 10.1103/PhysRevLett.93.176804 PACS numbers: 73.20.Jc, 05.40.–a, 72.15.Rn, 73.20.Fz

Investigating statistical properties of the energy spec-
trum and the behavior of the level statistics proved to be a
useful approach to study electronic properties of disor-
dered systems [1–3]. In 3D disordered systems, the
Anderson transition between metallic and insulating
phase is associated with a transition in the level statistics
distribution from a Wigner-Dyson form to Poisson distri-
bution [4,5]. In 1D disordered systems, for any degree of
disorder, the level statistics is described by the Poisson
distribution in the limit of large system size correspond-
ing to electronic localization and insulating behavior [6].

Recently, it has been demonstrated numerically that
introducing long-range correlations in the spatial order of
atoms with different energies in a chain can lead to
electronic delocalization [7], creating an interesting de-
bate [8]. Further, it has been shown that there is a
localization-delocalization transition at a critical value
of the degree of correlations imposed on the disorder in
the system, and later works extended these results to other
models [9–12]. Also, this type of transition can be found
in quasiperiodic systems, as the Aubrey-Andre model and
other models[13], indicating the importance of some type
of ordering. These theoretical findings are supported also
by experimental results showing delocalization and elec-
tronic transport driven by extended states in correlated-
disordered GaAs=Ga0:7Al0:3 superlattices [14]. Recently, a
metal-insulator transition has been reported in 2D
correlated-disordered systems [15].

Here we hypothesize that, as the localization properties
of the electronic states in a disordered system are affected
by the degree of spatial correlations [7,12], the properties
of the level statistics of the energy spectrum of such
correlated-disordered systems could also change.
Specifically, we investigate how the functional form of
the distribution describing the level statics is affected by
the degree of correlations introduced in the system. We
demonstrate that the Poissonian form describing the level
statistics in disordered 1D systems in the thermodynamic

limit is preserved even when a certain degree of spatial
correlations is introduced. Further, we find a critical
threshold for the degree of correlations above which in
the thermodynamic limit there is a transition to a differ-
ent class of distribution functions for the level statistics.
We consider systems without electronic interactions,
which may also influence the properties of the level
statistics [16] in addition to the correlations in the
disorder.

We consider the standard 1D tight-binding Hamil-
tonian with nearest-neighbor interaction

H �
X
i

�ijiihij �
X
hi;ji

Vjiihjj; (1)

where V is the coupling energy and i ranges from 1 to N,
where N is the system size. To fix the energy scale, we
choose V � 1. In the case of uncorrelated disorder, the
site energies f�ig are randomly drawn from a certain
probability distribution, commonly a box (uniform) dis-
tribution or a Gaussian. This is equivalent to consider the
series of site energies as white noise. In contrast, for
systems with correlated disorder, we introduce spatial
long-range correlations in the series of site energies f�ig,
so that their sequence describes the trace of a fractional
Brownian motion. To this end, we obtain the site energies
using the inverse Fourier transform

�i �
XN=2

k�1

�
k��

�
2�
N

�
1��

�
1=2

cos
�
2�ik
N

�k

�
; (2)

where k are N=2 random phases uniformly distributed
in the interval 	0; 2�
 [7,17,18]. Thus, by construction, the
power spectrum of the series f�ig is of the type 1=k�. By
choosing different values for the exponent �, we generate
series of site energies with different degrees of spatial
correlations: for � � 0, we have pure disorder (white
noise), �< 0 corresponds to anticorrelations, and �> 0
represents positive correlations in the series of site ener-
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gies f�ig. In our study, we consider only systems with
positive correlations (� � 0).

Once the series f�ig is obtained, we normalize it to zero
mean and unit standard deviation, thus fixing the width of
the site energy distribution to unity. This is equivalent to
keeping the ‘‘traditional disorder’’ of the system fixed,
since the standard deviation of the distribution of f�ig
quantifies the variety in the site energies of the atoms
forming the chain, while their spatial order is quantified
by the exponent �. Note that for uncorrelated-disordered
systems (� � 0), the disorder is quantified by the stan-
dard deviation in the case of site energies randomly drawn
from a Gaussian distribution, or by the width of the box in
the case of a box distribution.

After the normalization of the site energies, we diago-
nalize the Hamiltonian (1) to obtain the energy spectrum
fEig, where E1 <E2 < . . .<EN . For any system size N
and any value of the correlation exponent � in our nu-
merical calculations, we diagonalize 224=N realizations
of the Hamiltonian (1). Thus we have a sufficiently large
ensemble of realizations to avoid statistical fluctuations in
our results, while we consider the same number of 224

energy levels for any N.
Once the energy spectrum is obtained, we study the

distribution of the spacings between consecutive energy
levels. Since the density of energy levels is not constant
throughout the energy band, and thus the local average
energy spacing is not constant either, one cannot compare
fluctuations in the spacings obtained from different re-
gions of the band. To avoid this problem, we normalize to
unity the local average energy spacing from different
regions of the energy band, thus effectively normalizing
all energy spacings to the same scale. This ‘‘unfolding’’ of
the energy spectrum is a procedure commonly used in the
study of level statistics of disordered systems [19]. In
brief, the unfolding procedure consists of the following
steps: we first introduce the integrated density of energy
levels g�E defined as

g�Ei � i: (3)

Thus, g�Ei is the number of energy levels below the
energy Ei. Second, we fit g�E using a polynomial func-
tion. This fit represents the averaged integrated density of
energy levels g�E. Next, the unfolded energy spectrum
f"ig is obtained from the map

"i � g�Ei: (4)

To avoid unfolding problems related to irregular be-
havior of g�E at the borders of the energy band, we
consider only energy levels from the central region of
the band. Specifically for a system of size N, we obtain
N energy levels [eigenvalues of the Hamiltonian (1)], and
we consider the central part of the spectrum fEig, where
i 2 	N=3� 1; 2N=3
. We obtain the averaged integrated
density of levels g�E by fitting g�E with a cubic poly-
nomial in the interval 	EN=3�1; E2N=3
.

Using the unfolded spectrum f"ig, we study the nor-
malized distribution function of energy spacings P�s,
where si � "i�1 � "i. From Eqs. (3) and (4), we have
that the average level spacing is hsi � 1.

For the classical cases of 1D and 2D uncorrelated-
disordered systems in the limit of large system size,
P�s follows the Poisson distribution

PP�s � e�s: (5)

A Poisson distribution for P�s indicates strong clustering
between energy levels because it reaches maximum when
s ! 0 (Fig. 4).

In our analysis, we characterize P�s using its standard
deviation �. For the classical case of Poissonian form for
P�s (5), we have � � �P � 1. For convenience, we study
the behavior of �̂ � 1� �. In Fig. 1 we show �̂ as a
function of the system size N for different values of the
correlation exponent �. For uncorrelated disorder (� � 0)
and for large N, �̂ ! 0 (or equivalently � ! 1), indicat-
ing Poissonian behavior for P�s as expected for 1D
disordered systems [6].

Introducing a certain degree of spatial correlations
(�> 0) in the system, we find that in the limit of large
N, the level statistics exhibits again Poissonian behavior
[�̂ ! 0, Fig. 1(a)], indicating energy level clustering and
electronic localization. This finding indicates that
Poissonian behavior in the level statistics exists even in
the presence of long-range correlations. However, we find
that the convergence of P�s to the Poisson distribution
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FIG. 1. (a) Log-log plot of �̂ as a function of the system size
N for different values of the correlation exponent �. Inset:
same dependence in linear scales. Solid lines represent fits with
Eqs. (6)–(8). (b) Same as in (a) for � close to �c.
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with increasing N is much slower in the case of correlated
disorder (�> 0) compared to the case of uncorrelated
disorder (� � 0) (Figs. 1 and 2 ).

Increasing the strength of the long-range correlations,
we find a threshold value, a critical exponent �c, above
which the functional form of P�s does not converge to
Poisson distribution—i.e., �̂ does not converge to zero in
the limit of large N [Figs. 1(a) and 2]. At the critical value
�c, we find that for increasing N, the level statistics
converges very slowly to Poisson distribution and �̂ ! 0
as a power law [Fig. 1(b)].

We next investigate the functional dependence of �̂ on
the system size N for the three regimes: (i) �<�c; (ii)
� � �c; and (iii) �>�c. Based on simulations of vari-
ous systems sizes up to N � 217, we model the behavior of
�̂ using the following expressions:

�̂ � a1N
�b1�c1 logN��<�c; (6)

�̂ � a2N�b2�� � �c; (7)

�̂ � �̂1 � a3N
�b3��>�c; (8)

where all the parameters are positive and in general
depend on the correlation exponent �. To test the validity
of these expressions, we use the Levenberg-Mardquardt
(L-M) algorithm [20] to fit the data in Fig. 1(a) and 1(b)
and to estimate the optimal values of the parameters.
Although we have tried more expressions to fit the data,
those in Eqs. (6)–(8) are the best based on two criteria:
good description of data and less number of parameters.

We note that for �<�c, the behavior of �̂ vs N on a
log-log plot presents negative curvature [Fig. 1(a)], while
for � � �c, �̂ depends on N as a power law with a
negative slope, so that in both cases for N ! 1, �̂ ! 0
[Fig. 1(b)], indicating that in the thermodynamic limit
the level statistics is Poissonian. In contrast, for �>�c,
the dependence of �̂ on N has positive curvature
[Fig. 1(b)], indicating a decay slower than a power law.
We find that data are best modeled (with best fit based on
the L-M algorithm) as a power law with an additive
positive constant �̂1 such that �̂ � �̂1 for N ! 1 (8).
Thus our results suggest that for �>�c, in the thermo-
dynamic limit �̂ does not converge to zero, and that the
level statistics is not of Poissonian type.

To determine �c, we use the following procedure: (i)
starting from small values of � for which the dependence
of �̂ on N follows Eq. (6), we increase � and observe that
the fitting parameter c1 decreases, and for a given value of
� becomes zero, so that Eq. (6) is not valid anymore; (ii)
starting from large values of � for which �̂ follows
Eq. (8), we decrease � and observe that the fitting pa-
rameter �̂1 decreases, and for a given value of � becomes
zero, so that Eq. (8) is not valid anymore. We find that for
both (i) and (ii), the transitions occur at a critical value of
� � �c � 1:55� 0:05 (Figs. 1 and 2), where the behavior
of �̂ is described by Eq. (7).

We next obtain a phase diagram of the properties of the
level statistics as a function of the degree of spatial
correlations in the system. We systematically investigate
the asymptotic behavior of �̂ in the limit of large system
size N as a function of the correlation exponent � (Fig. 2).
For a fixed system size N, we calculate how �̂ depends on
the spatial correlations choosing a dense set of � values.
We then repeat the calculations for increasing N. We find
that �̂ is an increasing function of �, and that for each
value of N, a relatively flat region at small � is followed
by a sharp increasing in �̂ for large � (Fig. 2). This
behavior becomes more pronounced with increasing N.
Further, we find that the flat region in �̂ extends to
intermediate values of � and rapidly approaches zero
with increasing N. This is in agreement with our finding
of level statistics of Poissonian type even in the presence
of a moderate degree of spatial correlations in the system
and with the predictions of Eqs. (6) and (7). In contrast,
for large values of �, the values of �̂ remain large and do
not decrease substantially with increasing the system size
N. Thus, we observe a transition in �̂ centered at inter-
mediate values of �, which becomes more abrupt with
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FIG. 2. Dependence of �̂ on the correlation exponent � for
varied system size N. The solid line represents the behavior of
�̂ in the limit of N ! 1 (i.e., �̂1)—a phase transition from
Poissonian (�̂ � 0) to non-Poissonian (�̂ � 0) level statistics at
the critical value �c.
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increasing N. To extrapolate the behavior of the level
statistics in the thermodynamic limit and for large �,
we use Eq. (8), since for N ! 1, �̂ ! �̂1. We estimate
�̂1 for a dense set of large and decreasing values of �—
the solid thick line in Fig. 2, which sharply decreases to
�̂1 � 0 for � � �c � 1:55. This suggests a phase tran-
sition from a Poissonian behavior of the level statics
characterized by �̂1 � 0 for �<�c, indicating strong
clustering between energy levels, to a non-Poissonian
phase defined by �̂1 � 0 for �> �c. As �̂1 is a function
of �, this suggests that for any �> �c, a different level
statistics P�s is obtained. Thus we find a new class of
correlated-disordered systems characterized by energy
level repulsion, different values of �̂1, and different
distribution functions for the energy spacings P�s.

Similar conclusions can be drawn with the study of
�2�L, i.e., the variance of the number of levels in boxes
of length L in the unfolded spectrum. It is known that for
Poissonian behavior, �2�L is linear with L with slope 1.
We obtain this linear behavior for any �< �c (see the
case � � 1 in Fig. 3), indicating Poissonian behavior, in
agreement with our previous results. For �>�c, we
obtain a nonlinear and slow increasing of �2�L as a
function of L (slower for increasing �), indicating level
repulsion and non-Poissonian behavior, also in agreement
with our previous results, and with the behavior of the
P�s functions (see below).

In Fig. 4 we show P�s for several values of � and for
finite system size N � 216. We note that in the thermody-
namic limit of large N, the form of P�s may change.
However, this change is expected to be not significant,
since for N � 216, �̂� �̂1 ’ 0:005. In general, we obtain
that for �<�c, although there exists a moderate degree
of correlations in the system, P�s is exponential
(Poissonian) (see the case � � 1 in Fig. 4). When �>
�c, the Poissonian behavior is lost: as � departs from �c,
the functions P�s for low s decrease gradually, and
simultaneously, an increasing peak for increasing � ap-

pears at s � hsi � 1, indicating strong level repulsion. For
extreme values of �, P�s for low s is very small, while
the peak at s � 1 becomes huge (see the case of � � 3 in
Fig. 4). This finding is consistent with the expectation that
extreme values of � correspond to an ordered system, for
which the level statistics is of the type P�s � ��s� 1.

In summary, we find that introducing spatial long-
range correlations in 1D disordered systems leads to a
transition from a Poissonian to a new class of functional
forms describing the level statistics in the thermodynamic
limit. Further, we find a critical value for the correlations
below which the level statistics exhibit Poissonian behav-
ior associated with energy level clustering, similar to the
one observed in uncorrelated-disordered systems. Above
this critical value, the system is characterized by level
repulsion. These findings may relate to previous reports on
localization-delocalization transition in the electronic
properties of 1D systems driven by spatial correlations
in the disorder [7]. In that work, the transition is detected
at � � 2>�c, where we already observe non-Poissonian
behavior, as expected in the extended regime.

We thank the Spanish Ministerio de Ciencia y
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Although mammals of different species have different sleep pat-
terns, brief sleep–wake transitions commonly are observed across
species and appear to occur randomly throughout the sleeping
period. The dynamical patterns and functions of these brief awak-
enings from sleep are not well understood, and they often are
viewed as disruptions (random or pathologic) of the sleep process.
In this article, we hypothesize that brief awakenings from sleep
may reflect aspects of the endogenous sleep control mechanism
and thus may exhibit certain robust dynamical patterns across
species. We analyze sleep recordings from mice, rats, cats, and
humans, and we compare the distributions of sleep and wake
episode durations. For all four species, we find that durations of
brief wake episodes during the sleep period exhibit a scale-free
power-law behavior with an exponent � that remains the same for
all species (� � 2.2). In contrast, sleep episode durations for all four
species follow exponential distributions with characteristic time
scales, which change across species in relation to body mass and
metabolic rate. Our findings suggest common dynamical features
of brief awakenings and sleep durations across species and may
provide insights into the dynamics of the neural circuits controlling
sleep.

power law � sleep regulation � sleep fragmentation

S leep and wake are governed by complex interactions between
neurons in many brain regions, including the hypothalamus

and brainstem. Collectively, these neurons act as a sleep–wake
‘‘latch’’ that may help produce stable sleep and wakefulness (1,
2). Several mathematical and conceptual models have been
proposed to account for the stability and control of sleep and
wakefulness over time scales of hours and days (1–3). However,
in addition to the regular sleep–wake pattern, humans and
animals often exhibit brief awakenings from sleep. These brief
awakenings seem to occur throughout the entire sleep period
and are traditionally viewed as random disruptions of sleep
associated with body motion or pathologic conditions such as
sleep apnea. Because of that explanation, brief awakenings
during sleep rarely are addressed in most current models of sleep
regulation (4, 5).

However, recent studies suggest that arousals and brief awak-
enings may have a more essential role in the process of sleep
regulation, posing further questions to the origin and function of
brief awakenings (5). A closer look at the temporal structure of
the brief sleep–wake transitions reveals a complex picture (Fig.
1). In contrast to the circadian and ultradian cycles, which
dominate the regulation of sleep and wakefulness at time scales
of hours, brief awakenings from sleep exhibit distinct features: (i)
they appear to be random, not periodic, and (ii) the duration of
sleep and wake episodes during the sleep period ranges from
seconds to several tens of minutes. In this article, we investigate
whether a robust structure underlies the complex dynamics of
the brief sleep–wake transitions across species.

Some of us recently have reported that for humans the
duration t of the wake episodes during sleep follows a scale-free
power-law distribution P(t) � t�� with a scaling exponent �,
whereas the duration t of the sleep episodes follows an expo-
nential distribution P(t) � exp(�t��) with a characteristic time
scale � (6). Here, we ask whether the same type of distributions
describe durations of wake and sleep episodes in other mammals
and how parameters of these distributions change across species.

Methods
We analyze durations of sleep and wake episodes in mice, rats,
cats, and humans during the inactive�sleep periods of each
species. The sleep and wake states are scored based on electro-
encephalography (EEG), electromyography (EMG), and elec-
trooculography (EOG) recordings. We follow traditional exper-
imental conditions and scoring criteria as described in refs 7–10.
We map our data onto a two-state format and consider all sleep
stages as a single sleep state. Our database consists of the
following polysomnographic recordings: (i) Five 24-hour record-
ings from five adult male C57BL6�J mice (age 3 months), with

†Present address: Volen Center for Complex Systems, Brandeis University, Waltham, MA
02254.

‡To whom correspondence should be addressed. E-mail: cclo@brandeis.edu or plamen@
argento.bu.edu.

© 2004 by The National Academy of Sciences of the USA

Fig. 1. Examples of sleep–wake behavior in different mammals. (a) The
human data are recorded during nocturnal sleep. (b) Cat recordings are
acquired during the day starting at 9 a.m. (c and d) Rat (c) and mouse (d)
recordings are obtained during the daytime period from 7 a.m. to 7 p.m., their
normal period of inactivity and sleep. Arrows indicate the consolidated awak-
enings for the rats and mice. Note the large number of brief awakenings from
sleep in all four species.
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12-hour periods of light starting at 7 a.m.; (ii) twelve 24-hour
recordings from six adult male Sprague–Dawley rats (age 2–3
months; one to three recordings per animal) with 12-hour
periods of light starting at 7 a.m.; (iii) nine 8-hour recordings
from nine adult male cats (age 9–16 months) starting at 9 a.m.
with 12-hour periods of light starting at 7 a.m.; and (iv) 52
nocturnal sleep recordings from 52 human subjects (age 25 � 5
years; from the SIESTA project in ref. 11). For mice and rats, we
analyze the data between 7 a.m. and 7 p.m., corresponding to the
inactive period.

Results
The sleep patterns of cats and rodents differ substantially from
those of humans. An adult cat spends two-thirds of its time
sleeping, mainly in short periods scattered throughout 24 hours.
Mice and rats are nocturnal and exhibit a significant rhythm of
consolidated wakenings with periods of 2–4 hours (Fig. 1).

Despite these different sleep–wake patterns, we find that all
four species share similar features, i.e., the distributions of the
wake and sleep episode durations for mice, rats, and cats are very
similar to those of humans. Specifically, we find that wake
episode durations follow a power-law distribution with an ex-
ponent � � 2.2 � 0.3 (group average � SD) for mice, � � 2.3 �
0.2 for rats, and � � 2.0 � 0.3 for cats (Fig. 2a). Further, our

analysis shows that these exponent values are almost identical to
the exponent value of � � 2.3 � 0.3 for the human subjects in
our database. To verify that the distribution of durations of the
wake state is better fit by a power law than by any other
functional form, we use the Levenberg–Marquardt method.
Specifically, we find that both the exponential and the stretched
exponential forms lead to worse fits. In sharp contrast, we find
that sleep episode durations follow exponential distributions
with characteristic time scales � � 5.9 � 0.8 min (group
average � SD) for mice, � � 6.2 � 1.0 min for rats, and � �
11.3 � 2.0 min for cats (Fig. 2b). These values are significantly
different from the time scale � � 22.0 � 3.0 min that we observe
for human subjects.

We further observe a hump-like tail for the distribution of
wake episode durations of mice and rats at large time scales (t �
2 min for mice and t � 10 min for rats; see Fig. 2a). This
structural feature may be caused by the pronounced rhythm of
consolidated wakefulness associated with physical activity in
mice and rats (Fig. 1 c and d).

We note that estimates of the values of � and � may change
because of the difference between the length of epochs used in
the sleep stage scoring for different species. We therefore
perform additional procedures to validate our results based on
identical epoch lengths. Sleep stages usually are scored by
partitioning a sleep recording into nonoverlapping epochs of
equal length. A single sleep stage is assigned for each epoch. If
more than one sleep stage occurs within an epoch, the sleep stage
that takes up the greatest portion of the epoch is scored as the
stage for the whole epoch. Because of differences in the exper-
imental designs, the length � of the scoring epochs is often
different for different species (in our database we have for
humans: � � 30 s; cats: � � 10 s; rats: � � 12 s; and mice: � �
1 s). To assess the influence of varying epoch lengths on the
outcome of our analysis, we score mouse data by using different
epoch lengths ranging from � � 1 s to � � 30 s, and we plot the
power-law exponent � and the exponential time scale � as a
function of �. We find that the exponent � for the wake episode
durations is independent of the �. However, the time scale � for
the sleep episode durations varies with �, i.e., � � a � b�c, where
a, b, and c are parameters depending on the species (Fig. 3). This
relation between � and the epoch length � allow us to estimate
values of � for different �, enabling a comparison of � for
different species based on the same epoch length. We find the
same functional form for the relationship between � and � for rat
and cat data as well. Because our human data are scored by using
epochs of � � 30 s, following the well established Rechtschaffen
and Kales’ criteria (10), the values of � for mice, rats, and cats
shown in Fig. 2a are obtained after rescaling the x axis of the
different species to account for an identical scoring epoch of � �
30 s.

Discussion
The presence of power-law behavior at small time scales fol-
lowed by a hump-like tail at large time scales in mice and rats
(Fig. 2a) suggests that short and long awakenings in these species
most likely are governed by two different dynamics: (i) long,
periodic awakenings governed by the homeostatic sleep drive (3,
12), and (ii) the power-law behavior of short awakenings driven
by short-term nonperiodic fluctuations in the interactions of
sleep- and wake-promoting neurons (1, 2). Finding a power-law
behavior for the distributions of wake durations suggests a
scale-invariant dynamic that is typical for fractal-like phenomena
observed in systems undergoing phase transitions or self-
organized criticality, where fluctuations over a broad range of
scales play an important role (13, 14).

The exponential behavior for the distribution of sleep episode
durations suggests a dynamical process with a characteristic time
scale �, which varies for different species. Because � represents

Fig. 2. Distributions of wake and sleep episode durations for mice, rats, cats,
and humans. (a) Double-logarithmic plot for the distributions of the duration
of wake episodes. Curves are vertically offset for clarity. All distributions form
parallel straight lines, indicating that wake episode durations for all species
closely follow a power-law behavior characterized by almost identical expo-
nents �. (b) Semilogarithmic plot for distributions of sleep durations. Curves
are vertically scaled so that they all start from P � 1. All distributions form
straight lines with different slopes, indicating that all species follow an exponen-
tial distribution with a different value of characteristic time constants �.
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the inherent time scale of the neural network controlling the
sleep–wake transitions, and the scale of this network may vary
across species, we next investigate how � correlates with the body
or brain mass of the species. We find that � increases with both
brain and body mass for all four species studied (Fig. 4). This
finding suggests that the time scale of the neural network
regulating the sleep process is smaller in the smaller species.
Perhaps smaller species switch from sleep to wake more quickly
because they need to monitor their environment more fre-
quently. Furthermore, previous studies have shown that (i) the
total sleep time of a species correlates with its basal metabolic
rate (15), and that (ii) the basal metabolic rate R follows a
power-law behavior with the body mass M of the species R �
M0.75 (16, 17), giving the basal metabolic rate per unit body mass
r � R�M � M�0.25. Our empirical estimate for the sleep
characteristic time � suggests the possibility that � � M0.2�0.03

(Fig. 4a). Substituting M with r, we obtain � � r�0.8�0.1, or 1�� �
r0.8�0.1, indicating that the rate (1��) of transitions from sleep to
wake is positively correlated with the metabolic rate per unit
body mass r. We note that more data sets and more species are
needed to reliably determine the functional form of the relation
between � and the body or brain mass of the species.

In contrast, we find that the exponent � characterizing the
power-law behavior of the wake episode durations does not
change with the body or brain mass of the species (Fig. 4). This
finding indicates that brief awakenings from sleep are controlled
by species-independent mechanisms in the sleep–wake neural

Fig. 4. Dependence of the power-law exponent � for wake durations and
the exponential time scale � for sleep durations on the size of species. We
compare � and � with average body mass (a) and average brain mass (b) of
species. The exponent � remains the same across species, whereas the time
scale � increases with the size of the species. Average brain mass data are taken
from ref. 18.

Fig. 3. Dependence of the value of the characteristic time scale � of sleep
episodes and the power-law exponent � of wake episodes on the length of the
scoring epoch. (a) Distributions of wake episode durations of mice obtained
for different epoch lengths �. Curves from top to bottom correspond to � � 10 s
(‚), � � 5 s ({), � � 3 s (�), and � � 1 s (E) and are vertically offset for clarity.
Dashed lines indicate power-law curves with an exponent � � 2.2. The
power-law exponent � of the distribution of wake durations remains un-
changed when the data are rescored by using different epoch lengths �, thus
confirming the validity of our results in Fig. 2a, where data from different
species are scored by using different �. (b) Distributions of sleep episode
durations of mice obtained for different epoch lengths �. Curves from top to
bottom correspond to � � 30 s (	), � � 20 s (ƒ), � � 10 s (‚), � � 5 s ({), � � 3 s
(�), and � � 1 s (E) and are vertically scaled so that they all start from P � 1.
We find that the exponential characteristic time � in the distribution of sleep
episode durations increases with the epoch length �. (c) Dependence of � on
� for mouse data. We perform the same analysis for rats and cats and find the
same functional form. We use this functional form to estimate the time scale
of � corresponding to the same epoch length � for different species. The curves
shown in Fig. 2b are rescaled in the x axis to match values of � based on � � 30 s.
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networks. These mechanisms might be related to the species-
independent structural characteristics of the neural networks,
the nature of the fluctuations around the sleep–wake transitional
threshold, or other neurophysiologic features independent of
species size.

We note that our findings of that scale-invariant behavior for
the wake episode durations and exponential behavior for the
sleep episode durations resemble the dynamics of certain phys-
ical systems exhibiting self-organized criticality. Such systems are
characterized by recurring avalanches (excitations from a
‘‘quiet’’ state) triggered by the accumulation of incoming energy
(13, 14). The durations of avalanches follow a scale-invariant
power-law distribution with an exponent independent of the
specific system parameters, whereas the quiet (interavalanche)
periods are exponentially distributed (19), with a characteristic
time scale depending on the system size and the rate of energy
inputs. In the context of sleep–wake transitions, internal and
external inputs may excite wake-promoting neurons, leading to
brief awakenings with power-law characteristics remaining the
same across species. Recent empirical studies also have reported
power-law behavior in the size and duration of neural excitations
in cortical networks (20). In contrast, the sleep (quiet) episodes
exhibit a characteristic time scale that depends on the species size

or on the energy consumption of the neurons (metabolic rate per
unit mass) in the network responsible for sleep–wake transitions.

Our observations reveal an unexpected richness in the dy-
namics of sleep and wake control; they suggest that brief
awakenings from sleep are not simply random disruptions of the
sleep process but rather are related to the underlying mecha-
nisms of sleep control and exhibit robust scale-invariant features
across different mammalian species. Further, our findings pro-
vide a dynamical concept for these mechanisms and can facilitate
the development of neural circuit models that can predict and
interpret data obtained in studies of the neuronal regulation of
sleep and wakefulness.
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Abstract

Although mammals of different species have different sleep patterns, brief sleep-wake transitions

commonly are observed across species and appear to occur randomly throughout the sleeping

period. The dynamical patterns and functions of these brief awakenings from sleep are not well

understood, and they o�en are viewed as disruptions (random or pathologic) of the sleep process. In

this article, we hypothesize that brief awakenings from sleep may reflect aspects of the endogenous

sleep control mechanism and thus may exhibit certain robust dynamical patterns across species. We

analyze sleep recordings from mice, rats, cats, and humans, and we compare the distributions of

sleep and wake episode durations. For all four species, we find that durations of brief wake episodes

during the sleep period exhibit a scale-free power-law behaviour with an exponent a that remains the

same for all species (alpha approximate to 2.2). In contrast, sleep episode durations for all four

species follow exponential distributions with characteristic time scales, which change across species

in relation to body mass and metabolic rate. Our findings suggest common dynamical features of brief

awakenings and sleep durations across species and may provide insights into the dynamics of the

neural circuits controlling sleep.
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When investigating the dynamical properties of complex multiple-component physical and physiological
systems, it is often the case that the measurable system’s output does not directly represent the quantity we
want to probe in order to understand the underlying mechanisms. Instead, the output signal is often a linear or
nonlinear function of the quantity of interest. Here, we investigate how various linear and nonlinear transfor-
mations affect the correlation and scaling properties of a signal, using the detrended fluctuation analysissDFAd
which has been shown to accurately quantify power-law correlations in nonstationary signals. Specifically, we
study the effect of three types of transforms:sid linear syi =axi +bd, sii d nonlinear polynomialsyi =axi

kd, andsiii d
nonlinear logarithmicfyi =logsxi +Ddg filters. We compare the correlation and scaling properties of signals
before and after the transform. We find that linear filters do not change the correlation properties, while the
effect of nonlinear polynomial and logarithmic filters strongly depends onsad the strength of correlations in the
original signal,sbd the powerk of the polynomial filter, andscd the offsetD in the logarithmic filter. We further
apply the DFA method to investigate the “apparent” scaling of three analytic functions:sid exponential
fexps±x+adg, sii d logarithmicflogsx+adg, andsiii d power lawfsx+adlg, which are often encountered as trends
in physical and biological processes. While these three functions have different characteristics, we find that
there is a broad range of values for parametera common for all three functions, where the slope of the DFA
curves is identical. We further note that the DFA results obtained for a class of other analytic functions can be
reduced to these three typical cases. We systematically test the performance of the DFA method when estimat-
ing long-range power-law correlations in the output signals for different parameter values in the three types of
filters and the three analytic functions we consider.

DOI: 10.1103/PhysRevE.71.011104 PACS numberssd: 05.40.2a

I. INTRODUCTION

Many physical and biological systems under multicompo-
nent control mechanisms exhibit scale-invariant features
characterized by long-range power-law correlations in their
output. These scaling features are often difficult to quantify
due to the presence of erratic fluctuations, heterogeneity, and
nonstationarity embedded in the output signals. This problem
becomes even more difficult in certain cases:sid when we
cannot probe directly the quantity of interest in experimental
settings—i.e., the measurable output signal is a linear or non-
linear function of the quantity of interest;sii d when measur-
ing devices impose a linear or nonlinear filter on the system’s
output; siii d when we are interested not in the output signal
but in a specific component of it, which is obtained through
a nonlinear transformse.g., the magnitude or the sign of the
fluctuations in the signald; sivd when comparing the dynam-
ics of different systems by applying nonlinear transforms to
their output signals; orsvd when preprocessing the output
signal by means of linear or nonlinear filters before the actual
analysis. Thus, to understand the intrinsic dynamics of a sys-
tem, in such cases it is important to correctly analyze and
interpret the dynamical patterns in the system’s output.

Conventional two-point correlation, power spectrum, and
Hurst analysis methods are not suited for nonstationary sig-
nals, the statistical properties of which change with time
f1–3g. To address this problem, detrended fluctuation analy-
sis sDFAd method was developed to accurately quantify
long-range correlations embedded in a nonstationary time
series f4,5g. This method provides a single quantitative

parameter—the scaling exponenta—to quantify the scale-
invariant properties of a signal. One advantage of the DFA
method is that it allows the detection of long-range power-
law correlations in noisy signals with embedded polynomial
trends that can mask the true correlations in the fluctuations
of a signal. Recent comparative studies have demonstrated
that the DFA method outperforms conventional techniques in
accurately quantifying correlation properties over a wide
range of scalesf6–10g. The DFA method has been widely
applied to DNA f4,6,7,11–13g, cardiac dynamicsf14–30g,
human electroencephalographicsEEGd fluctuationsf31g, hu-
man motor activity f32g and gait f33–37g, meteorology
f38,39g, climate temperature fluctuationsf40–45g, river flow
and dischargef46,47g, electric signalsf48–50g, stellar x-ray
binary systemsf51g, neural receptors in biological systems
f52g, music f53g, and economicsf54–61g. In many of these
applications the main problem is to differentiate scaling fea-
tures in a system’s output which are inherent to the underly-
ing dynamics, from the scaling features which are an artifact
of nonstationarities or different types of transforms and fil-
ters.

In two previous studies we have examined how different
types of nonstationarities such as superposed sinusoidal and
power-law trends, random spikes, cutout segments, and
patches with different local behavior affect the long-range
correlation properties of signalsf10,62g. Here we use the
DFA method to investigate how the scaling properties of
noisy correlated signals change under linear and nonlinear
transforms. Further,sid we test to see under what types of
transformssfiltersd it is possible to derive information about
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the scaling properties of the signal of interest before the
transformation, provided we know the correlation behavior
of the transformedsfilteredd signal, andsii d we probe the
“apparent” scaling of three common transformation func-
tions after applying the DFA method—exponential, logarith-
mic, and polynomial. We also evaluate the limitations of the
DFA method under linear and nonlinear transforms. Specifi-
cally, we consider the following.

s1d Correlation properties of signals after transforms of
the typehxij⇒ hfsxidj, wherehxij is a stationary signal witha
priori known correlation properties.

sid Linear transform: hxij⇒ haxi +bj. Transforms of this
type are often encountered in physical systems. For example,
sad from the fluctuations in the acceleration of a particle
smeasurable quantityd, one can derive information about how
the forcesquantity of interestd acting on this particle changes
in time without directly measuring the force:
hastidj⇒ hFstid=mastidj; sbd in pnp transistors a difficult to
directly measure basesinputd currentIB squantity of interestd
is amplified hundreds of times, so that small fluctuations in
IB may lead to significantsand measurabled changes in the
collector soutputd signal IC smeasurable quantityd:
hICstidj⇒ hIBstid= ICstid /bj, andscd changes in the volumeV
squantity of interestd of an ideal gas can be determined from
fluctuations in the temperaturesmeasurable quantityd pro-
vided the pressure is kept constant:hTstidj⇒ hVstid
=snR/PdTstidj.

sii d Nonlinear polynomial transform: hxij⇒ haxi
kj, where

kÞ1 and takes on positive integer values. For example,sad
from fluctuations in the currentI smeasurable quantityd one
can extract information about the behavior of the power lost
as heatP squantity of interestd in a resistor:hIstidj⇒ hPstid
=RI2stidj; sbd measuring the temperatureT fluctuations of a
radiating body the Stefan’s law defines the power emitted per
unit area: hTij⇒ hei =sTi

4j. Further, linear and nonlinear
polynomial filters are also used to renormalize data series
representing an identical quantity measured in different sys-
tems before performing correlation analysis, e.g.,sid normal-
izing heart rate recordings from different subjects to zero
mean and unit standard deviationslinear filtersd or sii d ex-
tracting the absolute valuesnonlinear filterd of the heartbeat
fluctuations in datasets obtained from different subjectsf25g.

In this study we consider two examples of nonlinear poly-
nomial filters—quadratic and cubic filters—which represent
the class of polynomial filters with even and odd powers, and
we investigate how these filters change the correlation prop-
erties of signals. Since polynomial filters with even power
wipe out the sign information in a signal, we expect qua-
dratic and cubic filters to have a different effect. A recent
study by Ashkenazyet al. f25g shows that the magnitude of a
signal swithout sign informationd exhibits different correla-
tion properties from that of the original signal. Thus it is
necessary to investigate how quadratic and cubic filters
change the scaling properties of correlated signals.

siii d Logarithmic filter: hxij⇒ hlogsxi +Ddj, is also widely
used in renormalizing datasets obtained from different
sources before comparative analysis. For example, to com-
pare the dynamics of price fluctuationsXsid of different
company stocks, which may have a different average price,

one often first obtains the relative price returnsRsid
=logfXsi +1d /Xsidg before performing correlation analysis
f55,63g. It is assumed that upon taking the returns one does
not alter the information contained in the original signal. To
test this assumption we compare the correlation properties of
the signal before and after a logarithmic filter.

s2d Correlation properties of transformation functions.
When analyzing the correlation properties of a signal after a
given transform, it may be valuable to know what is the DFA
result for the transformation function itself. In addition, it is
often the case that noisy signals are superposed on trends
which can be approximated by a certain function. Previous
studies have demonstrated that the DFA result of a correlated
signal with a superposed trend is a superposition of the DFA
result for the signal and the DFA result for the analytic func-
tion representing the trendf10,62g. Here we investigate sepa-
rately the results of the DFA for three functions which are
very often encountered in physical and biological processes:
sid exponential, sii d logarithmic, andsiii d power-law.

The layout of this paper is as follows: In Sec. II, we
describe how we generate signals with desired long-range
power-law correlations and introduce the DFA method used
to quantify correlations in nonstationary signals. In Sec. III,
we compare the correlation and scaling properties of signals
before and after linear and nonlinear polynomial transforms.
In Sec. IV, we consider the effect of nonlinear logarithmic
filter on the long-range correlation properties of stationary
signals. In Sec. V, we investigate the performance of the
DFA method on three analytic functions—exponential, loga-
rithmic, and power-law—which are often encountered as
trends in physical and biological time series. We systemati-
cally examine the crossovers in the scaling behavior of cor-
related signals resulting from the transforms and trends dis-
cussed in Secs. III–V, the conditions of existence of these
crossovers, and their typical characteristics. We summarize
our findings in Sec. VI.

II. METHODS

We analyze two types of signals.
s1d Stochastic stationary signalshxij si =1,2,3, . . . ,Nmaxd

with different type of correlationssuncorrelated, correlated,
and anticorrelatedd and surrogate signals obtained fromhxij
after linear and nonlinear transforms. We use an algorithm
based on the Fourier transform to generate stationary signals
hxij with long-range power-law correlations as described in
f62,64,65g. The generated signalshxij have zero mean and
unit standard deviation.

s2d Exponential, logarithmic, and power-law functions
which often represent transformations or trends in physical
and biological data.

We use the detrended fluctuation analysis methodf6,7g to
quantify the correlation and scaling properties of these sig-
nals. The DFA method is described in detail elsewhere
f10,62g. Briefly, it involves the following steps:sid we inte-
grate the signal after subtracting the global average;sii d we
then divide the time series into boxes of lengthn and per-
form, in each box, a least-squares polynomial fit of order, to
the integrated signal to remove the local trend in each box;
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siii d in each box we calculate the root-mean-square fluctua-
tion function Fsnd quantifying the fluctuations of the inte-
grated signal along the local trend;sivd we repeat this proce-
dure for different box sizesstime scalesd n.

A power-law relation between the average root-mean-
square fluctuation functionFsnd and the box sizen indicates
the presence of scaling:Fsnd,na. The scalen for which this
scaling holds represents the length of the correlation. The
fluctuations in a signal can be characterized by the scaling
exponenta, a self-similarity parameter which quantifies the
strength of the long-range power-law correlations in the sig-
nal. If a=0.5, there is no correlation and the signal is uncor-
relatedswhite noised; if a,0.5, the signal is anticorrelated;
if a.0.5, the signal is correlated. Since we use a polynomial
fit of order,, we denote the algorithm as DFA-,. Further, we
note that for stationary signalshxij with long-range power-
law correlations, the value of the scaling exponenta is re-
lated to the exponentb in the power spectrumSsfd= f−b of
signalshxij by b=2a−1 f6g. Since the power spectrum is the
Fourier transform of the autocorrelation function, one can
find the following relationship between the autocorrelation
exponentg and the power spectrum exponentb: g=1−b
=2−2a, whereg is defined by the autocorrelation function
Cstd=t−g and should satisfy 0,g,1 f9g.

The upper threshold for the value of the scaling exponent
a is related to the order, of the DFA method:aø,+1 for
DFA-, f10g. In addition, integrating the signal before apply-
ing the DFA method will increase the value of the scaling
exponenta by 1; thus, the upper threshold will becomea
+1ø,+1 for DFA-,. Therefore, after integrating correlated
signals with the scaling exponenta.,, one needs to apply
the DFA method with an order of polynomial fit higher than
,. We also note that for anticorrelated signals, the scaling
exponent obtained from the DFA-, method overestimates the
true correlations at small scalesf10g. To avoid this problem,
one needs first to integrate the original anticorrelated signal
and then to apply the DFA-, method f10,62g. The correct
scaling exponenta can then be obtained fromFsnd /n fin-
stead ofFsndg f10,25,62g. For that reason we first integrate
and then apply the DFA method when considering anticorre-
lated signals.

III. EFFECTS OF LINEAR AND NONLINEAR
POLYNOMIAL TRANSFORMS

In this section, we study the effect of linear and nonlinear
polynomial transformssfiltersd on the scaling properties of
stationary signalshxij with long-range power-law correla-
tions. Specifically, we consider two types of nonlinear
transforms—quadratic and cubic—as an example of even
and odd polynomial filters. We generate the signalshxij with
linear fractal properties and witha priori built-in correlations
characterized by a DFA scaling exponenta f4,10,62g. We
compare how the exponenta changes after the transform.

We first test to see if these transforms affect the properties
of uncorrelated signalsswhite noised. We find that the linear,
quadratic, and cubic filters do not change the scaling proper-
ties of white noise—the curves of the detrended fluctuation
function Fsnd for the filtered signalshfsxidj collapse on the

scaling curve of the original signalhxij, and the scaling ex-
ponenta=0.5 remains unchangedfFig. 1sadg.

For signals with correlations we find that the linear and
nonlinear polynomial filters have a different effect. In par-
ticular, for both correlatedsa.0.5d and anticorrelatedsa
,0.5d signalshxij we find that the scaling properties remain
unchanged after the linear filter. In contrast, the quadratic
and cubic filters change the scaling behavior of both corre-
lated and anti-correlated signalsfFigs. 1sbd, 1scd, and 1sddg.
Specifically, foranticorrelatedsignals, we find thatsid after
the quadratic filter the scaling behavior is dramatically
changed to uncorrelatedsrandomd behavior witha=0.5 at all
scales;sii d after the cubic filter the scalingscorrelationd func-
tion Fsnd of anticorrelated signals is also changed and exhib-
its a crossover from anticorrelated behavior at small scales to
uncorrelated behavior at larger scalesfFig. 1sbdg. We note
that the quadratic filter removes the sign information in a
signal, thus completely eliminating the anticorrelations in a
signal. In contrast, the effect of the cubic filter is not as
strong as the effect of the quadratic filters, since a cubic filter
preserves the sign information and the anticorrelations at
small scales. Forcorrelatedsignals we find that after both
quadratic and cubic filters, the scaling behavior is unchanged
at small and intermediate scales. At large scales we observe a
crossover to weaker correlations which is less pronounced
when increasing the strength of the correlationsshigher val-
ues ofad in the signalhxij fFigs. 1scd and 1sddg. For signals
with very strong correlationssa.1d, we find that the scaling
behavior remains almost unchanged after nonlinear polyno-
mial filters. We also find that the quadratic filter leads to a
more pronounced crossover at large scales compared to the
cubic filter for all positively correlated signals.

IV. LOGARITHMIC FILTER

In addition to nonlinear polynomial transforms, logarith-
mic transforms are often used in preprocessing procedures
when there is a need to renormalize output signals obtained
from different systems before comparing their correlation
propertiesf55g. In this section, we investigate the effect of
logarithmic filters on the scaling properties of stationary sig-
nals with long-range power-law correlations.

We first generate stationary correlated signalshxij with a
zero mean and unit standard deviation, and witha priori
known and controlled correlation properties quantified by
DFA scaling exponenta. To ensure that all values in the
signal are positive, before the logarithmic transform, we shift
hxij⇒ hxi +Dj, whereD=−xmin+e, xmin is the minimal value
in the serieshxij and e is a positive constant. This linear
transform does not alter the correlation properties ofhxij, as
demonstrated in Sec. III, Fig. 1. Next we integrate the signal
after the logarithmic transformhlog10sxi −xmin+edj and we
perform a DFA-2 analysis.

For uncorrelatedswhite noised signals after the logarith-
mic filter, we find no change in the scaling properties and the
correlation exponent remainsa=0.5 in the entire range of
scalesfFig. 2sbdg. However, we find that the scaling proper-
ties of signals with certain degree of correlation change sig-
nificantly. Specifically, for anticorrelated signalssa,0.5d we
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observe a crossover to uncorrelatedswhite noised behavior at
large scales. This crossover becomes more pronouncedsand
shifted to smaller scalesd when increasing the strength of
anticorrelationssdecreasingad fFig. 2sbdg. This crossover be-
havior is caused by negative spikes in the signal following
the logarithmic transformfFig. 2sadg. A similar effect was
previously reported for stationary correlated signals with su-
perposed random spikesf62g. For correlated signalssa
.0.5d, we find a threshold value for the correlation exponent
ath<1.3, below which the scaling properties of the signal
remain unchanged after the logarithmic filter. Aboveath
there is a reduction in the strength of the positive correla-
tions, i.e., the value of the estimated exponent after the loga-
rithmic filter is much lower compared to the correlation ex-
ponenta in the original signalfFig. 2sddg.

Since the logarithmic filter is a nonlinear transform which
diverges for values of the signalhxi −xmin+ej close to zero,
we next test how the scaling properties of the signal depend
on the value of the offset parametere. We consider anticor-
related and correlated signals with fixed values ofa and

variede. For strongly anticorrelated signals we find that even
for large values ofe, there is a crossover to uncorrelated
behavior in the scaling curveFsnd at large scalessnote thate
is the minimal value of the signalhxi −xmin+ejd. This cross-
over shifts to smaller scales with decreasinge fFig. 3sadg.
Further, we find that for decreasinge, the scaling curvesFsnd
converge to a single curve, indicating random uncorrelated
behavior in the range of large and intermediate scales. For
anticorrelated signals witha=0.1 we find that this conver-
gence is reached fore,0.1 fFig. 3sadg. For signals with
strong positive correlationssa.athd, we also observe a
change in the scaling behavior which becomes more pro-
nounced whene decreases. However, in contrast to the anti-
correlated signals, the deviation from the expected accurate
scaling starts at intermediate scales and extends to smaller
scales with decreasinge fFig. 3sbdg. For signals with very
strong correlations—e.g.,a=2—the deviation from the ac-
curate scaling is observed only fore,0.1, while for e
.0.1, there is no effect on the scalingfFig. 3sbdg. This is in
contrast to the situation observed for signals with strong an-

FIG. 1. Effects of linear, quadratic, and cubic filters on the scaling behavior of long-range correlated stationary, Gaussian-distributed
szero mean and unit standard deviationd signalshxij: sad uncorrelated,sbd anticorrelated,scd correlated, andsdd strongly correlated. The length
of each signal isNmax=217. In our analysis we use the DFA-1 method. The curves of the detrended fluctuation functionFsnd for all signals
are vertically shifted so that they start at the same value ofFsnd at the minimal scalen. For anticorrelated signals we first integrate and then
apply the DFA-1 method to avoid overestimation of the true correlations at small scales due to limitations of the DFA methodsf10,62g and
Sec. IId. Our analysis shows that after a linear filter the scaling behavior remains unchanged. In contrast, nonlinear polynomial filters change
the scaling behavior of anticorrelated and correlated signals, leading to crossovers at large scales.
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ticorrelationssa=0.1d where the logarithmic filter alters the
scaling behavior even for much larger valuese.10 fFig.
3sadg.

Finally we study the relation between the scaling expo-
nenta of the original “input” signal and the estimated expo-
nent aout of the “output” signal after the logarithmic filter.
We find that for correlated signals within given range for the
value of the scaling exponentaP f0.4,1.3d, there is no
change in the scaling properties after the logarithmic trans-
form. However, for signals with correlation exponentsa
,0.4 anda.1.3, we find that the logarithmic transform can
dramatically change the scaling behavior and this effect also
strongly depends on the value of the offset parametere sFig.

4d. Therefore, the logarithmic filter is not recommended for
anticorrelated signals and signals with very strong positive
correlations—applying this filter will mask the true correla-
tions in the original signals.

V. RESULTS OF THE DFA FOR TRANSFORMATION
FUNCTIONS

In this section we investigate the scaling properties of
three functions:exponential, logarithmic, and power-law.
These functions are often used in signal processing as trans-
forms of various stochastic correlated signals and also appear
as trends superposed on noisy signals derived from physical

FIG. 2. Effects of the nonlinear logarithmic filterhlog10sxi

−xmin+edj on the scaling behavior of stationary correlated sig-
nals hxij, wherexmin is the minimal value in the original signal
hxij and e is a positive constant. The original signalshxij have
zero mean, unit standard deviation, and lengthNmax=218. sad
Original strongly anticorrelated signalhxij with DFA correlation
exponenta=0.1 and the corresponding signal after logarithmic
filter. sbd DFA scaling curvesFsnd for anticorrelated signals and
white noise after the logarithmic filter show a crossover to
“white noise” behaviorsi.e., slope=0.5d at large scales. To ob-
tain more accurate scaling, we first integrate the signal
hlog10sxi −xmin+edj and then apply DFA-2 methodssee Sec. IId.
scd Original strongly correlated signalhxij with the DFA corre-
lation exponenta=2 and the corresponding signal after loga-
rithmic filter. sdd DFA scaling curves for correlated signalshxij
after the logarithmic filter. We find that the logarithmic filter
does not change the correlation properties of signals with certain
positive correlationsse.g.,a=0.7 anda=1.2d, though it weak-
ens the correlations in signals with very strong positive correla-
tions se.g.,a=2d.
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and biological systems. In previous workf10,62g we have
demonstrated that the scaling behavior of a correlated signal
with a superposed trend is superposition of the scaling be-
havior of the correlated signal and the “apparent” scaling
behavior obtained from the DFA method for the analytic
function representing the trend. Therefore, understanding the
results of the DFA for certain analytic functions becomes a
necessary step to quantify the scaling behavior of system’s
outputs where correlated fluctuations are superposed with
different trends.

sid We first consider the exponential function in the form
y=expscx+ad, where 0,xø1, x= i /Nmax, i =1, . . . ,Nmax,
Nmax=217, the parameterc= ±1, and the offset parametera is
a positive constant. We show the result of the DFA method in

Fig. 5. We find that the slope of the detrended fluctuation
function Fsnd versus the scalen obtained from the DFA
method does not depend on the values of the parametersc
and a fthere is only a vertical shift inFsnd for different
values ofa andcg fFig. 5sadg. Instead, we find that the DFA
scaling exponenta depends only on the order, of polyno-
mial fit in the DFA method—a=,+1—suggesting that the
results of the DFA method do not depend on the details of the
exponential functionfFig. 5sbdg. An analytic derivation for
the fluctuation functionFsnd and the value of the scaling
exponenta obtained from DFA-1 is presented in the Appen-
dix.

sii d We next consider the performance of the DFA method
on a logarithmic function of the general form y
=log10sx+ad, where 0,xø1, x= i /Nmax, i =1, . . . ,Nmax,
Nmax=217, and the offset parametera is a positive constant.
Specifically, we investigate the dependence of the DFA scal-
ing exponenta on the value of the offset parametera. We
find that for very small values ofa, the DFA scaling expo-
nent isa=1.5. With increasinga, we observe a crossover in
Fsnd at intermediate scalesn—from a=1.5 at large scales to
a=3 at small scales for DFA-2fFig. 6sadg. For larger values
of a, we observe a scaling behavior inFsnd characterized by
a single exponenta=3 in the entire range of scalesn fFig.
6sadg. In Fig. 6sbd we present the dependence of the DFA
scaling exponenta fobtained in the fitting rangen
P s30,3000dg on the offset parametera for different DFA
order ,. We find that fora,10−5 the exponenta does not
depend on the order, of the DFA method and takes on a
single valuea=1.5. In contrast, for large values ofa.10−2,
the exponenta depends only on the order, of the DFA
method and takes on valuesa=,+1. This behavior is iden-

FIG. 3. Dependence of the effect of logarithmic filterhlog10sxi

−xmin+edj on the offset parametere. sad Detrended fluctuation func-
tion Fsnd from the DFA-2 after integration ofhlog10sxi −xmin+edj,
for an anticorrelated signal with the DFA correlation exponenta
=0.1 and varied values ofe. We find that for smaller values ofe,
there is a more pronounced crossover to uncorrelated behavior with
a=0.5. sbd Detrended fluctuation functionFsnd from the DFA-2
after integration ofhlog10sxi −xmin+edj, for a signal with strong
positive correlationssa=2d and varied values ofe. We find that
signals with strong positive correlations are less affected by the
logarithmic filter compared to the anticorrelated signals insad and
that for smaller values ofe, there is a more pronounced crossover.

FIG. 4. Relation between the scaling exponenta of the original
“input” stationary signals and the correlation exponentaout of the
signals after the logarithmic filterhlogsxi −xmin+edj, wherexmin is
the minimal value in the original signalhxij and e is a positive
constant.aout is obtained from the DFA-2 analysis after integrating
the signal hlogsxi −xmin+edj and fitting the detrended fluctuation
functionFsnd in the regionnP f30,3000g. Our results show that for
signals with a correlation exponenta outside the shaded region, the
logarithmic filter changes the scaling behaviorsaoutÞad and this
change depends on the offset parametere.

CHEN et al. PHYSICAL REVIEW E 71, 011104s2005d

011104-6



tical with the behavior obtained for the exponential function
in Fig. 5sbd. For intermediate values ofa, we observe a
crossover in the scaling behavior of the fluctuation function
Fsnd from a=1.5 toa=,+1.

siii d Finally, we consider the general power-law function
y=sx+adl, where 0,xø1, x= i /Nmax, i =1, . . . ,Nmax, Nmax

=217, the powerl takes on real values and the offset param-
etera is a positive constant. As in the case of the logarithmic
function, we find again that the DFA scaling exponenta
depends on the value of the offset parametera fFig. 7sadg.
For certain fixed values ofl and with increasinga, we ob-
serve a gradual transition in the fluctuation functionFsnd
from a scaling behavior spanning over a broad range of
scalesn characterized by a small value of the exponenta to
a crossover at intermediate scalesn for larger values ofa,
and finally to a scaling spanning over all scalesn with expo-

nent a=3 for large values ofa for DFA-2. In a previous
studyf10g we have found a specific relationship between the
DFA exponenta and the value of the powerl for the case of
power-law function with offset parametera=0: a=,+1 for
l.,−0.5, a.l+1.5 for −1.5,l,,−0.5, a=0 for l,
−1.5, where, is the order of polynomial fit in the DFA-,
method. Our current analysis shows that this behavior is
even more complicated whena.0 fFig. 7sbdg. Specifically,
we find that for values ofa,10−5 the scaling exponenta
fobtained in the fitting rangenP s30,3000dg depends only on
the value of the powerl: a.l+1.5. In contrast, for large
values of the offset parametera.10−2, we find that the ex-
ponenta depends only on the order, of the DFA method
and takes on valuesa=,+1, which is similar to the results
obtained for the general exponential and logarithmic func-
tions in this range ofa fFigs. 5sbd and 6sbdg. For intermediate

FIG. 5. The results of the DFA method for general exponential
function: y=expscx+ad, 0,xø1, x= i /Nmax, i =1,2, . . . ,
Nmax, Nmax=217, wherec= ±1 and offseta is a positive constant.
sad Detrended fluctuation functionFsnd obtained using the DFA-2
method for different values of the offset parametera. While there is
a vertical shift inFsnd for different values ofa, all scaling curves
are characterized by an identical slopea. sbd Dependence of the
scaling exponenta on the parametersa andc. We find that for any
exponential function the scaling exponenta depends only on the
order, of the DFA method:a=,+1.

FIG. 6. The results of the DFA method for general logarithmic
function y=log10sx+ad, 0,xø1, x= i /Nmax, i =1,2, . . . ,Nmax,
Nmax=217, where offseta is a positive constant.sad Detrended fluc-
tuation functionFsnd obtained using the DFA-2 method for differ-
ent values of the offset parametera. We find that the slope of the
scaling curvesscaling exponentad depends on the value of the
offset a. sbd Dependence of the scaling exponenta on the offseta
ffitting region for a is nP s30,3000dg. We observe a dramatic
change froma=1.5 ata.0 to a=,+1 at a.0.01, where, is the
order of the DFA method.
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values ofa and for −1.5,l,,−0.5, we observe a crossover
in the scaling behavior of the fluctuation functionFsnd from
a.l+1.5 to a=,+1. Further, we find that forl.,−0.5,
the DFA-, scaling exponent remains constanta=,+1 and
does not depend on the values of the offset parametera—we
note that forl=0.41sclose tol=0.5=,−0.5 for DFA-1d the
dependence ofa on a is close to a horizontal linefFig. 7sbdg.

Analytic arguments

Our results show that for large values of the offset param-
eter a, the detrended fluctuation functionFsnd for all three
analytic functions—exponential, logarithmic, and power-
law—exhibits identical slope, where the DFA scaling expo-
nenta does not depend on the particular functional form but
only the order, of the DFA method:a=,+1 fFigs. 5sbd,

6sbd, and 7sbdg. The reason for this common behavior is that
sid for large values ofa, in each DFA box of a given lengthn,
all three functions can be expanded in converging Taylor
series, allowing for a perfect fit by a finite order polynomial
function, andsii d that, due to this convergence, the same
polynomial function can be used when shrinking the box
lengthn. In contrast, for very small values of the offset pa-
rametera, the DFA results for all three functions are dis-
tinctly different and does not depend on the order, of the
DFA method. Below we give some general analytic argu-
ments for the dependence of the DFA exponenta on the
offset parametera presented in Figs. 5–7.

sid General exponential function y=expsx+ad ,0,xø1.
First, we substitute the variablex by z=x+a: y=ez,
zP sa,1+ag. Next, we consider a DFA box starting at the
coordinatez8=s and ending atz9=s+ t, where t is propor-
tional to the number of pointsn in the box—t=s1+a
−adn/Nmax=n/Nmax. For any value ofzP ss,s+ td we can
expand the function in a Taylor series:

ez = uexpss+ z0du0,z0,t = esF1 + z0 +
z0

2

2!
+ ¯ G . s1d

Since this expansion converges, a finite polynomial func-
tion can accurately approximate the exponential function in
each DFA box. We note that the DFA-, method applied to
the above polynomial functions gives the scaling exponent
a=,+1 ssee f10gd. Thus, for any exponential function we
find that the DFA scaling does not depend on the value of the
offset parametera and depends only on the order, of the
polynomial fit in the DFA-, procedurefFig. 5sbdg.

sii d General logarithmic function y=log10sx+ad ,0,x
ø1. First, we substitute the variablex by z=x+a: y
=log10szd ,zP sa,1+ag. Next, we consider a DFA box start-
ing at the coordinatez8=s and ending atz9=s+ t, wheret is
proportional to the number of pointsn in the box—t
=n/Nmax. For any value ofzP ss,s+ td the Taylor expansion
is

log10szd = ulog10ss+ z0du0,z0,t , lns1 + z0/sd

=
z0

s
−

1

2
Sz0

s
D2

+ ¯

s− 1dm−1

m
Sz0

s
Dm

+ ¯ . s2d

This series is converging only whenz0/s,1—i.e.,z0,s.
Sincez0P s0,td, the condition for convergence in any DFA
box ss,s+ td partitioning the function is t,s. From t
=n/Nmax andsP fa,1+a− tg, we find that ifa.n/Nmax, the
logarithmic function in all DFA boxes is converging, and
thus each box can be approximated by a polynomial func-
tion, leading to scaling exponenta=,+1—depending only
on the order, of the DFA-, methodsFig. 6d.

When t.s, for certain values ofz0P s0,td, the series in
Eq. s2d is diverging. SincesP fa,1+a− tg, for s=a, t
=n/Nmax, we find that the logarithmic function is divergent
in the first DFA boxsa,a+ td, leading to deviation in the DFA
scaling for small values ofa sFig. 6d.

siii d General power-law function y=sx+adl ,xP s0,1g.
First, we substitute the variablex by z=x+a: y=zl,

FIG. 7. The results of the DFA method for general power-law
function y=sx+adl, 0,xø1, x= i /Nmax, i =1,2, . . . ,Nmax, Nmax

=217, wherel is the power and the offset parametera is a positive
constant.sad Detrended fluctuation functionFsnd obtained using the
DFA-2 method for fixedl=−0.39 and different values of the offset
parametera. We find that the slope of the scaling curvesscaling
exponentad depends on the value ofa. sbd Dependence of the
scaling exponenta on the offseta for different values of the power
l ffitting region for a is nP s30,3000dg. We observe a dramatic
change froma.l+1.5 ata.0 for different values ofl to a=,
+1 for a.10−2, where, is the order of the DFA method.
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zP sa,1+ag. Next, we consider a DFA box starting at the
coordinatez8=s and ending atz9=s+ t, where t is propor-
tional to the number of pointsn in the box—t=n/Nmax. For
any value ofzP ss,s+ td the Taylor expansion is

zl = uss+ z0dlu0,z0,t , S1 +
z0

s
Dl

= 1 +l
z0

s
+

lsl − 1d
2!

Sz0

s
D2

+ ¯ . s3d

Similar to the case of the logarithmic function, this series
is converging only whenz0/s,1. Following the same argu-
ments as for the logarithmic function we find that whena
.n/Nmax, the power-law function is converging in any DFA
box and thus can be approximated by a polynomial function,
leading to the scaling exponenta=,+1 sFig. 7d, which is
identical to the case of exponential and logarithmic function.

In contrast, fora,n/Nmax, the power-law function is di-
vergent in the first DFA boxsa,a+ td, as in the case of the
logarithmic function, leading to a deviation in the scaling of
Fsnd for small values ofa sFig. 7d. While in the case of
logarithmic function this divergence leads to a fixed scaling
exponenta=1.5, for power-law functions the value of the
scaling exponenta depends also on the powerl sFig. 7d.

We note that the above arguments can be used to estimate
the results of the DFA method for other functions. For all
functions which can be expanded in convergent Taylor ex-
pansion of a polynomial form in each DFA box partitioning
the function, the DFA method leads to identical scaling re-
sults with the exponenta=,+1, which is a notable inherent
limitation of the method. When there is divergent behavior in
some or all of the DFA boxes partitioning a function, the
DFA scaling exhibits crossover behavior to different values
of the scaling exponenta which depends on the functional
form and the specific parameters of the function.

VI. CONCLUSIONS

In summary, our study shows that linear transforms do not
change the scaling properties of a signal. However, the cor-
relation properties of a signal change after applying a poly-
nomial filter. Moreover, such change depends on the type of
correlationsspositive or anti-correlationsd in the signal, as
well as on the powersodd or evend of the polynomial filter.
For the logarithmic filter we find that the scaling behavior of
the transformed signal remains unchanged only when the
original signal satisfies certain type of correlationsscharac-
terized by scaling exponent within a given ranged. Compar-
ing the “apparent” scaling behavior of the exponential, loga-
rithmic, and power-law functions we find that within certain
range for the values of the parameters, the DFA fluctuation
function Fsnd exhibits an identical slope, and that the DFA
results of a class of other analytic functions can be reduced
to these three cases. We attribute this behavior to specific
limitations of the DFA method. Therefore, careful tests are
necessary to accurately estimate the correlation properties of
signals after nonlinear transforms.
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APPENDIX: DFA-1 IN EXPONENTIAL FUNCTIONS

We consider an exponential function of the type expscx
+ad, where the parametersc anda take on real values. The
first step of the DFA method is to integrate the signalsSec.
II d:

E
0

x

expScy

N
+ aDdy= N

ecx/N+a − ea

c
, sA1d

whereN is the length of the signal andxP s0,Ng. We divide
the variable in the exponential byN, so thatsx/Nd is in the
interval s0, 1g, as considered in Sec. V. The next step of the
DFA method is to divide the integrated signal into boxes of
lengthn. For DFA-1, the squared detrended fluctuation func-
tion in thekth box,F2sn,kd, is

F2sn,kd =
1

n
E

sk−1dn

kn FN
ecx/N+a − ea

c
− sbkx − dkdG2

dx,

sA2d

where the parametersbk anddk are obtained by a linear fit to
the integrated signal using least squares in thekth box. These
two parameters can be obtained analytically, although their
expressions are too long. To obtain the squared detrended
fluctuation function for the entire signal partitioned in non-
overlapping boxes of lengthn, we sum over all boxes and
calculate the average value:

F2snd =
1

N/no
k=1

N/n

F2sn,kd

=
1

N/no
k=1

N/n
1

n
E

sk−1dn

kn FN
ecx/N+a − ea

c
− sbkx − dkdG2

dx.

sA3d

Here, the indexk in the sum ranges from 1 toN/n sthere
areN/n boxes of lengthn in the signal of lengthNd. Using
the analytical expressions forbk and dk, F2snd can be pre-
sented analytically in the form

F2snd = gsndhsnd, sA4d

where

gsnd = h− 8Nc2n2s1 + ecn/N + e2cn/Nd + c3n3se2cn/N − 1d

+ 24N2f− secn/N − 1d2N − cn+ cne2cn/Ngj sA5d

and
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hsnd =
e2ase2c − 1dN2

2c6se2cn/N − 1dn3 . sA6d

Due to the complexity ofgsnd andhsnd, the expression of
F2snd is very complicated. However, asn,N sand usually,
n!Nd, one can expandF2snd in powers ofn to obtain

F2snd .
cse2c − 1de2a

1440N2 n4. sA7d

Finally, for the detrended fluctuation functionFsnd we
obtain

Fsnd .Îcse2c − 1d
1440

ea

N
n2. sA8d

Thus the DFA-1 scaling exponent isa=2 sin agreement
with the numerical simulation in Sec. V, Fig. 5d. In general,
we can obtain in a similar way thata=,+1, when DFA-,
with an order, of polynomial fit is used.
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Abstract

When investigating the dynamical properties of complex multiple-component physical and

physiological systems, it is o�en the case that the measurable system's output does not directly

represent the quantity we want to probe in order to understand the underlying mechanisms. Instead,

the output signal is o�en a linear or nonlinear function of the quantity of interest. Here, we

investigate how various linear and nonlinear transformations affect the correlation and scaling

properties of a signal, using the detrended fluctuation analysis (DFA) which has been shown to

accurately quantify power-law correlations in nonstationary signals. Specifically, we study the effect

of three types of transforms: (i) linear (y(i) = ax(i)+b), (ii) nonlinear polynomial (y(i)=ax(i)(k)), and (iii)

nonlinear logarithmic [y(i)=log(x(i)+Delta)] filters. We compare the correlation and scaling properties

of signals before and a�er the transform. We find that linear filters do not change the correlation

properties, while the effect of nonlinear polynomial and logarithmic filters strongly depends on (a)

the strength of correlations in the original signal, (b) the power k of the polynomial filter, and (c) the

offset A in the logarithmic filter. We further apply the DFA method to investigate the "apparent"

scaling of three analytic functions: (i) exponential [exp(+/-x+a)], (ii) logarithmic [log(x+a)], and (iii)

power law [(x+a)(lambda)], which are o�en encountered as trends in physical and biological

processes. While these three functions have different characteristics, we find that there is a broad

range of values for parameter a common for all three functions, where the slope of the DFA curves is

identical. We further note that the DFA results obtained for a class of other analytic functions can be

reduced to these three typical cases. We systematically test the performance of the DFA method when

estimating long-range power-law correlations in the output signals for different parameter values in

the three types of filters and the three analytic functions we consider.
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