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Further, with transitions across sleep stages we observe a complex hierarchical reorganiza-
tion in both the number and the strength of links in the integrated brain-organs network—low-
est number of links during DS (sparse network), higher during REM, and highest number of
links involving most of the frequency bands during LS andW. Remarkably, this structural reor-
ganization of the integrated brain-organs network is consistent with the sleep-stage stratifica-
tion patterns observed for each individual organ system, indicating a previously unknown
general rule of neural regulation of organ systems.

Organ-Organ Networks
We develop a novel approach to analyze and graphically present the complex behavior of
organ-organ interactions. Integrating information obtained from our investigation of brain-
organ interactions, we focus on how organ-to-organ interactions are influenced by neural regu-
lation through different brain areas. We combine radar-charts representing the characteristics
of brain-organ interactions with the network of links between all organ systems obtained
thought TDS analysis of the output signals for each pair of organ systems (Fig 18).

We observe that, with transitions from one sleep stage to another there is a pronounced
structural re-organization in the topology and links strength of the organ-organ network. This
demonstrates a clear association between organ-to-organ network structure and physiologic
function of the entire organism. The result in Fig 18 shows how physiologic states influence the
dynamics of horizontal integration among organ systems through changing the configuration
of links strength in the organ-to-organ network.

Specifically, we find that eye, chin and leg are always strongly connected despite the very dif-
ferent characteristics in their interactions with the brain—i.e., different dominating frequency
bands (different color rim of the organ hexagons) and different involvement of the brain areas
(different shape of radar-charts in each hexagon) and different overall strength of their network
interaction with the brain (different size of the nodes representing each organ), as shown in Fig
18. In contrast, the heart and respiratory system significant vary their degree of coupling with
the rest of network across physiologic states (Fig 18). Further, we note that even when two
organ systems predominately interact with the same brain areas, their coupling strength in the
organ-to-organ network can still exhibit a complex transition across different physiologic state
—for example, both heart and chin which predominately interact with Central brain areas,
however, the strength of the heart-chin link in the organ network dramatically change across
different sleep stages.

Interestingly, we discover that strong organ-to-organ links often occur between large nodes
in the network that represent strong brain-organ interactions, suggesting our TDS network
approach captures significant cerebral component in organ-organ interactions. Notably, the
reduced link strength of the heart and respiratory system in the organ-to-organ network during
LS and DS compared to REM andW is consistent with earlier findings of reduced sympathetic

Fig 16. Histograms of links strength in the brain-respiration network during different sleep stages.Group averaged links strength are obtained using
the TDSmeasure, where each link represents the interaction of the respiratory system with a given brain area through a specific frequency band. Links are
separately grouped by brain areas (Frontal, Central or Occipital), and are arranged in order from low-frequency (δ and θ) to high-frequency (γ1 and γ2) bands.
Brain-respiration networks are characterized by a very homogeneous frequency profile of links strength which is consistently observed across all brain areas
—an almost flat distribution across all 7 physiologically relevant frequency bands (δ, θ, α, σ, β, γ1, γ2). The sleep-stage stratification observed for the links
strength in the brain-respiration radar-charts (Fig 15) is consistently observed for all frequency bands and brain areas although less pronounce compared to
other brain-organ networks. A strong symmetry in the links strength distribution between the left and right hemisphere is present for all sleep stages. Overall
brain-respiration links are much weaker than in other brain-organ networks.

doi:10.1371/journal.pone.0142143.g016
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Fig 17. Networks of physiologic interactions between brain areas and key organ systems during different physiologic states. Brain areas are
represented by Frontal (Fp1 and Fp2), Central (C3 and C4) and Occipital (O1 and O2) EEG channels. Interactions between brain channels and organ
systems are represented by weighted undirected graphs. The size of each organ node in the network is proportional to the strength of the overall brain-organ
interaction as measured by the summation of the TDS links strength for all frequency bands and EEG channel locations. The color of each organ node
corresponds to the dominant frequency band in the coupling of the organ system with the brain. The width of each link reflects the strength of dynamic
coupling as measured by %TDS, and colors of the links correspond to the colors of the nodes representing the different frequency bands (color bars). Plotted
are only links with strength�3%TDS. Thicker links correspond to stronger coupling and higher time delay stability. The physiological network exhibits
transitions across sleep stages—lowest number of links during DS, higher during REM, and highest during LS andW. For different organs, brain-organ
interactions are mediated through different dominant frequency bands, e.g., the chin and the leg are predominantly coupled to the brain through the high-
frequency γ2 band during all sleep stages whereas brain-eye network interactions are mediated mainly through low-frequency δ band. The complex networks
of dynamic interactions between key organ systems and the brain undergoes a hierarchical reorganization across different sleep stages, indicating a
previously unknownmechanism of regulation.

doi:10.1371/journal.pone.0142143.g017
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Fig 18. Networks of physiologic interactions among key organ systems during different physiologic states. Interactions among organ systems are
represented by weighted undirected graphs, where links reflect the strength of dynamic coupling as measured by % TDS (Section Methods). Darker and
thicker links between organ systems correspond to stronger interaction with higher %TDS. The size of each organ node in the network is proportional to the
strength of the overall brain-organ interaction as measured by the summation of the TDS links strength for all frequency bands and EEG channel locations.
Hexagons representing individual organs in the networks are obtained in the same way as in Figs 7, 9, 11, 13, and 15; and are normalized to the same size.
Color bar represents different physiologically relevant frequency bands in the EEG spectral power and is used in the radar-charts for the brain-organ
interactions shown in each hexagon. The color of each organ node as well as the edge color of the organ hexagon corresponds to the dominant frequency
band in the coupling of the organ system with the brain. Notably, larger organ nodes representing stronger brain-organ interactions are consistently
connected by stronger organ-organ links (thicker and darker lines). A pronounced re-organization in the configuration of network links strength is observed
with transitions from one sleep stage to another, demonstrating a clear association between network structure and physiologic function.

doi:10.1371/journal.pone.0142143.g018
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input and corresponding loss of long-range auto-correlation in cardiac and respiratory dynam-
ics during LS and DS [22–25].

Discussion
In summary, we develop a novel analytical method based on the concept of Time Delay Stabil-
ity, which allows us to identify and quantify network interactions between diverse physiologic
systems with very different types of dynamics over a broad range of time scales and where their
complex output signals continuously change in response to transitions across physiologic
states. By investigating the dynamics of synchronous bursts of activations in neurophysiologic
output signals from diverse organ systems we quantify their coupling, and we study dynamical
links among systems under different physiologic states. Integrating organ-to-organ interac-
tions into a physiologic network, we are able to probe for the first time how organ systems
coordinate and optimize their function to produce distinct physiologic states.

We further develop a novel visualization approach to transform dynamical interactions
among organs into network graphs that simultaneously capture several fundamental aspects of
the complexity and nature of physiologic coupling. Combining the TDS method and the visual-
ization approach, we obtain first dynamic maps of organ network interactions.

We find that during different physiologic states, the network of organ-to-organ interactions
is characterized by different configurations of links and links strength. In addition, we observe
that with transition from one physiologic state to another the network of interactions among
organ systems undergoes a fast hierarchical reorganization that occurs on time scale from sec-
onds to minutes, indicating a rapid dynamical response to physiologic changes. Our results are
first demonstration of direct association between physiologic network topology and physio-
logic function.

Our investigations led to the discovery of several basic rules of regulation that underlie net-
work dynamics of organ interactions:

1. The brain-brain network is a complex two-layered dynamical network that consists of: (i)
an intra-channel sub-network of local (within an EEG channel) communications between
different physiologically relevant brain-wave frequency bands, and (ii) an inter-channel
sub-network of interactions across different brain areas (Frontal, Central and Occipital)
mediated through various frequency bands.
With transitions across physiologic states such as different sleep stages, the brain-brain net-
work undergoes a hierarchical reorganization through a well-structured process involving
several building blocks of network configurations. We find that each of these building blocks
involves specific types of links, e.g. links across different brain areas mediated by the same
frequency band or links between different frequency bands.
Further, we find that the strength of brain-brain network links follows a robust rank order:
(a) within a given brain hemisphere, Frontal-Central links are stronger than Central-Occipi-
tal, which are stronger than Frontal-Occipital links; (b) across the left and right brain hemi-
spheres, Frontal-Frontal links are stronger than Central-Central, which are stronger than
Occipital-Occipital. These rank order is preserved for each sleep stage.
Our statistical analysis of the building blocks in the network of brain-brain interactions
reveals a pronounced stratification pattern across sleep stages, i.e. higher network connec-
tivity and average links strength during W and LS, and much lower connectivity and links
strength during REM and DS.

2. Networks of brain-organ interactions reveal different involvement of Frontal, Central and
Occipital brain areas the regulation of organ systems, and that these network interactions
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are predominantly mediated through specific frequency bands.
While the brain-eye networks exhibit strongest links to the Frontal areas, other brain-organ
networks are characterized by a spatially symmetric distribution in the coupling strength
with different brain areas. Notably, this spatial distribution of coupling strength to different
brain areas changes significantly for certain organ systems with transitions across different
sleep stages, e.g. brain-respiration network, whereas other brain-organ networks exhibit sta-
ble spatial distribution of network links strength to different brain areas.
We discover that in its communication with the brain each organ has its own frequency pro-
file, representing the relative strength of brain-organ links mediated through the different
frequency bands. For some organs, these frequency profiles are characterized by the pres-
ence of a dominant frequency—e.g., strongest links in the brain-leg network are mediated
through the highest-frequency γ band, while the strongest links in the brain-eye network
are mediated through the lowest-frequency δ band. In contrast, other organ systems have
relatively uniform (flat) frequency profiles such as the brain-respiratory network.
For all brain-organ networks the organ-specific frequency profiles are consistently observed
for each subgroup of network links to the Frontal, Central and Occipital brain areas. Fur-
ther, we find that these frequency profiles remain stable with transitions across sleep stages
(with the exception of brain-heart network).

3. For both brain-brain and brain-organ networks, we find a remarkable symmetry between
the left and right brain hemispheres in both network topology and the configuration of
links strength.

4. We find a very robust sleep-stage stratification pattern for all brain-brain, brain-organ and
organ-organ networks—more and stronger links during W and LS, and less and weaker
links during REM and DS. Further, in all these networks, the sleep-stage stratification is
consistently observed for all subgroups of network links related to the Frontal, Central and
Occipital areas. Moreover, this sleep-stage stratification pattern is stable even when we con-
sider only links that are medicated through a single frequency band.

5. Our results demonstrate a direct association between network topology and physiologic func-
tion. We uncover new basic principles of how physiologic networks reorganize in response to
well defined physiologic states. The network behavior we find is universal, since it is observed
for every healthy subject in the database we analyzed, and thus points to a new previously
unknown regulatory mechanism that underlies the dynamics of organ interactions.

These findings are first steps in understanding how organ systems synchronize and coordi-
nate their output dynamics as a network to produce distinct physiologic functions. Our investi-
gations reveal basic rules that underlie (i) the dynamics of network interactions among organ
systems, and (ii) the hierarchical reorganization of organ network interactions in response to
changes in physiologic state. To our knowledge, this is the first report on how an entire net-
work of diverse dynamical systems hierarchically reorganizes its structure in real time to facili-
tate distinct functions. The presented here findings and visualization maps are initial steps in
building the first atlas of dynamic interactions among organ systems.
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Delay-correlation landscape
reveals characteristic time
delays of brain rhythms
and heart interactions
Aijing Lin1,2, Kang K. L. Liu2,3, Ronny P. Bartsch4 and

Plamen Ch. Ivanov2,5,6

1Department of Mathematics, School of Science, Beijing Jiaotong
University, Beijing 100044, People’s Republic of China
2Keck Laboratory for Network Physiology, Department of Physics,
Boston University, Boston, MA 02215, USA
3Department of Neurology, Beth Israel Deaconess Medical Center,
Harvard Medical School, Boston, MA 02215, USA
4Department of Physics, Bar-Ilan University, Ramat Gan, 5290002,
Israel
5Division of Sleep Medicine, Brigham andWomen’s Hospital,
Harvard Medical School, Boston, MA 02115, USA
6Institute of Solid State Physics, Bulgarian Academy of Sciences,
Sofia, 1784, Bulgaria

Within the framework of ‘Network Physiology’, we
ask a fundamental question of how modulations in
cardiac dynamics emerge from networked brain–heart
interactions. We propose a generalized time-delay
approach to identify and quantify dynamical
interactions between physiologically relevant
brain rhythms and the heart rate. We perform
empirical analysis of synchronized continuous
EEG and ECG recordings from 34 healthy subjects
during night-time sleep. For each pair of brain
rhythm and heart interaction, we construct a delay-
correlation landscape (DCL) that characterizes how
individual brain rhythms are coupled to the heart
rate, and how modulations in brain and cardiac
dynamics are coordinated in time. We uncover
characteristic time delays and an ensemble of
specific profiles for the probability distribution of
time delays that underly brain–heart interactions.
These profiles are consistently observed in all
subjects, indicating a universal pattern. Tracking the
evolution of DCL across different sleep stages, we find

2016 The Author(s) Published by the Royal Society. All rights reserved.
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that the ensemble of time-delay profiles changes from one physiologic state to another,
indicating a strong association with physiologic state and function. The reported observations
provide new insights on neurophysiological regulation of cardiac dynamics, with potential for
broad clinical applications. The presented approach allows one to simultaneously capture key
elements of dynamic interactions, including characteristic time delays and their time evolution,
and can be applied to a range of coupled dynamical systems.

1. Introduction
As an integrated physiologic system under neural regulation, the cardiac system exhibits
complex behaviour characterized by continuous fluctuations and transient, nonlinear and
scale-invariant temporal dynamics. Reflecting modulation in neural autonomic control and
sympatho-vagal balance [1–4], the linear and nonlinear characteristics of cardiac dynamics [5–7]
change with sleep–wake cycle [8,9], across circadian phases [10] and sleep-stage transitions
[11–13]. Various measures derived from linear and nonlinear characteristics of cardiac dynamics
have been established as robust biomarkers for diagnosis and prognosis under a broad range of
conditions [14,15], young versus elderly [16,17] and under pathological perturbations [18–23]. To
account for these extensive empirical observations, modelling approaches have been developed
(i) to investigate the underlying mechanisms of neuroautonomic control and associated nonlinear
feedback loops acting on a wide range of time scales, and (ii) to study how these mechanisms
change across different physiologic states and conditions [24].

Despite the importance of understanding the basic mechanisms of neural regulation of organ
systems, it is not well understood how the brain and the cardiac system dynamically interact
and coordinate their functions to generate a variety of physiologic states. Specifically, the role of
different brain rhythms and their temporal dynamics in mediating brain–heart communications
remains an open question.

Probing dynamics of brain–heart interactions is a major challenge due to several levels of
complexity. At the individual systems level: the heart and the brain are very different integrated
systems, each with its own structural and functional complexity, leading to output dynamics
with distinct characteristics, i.e. the cardiac system exhibits a pronounced oscillatory pattern
on the scale of seconds, whereas brain dynamics are characterized by multiple rhythms with
different origins and functions that operate on much shorter time scales. At the level of pairwise
interactions: physiological systems often interact through multiple forms of coupling, which are
of transient nature, can switch on/off, and can simultaneously coexist [25–29]. In the context
of brain–heart communications [30], synchronization [31–33], coherence [34], time delay [35,36]
and information transfer [37,38] play important roles. At the organism level where dynamical
networks of diverse organ systems are essential: integrated physiologic function emerges as a
global phenomenon from hierarchical networks representing the dynamical interactions among
organ systems, and cannot be simply described by summing up the behaviours of individual
systems.

Within the framework of ‘Network Physiology’ [36,39,40], using the concept of time-delay
stability (TDS), recent work [26,40] has demonstrated that the cardiac system communicates
with the brain not only through one but rather through multiple brain rhythms simultaneously.
Further, empirical analyses have shown that, during different physiologic states, brain–heart
communications are predominantly mediated through different brain rhythms, where patterns of
brain–heart networked interactions depend on brain locations, and undergo complex hierarchical
reorganization with transitions across physiologic states [40].

To quantify brain–heart interactions, here we extend the TDS approach [36,40–42] and we
propose a generalized time-delay analysis based on the novel concept of delay-correlation
landscape (DCL) to investigate coordination of bursting activities in the brain and heart
output signals. We hypothesize that key properties of the brain–heart DCL reflect changes in
neuroautonomic control of cardiac and brain dynamics associated with distinct physiologic
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states such as sleep or wake and different sleep stages. Specifically, we hypothesize that
the characteristic time delays and directionality of brain–heart communications between each
physiologically relevant brain rhythm and cardiac output dynamics exhibit unique signature
profiles reflecting physiologic function during distinct physiologic states.

2. Material and methods

(a) Data
We analyse continuously recorded multichannel physiological data obtained from 34 healthy
young subjects (17 female, 17 male, with ages between 20 and 40, average 29 years) during
night-time sleep [43] (average record duration is 7.8 h). This allows us to track the dynamics and
evolution of brain–heart interactions during different sleep stages and sleep-stage transitions.
We focus on physiological dynamics during sleep as sleep stages are well-defined physiological
states, and external influences due to physical activity or sensory inputs are reduced during
sleep. Sleep stages are scored in 30 s epochs by sleep laboratory technicians based on
standard criteria [43,44]. In particular, we focus on the electroencephalogram (EEG) and the
electrocardiogram (ECG). To compare these very different signals with each other and to study
interrelations between them, we extract the following time series from the raw signals: the spectral
power of five physiologically relevant frequency bands of the EEG, derived from the central C3
channel, in moving windows of 2 s with a 1 s overlap (namely δ wave (0.5–3.5 Hz), θ wave (4–
7.5 Hz), α wave (8–11.5 Hz), σ wave (12–15.5 Hz) and β wave (16–19.5 Hz)); heartbeat RR intervals
are re-sampled to 1 Hz (1 s bins) after which values are inverted to obtain the instantaneous heart
rate (HR). Thus, all time series have the same time resolution of 1 s before our analyses are applied.

We calculate the fast Fourier transform (FFT) in 2 s EEG windows and determine the spectral
power in the EEG frequency bands mentioned above. As there is a problem of power leakage
from one frequency bin to others, we taper the window by a Hann function, and because tapering
itself introduces the problem of weighting the edge of the windows much less than the data in
the middle, we choose an overlap of half the window length, i.e. 1 s. According to Press et al.
[45], tapering and choosing an overlap that is half the window length resolves the problems
of power leakage and different weights, respectively. Because we are analysing EEG data that
were recorded during sleep, we use the five EEG band definitions that are commonly accepted
in sleep medicine [46] as defined above. We originally extended the definition for β to include
‘high β waves’ (20–30 Hz); however, we noted that, past 20 Hz, the EEG is more susceptible to
electromyography (EMG) movement artefacts, and therefore we chose the traditional 16–19.5 Hz
frequency band.

The ECG data are analysed and annotated by a semi-automatic R-peak detector (see below).
EEG recordings were filtered by a high-pass filter (0–0.4 Hz) and a low-pass filter (30–70 Hz).
We apply the high-pass filter in this range to filter out slow movement artefacts without much
affecting δ frequencies. The low-pass filter filters out high-frequency artefacts (e.g. from EMG).
In addition, the EEG recording device had a 50 Hz notch filter. R-peaks are extracted from the
ECG data using the semi-automatic peak detector Raschlab developed by the cardiology group
of Klinikum Rechts der Isar, Munich, Germany (R. Schneider. Open source toolbox for handling
cardiologic data, available on the internet: www.librasch.org). A beat classification (normal beat,
ventricular beat, artefact) is assigned to each R-peak by the detector. Then we calculate the series
of RR time intervals between each pair of consecutive heartbeats and obtain the HR time series
by inverting the RR series. Ectopic beats and artefacts are detected by Raschlab. Additionally, we
examine more carefully the obtained RR intervals and exclude RR intervals from our calculations,
if (i) the beat at the beginning or at the end of the interval is not normal, (ii) the calculated interval
is shorter than 330 ms or longer than 2000 ms or (iii) the interval is more than 30% shorter or
more than 60% longer than the preceding interval. The purpose of the last filter is to eliminate
extrasystoles and ectopic beats unnoticed by the peak detector. This procedure led to ≈1%
removal of original ECG RR intervals and corresponding ≈1% reduction in the original EEG data.
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One potential approach to study brain–heart interaction mediated by different brain rhythms
is to use the absolute spectral power in each EEG frequency band. However, our preliminary
results (not shown) indicate that the bursting activity in HR is strongly modulated by trends in
the total EEG power within the frequency range of 0.5–19.5 Hz (sum of all five frequency bands)—
a masking effect leading to very similar results for each pair of HR and brain rhythm interaction.
In order to eliminate this masking effect and to isolate spurious synchronization among all brain
rhythms caused by modulations in the total EEG spectral power, we use normalized (relative)
spectral power in our analyses. First, we calculate the time series of the total power of EEG (SEEG)
as the sum of all spectral powers from the five frequency bands listed above. Next, we obtain the
relative spectral power in each frequency band with a 1 s resolution. The relative spectral power
(Sδ(t), Sθ (t), Sα(t), Sσ (t), Sβ (t)) is obtained as the ratio between the spectral power in the specific
frequency band and the total spectral power of all five bands. Thus, the obtained normalized
relative spectral power represents the relative contribution of each brain rhythm to the total brain
activity, and allows one to investigate the individual role of each brain rhythm in facilitating
brain–heart communications.

(b) Generalized time-delay analysis and delay-correlation landscape
The TDS method proposed in earlier studies [36,40,41] focuses on the time evolution and stability
of the time delay defined as the time shift corresponding to maximum degree of correlation/
anti-correlation between two signals. While the percentage of data segments exhibiting
time-delay stability (%TDS) was found to have important physiological relevance, as it undergoes
a pronounced transition from one physiologic state to another, it does not provide information on
the type of correlation (positive or negative) and directionality of interaction based on the sign of
the time delay.

To address these limitations and to further quantify the dynamical aspects of brain–
heart interaction, we extend our TDS methodology to a more generalized time-delay analysis
framework, which keeps track of both the time t evolution of cross-correlation C as well as the
time shift τ dependence of the cross-correlation, i.e. C(t, τ ).

As shown in figure 1, for each time window t with size L = 30 s, we obtain the Spearman cross-
correlation as a function Cxy of the time shift τ ∈ [−30, 30] between two signals x and y, where rx

and ry represent the ranks of the values in the signals x and y, respectively. The functional form
of Cxy(t, τ ) can be written as:

Cxy(t, τ ) ≡
∑L

i=1[rx(t + i) − r̄x][ry(t + τ + i) − r̄y]√∑L
j [rx(t + j) − r̄x]2

√∑L
k [ry(t + τ + k) − r̄y]2

(2.1)

= 1 − 6
∑L

i=1 [rx(t + i) − ry(t + τ + i)]2

L(L2 − 1)
, (2.2)

where r̄x = r̄y = (L + 1)/2. At each time step t, we shift the 30 s window of the HR (signal y)
relatively to the 30 s window of EEG spectral power (signal x) in steps of 1 s, and calculate the
cross-correlation as a function of the relative time shift τ (vertical axis in figure 1). Cxy(t, τ ) forms
a DCL as shown in figure 1c that represents the time evolution of cross-correlation for different
choices of time shift τ between two signals.

Theoretically, the DCL contains the information provided by both the traditional cross-
correlation analysis and the original TDS method [36,40,41]. The cross-section of DCL along the
black dashed line τ = 0 in figure 1c represents the cross-correlation of the two signals without
any time shift, i.e. Cxy(t)|τ=0. Black triangle symbols in figure 1c mark the evolution of time
delay defined in the original TDS method as the time shift between the two signals at which the
maximum in the absolute value of cross-correlation is observed, i.e. τ (t)|max |Cxy|. The DCL reveals
a more comprehensive picture of the dynamic interaction between two signals as represented by
a heterogeneous landscape within which red ‘hills’ (positive correlation, C > 0) and blue ‘valleys’
(negative correlation, C < 0) form a complex mixture.
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Figure 1. Generalized time-delay analysis and delay-correlation landscape. (a) Normalized spectral power Sδ ofδ brain rhythm
(0.5–4 Hz) derived from EEG recording at the central C3 channel (C3–M2 set-up), and (b) heart rate (HR) from a healthy subject
during 30 min of night-time sleep. Black dashed lines and background colours in (a) and (b) represent sleep stages (denoted on
the right vertical axis) as defined by traditional sleep-stage scoring criteria [43,44]. (c) Spearman cross-correlation function
Cδ,HR(τ , t) between Sδ and heart rate (HR) are obtained in 30 s windows moving with a step of 30 s and plotted as delay-
correlation landscape (colour map). Horizontal axis t indicates the time corresponding to the centre of the two aligned 30 s
windows used for the cross-correlation calculation. At each time step t, we shift the 30 s window of the HR relatively to the
30 s window of EEG spectral power, and calculate the cross-correlation as a function of the relative time shift τ (vertical axis):
τ > 0 when the 30 s window for brain rhythm signal precedes the window of cardiac signal and vice versa for τ < 0. Colour
of the delay-correlation landscape (DCL) represents the value of cross-correlation: red corresponds to positive correlation C > 0
and blue corresponds to negative correlation C < 0. Black triangle symbols in (c) mark the time evolution (in 30 s steps) of the
maximum correlation time delay τMC(t) defined as the time shift corresponding to the maximum absolute value of the cross-
correlation function. Positive and negative correlationmaps are plotted separately in (d) and (e), where only positive or negative
correlation values are shown. We define positive correlation time delay τPC(t) (red circles) and negative correlation time delay
τNC(t) (blue squares) as the time shift corresponding to themaximumpositive ormaximumnegative correlation. (Online version
in colour.)
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Figure 2. Probability distribution profiles for maximum, positive and negative correlation time delays τMC, τPC and τNC: (a)
for an individual subject and (b) for the group average of 34 healthy subjects representing the entire night-time sleep period.
Solid black line in each panel is a moving average of the probability distribution (smoothed profile with 3 s moving window).
The bin size for the time delay τ is 1 s. Similarity between the individual subject profiles and the group average profiles for each
pair of brain rhythm–heart interaction indicates a universalmechanismunderlying time delays in brain–heart communication.
(Online version in colour.)

To quantify the structure of DCL and to better understand the nature of interactions that
generate the delay-correlation configuration at each time t, it is important to differentiate the two
types of cross-correlation—positive versus negative. Thus, we construct the subset of DCL with
only positive correlation, i.e. only ‘hills’ in the DCL, as shown in figure 1d, where red solid circles
mark the positive correlation time delay, τPC(t) ≡ τ (t)|max C, corresponding to the time shift where
maximum positive cross-correlation is observed at each time step t. Similarly, we also construct
the negative DCL of blue ‘valleys’ as shown in figure 1e, where blue squares track the time
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Figure 3. Statistical patterns of characteristic time delays underlying brain–heart communications. Probability distributions of
the maximum correlation time delay τMC (first row), positive correlation time delay τPC (second row) and negative correlation
time delay τNC (third row) are obtained from the generalized time-delay analysis (figure 1) for each pair of brain–heart
interactions. (a) Individual distributions for all 34 subjects (plotted in different colours) and (b) the group average, where
black error bars represent the standard deviation across subjects. Distributions are obtained for the entire night-time sleep
period. Distribution profiles skewed to the right with peak at τ > 0 indicate that activations in brain dynamics precede cardiac
dynamics. Considering interactions between the relative spectral power of each brain rhythm and the HR, we find unique
profiles for the probability distribution of the time delay τ , indicating a specific role of each brain rhythm in mediating brain–
heart interactions. Note the different distribution profiles of τMC, τPC and τNC for the interaction between each brain rhythm
and the heart, indicating that positive and negative cross-correlations are characterized by different time delays. Interactions
between the total EEG power (all five brain rhythms) and the HR are characterized by a significant peak at τPC = 0, indicating
synchronized bursting activity in the brain–heart network where modulations in the same direction for the heart and the
brain occur simultaneously. By contrast, total EEG power and HR interactions exhibit a sharp peak at τNC > 0, indicating that
modulations in the HR that are in opposite direction to changes in brain oscillation occur with a positive time delay. The double-
peak distribution profile of τMC reflects a combination of the profiles for τPC and τNC. Remarkably, the ensemble of probability
distribution profiles for all three types of time delays is consistently observed for all subjects with small standard deviation,
indicating a universal mechanism underlying time delays in brain–heart communication. (Online version in colour.)
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Figure 4. Change in brain–heart time-delay distribution profiles with transitions across physiologic states. Joint profiles of
the probability distribution of τPC and τNC for each pair of brain–heart interactions during different physiologic states (sleep
stages) obtained by pooling data from all subjects (see §2). Distributions for τPC are plotted in the upper half plane in each
panel (different colours for different brain–heart interactions as in figure 3). Distributions for τNC are inverted and plotted in
the lower half plane with the same light shade. Each sleep stage (horizontal row) is characterized by a specific set of profiles
representing the time-delay characteristics for each brain–heart interaction. Considering each pair of brain rhythm and heart
interaction (column), the joint distribution profile of τPC and τNC changes from one sleep stage to another, leading to a complex
reorganization for the entire set of profiles across different physiologic states. This reorganization in the time-delay profiles
across sleep stages is also observed for the total EEG spectral power (right column), indicating a pronounced change in the
coupling between the overall brain activity and cardiac dynamics. Note that, for all pairs of brain–heart interactions during all
sleep stages, there are no peaks with significant negative time delay, indicating that brain–heart communications are mainly
mediated through directional interaction from the brain to the heart. Each sleep stage is characterized by a specific ensemble
of joint time-delay distribution profiles indicating that these profiles are a robust signature of physiologic state. (Online version
in colour.)

evolution of negative correlation time delay, τNC(t) ≡ τ (t)|min C, corresponding to the maximum
negative cross-correlation at each time step t.

In our analyses of brain–heart interactions, we fix the second signal to be the instantaneous
heart rate y(t) ≡ HR(t), and we assign the first signal x(t) as the relative spectral power of five
physiologically relevant brain rhythms (Sδ(t), Sθ (t), Sα(t), Sσ (t), Sβ (t)) and the total spectral power
SEEG(t). Under this definition, a positive time delay τ > 0 always corresponds to a situation when
the modulation in brain rhythms precedes corresponding changes in the cardiac signal, and vice
versa for τ < 0.

(c) Probability distributions of time delay
Our previous work has shown that TDS is a reliable measure of interaction and coupling
between dynamical systems, and that it is sensitive to differentiate between physiological
states and conditions even in cases when the amplitude of cross-correlation cannot provide a
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statistically significant separation between real and surrogate data [36]. Thus, to probe brain–heart
interactions, here we quantify the temporal dynamics and statistical properties of the time delay
inherent to different pairs of brain rhythms and heart interactions by calculating the probability
distribution P(τ ) of three types of time delay, including maximum correlation time delay (τMC),
positive correlation time delay (τPC) and negative correlation time delay (τNC). In other words, we
are interested in the most probable time delay when significant cross-correlations are observed.
The probability distribution is represented by a renormalized histogram of time delays and the
summation of the histogram values over all bins (1 s bin) equals 1. As shown in figures 2 and 3, we
obtain the probability distributions for all three types of time delay for a typical individual subject
as well as for the entire group of subjects. Panels along the horizontal direction are colour-coded
to represent interactions between different brain signals and the HR output, whereas different
rows of panels correspond to different types of time delay.

For a given pair of brain–heart interaction, the probability distributions of τPC and τNC can
be further combined into one histogram profile by plotting P(τPC) in the upper half plane with
corresponding colours as in figures 2 and 3, and inverting and plotting P(τNC) in the lower half
plane with the same light shade (figure 4). Combining histograms in this way enables us to better
demonstrate the changes in the probability distribution profile of the time delay for a given pair
of brain–heart interaction with transitions from one physiologic state (sleep stage) to another, as
well as the corresponding hierarchical reorganization of the entire set of distribution profiles for
all pairs of brain rhythms and heart interactions (shown in figure 4).

Peaks in the probability distribution profiles of time delay correspond to the characteristic time
delays that underlie brain–heart communications, and the sign of these characteristic time delays
is indicative of the directionality of brain–heart communication: τ > 0 for directional interaction
from the brain to the heart, whereas τ < 0 indicates that cardiac dynamics precede modulations
in brain activity.

3. Results and discussion
Integrated physiological systems, in general, are coupled by feedback and/or feed-forward loops
with a broad range of time delays that underlie physiologic interactions. Combination of these
feedback loops leads to different types of coordinated modulation in the output dynamics of
physiological systems that can simultaneously coexist [25–27]. Characteristics of physiologic
coupling and interaction, such as the range of time delays and different modes of coordination, are
essential for the entire organism to optimize its function during different physiologic states and to
generate proper response to external perturbation. Consequently, we focus on the characteristic
time delays involved in different modes of brain–heart interaction.

We perform empirical analyses of EEG and HR data recorded in healthy subjects during night-
time sleep to probe the interaction between distinct brain rhythm and the heart, and how these
interactions change with different sleep stages (well-defined physiologic states). As brain rhythm
activation and cardiac dynamics continuously change even within the same physiologic state,
we expect a high degree of complexity in the DCL representing brain–heart communications
(§2). As shown in figure 1c, the DCL for the Sδ−HR interaction is characterized by pronounced
heterogeneity where different types of cross-correlation (positive or negative correlation as
represented by regions with different colours) form a complex mixture.

(a) Ensemble of characteristic time-delay profiles
To investigate whether there are characteristic time delays associated with brain–heart
interactions, we construct the DCL (figure 1) for each pair of brain rhythm and HR signals.
We obtain probability distributions for three distinct types of time delays:

(i) Maximum correlation time delay (τMC) is the time shift which corresponds to the highest
degree of cross-correlation defined as the maximum of |C|. If the fluctuations of τMC
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remain small within the range of �τMC = ±1 s, the two signals are considered to exhibit
TDS and the two physiological systems are linked during this time period [36,40,41].

(ii) Positive correlation time delay (τPC) is the time shift for which two signals exhibit the
maximum positive cross-correlation. Strong positive correlation Cxy is often associated
with coordinated bursting activities in both signals, namely increase (or decrease) in
signal x is accompanied by a corresponding increase (or decrease) in signal y.

(iii) Negative correlation time delay (τNC) represents the time shift for which two signals
exhibit the most negative cross-correlation. Thus, τNC characterizes the typical time delay
when modulations in two signals occur in the opposite direction.

We find that, for each pair of brain–heart interaction, τMC, τPC and τNC are characterized by
markedly different patterns in their probability distribution P(τ ) (vertical columns in figures 2
and 3). For example, Sδ−HR interaction has a pronounced peak for P(τPC) at τPC ≈ 0 s, while the
peak for P(τNC) is located at τNC ≈ 6 s, indicating that different modes of brain–heart coordination
operate at markedly different time delays. For τMC, we consistently observe a double-peak pattern
in its probability distribution for all pairs of brain rhythm and HR interactions, which reflects
features of the distribution profiles for both τPC and τNC—this double-peak pattern is most
pronounced for the SEEG–HR interaction (figures 2 and 3).

Comparing pairs of interaction between the HR and different brain rhythms, we find that
for each type of time delay (horizontal rows in figures 2 and 3) different pairs of brain–heart
interactions exhibit distinct profiles of the probability distribution P(τ ). For example, while P(τPC)
for the pair Sδ−HR has a dominant peak at τPC ≈ 0 s, the pair Sθ−HR is characterized by a
dominant time delay of τPC ≈ 6 s, and Sσ −HR has characteristic time delays at both τPC ≈ 0 s
and τPC ≈ 6 s. By contrast, comparing P(τNC) for different pairs of brain rhythm–HR interaction,
we observe a pronounced peak at τNC ≈ 6 s for Sδ−HR and peak at τNC ≈ 0 s for Sθ−HR; this is
exactly opposite to the peak locations observed in P(τPC) (figures 2 and 3). These distinct profiles
indicate that each brain rhythm plays a specific role in mediating brain–heart interactions.

Remarkably, the entire ensemble of distribution profiles for all three types of time delays is
robust, as it is consistently observed for all individual subjects (figure 3a) as well as for the group
average behaviour (figure 3b). This consistency in time-delay distribution profiles is demonstrated
by the small standard deviation across subjects (error bars around group average value, figure 3).

Our statistical analysis (electronic supplementary material, figure S5a) reveals that the most
pronounced characteristic time delays underlying brain–heart communications are associated
with the following pairwise interactions: (i) Sδ–HR, (ii) Sθ –HR and (iii) SEEG–HR. These
interactions exhibit statistically significant peaks in the profiles of P(τPC) and P(τNC), coupled
with consistent time delays for τPC and τNC across subjects: (i) for Sδ–HR, τPC = 0 s and τNC = 6 s;
(ii) for Sθ –HR, τPC = 6 s and τNC = 0 s; and (iii) for SEEG–HR, τPC = 0 s and τNC = 6 s.

To further explore the interrelation between the characteristic time delays in the brain–heart
communication and distinct physiologic functions, we calculate the probability distributions for
τPC and τNC for different sleep stages, including deep sleep (DS), light sleep (LS), rapid eye
movement sleep (REM) and wake/brief arousals (W).

We find that each sleep stage is characterized by a specific set of joint profiles of the probability
distribution for τPC and τNC (horizontal rows in figure 4). Following each pair of brain–heart
interaction (vertical columns in figure 4), we observe that the joint profile of τPC and τNC changes
significantly from one sleep stage to another, reflecting changes in the neural regulation of cardiac
dynamics. Moreover, we find that the joint τPC and τNC profile for each pair of brain–heart
interaction follows a specific transition pattern across sleep stages (figure 4). Thus, with transition
across physiological states there is a complex reorganization of the entire ensemble of time-delay
distribution profiles of the different brain rhythm–HR interactions.

Intriguingly, our results for the total power SEEG–HR interaction show that, with increase
in sympathetic tone from DS to LS, REM and W, the peak in P(τNC) at τNC = 6 s completely
vanishes (figure 4), corresponding to the loss of significant time delays for negative brain–
heart cross-correlation (i.e. for modulations in the opposite directions between the EEG and
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HR signals). Indeed, increased bursting activity in brain dynamics associated with dominant
parasympathetic tone during DS and LS is associated with dipping in the HR, leading to a
pronounced anti-correlation profile, which disappears under dominant sympathetic tone during
wake. This pronounced τNC = 6 s time delay is consistently observed for all subjects (electronic
supplementary material, figure S5). While it may be associated with the baroreflex feedback loop,
the underlying physiologic mechanism for this characteristic time delay remains to be explored.
These observations identify characteristic time delays of brain–heart communications as a new
hallmark of physiologic state and function.

Notably, we find that, for both τPC and τNC, there are no peaks at significant negative time
delays as shown by the profiles in figure 4, indicating that brain–heart communications are mainly
mediated through directional interaction from the brain to the cardiac system.

4. Conclusion
To understand the basic mechanisms of neuroautonomic control of the cardiac systems, we
develop a generalized time-delay analysis framework and a novel DCL approach to investigate
the role of distinct physiologically relevant brain rhythms in mediating brain–heart interactions.
Compared with the traditional cross-correlation analysis with a fixed time delay or the original
TDS approach, where the emergence of stable time delay marks the onset of dynamical coupling
between two systems, the approach proposed here keeps track of both the time evolution and the
delay dependence of the cross-correlation between two signals.

We find that brain–heart interactions exhibit characteristic time delays and that different
modes of interaction (i.e. positive or negative cross-correlations) are characterized by
different time delays. Our results demonstrate that the interactions between different brain
rhythms and the HR are characterized by distinct distribution profiles for time delays, indicating
that each brain rhythm has a specific role in mediating brain–heart communications. Furthermore,
we find that the time-delay profile for each pair of brain rhythm and HR interaction follows a
unique transition pattern from one sleep stage to another, leading to a complex reorganization of
the entire ensemble of time-delay profiles.

As sleep-stage transitions are closely associated with changes in sympatho-vagal balance,
the uncovered ensemble of time-delay profiles representing brain–heart interactions reveals
previously unknown dynamical aspects of cardiac neural regulation that are a hallmark of
physiologic state and function.

Remarkably, the uncovered time-delay distribution profiles for all pairs of brain rhythm
and HR interactions are consistently observed in all healthy subjects, and exhibit a similar
reorganization with transition across sleep stages in each subject. Thus, these new measures can
potentially be used not only as robust markers of physiologic states and functions under healthy
condition, but also as diagnostic and prognostic indicators of pathological perturbations.

The main purpose of this work is to present a first proof-of-concept demonstration of a
DCL approach to identify and quantify the characteristic time delay underlying brain–heart
interactions. Thus, in this study, we use data from the C3 EEG channel only, which is most
commonly used in sleep research, and we use EEGC3–HR interaction as an example to present
our computational framework. Naturally, follow-up work will extend to other EEG leads to
identify the different roles of brain location in mediating brain–heart interactions. These extended
analyses may include not only instantaneous HR time series, as presented here, but also high-
and low-frequency HR components as well as other static and dynamic local characteristics
of the cardiac output. Further, modelling approaches based on surrogate time series with
different autocorrelations and other dynamical characteristics as observed in the brain and heart
output signals can help elucidate the origin and structure of the DCL representing brain–heart
interactions during different sleep stages.

The proposed time-delay approach is general and can be applied to other types of dynamical
systems with complex output signals where the existence and the nature of coupling and
interactions are not known a priori. Moreover, the novel concept of delay-correlation landscape
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encompasses all key elements of cross-correlation, and provides a comprehensive picture of the
coupling strength, characteristic time delays and time evolution of correlation between dynamical
systems. Thus, the approach presented here can serve as a general analytical tool to understand
basic mechanisms underlying physiological interactions, which is essential for the development
of the new field of ‘Network Physiology’.
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Abstract

Within the framework of 'Network Physiology', we ask a fundamental question of how modulations in

cardiac dynamics emerge from networked brain-heart interactions. We propose a generalized time-

delay approach to identify and quantify dynamical interactions between physiologically relevant

brain rhythms and the heart rate. We perform empirical analysis of synchronized continuous EEG and

ECG recordings from 34 healthy subjects during night-time sleep. For each pair of brain rhythm and

heart interaction, we construct a delay-correlation landscape (DCL) that characterizes how individual

brain rhythms are coupled to the heart rate, and how modulations in brain and cardiac dynamics are

coordinated in time. We uncover characteristic time delays and an ensemble of specific profiles for

the probability distribution of time delays that underly brain-heart interactions. These profiles are

consistently observed in all subjects, indicating a universal pattern. Tracking the evolution of DCL

across different sleep stages, we find that the ensemble of time-delay profiles changes from one

physiologic state to another, indicating a strong association with physiologic state and function. The

reported observations provide new insights on neurophysiological regulation of cardiac dynamics,

with potential for broad clinical applications. The presented approach allows one to simultaneously

capture key elements of dynamic interactions, including characteristic time delays and their time

evolution, and can be applied to a range of coupled dynamical systems.
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We systematically study the scaling properties of the magnitude and sign of the fluctuations in correlated time
series, which is a simple and useful approach to distinguish between systems with different dynamical properties
but the same linear correlations. First, we decompose artificial long-range power-law linearly correlated time
series into magnitude and sign series derived from the consecutive increments in the original series, and we study
their correlation properties. We find analytical expressions for the correlation exponent of the sign series as a
function of the exponent of the original series. Such expressions are necessary for modeling surrogate time series
with desired scaling properties. Next, we study linear and nonlinear correlation properties of series composed
as products of independent magnitude and sign series. These surrogate series can be considered as a zero-order
approximation to the analysis of the coupling of magnitude and sign in real data, a problem still open in many
fields. We find analytical results for the scaling behavior of the composed series as a function of the correlation
exponents of the magnitude and sign series used in the composition, and we determine the ranges of magnitude
and sign correlation exponents leading to either single scaling or to crossover behaviors. Finally, we obtain
how the linear and nonlinear properties of the composed series depend on the correlation exponents of their
magnitude and sign series. Based on this information we propose a method to generate surrogate series with
controlled correlation exponent and multifractal spectrum.

DOI: 10.1103/PhysRevE.93.042201

I. INTRODUCTION

A wide variety of phenomena in different fields ranging
from physiology to economy show complex dynamics gener-
ating output signals that appear to be erratic and noisy but that,
in fact, possess long-range correlations with scale-invariant
structure. In addition, it has been observed that the presence of
such correlations is linked to relevant properties of the system
under study; for example, the correlations in the series of
heartbeats change from healthy to pathological conditions [1]
or under different physiological states [2].

In many cases, given a time series xi,i = 1,2, . . . ,N , its
increments �xi = xi+1 − xi are more relevant than the series
itself because the dynamical properties of the increments
provide with interesting clues about the underlying dynamics
of the system and could help to develop useful models.

For nonlinear systems it is important to go beyond the
study of linear correlations because they do not account for
all dynamical properties of such systems; e.g., increment time
series with the same linear correlations could correspond to
systems with completely different nonlinear and multifractal
behaviors [3]. A simple approach to break this degeneration
consists in studying separately the correlations of magnitude
and sign of the increment time series. The correlations in the
series of magnitudes (also known as volatility series) have
been related to the presence of nonlinear correlations and
multifractal structure [3–5], whereas the properties of the sign
series are solely determined by the linear correlations [3,4]
and have been studied in the context of first-passage time in
scale-invariant correlated processes [6].

In addition, from the intuitive point of view, magnitude
and sign time series contain different and complementary

information about the original signal: the magnitude measures
how big the changes are and the sign indicates their direction.
An example of this is the dynamics of the heart [3], which
is thought to be the result of two competing forces, the
sympathetic and parasympathetic branches of the autonomous
nervous system, that leads to complex variability with scale-
invariant characteristics. Roughly speaking, the first one is
responsible for slow (small in magnitude) increases (positive
in sign) of the heart rate, while the second is usually associated
with fast (large in magnitude) decreases (negative in sign).
Other examples of the usefulness of the magnitude and sign
analysis are also found in fluid dynamics [7], geological [8,9],
geophysical [10,11], and economical time series [12].

Despite the importance of the magnitude and sign time
series we have just mentioned, there are still open questions:
for example, given a time series with known long-range
correlations, a key question is whether there are correlations
present also in the magnitude and sign time series? The
approach to address this question is what we call here the
decomposition problem. In principle, the systematic study of
this problem is a complicated task, since the original time series
can have very different nature, as mentioned above. Instead,
we study the decomposition problem in artificial time series,
which are commonly used to model the behavior of long-range
correlated time series. In particular, we consider fractional
Gaussian noises (fGns) and fractional Brownian motions
(fBms) to model respectively stationary and nonstationary
long-range correlated time series.

Furthermore, a second important problem (still open in
many cases) is how the magnitude and sign of the increments
are coupled to form the whole signal: for example, in
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the human heart, when analyzing the increments of the
interbeat interval time series, it is not clear yet what the
relationship is between the magnitude (how big the change
in the cardiac rhythm is) and the sign (the direction of
the change). Obviously, a systematic study of the coupling
between magnitude and sign series would be of great interest
to improve the understanding of the relation between them
and the behavior of the underlying mechanisms of control.
Specifically, we investigate how the correlations of the whole
signal are controlled by the correlations in the magnitude
and sign time series, as well as by the coupling between
them. However, the coupling mechanism of magnitude and
sign will be different in time series of different nature,
since the underlying dynamics will be different as well,
and this variety of potential coupling mechanisms makes a
systematic analysis difficult. Nevertheless, we can approach
this problem from a different point of view: we can study
systematically the correlation properties of time series with
uncoupled magnitude and sign. Such time series can be
artificially generated by multiplying magnitude and sign time
series (each one with known correlations) obtained from
different fGns or fBms. In this way, we guarantee that both
magnitude and sign series are independent and thus uncoupled.
Such analysis is what we call here the composition problem.
The composition problem can be useful to understand the
behavior of complex systems characterized by the coupling of
two different mechanisms, each controlling the dynamics of
magnitude and sign respectively. In addition, the results of the
composition problem are a reference of uncoupling and then
can be used to detect the existence of coupling mechanisms
when analyzing real complex time series.

This article is organized as follows: In Sec. II we describe
the methods and algorithms used in this article. Specifically, in
Sec. II A we describe Detrended Fluctuation Analysis (DFA),
the method used here to quantify the linear correlations,
in Sec. II B we explain Multifractal Detrended Fluctuation
Analysis (MFDFA), the algorithm we use to obtain multifractal
spectra of time series, and Sec. II C introduces the Fourier
Filtering Method, which allows us to generate signals with
given correlation exponent.

In Sec. III we systematically study the decomposition
problem, i.e., the correlation properties of the magnitude and
sign time series obtained from long-range power-law linearly
correlated time series. In Sec. IV we investigate the compo-
sition problem; i.e., we systematically study the correlations
properties of composed time series with uncoupled magnitude
and sign series. The multifractal properties of such composed
series are analyzed in Sec. V, and, finally, Sec. VI presents the
conclusions of this work.

II. METHODS

A. Detrended Fluctuation Analysis (DFA)

Here we quantify the linear correlations of time series by
using Detrended Fluctuation Analysis (DFA) [13], a modified
version of Fluctuation Analysis (FA), which is able to eliminate
the effects of the nonstationarity. This method provides a single
quantitative parameter, the scaling exponent α, to represent the
correlation properties of a long-range correlated series.

DFA consists of the following steps [13]:
(i) Starting with a correlated series {xi} of size N we first

integrate the series and obtain

y(j ) ≡
j∑

i=1

[xi − μ], (1)

where μ is the mean value of the entire series.
(ii) The integrated series y(j ) is divided into boxes of equal

length �.
(iii) In each box of length �, we calculate a linear fit of y(j )

which represents the linear trend in that box. The y coordinate
of the fit line in each box is denoted by y�(j ).

(iv) The integrated series y(j ) is detrended by subtracting
the local trend y�(j ) in each box of length �.

(v) For a given box size �, the root mean square (r.m.s.)
fluctuation for this integrated and detrended series is calcu-
lated:

F (�) =
√√√√ 1

N

N∑
j=1

[y(j ) − y�(j )]2. (2)

(vi) The above computation is repeated for a broad range
of scales (box sizes �) to provide a relationship between F (�)
and the box size �.

For a power-law correlated time series, there exists a
power-law relation between the average root-mean-square
fluctuation function F (�) and the box size �: F (�) ∼ �α . Thus,
the fluctuations can be characterized by a scaling exponent
α, a self-similarity parameter which quantifies the long-range
power-law correlation properties of the signal.

If the power-law correlated time series is stationary (α < 1),
the autocorrelation function decays as a power law, C(�) ∼
sgn(1 − γ )/�γ , and the exponent α is related to the exponent
γ by [14–16]

α = 2 − γ

2
. (3)

Note that for the special case γ = 1 (α = 0.5) the autocorre-
lation function vanishes.

In addition, it can be shown, via the Wiener-Khinchin
theorem, that the power spectrum of the series is also a power
law, whose exponent β is indeed related to α [16]:

α = β + 1

2
. (4)

Here it is worth mentioning that, although Wiener-Khinchin
theorem is only for α < 1, this relationship between α and β

is also valid for α > 1.
Values of α < 0.5 indicate the presence of anticorrelations

in the time series, α = 0.5 absence of correlations (white noise)
and α > 0.5 indicates the presence of positive correlations in
the time series. In particular, for α = 1.5 the series correspond
to the well-known Brownian motion.

The performance of DFA has been systematically studied
for time series with different trends [17,18], missing data
[19], different artifacts [20], linear and nonlinear preprocessing
filters [21], and coarse graining of the time series values [22].
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B. Multifractal Detrended Fluctuation Analysis (MFDFA)

DFA studies the scaling of the second-order moment as a
function of the window size �, and thus, it takes into account
only the linear correlations present in the series. MFDFA can
be understood as a generalization of DFA in the sense that
it analyzes the scaling of all possible moments of order q

(including negative ones) [23]. To do so, Eq. (2) is generalized
as follows:

Fq(�) =
⎡
⎣ 1

N

N∑
j=1

|y(j ) − y�(j )|q
⎤
⎦

1
q

. (5)

For long-range power-law correlated time series, the fluc-
tuations Fq(�) scale as a power law of the form

Fq(�) ∼ �h(q), (6)

where h(q) is the scaling exponent of the fluctuations of order
q as a function of the window size �. Obviously, the DFA
exponent α is a particular case for q = 2, i.e., α = h(2). For
series with only linear correlations h(q) = α ∀q, i.e., there is
a single scaling exponent and the series is monofractal. On
the other hand, when nonlinear correlations are present in the
series, each moment scales with a different exponent h(q) and
the series will be multifractal.

The scaling exponents h(q) can be related to the classical
multifractal box-counting scaling exponents τ (q) by means of
the expression

τ (q) = qh(q) − 1. (7)

Finally, calculating the Lengendre transform we can obtain the
multifractal spectrum (see Ref. [23]):

ζ = τ ′(q), (8)

f (ζ ) = qζ − τ (q), (9)

where f (ζ ) denotes the fractal dimension of the subset of the
series characterized by ζ . For the particular case of monofractal
time series, as all the moments scale with the same exponent,
h(q) = α,h′(q) = 0, and the multifractal spectrum will be a
delta function:

f (ζ ) = δ(ζ − α). (10)

In contrast, for a multifractal series, f (ζ ) will have a
nonzero width, �ζ , which can be used as a measure of the
strength of the nonlinearities present in the series.

C. Fourier Filtering Method

To generate artificial series with long-range power-law
correlations we use the Fourier Filtering Method (FFM)
[24,25]. This method makes use of Eq. (4) to obtain a series
with DFA exponent α.

It works as follows:
(i) Generate a white noise η(i), i.e., a series of uncorrelated

Gaussian-distributed numbers all with the same mean and
variance, and compute its Fourier transform, η̂(f ).

(ii) The series with the desired correlation exponent α is
obtained as

x(i; α) ≡ F−1

[
η̂(f )

f α−1/2

]
, (11)

where F−1[·] denotes the inverse Fourier transform. To check
this, simply take into account that the Fourier transform of
x(i; α) is a power law of exponent α − 1/2 and thus its power
spectrum follows a power law with exponent 2α − 1, which,
according to Eq. (4), gives a DFA exponent α. Time series
generated by FFM are normalized to zero mean and unit
variance.

III. DECOMPOSITION OF A TIME SERIES:
CORRELATIONS IN THE MAGNITUDE AND SIGN

Our aim is to quantify the correlations in the magnitude and
sign time series obtained from the decomposition of a long-
range correlated time series with a given input correlations.
To systematically analyze the correlation properties of the
magnitude and sign series, we generate artificial series of
length 220 � 106 using FFM with different input values of the
correlation exponent (αin) equally spaced in the (0,2) interval.
Figure 1 shows an example of a correlated series obtained for
αin = 1, as well as its magnitude and sign series.

For each individual series we obtain its corresponding
magnitude and sign series, compute their correlation exponents
(αmag and αsign respectively), and average them over an
ensemble of 200 experiments for each input αin value. We
also compute the correlation exponent of the generated time
series (αout), which could be slightly different from αin due to
statistical fluctuations and finite size effects (Fig. 2).

In Fig. 3 we show the results. We observe three different
regions:

(i) αin � 0.5. Despite the anticorrelations of the time
series, both magnitude and sign are essentially uncorrelated.
In all cases the magnitude series show a perfect fit to a power
law with exponent αmag = 0.5 for all considered scales. These
series are virtually indistinguishable from random i.i.d. series.
But, on the other hand, the sign series (especially for αin > 0.2)
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0 100 200 300 400 500
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FIG. 1. (a) Example of correlated series obtained with the Fourier
filtering method and αin = 1. (b) Series of its magnitudes and (c) series
of its signs.
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FIG. 2. Finite size effects. (a) Distributions of αout, αmag, and
αsign for two ensembles of 65 000 series generated by using the FFM
with αin = 0.7. Open symbols: length of the series N = 220 � 106,
full symbols: length of the series N = 210 � 103. Due to statistical
fluctuations, the values of the correlation exponent αout are not exactly
equal to αin; instead they are normally distributed with a variance that
decreases as N increases. A similar behavior is observed for αmag

and αsign. (b) Mean values and standard deviations (error bars) of
the distributions of of αout,αmag, and αsign for experiments similar
to those in (a) for series size ranging from N = 210 to N = 220.
In all three cases the mean values seem to approach an asymptotic
value as N grows. In particular, both αout and αsign tend to the same
value, αin, the convergence being slower for αsign. The fact that αout

and αsign have the same asymptotic limit is observed only within
the region 0.5 � αin < 1, whereas in the region αin > 1,αmag tends
asymptotically to the same limit as αout (see Sec. III).
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FIG. 3. Averaged correlation exponents for the composed signal
(αout), magnitude (αmag), and sign (αsign) as a function of αin. For each
value of αin we generate 200 series of length N = 220 to obtain the
averages.
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FIG. 4. Fsign(�) vs � for the sign series in the region αin � 0.5. We
average Fsign(�) over an ensemble of 200 sign series obtained from
anticorrelated series of size N = 220 and αin = 0.2. The global scaling
exponent, αsign = 0.46, indicates the presence of anticorrelations, but
the direct inspection of Fsign(�) reveals the existence of a crossover
around �c = 190. Below �c the sign series exhibits anticorrelations
(α1 = 0.36), but such behavior disappears for � > �c (α2 = 0.50).

show values of αsign � 0.5 thus implying the presence of
anticorrelations.

We find that only at short scales sign series show clear
anticorrelated behavior, while at intermediate and large scales,
the behavior is uncorrelated. This effect is shown in Fig. 4,
where we plot the typical behavior of Fsign(�) for the sign
series in the region αin � 0.5. At small �,Fsign(�) scales with
exponent α1 = 0.36 and, after a transition regime, the rest of
the curve shows an scaling exponent α2 = 0.50 corresponding
to uncorrelated behavior.

For this reason, the global exponent αsign, obtained as a fit
for the whole � range (Fig. 3), is affected by these first values
of the Fsign(�) curve, thus leading to αsign � 0.5.

In summary, for large enough scales, both magnitude
and sign series are uncorrelated. Having this in mind, the
anticorrelations in the series (present at all scales) must be
a result of the coupling between magnitude and sign because
none of them are significantly anticorrelated themselves. To
check this, we perform the following experiment: Generate
a signal with αin = 0.3, decompose it into its magnitude
and sign series, shuffle the sign (thus destroying all possible
coupling between magnitude and sign), and finally multiply
the randomized sign series by the original magnitude series
to obtain a surrogate signal with uncoupled magnitude and
sign. We also do the same experiment but randomizing the
magnitude series. The results shown in Fig. 5 confirm our
initial guess: the two surrogate series lose their anticorrelations
since F (�) scales as �0.5. Note that in the second experiment,
where we randomized the magnitude, the surrogate series still
preserves certain anticorrelations at small scales coming from
those present in the original sign series. Nevertheless, for
� large enough, the random behavior is recovered and the
fluctuations scale with α = 0.5.

An important conclusion drawn from here is the fact that
it is not possible to obtain long-range anticorrelated binary
sequences from the sign of an anticorrelated time series. This
limitation has also been found in other methods described in
the bibliography for the generation of long-range correlated
binary sequences [26–28].
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FIG. 5. F (�) vs � for anticorrelated series (αin = 0.3) and for sur-
rogate series obtained by means of sign or magnitude randomization:
Generate a sign with αin = 0.3, decompose it into its magnitude and
sign series, randomize the sign or magnitude series, and obtain two
surrogate series, one multiplying the randomized sign by the original
magnitude (�) and the other multiplying the randomized magnitude
by the original sign (�). Both curves have been obtained for signals
with N = 220 and averaging over 200 experiments.

(ii) 0.5 < αin < 1. In this region sign series show correla-
tions in the whole interval, while magnitude series are corre-
lated only beyond αin = 0.75. Nevertheless, the correlations in
the original signal are controlled by those in the sign no matter
if the magnitude series are correlated or not. These results
are in agreement with Ref. [29], where an analytical relation
between C(�) and Csign(�) was found:

C(�) = sin

[
π

2
Csign(�)

]
(12)

valid for γ < 1 and C(�) > 0, i.e., 0.5 < α < 1. Taking into
account that the correlations will be much smaller than one
for large enough �, the sine in Eq. (12) can be approximated
by its argument, and, assuming power-law dependence for the
autocorrelation function, we get

1

�γout
� π

2

1

�γsign
, (13)

and using (3) we obtain

αsign � αout − log(π/2)

2 log �
. (14)

Note that, according to Eq. (14), in Fig. 3, αsign is always
slightly smaller than αout. In fact, αsign → αout only asymptot-
ically [see Fig. 2(b)]. This behavior has been already observed
by Carretero-Campos et al. [6] studying the sign series in the
context of the distribution of first-passage times in correlated
time series.

Within this region, sign series provide an easy method to
obtain correlated binary sequences with a correlation exponent
αsign, which is virtually the same as the exponent of the original
series αin. For example, this method is useful to study DNA
sequences that have been frequently modeled as correlated
binary sequences with correlation exponents 0.5 < α < 1
[30].

Here, contrary to what we observed in the previous region,
the coupling between magnitude and sign does not seem to
play a relevant role. Indeed, as we will show in Sec. IV, even
under the assumption of independence between magnitude and

sign, the correlations of the signal are controlled by those in
the sign, as long as αmag,αsign ∈ (0.5,1).

(iii) 1 < αin < 2. Both αmag and αsign continue increasing
with αin. Now, αmag is the one which tends asymptotically to
αout; i.e., in this region correlations of the composed signal are
controlled by the magnitude. On the other hand, αsign grows as
a function of αin with slope 1/2; thus, in this region:

αsign = 1
2 (1 + αin). (15)

This behavior can be explained analytically by using the
properties of the distribution of first-passage times for linearly
correlated series found in Ref. [6]. It is also easy to show that
αsign cannot be larger than 3/2 (see Appendix A for a proof of
both properties).

In summary, we have for the correlation exponent αsign as
a function of αin the next asymptotic behavior:

αsign =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2 αin < 1

2
αin

1
2 � αin < 1

1
2 (1 + αin) 1 � αin < 2
3
2 2 � αin

. (16)

For the correlation exponent αmag the asymptotic behavior
consists of an uncorrelated zone for αin < 3

4 , a transition for
3
4 < αin < 5

4 , and a region where αmag � αin for αin > 5
4 . The

correlations observed for the series of magnitudes |�xi | are in
good agreement with those obtained for the series (�xi)2 in
Ref. [5].

IV. COMPOSITION OF MAGNITUDE AND SIGN SERIES

As we stated in the introduction, we are also interested
in the properties of the composition of independent series
of correlated signs and magnitudes. Our interest is double:
On the one hand, we study the behavior of time series
whose magnitude and sign are controlled by independent
mechanisms. One of them controls the magnitudes of the
increments while their signs are controlled by the other. This
can be considered as the simplest approach to model real
signals. On the other hand, by understanding the behavior of
time series with independent magnitude and sign, we are able
to identify when magnitude and sign are not independent, and
consequently, we can establish a coupling detection method.
Thus, by investigating the correlation properties of such
composed time series, we can elucidate whether the magnitude
and sign of a real time series are uncoupled or not.

The procedure to generate a composed time series with
independent magnitude and sign works as follows. In order
to obtain independent series of magnitude and sign, using
FFM we generate two independent correlated series with input
correlation exponents αin1 and αin2,x(i; αin1) and x(i; αin1)
respectively. Then the magnitude series is obtained as

xmag(i) = |x(i; αin1)|, (17)

whose correlation exponent, αmag depends on αin1 (Fig. 3).
Correspondingly, we obtain the sign series as

xsign(i) = sgn[x(i; αin2)], (18)
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whose correlation exponent αsign depends on αin2 (Fig. 3).
Finally, the composed series is given by

xcomp(i) = xmag(i) · xsign(i). (19)

Here we systematically study the correlations of the
composed series with αin1,αin2 in the range [0.5,2] leading
to αmag ∈ [0.5,1.5] and αsign ∈ [0.5,2] (Fig. 3). Note that
we do not explore the region αin1,αin2 < 0.5 because, as
we have shown above, for these values both magnitude and
sign are essentially uncorrelated. Depending on αmag and αsign

we have observed three different behaviors.

A. Case αsign < 1

Here, independently of the exponent αmag, the correlations
in the composed series are controlled by those in the sign.
Given a time series obtained as the product of two independent
magnitude and sign series we show in Appendix B that its
autocorrelation function can be written as

C(�) = Csign(�)
(π − 2)Cmag(�) + 2

π
, (20)

where C(�),Cmag(�), and Csign(�) are the autocorrelation
functions of the composed signal at distance �, its magnitude,
and its sign, respectively.

Depending on αmag we distinguish two regimes:
(i) αmag < 1. If the series are power-law correlated we have

Cmag(�) ∼ �−γmag and Csign(�) ∼ �−γsign , (21)

where γmag = 2αmag − 2 and γsign = 2αsign − 2 according to
(3). Using Eq. (21) in Eq. (20) we have for the autocorrelation
of the composed signal:

C(�) ∼ π − 2

π
�−(γmag+γsign) + 2

π
�−γsign . (22)

As we are considering αmag,αsign ∈ [0.5,1), it follows that
γsign < γmag + γsign, and thus, the second term will be the
leading one for large enough �:

C(�) ∼ Csign(�). (23)

(ii) αmag � 1. Now Cmag(�) = constant and it follows
straightforwardly from (20) that

C(�) ∝ Csign(�). (24)

Here it is important to note that while (23) is an approxi-
mation valid only for large enough �, (24) holds in the whole
range.

In Fig. 6 we show an example of such situations. For a fixed
value αmag we obtain composed series with different values of
αsign, and, in all cases, the resulting correlation exponent is
almost the same as αsign in agreement with Eqs. (23) and (24).
According to this, we are able to generate artificial signals
with the desired correlation exponent (controlled by αsign)
independently of the correlations in the magnitude series. As
the correlations in the magnitude are known to be related to the
nonlinear properties of the signal [5] this implies that we can
control the linear and nonlinear properties of the composed
signal (see Sec. V).
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(a)

(b)

αmag=1.69

FIG. 6. Example of composed series generated by multiplying
sign and magnitude from independent original series for αsign < 1.
(a) αmag < 1. For � large enough (� > 30) F (�) scales with α � αsign

according to Eq. (23). (b) αmag > 1. F (�) scales with α = αsign in
the whole range. Note that, contrary to Eq. (23), Eq. (24) is not an
approximation for large �. The size of the time series is 220, and the
results are averaged over 200 experiments.

B. Case αmag < 1,αsign > 1

Here we observe different behaviors at short and large scales
(Fig. 7). While for small � the correlation exponent α1 � αmag,
at large scales, the sign series takes over, and we get α2 �
αsign. The reason for this scaling crossover can be explained as
follows: Taking into account that αsign > 1, a change of sign
within a window of small size is unlikely to happen [6]; thus

0 1 2 3 4 5 6
log10(l)

0

2

4

lo
g 10

(F
)

αsign=1.30
αsign=1.34
αsign=1.40

α2=1.31αmag=0.52
α2=1.35
α2=1.42

α1=0.55
α1=0.55
α1=0.55

FIG. 7. Examples of composed series generated by multiplying
sign and magnitude from independent original series for the case
αmag < 1 and αsign > 1. We obtain a crossover � dividing the range
into two regions with different scaling: α1 � αmag for � < �c and
α2 � αsign for � > �c. The size of the time series is 220, and the results
are averaged over 200 experiments. Different F (�) have been shifted
vertically for the sake of clarity.
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the fluctuations at such scales depend only on the fluctuations
of the magnitude. On the other hand, for large enough scales,
the changes of the sign inside a single window will create
fluctuations much higher than those of the magnitude, and
thus, the correlation exponent will be close to αsign.

The position of the crossover �c between both regimes
depends on the size N of the series and can be determined
analytically taking into account that the transition between
these two regions should happen at a window size �c for
which the fluctuations due to the oscillations of both sign
and magnitude give the same contribution.

A long-range correlated series with α < 1 is stationary, so
we can write for the fluctuations in the magnitude at scale �

Fmag(�) = Amag�
αmag , (25)

where Amag is a constant. Nevertheless, for α � 1 the series is
nonstationary and the fluctuations at a given scale also depend
on N . In Appendix A we show that the fluctuations in the sign
series for α � 1 can be written as

Fsign(�) = Bsign
�αsign

Nαsign−1 , (26)

where Bsign is a constant.
Clearly, the positive power of N (αsign − 1 > 0) dividing

in Eq. (26) makes Fsign(�) < Fmag(�) at small scales while
Fsign(�) > Fmag(�) for large ones. This behavior also justifies
the fact, commented on above, that at short scales the series
scales with α1 � αsign and α2 � αmag for the larger ones.

Thus, the crossover will be located at the point �c where the
equality between (25) and (26) holds Fmag(�c) = Fsign(�c) and
then

�c = Amag

Bsign
N

αsign−1
αsign−αmag ∝ Nk, (27)

where

k = αsign − 1

αsign − αmag
. (28)

The analytical results obtained in Eqs. (27) and (28) are
in good agreement with the simulations shown in Fig. 8. It
is worth mentioning that k < 1, provided that αmag < 1. This
means that �c grows slower than the size of the system, and
thus the crossover will always be observable for long enough
series.

C. Case αsign > 1,αmag > 1

In this case F (�) might also present a crossover, although it
will be difficult to observe in practice. To better understand the
behavior of F (�) in this regime we follow a procedure similar
to that described in the previous section. As well as in the
previous section, αsign > 1, and we have for the fluctuations in
the sign

Fsign(�) = Bsign
�αsign

Nαsign−1 . (29)

Now, in addition, the magnitude series is also nonstationary
(αmag > 1), and, from the definition of fractional Brownian
motion, the variance of the series grows as N2(αmag−1). This
means that, in order to keep the series with unit standard
deviation, the generation procedure (Sec. II C) carries out an
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Fit  to:  (αsign-1)/(αsign - αmag)

(b)

FIG. 8. Position of the crossover �c as a function of the size of the
series N . (a) To check that � grows as a power law of the system size
N (27), we generate series with αsign = 1.25 and αmag = 0.52 and
sizes in the range [213,224]. For each size we obtain F (�), average
over 1000 series, and determine the position of the crossover �c by
fitting F (�) to the derivative of a sigmoid [31]. This procedure also
gives α1 and α2. The fit of the curve �c vs N (open red circles) to
a power law (solid blue line) gives an exponent k = 0.345 close to
the value 0.342 predicted by (28). (b) We repeat the experiment for
different values of αsign in the range [1,1.5] and obtain k for each
one. Finally, we fit the curve of k vs αsign (closed red circles) to (28)
(dashed blue line). The value obtained for αmag = 0.52 coincides with
the actual value used for the simulations.

implicit division of the series by the factor Nαmag−1 [32], and
thus we will obtain for the fluctuations of the magnitude:

Fmag(�) = Bmag
�αmag

Nαmag−1 . (30)

Again, the position of the crossover will be given by the
value �c for which the fluctuations in the magnitude and sign
reach the same value:

Bmag
�

αmag
c

Nαmag−1 = Bsign
�

αsign
c

Nαsign−1 , (31)

�c = N

(
Bmag

Bsign

) 1
αsign−αmag ∝ N. (32)

This means that the position of the crossover grows propor-
tionally to the size of the series.

Here is important to point out that the normalization
described above results in a reduction of the fluctuations at
short scales [32]. This reduction becomes more evident as α

increases, and thus, at short scales (� � �c), the fluctuations
are governed by the smallest exponent α1 = min{αmag,αsign},
while at large scales (� � �c) the correlation exponent will be
given by α2 = max{αmag,αsign}.
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FIG. 9. Example of composed series generated by multiplying
sign and magnitude from independent original series for αmag > 1
and αsign > 1. In this region we do not observe crossover (see text).
(a) Example of series with αsign < αmag. The exponent of correlation
of the composed series reaches the value αsign (min{αmag,αsign}) for
each series. (b) Example of series with αsign > αmag. The correlations
in the composed series are mainly controlled by those in the
magnitude, although the exponent of correlation is slightly higher.
This effect becomes more noticeable as the difference between
both magnitude and sign exponents of correlation decreases because
in these cases, the crossover is less sharp, thus there is a small
contribution of the regime after the transition.

In order to find out the values of �c we have systematically
generated pairs of correlated series of signs and magnitudes
with αmag ∈ (1,2) and αsign ∈ (1,1.5), and for each of them we
obtain αmag,αsign,Bmag, and Bsign and evaluate �c by using (32).
We find two different regions (Fig. 9):

(i) αmag � αsign. In this case, in all experiments we obtain
�c > N , implying that the crossover is not reachable.

(ii) αmag < αsign. Here in a few situations we obtain �c � N

although the values of Fmag(�) and Fsign(�) are too close to
display a clear crossover. In addition, only values of �c �
N/10 can be observed in practice because DFA is computed,
as usual, up to N/10 [17].

In conclusion, we barely observe crossovers within this
region, and the composed series will show a single scal-
ing in the whole range, the correlation exponent being
α = α1 � min{αmag,αsign}.

Another conclusion we can extract from this case is that
it is not possible to generate series with an exponent of
correlation greater than α = 1.5 when composing series by
means of independent magnitudes and signs. We try to obtain
the greatest possible exponent for composed series, by using
αin = 2 for the magnitude (αmag � 1.9) and αin = 2 for the

1.2 1.4 1.6 1.8
α

0.0

0.5

1.0

FIG. 10. Distribution of exponents of series obtained with αmag �
1.9 and αsign � 1.5. The size of the series is 220, and results are
averaged over 105 series.

sign (αsign � 1.5). Then we compose each pair of magnitude
and sign series, obtain α of the composed series, and represent
the distribution. The results (Fig. 10) show a distribution with
a sharp peak at α = 1.5 (min{αmag,αsign}) in agreement with
what we explained previously. By visual inspection, the few
series we have observed with α > 1.5 correspond to situations
where the scaling of the composed series is not very good,
together with those few situations where the crossover is
observable. Last, Table I summarizes the results obtained in
this section.

V. MULTIFRACTAL PROPERTIES OF COMPOSED SERIES

In the previous section we studied only linear correlations
of the composed series. However, it has been reported [4,5]
that series with correlated magnitude (αmag > 0.5) and uncor-
related sign (αsign = 0.5) also present nonlinear correlations
(multifractal properties). Thus, in this section we analyze the
multifractal properties of the composed series.

However, our results for composed series presented in
Sec. IV indicate the existence of crossovers in the scaling at �c

whenever αsign > 1. Such behavior could lead to the existence
of two different multifractal spectra below and above �c.
Furthermore, it is not even guaranteed that �c = const for the
different moments of order q, thus precluding a straightforward
calculation of both spectra.

For this reason, we restrict ourselves to the regime αsign < 1
where, first, the composed time series posses single scaling
and, second, the linear correlations in the composed time
series are directly controlled by the sign series (α = αsign).
In addition, we have observed that when αmag > 1.2, there
are numerical instabilities when calculating the multifractal
spectra of composed series. Then we study here the multifractal

TABLE I. Results obtained for composition of independent
magnitudes and signs.

αsign αmag α Crossover

<1 [0.5,2] αsign No
>1 <1 � < �c α1 = αmag �c ∝ Nk

� > �c α2 = αsign k = αsign−1
αsign−αmag

>1 >1 min{αmag,αsign} Not observable
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FIG. 11. (a) Relation between �ζ and αmag of composed series
by means of independent magnitudes and signs. �ζ increases linearly
with αmag when the magnitude series leave the uncorrelated regime
(αmag > 0.5), whereas αsign does not play an important role in the
value of �ζ . Series are 218 long, and results are averaged over an
ensemble of 50 series. (b) Example of multifractal spectra of 218 long
series with αmag = 0.95 and αsign in the interval [0.5,1]. To obtain the
multifractral spectra, the MFDFA analysis (5) has been carried out
for moments q ∈ [−5,5]. Despite varying αsign, �ζ is practically the
same for all cases. Spectra are centered in ζmax � αsign. (c) Relation
between αsign and ζmax for the multifractal spectra obtained in (b).
The data were linearly fitted with slope 0.95.

properties of composed time series with αmag and αsign in the
intervals [0.5,1.2] and [0.5,1] respectively.

Specifically, we calculate the multifractal spectrum for each
composed series using MFDFA (see Sec. II B) and study
systematically two properties: the width of the multifractal
spectrum, �ζ , and the location of its center, ζmax.

Concerning the properties of the spectral width, we observe
that �ζ depends only on αmag, and it is practically independent
of the αsign value. Both properties are shown in Fig. 11(a),
where we also notice that the dependence of �ζ on αmag is
essentially linear. This is an interesting property: given an input
αmag value in the composition, we control directly the strength
of the nonlinearities of the composed time, since such strength
is quantified by �ζ .

We also study how the linear correlations present in the
composed series, which are controlled by αsign (α = αsign),
affect the location of the center of the multifractal spectrum,
ζmax. We observe that, for a fixed αmag value (and then for
constant �ζ ), the whole multifractal spectrum is displaced
proportionally to the αsign value [see Fig. 11(b)]. Indeed, if we
calculate numerically the location of the center of the spectrum,
ζmax, we obtain a very good linear dependence of ζmax on αsign

[Fig. 11(c)], with slope � 1.
In conclusion, the multifractal properties of composed

time series obtained by multiplying independent magnitude
and signs are completely controlled by only two parameters,
the correlation exponents αsign and αmag. While the first one

controls the linear correlations of the composed series (α)
and the location of the center of the multifractal spectrum
(ζmax), the second quantifies the width of the spectrum (�ζ )
and then the strength of the nonlinearities in the composed
series. Obviously this procedure can be used as an algorithm
for the generation of complex artificial time series possessing
not only prescribed linear long-range correlations (as FFM)
but also controlled multifractal properties.

VI. CONCLUSIONS

We have presented a systematic study of the correlation
properties of the decomposition of artificial long-range power-
law linearly correlated time series into their magnitude and
sign series as well as the correlation properties, including
nonlinear ones, of the composed series obtained as products
of independent magnitude and sign series.

Regarding the decomposition problem, we have studied the
correlations of the magnitude and sign of a variety of fractional
Gaussian noises and fractional Brownian motions generated
by means of the Fourier Filtering Method, one of the most
widely used to generate artificial linear correlated series. The
results are summarized in Fig. 3. In addition, we have obtained
analytical expressions for the correlation exponent of the sign
series αsign [Eq. (16)]. In particular, we show that αsign � 3/2
independently of the correlations of the original series. These
results, together with those obtained here numerically for the
magnitude shown in Fig. 3 (also in agreement with Kalisky
et al. [5] for the square of the series), will be of great help
in order to model surrogate time series. For example, the
sign series obtained from the decomposition are often used
to generate correlated binary series in the study of DNA
sequences [13,25,30] or disordered binary solids [33] as well
as to generate distributions of first-passage times of correlated
series [6]. It is also worth mentioning that, following the results
shown in Sec. III, it is clear that long-range anticorrelated
binary sequences cannot be obtained using this method, a
drawback shared with other methods [26–28].

Apart from the utility of the decomposition to generate
surrogate series, the comparison of the results obtained here for
artificial linear series with those obtained from real data would
help to unveil the existence of coupling in the mechanisms
responsible for the magnitude and sign of the increments or
to discard it. This information is instrumental for the study of
the underlying processes generating complex nonlinear time
series such as those obtained from physiological systems.

By means of the composition, we studied the correlations
in series obtained as the product of independent series of
correlated magnitudes and signs.

First, we explore the linear correlations as measured by
the DFA exponent and find that, only for those composed
series with αsign < 1, we obtain a scale-free behavior, i.e.,
a fit to a single power law of F (�) in the whole range.
In addition, the correlation exponent of the composition is
given by αsign independently of αmag. On the other hand, for
αsign � 1, we observe clear crossovers for αmag < 1 whose
position, �c, can be obtained analytically [Eq. (27)]. Here the
composed signal scales with α1 � αmag for � < �c whereas for
� > �c it scales with α2 � αsign. For αmag � 1 we show that
the crossovers, although theoretically predicted, are difficult
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to detect in practice and the composed signal approximately
scales with a single exponent given by α1 = min{αmag,αsign}.
As a consequence of this and taking into account that αsign �
3/2, the composition cannot produce signals with correlation
exponents above 3/2. Results are summarized in Table I.

Finally, we analyze the nonlinear properties of the com-
posed signals by means of MFDFA in the region αsign < 1. As
a measure of the nonlinearity in the signal we use the width of
the multifractal exponent (�ζ ) and show that it grows almost
linearly with αmag, thus indicating that the nonlinear properties
of the composed signals are controlled by the correlations in
the magnitude. In addition, we also find that �ζ is independent
of αsign. This last result is interesting because it means that we
can generate surrogate signals for which we can fix both the
linear correlations (αsign) and the strength of the nonlinearity
(�ζ ).
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APPENDIX A: FLUCTUATIONS OF THE SIGN OF
NONSTATIONARY SERIES (α � 1)

Let us consider a long-range fractal correlated series with
α � 1 (fBM), if we denote as x the size of a segment without
changes of sign inside it (i.e., segments of constant sign, or
simply “segments”), it is known [6] that the distribution of
x follows a power law with exponent α − 3, which, once
normalized, can be written as

p(x) = (2 − α)N2−α

N2−α − 1
xα−3. (A1)

The mean value 〈x〉 of the constant-sign segments will be given
by

〈x〉 =
∫ N

1
p(x) dx =

(
2 − α

α − 1

)
N − N2−α

N2−α − 1
, (A2)

and the mean number of such segments inside a series of length
N :

n = N

〈x〉 =
(

α − 1

2 − α

)
N2−α − 1

1 − N1−α
. (A3)

When evaluating the fluctuations at a given window size
�, only the portion of the signal covered by segments with
x < � will give a nonzero contribution: for the remainder of
the signal the full window of size � will be located inside a
segment of constant sign, and then without internal fluctuation
and its contribution to Fsign(�) will be zero [34].

In order to evaluate the portion of the signal covered by
segments with x < �, first we evaluate the probability that a
given segment is smaller than �:

P (x < �) =
∫ �

1
p(x) dx = 1 − N2−α − �2−α

�2−α[N2−α − 1]
, (A4)

the average size of those segments,

〈x<�〉 =
∫ �

1 x p(x) dx

P (x < �)
=

(
2 − α

α − 1

)
�α−1 − 1

1 − �α−2
, (A5)

and the fraction of the series covered by segments with x < �:

f (x < �) = nP (x < �) 〈x<�〉
N

= �α−1 − 1

Nα−1 − 1
� �α−1

Nα−1
.

(A6)

If we denote by i the number of 1’s in a window of size � it
is straightforward to obtain that the variance of the window is
given by

var(i,�) = 4i

�
− 4i2

�2
. (A7)

Taking into account that for N large enough we will find all
possible values of i ∈ {1,2, . . . ,� − 1}, we can assume that
the averaged variance in windows of size � located within
segments with x < � will be

var(�) = f (x < �)〈var(i,�)〉i

= �α−1

Nα−1

1

� − 1

(
2

3
� − 2

3�

)
∝

(
�

N

)α−1

, (A8)

and the average standard deviation inside windows of size �

σ (�) =
√

var(�) ∝
(

�

N

) α−1
2

. (A9)

Fsign(�) measures the rms fluctuations of the integrated signal
with respect to � and then

Fsign(�) ∝ σ (�) � ∝ �
1
2 (α+1)

N
1
2 (α−1)

= �αsign

Nαsign−1 , (A10)

where αsign = 1
2 (α + 1) is the DFA exponent of the sign series

for 1 � α < 2.
For higher values of α equations from (A1) to (A3) are

no longer valid [6] and now the number of segments, n, is
constant and independent of N . For a given window length �,
only n out of N/� windows will contribute with nonvanishing
variance, and thus we can write

var(�) = n�

N
〈var(i,�)〉i

= n�

N

1

� − 1

(
2

3
� − 2

3�

)
∝ �

N
, (A11)

Fsign(�) ∝ �
3
2

N
1
2

= �αsign

Nαsign−1 , (A12)

where αsign = 3
2 is the DFA exponent of the sign series for

α � 2.
Note that both results [Eqs. (A10) and (A12)], agree with

the fact that the fluctuations in a nonstationary series should
depend on the size of the series, N .

APPENDIX B: AUTOCORRELATION FUNCTION
OF A TIME SERIES WITH UNCOUPLED

MAGNITUDE AND SIGN

The autocorrelation function of a time series {xi} at distance
�, normally distributed with zero mean and unit standard
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deviation, is given by

C(�) = 〈xixi+�〉 − 〈xi〉〈xi+�〉
σ 2

= 〈xixi+�〉, (B1)

where 〈·〉 denotes average over the series. Obviously we can
write

C(�) = 〈sgn(xi)|xi |sgn(xi+�)|xi+�|〉, (B2)

C(�) = 〈sgn(xi)sgn(xi+�)|xixi+�|〉, (B3)

where sgn(·) denotes the sign function. If we consider that
magnitude and sign are not coupled (i.e., they are independent
random variables) we can assume that

C(�) = 〈sgn(xi)sgn(xi+�)〉〈|xixi+�|〉, (B4)

C(�) = Csign(�)〈|xixi+�|〉, (B5)

where Csign(�) is the autocorrelation function at distance � of
the sign time series. On the other hand, we can write for the
autocorrelation function of the magnitude time series:

Cmag(�) = 〈|xixi+�|〉 − 〈|xi |〉〈|xi+�|〉
〈|xi |2〉 − 〈|xi |〉2

, (B6)

and, taking into account that {xi} are normally distributed with
zero mean and unit variance, it follows that

〈|xi |〉 =
√

2

π
and 〈|xi |2〉 = 1. (B7)

Replacing in Eq. (B6) we get

〈|xixi+�|〉 = (π − 2)Cmag(�) + 2

π
, (B8)

and finally replacing 〈|xixi+�|〉 in Eq. (B4):

C(�) = Csign(�)
(π − 2)Cmag(�) + 2

π
. (B9)
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MANUEL GÓMEZ-EXTREMERA et al. PHYSICAL REVIEW E 93, 042201 (2016)

[26] F. M. Izrailev, A. A. Krokhin, N. M. Makarov, and O. V.
Usatenko, Generation of correlated binary sequences from white
noise, Phys. Rev. E 76, 027701 (2007).

[27] O. V. Usatenko, S. S. Melnik, S. S. Apostolov, N. M. Makarov,
and A. A. Krokhin, Iterative method for generating correlated
binary sequences, Phys. Rev. E 90, 053305 (2014).

[28] S. Hod and U. Keshet, Phase transition in random walks with
long-range correlations, Phys. Rev. E 70, 015104(R) (2004).

[29] S. S. Apostolov, F. M. Izrailev, N. M. Makarov, Z. A. Mayzelis,
S. S. Melnyk, and O. V. Usatenko, The Signum function method
for the generation of correlated dichotomic chains, J. Phys. A:
Math. Theor. 41, 175101 (2008).

[30] P. Bernaola-Galván, P. Carpena, R. Roman-Roldán, and J. L.
Oliver, Study of statistical correlations in DNA sequences, Gene
300, 105 (2002).

[31] P. Carpena, J. Aguiar, P. Bernaola-Galván, and C. Carnero-
Ruiz, Problems Associated with the treatment of conductivity-
concentration data in surfactant solutions: Simulations and
experiments, Langmuir 18, 6054 (2002).

[32] J. W. Kantelhardt, S. Russ, A. Bunde, S. Havlin, and I. Webman,
Comment on “Delocalization in the 1D Anderson model
with long-range correlated disorder,” Phys. Rev. Lett. 84, 198
(2000).

[33] P. Carpena, P. Bernaola-Galván, P. Ch. Ivanov, and H. E. Stanley,
Metal-insulator transition in chains with correlated disorder,
Nature (London) 418, 955 (2002).

[34] To be precise, for each segment of constant sign with x > �

we will have at most two windows that partially belong to
the segment, but, especially for α > 1, this effect will be
negligible.

042201-12

http://dx.doi.org/10.1103/PhysRevE.76.027701
http://dx.doi.org/10.1103/PhysRevE.76.027701
http://dx.doi.org/10.1103/PhysRevE.76.027701
http://dx.doi.org/10.1103/PhysRevE.76.027701
http://dx.doi.org/10.1103/PhysRevE.90.053305
http://dx.doi.org/10.1103/PhysRevE.90.053305
http://dx.doi.org/10.1103/PhysRevE.90.053305
http://dx.doi.org/10.1103/PhysRevE.90.053305
http://dx.doi.org/10.1103/PhysRevE.70.015104
http://dx.doi.org/10.1103/PhysRevE.70.015104
http://dx.doi.org/10.1103/PhysRevE.70.015104
http://dx.doi.org/10.1103/PhysRevE.70.015104
http://dx.doi.org/10.1088/1751-8113/41/17/175101
http://dx.doi.org/10.1088/1751-8113/41/17/175101
http://dx.doi.org/10.1088/1751-8113/41/17/175101
http://dx.doi.org/10.1088/1751-8113/41/17/175101
http://dx.doi.org/10.1016/S0378-1119(02)01037-5
http://dx.doi.org/10.1016/S0378-1119(02)01037-5
http://dx.doi.org/10.1016/S0378-1119(02)01037-5
http://dx.doi.org/10.1016/S0378-1119(02)01037-5
http://dx.doi.org/10.1021/la025770y
http://dx.doi.org/10.1021/la025770y
http://dx.doi.org/10.1021/la025770y
http://dx.doi.org/10.1021/la025770y
http://dx.doi.org/10.1103/PhysRevLett.84.198
http://dx.doi.org/10.1103/PhysRevLett.84.198
http://dx.doi.org/10.1103/PhysRevLett.84.198
http://dx.doi.org/10.1103/PhysRevLett.84.198
http://dx.doi.org/10.1038/nature00948
http://dx.doi.org/10.1038/nature00948
http://dx.doi.org/10.1038/nature00948
http://dx.doi.org/10.1038/nature00948


2018/6/11 Web of Science [v.5.29] - All Databases Full Record

http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=3&doc=119 1/5

Web of Science

Magnitude and sign of long-range correlated time series:

Decomposition and surrogate signal generation

By: Gomez-Extremera, M (Gomez-Extremera, Manuel)[ 1 ] ; Carpena, P (Carpena, Pedro)[ 1 ] ; Ivanov, PC

(Ivanov, Plamen Ch.)[ 2,3,4,5 ] ; Bernaola-Galvan, PA (Bernaola-Galvan, Pedro A.)[ 1 ]

View ResearcherID and ORCID

PHYSICAL REVIEW E

Volume:  93  Issue:  4

Article Number:  042201

DOI:  10.1103/PhysRevE.93.042201

Published:  APR 4 2016

Document Type: Article

View Journal Impact

Abstract

We systematically study the scaling properties of the magnitude and sign of the fluctuations in

correlated time series, which is a simple and useful approach to distinguish between systems with

different dynamical properties but the same linear correlations. First, we decompose artificial long-

range power-law linearly correlated time series into magnitude and sign series derived from the

consecutive increments in the original series, and we study their correlation properties. We find

analytical expressions for the correlation exponent of the sign series as a function of the exponent of

the original series. Such expressions are necessary for modeling surrogate time series with desired

scaling properties. Next, we study linear and nonlinear correlation properties of series composed as

products of independent magnitude and sign series. These surrogate series can be considered as a

zero-order approximation to the analysis of the coupling of magnitude and sign in real data, a

problem still open in many fields. We find analytical results for the scaling behavior of the composed

series as a function of the correlation exponents of the magnitude and sign series used in the

composition, and we determine the ranges of magnitude and sign correlation exponents leading to

either single scaling or to crossover behaviors. Finally, we obtain how the linear and nonlinear

properties of the composed series depend on the correlation exponents of their magnitude and sign

series. Based on this information we propose a method to generate surrogate series with controlled

correlation exponent and multifractal spectrum.

Keywords

KeyWords Plus: SCALING BEHAVIOR; HUMAN HEARTBEAT; DNA-SEQUENCES; FLUCTUATIONS;

PERMEABILITY; DISORDER; MODEL

Author Information

Reprint Address: Gomez-Extremera, M (reprint author)

Univ Malaga, ETSI Telecomunicac, Dept Fis Aplicada 2, E-29071 Malaga, Spain.

Addresses:

[ 1 ] Univ Malaga, ETSI Telecomunicac, Dept Fis Aplicada 2, E-29071 Malaga, Spain

[ 2 ] Boston Univ, Dept Phys, Keck Lab Network Physiol, Boston, MA 02215 USA

[ 3 ] Harvard Univ, Sch Med, Boston, MA 02115 USA

[ 4 ] Brigham & Womens Hosp, Div Sleep Med, Boston, MA 02115 USA

Citation Network

In Web of Science Core Collection

8
Times Cited

Create Citation Alert

All Times Cited Counts

8 in All Databases

See more counts

33 

Cited References

View Related Records

Most recently cited by:

Racz, Frigyes Samuel; Mukli, Peter; Nagy,

Zoltan; et al.

Multifractal dynamics of resting-state

functional connectivity in the prefrontal

cortex.

PHYSIOLOGICAL MEASUREMENT (2018)

Qin, Yu-Hao; Zhao, Zhi-Dan; Cai, Shi-Min;

et al.

Dual-induced multifractality in online

viewing activity.

CHAOS (2018)

View All

Use in Web of Science

Web of Science Usage Count

1 8 

Last 180 Days Since 2013

This record is from:

Web of Science Core Collection

 
View Record in Other Databases:

View medical data (in MEDLINE®)

Web of Science InCites Journal Citation Reports Essential Science Indicators EndNote Publons Sign In Help English 

My Tools Searches and alerts Search History Marked List

 Free Full Text from Publisher       Add to Marked ListSave to EndNote online

 119  of  127 

Learn more

Search Search Results

http://apps.webofknowledge.com/home.do?SID=6Ed7LOEQCNVxUfGPZGT
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Gomez-Extremera,%20M&ut=11102419&pos=1&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:sup_focus('addressWOS:000373585400003-1')
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Carpena,%20P&ut=547826&pos=2&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:sup_focus('addressWOS:000373585400003-1')
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Ivanov,%20PC&ut=224723&pos=3&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:sup_focus('addressWOS:000373585400003-2')
javascript:sup_focus('addressWOS:000373585400003-3')
javascript:sup_focus('addressWOS:000373585400003-4')
javascript:sup_focus('addressWOS:000373585400003-5')
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&SID=6Ed7LOEQCNVxUfGPZGT&field=AU&value=Bernaola-Galvan,%20PA&ut=9986039&pos=4&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:sup_focus('addressWOS:000373585400003-1')
javascript:hide_show('show_resc_blurb', 'inline');hide_show('show_resc_blurb_link', 'none');hide_show('hide_resc_blurb_link', 'inline')
javascript:;
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=SCALING+BEHAVIOR&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=HUMAN+HEARTBEAT&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=DNA-SEQUENCES&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=FLUCTUATIONS&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=PERMEABILITY&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=DISORDER&uncondQuotes=true
http://apps.webofknowledge.com/OneClickSearch.do?product=UA&search_mode=OneClickSearch&excludeEventConfig=ExcludeIfFromFullRecPage&SID=6Ed7LOEQCNVxUfGPZGT&field=TS&value=MODEL&uncondQuotes=true
javascript:hide_show('reprint_pref_org_exp_link_1', 'inline');hide_show('show_reprint_pref_org_exp_link_1', 'none');hide_show('hide_reprint_pref_org_exp_link_1', 'inline')
javascript:hide_show('research_pref_org_exp_link_1', 'inline');hide_show('show_research_pref_org_exp_link_1', 'none');hide_show('hide_research_pref_org_exp_link_1', 'inline')
javascript:hide_show('research_pref_org_exp_link_2', 'inline');hide_show('show_research_pref_org_exp_link_2', 'none');hide_show('hide_research_pref_org_exp_link_2', 'inline')
javascript:hide_show('research_pref_org_exp_link_3', 'inline');hide_show('show_research_pref_org_exp_link_3', 'none');hide_show('hide_research_pref_org_exp_link_3', 'inline')
javascript:hide_show('research_pref_org_exp_link_4', 'inline');hide_show('show_research_pref_org_exp_link_4', 'none');hide_show('hide_research_pref_org_exp_link_4', 'inline')
http://apps.webofknowledge.com/CitingArticles.do?product=WOS&REFID=507685556&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=119&excludeEventConfig=ExcludeIfFromFullRecPage
javascript:csiovl('PCTAdd', '/OutboundService.do?action=go&mode=PCTAdd&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&component=pct&forwardTo=None&qid=1&doc=119&colName=WOS&num_cited=8');
http://apps.webofknowledge.com/CitingArticles.do?REFID=507685556&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=119&product=UA&betterCount=8&excludeEventConfig=ExcludeIfFromFullRecPage&fromPID=WOS&toPID=UA
http://apps.webofknowledge.com/InterService.do?product=WOS&toPID=WOS&action=AllCitationService&isLinks=yes&highlighted_tab=WOS&last_prod=WOS&fromPID=UA&returnLink=http%3a%2f%2fapps.webofknowledge.com%2ffull_record.do%3fhighlighted_tab%3dUA%26search_mode%3dGeneralSearch%26qid%3d1%26log_event%3dyes%26product%3dUA%26SID%3d6Ed7LOEQCNVxUfGPZGT%26viewType%3dfullRecord%26doc%3d119%26page%3d3&srcDesc=RET2UA&srcAlt=Back+to+All+Databases&UT=WOS:000373585400003&search_mode=CitedRefList&SID=6Ed7LOEQCNVxUfGPZGT&parentProduct=UA&parentQid=1&parentDoc=119&recid=WOS:000373585400003&PREC_REFCOUNT=33&fromRightPanel=true
http://apps.webofknowledge.com/InterService.do?product=WOS&toPID=WOS&action=AllCitationService&isLinks=yes&highlighted_tab=WOS&last_prod=WOS&fromPID=UA&returnLink=http%3a%2f%2fapps.webofknowledge.com%2ffull_record.do%3fhighlighted_tab%3dUA%26search_mode%3dGeneralSearch%26qid%3d1%26log_event%3dyes%26product%3dUA%26SID%3d6Ed7LOEQCNVxUfGPZGT%26viewType%3dfullRecord%26doc%3d119%26page%3d3&srcDesc=RET2UA&srcAlt=Back+to+All+Databases&UT=WOS:000373585400003&parentProduct=UA&parentQid=1&search_mode=RelatedRecords&SID=6Ed7LOEQCNVxUfGPZGT&parentDoc=119
http://apps.webofknowledge.com//full_record.do?search_mode=MostRecentCitingArticles&qid=136&page=1&excludeEventConfig=ExcludeIfFromMostRecent&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&recordID=WOS:000426509400002&doc=1
http://apps.webofknowledge.com//full_record.do?search_mode=MostRecentCitingArticles&qid=136&page=1&excludeEventConfig=ExcludeIfFromMostRecent&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&recordID=WOS:000423872800017&doc=2
http://apps.webofknowledge.com/CitingArticles.do?product=UA&REFID=507685556&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=1&parentDoc=119&excludeEventConfig=ExcludeIfFromFullRecPage&betterCount=8
http://apps.webofknowledge.com/full_record.do?doc=119&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&qid=1&search_mode=&recordID=MEDLINE%3a27176287&excludeEventConfig=ExcludeIfFromFullRecPage&fromPID=UA&toPID=MEDLINE&colName=MEDLINE
javascript:;
javascript: void('InCites')
javascript: void('JCR')
javascript: void('ESI')
javascript: void('EndNote')
javascript: void('PUBLONS')
javascript:void(0);
javascript: void('Help')
javascript: void(0)
javascript: void(0)
javascript: void(0)
http://apps.webofknowledge.com/UA_CombineSearches_input.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CombineSearches
http://apps.webofknowledge.com/ViewMarkedList.do?action=Search&product=UA&SID=6Ed7LOEQCNVxUfGPZGT&mark_id=UDB&search_mode=MarkedList&entry_prod=UA
javascript:;
javascript:;
javascript:;
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=3&doc=118
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=3&doc=120
http://apps.webofknowledge.com/UA_GeneralSearch_input.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=GeneralSearch
http://apps.webofknowledge.com/summary.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=3


2018/6/11 Web of Science [v.5.29] - All Databases Full Record

http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&page=3&doc=119 2/5

(from Web of Science Core Collection)

[ 5 ] Bulgarian Acad Sci, Inst Solid State Phys, BU-1784 Sofia, Bulgaria

Funding

Funding Agency Grant Number

Spanish Junta de Andalucia  FQM-7964 

Spanish Government  FIS2012-36282 

W. M. Keck Foundation   

National Institutes of Health (NIH)  1R01-HL098437 

Office of Naval Research (ONR)  000141010078 

US-Israel Binational Science Foundation (BSF)  2012219 

View funding text    

Publisher

AMER PHYSICAL SOC, ONE PHYSICS ELLIPSE, COLLEGE PK, MD 20740-3844 USA

Journal Information

Impact Factor: Journal Citation Reports

Categories / Classification

Research Areas: Physics

Web of Science Categories: Physics, Fluids & Plasmas; Physics, Mathematical

See more data fields

Suggest a correction

If you would like to improve the quality of

the data in this record, please suggest a

correction.

 119  of  127 

Cited References: 33

Showing 30 of 33 View All in Cited References page

DYNAMICAL MODEL FOR DNA-SEQUENCES

By: ALLEGRINI, P; BARBI, M; GRIGOLINI, P; et al.

PHYSICAL REVIEW E  Volume: 52   Issue: 5   Pages: 5281-5296   Part: B   Published: NOV 1995

Times Cited: 76  

The Signum function method for the generation of correlated dichotomic chains

By: Apostolov, S. S.; Izrailev, F. M.; Makarov, N. M.; et al.

JOURNAL OF PHYSICS A-MATHEMATICAL AND THEORETICAL  Volume: 41   Issue: 17     Article Number: 175101   Published:

MAY 2 2008

Times Cited: 9  

Magnitude and sign scaling in power-law correlated time series

By: Ashkenazy, Y; Havlin, S; Ivanov, PC; et al.

PHYSICA A-STATISTICAL MECHANICS AND ITS APPLICATIONS  Volume: 323   Pages: 19-41   Published: MAY 15 2003

Times Cited: 108  

Magnitude and sign correlations in heartbeat fluctuations

By: Ashkenazy, Y; Ivanov, PC; Havlin, S; et al.

PHYSICAL REVIEW LETTERS  Volume: 86   Issue: 9   Pages: 1900-1903   Published: FEB 26 2001

Times Cited: 299  

Nonlinear correlations of temperature records over land, Nonlin

By: Bartos, I.; Janosi, I. M.

Processes Geophys  Volume: 571   Published: 2006

Times Cited: 1  

1.

2.

3.

4.

5.

javascript:hide_show('research_pref_org_exp_link_5', 'inline');hide_show('show_research_pref_org_exp_link_5', 'none');hide_show('hide_research_pref_org_exp_link_5', 'inline')
javascript:hide_show('show_fund_blurb', 'inline');hide_show('show_fund_blurb_link', 'none');hide_show('hide_fund_blurb_link', 'inline')
javascript:;
javascript:;
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=3&doc=118
http://apps.webofknowledge.com/full_record.do?product=UA&search_mode=GeneralSearch&qid=1&SID=6Ed7LOEQCNVxUfGPZGT&excludeEventConfig=ExcludeIfFromFullRecPage&page=3&doc=120
http://apps.webofknowledge.com/summary.do?product=UA&parentProduct=UA&search_mode=CitedRefList&parentQid=1&parentDoc=119&qid=135&SID=6Ed7LOEQCNVxUfGPZGT&colName=WOS&page=1
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:A1995TG33700026
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=135&parentDoc=1&REFID=3305810&betterCount=76&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000255659800005
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=135&parentDoc=2&REFID=289523736&betterCount=9&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000183223900003
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=135&parentDoc=3&REFID=41265633&betterCount=108&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitedFullRecord.do?product=UA&colName=WOS&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitedFullRecord&isickref=WOS:000167172400059
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=135&parentDoc=4&REFID=17739262&betterCount=299&excludeEventConfig=ExcludeIfFromNonInterProduct
http://apps.webofknowledge.com/CitingArticles.do?product=UA&SID=6Ed7LOEQCNVxUfGPZGT&search_mode=CitingArticles&parentProduct=UA&parentQid=135&parentDoc=5&REFID=508279868&betterCount=1&excludeEventConfig=ExcludeIfFromNonInterProduct


This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 128.197.42.69

This content was downloaded on 18/10/2016 at 20:53

Please note that terms and conditions apply.

You may also be interested in:

Co-controllability of drug-disease-gene network

Peng Gang Sun

From physics to pharmacology?

Richard J Allen and Timothy C Elston

The unforeseen challenge: from genotype-to-phenotype in cell populations

Erez Braun

Network-based association of hypoxia-responsive genes with cardiovascular diseases

Rui-Sheng Wang, William M Oldham and Joseph Loscalzo

Revealing networks from dynamics: an introduction

Marc Timme and Jose Casadiego

From functional to structural connectivity using partial correlation in neuronal assemblies

Daniele Poli, Vito Paolo Pastore, Sergio Martinoia et al.

A review of progress in single particle tracking: from methods to biophysical insights

Carlo Manzo and Maria F Garcia-Parajo

Focus on the emerging new fields of network physiology and network medicine

View the table of contents for this issue, or go to the journal homepage for more

2016 New J. Phys. 18 100201

(http://iopscience.iop.org/1367-2630/18/10/100201)

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/article/10.1088/1367-2630/17/8/085009
http://iopscience.iop.org/article/10.1088/0034-4885/74/1/016601
http://iopscience.iop.org/article/10.1088/0034-4885/78/3/036602
http://iopscience.iop.org/article/10.1088/1367-2630/16/10/105014
http://iopscience.iop.org/article/10.1088/1751-8113/47/34/343001
http://iopscience.iop.org/article/10.1088/1741-2560/13/2/026023
http://iopscience.iop.org/article/10.1088/0034-4885/78/12/124601
http://iopscience.iop.org/1367-2630/18/10
http://iopscience.iop.org/1367-2630
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


New J. Phys. 18 (2016) 100201 doi:10.1088/1367-2630/18/10/100201

EDITORIAL

Focus on the emerging new fields of network physiology and network
medicine

PlamenCh Ivanov1,2,3,6, KangKLLiu1,4 andRonnyPBartsch5

1 Keck Laboratory forNetwork Physiology, Department of Physics, BostonUniversity, Boston,MA,USA
2 HarvardMedical School andDivision of SleepMedicine, Brigham andWomenHospital, Boston,MA02115,USA
3 Institute of Solid State Physics, BulgarianAcademy of Sciences, Sofia 1784, Bulgaria
4 Department ofNeurology, Beth Israel DeaconessMedical Center andHarvardMedical School, Boston,Massachusetts, USA
5 Department of Physics, Bar-IlanUniversity, Ramat Gan, 5290002, Israel
6 Editor of the ‘focus on’ issue.

E-mail: plamen@buphy.bu.edu

Abstract
Despite the vast progress and achievements in systems biology and integrative physiology in the last
decades, there is still a significant gap in understanding themechanisms throughwhich (i) genomic,
proteomic andmetabolic factors and signaling pathways impact vertical processes across cells, tissues
and organs leading to the expression of different disease phenotypes and influence the functional and
clinical associations between diseases, and (ii)howdiverse physiological systems and organs
coordinate their functions over a broad range of space and time scales and horizontally integrate to
generate distinct physiologic states at the organism level. Two emerging fields, networkmedicine and
network physiology, aim to address these fundamental questions. Novel concepts and approaches
derived from recent advances in network theory, coupled dynamical systems, statistical and
computational physics showpromise to provide new insights into the complexity of physiological
structure and function in health and disease, bridging the genetic and sub-cellular level with inter-
cellular interactions and communications among integrated organ systems and sub-systems. These
advances form first building blocks in themethodological formalism and theoretical framework
necessary to address fundamental problems and challenges in physiology andmedicine. This ‘focus
on’ issue contains 26 articles representing state-of-the-art contributions covering diverse systems
from the sub-cellular to the organism level where physicists have key role in laying the foundations of
these newfields.

1. Introduction

A fundamental problem encountered in physical, biological and physiological systems is to quantify and
understand phenomenawhere global behavior across systems emerges out of networked interactions among
dynamically-changing entities with coupling forms that are function of time. In the context of systems biology,
humanphysiology andmedicine, recent advances in complex networks theory [1, 2] have stimulated and
facilitated the development of newfields of research.

Studies initiated by physicists have utilized graph theory and network approaches to cellular interactions to
build genetic, protein–protein interaction,metabolic and regulatory networkswith the aim to understand the
associations between genomic and proteomic factors and disease phenotypes [3–7]. This has led to the
emergence of networkmedicine as a new interdisciplinary field of active research [8–11].

Following the reductionist approach, systems biology has traditionally focused on identifying key elements
inside the cell and on establishing their role in cellular function. Recent research in systems biology has been
facilitated also by integrative network approaches where graph theory is utilized to obtain knowledge graphs,
connecting biological observations of relationships among cell elements, with the aim to uncover complex intra-
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cellular signaling pathways and to treat available genomic, proteomic andmetabolic information in a
generalized systematic way. Thus, fundamental questions related to how genomic and proteomic factors relate
to the suppression or expression of particular disease phenotypes have triggered a shift in paradigm leading to
the emerging new field of networkmedicine. Further, this new field has developed novel concepts andmethods
to establish and predict associations between clusters of different disease phenotypes and shared genes [6, 7, 12].
The networkmedicine frameworkmade it also possible to define and predict the role of genes and proteins in the
expression of a particular disease based on the neighborhood of genes in the network (networkmotifs and
modules), allowing to identify potential new genes thatmay play role in disease phenotype expression [5, 12–15].
This new perspective led to identification of disease genes based on correlations between their location in the
interactome and their network topology.

Establishing functional relationships between the signature of specific genes in the network environment
and their potential role in themechanisms underlying disease phenotype expression is a fundamental
breakthrough due to networkmedicine, as currently only about 10%of all genes have knowndisease association
[16]. The integrative framework of networkmedicine has helped to further extend genetic and phenotypic
networks derived for intra-cellular interactions to account for tissue and organ specificity in gene connectivity
and disease association, and to establish principles of gene interactions across cells and tissues [17–20].More
recent developments in networkmedicine have added another level of integration through layeredmultiplex
networks that combine genetic networks with awide range of co-morbidity factors to understand their role in
modifying the action of disease-causing genes [17] and the likelihood of disease phenotype expression in the
presence of other diseases and risk factors [21, 22].

Investigations of intra- and inter-cellular signaling pathways and how alterations in these pathways lead to
cascades of failure across protein andmetabolic interaction networks opened theway to build the human disease
network [23]—a fundamental discovery resulting fromnetworkmedicine that reveals interrelations and
clustering among distinct diseases based on information derived fromnetworks of genomic, proteomic and
metabolic interactions [11, 24].

Analytic tools from complex networks theory offer new avenues to systematically explore how cellular
components exert their functions through network interactions across cells, tissues and organs in order to
elucidate themolecularmechanisms underlying particular diseases and associations between diseases. In turn,
the developments and discoveries in networkmedicine have initiated newdirections of research in complex
networks, posing new fundamental questions to network theory—for example, the role of individual nodes in
network controllability—that require novelmathematical formalism and theoretical framework. Because of the
inherent cross-fertilization frombiology andmedicine to statistical physics and network science, network
medicine has emerged as a separate, self-sustained interdisciplinary field.

Advances in networkmedicine have laid the foundation of the humandisease network by connecting
microscopic cellular level genomic, proteomic andmetabolic networkswith human epidemiology at the
macroscopic organism level.While systems biology and integrative physiology have focused on the vertical
integration from the sub-cellular and cellular level to tissues and organs [25], there is awide gap of knowledge in
the direction of horizontal integration at the level of organ-to-organ interactions. A newfield, network
physiology, has emerged tofill this gap and to address the fundamental question of howphysiological systems
coordinate, synchronize and integrate their dynamics to optimize functions and tomaintain health. Physiologic
interactions occur atmultiple levels and spatio-temporal scales to generate distinct physiologic states, e.g., wake
and sleep, light and deep sleep, consciousness and unconsciousness. Thus, investigations in network physiology
have focused on (i) structural and functional connectivity of physiologic networks underlying individual organ
systems and their sub-systems [26–29], and (ii) how global behavior at the organism level, i.e., different
physiologic states and functions, arise out of networked interactions among organ systems to generate health or
disease [30, 31]. Disrupting organ communications and their dynamical coordination can lead to dysfunction of
individual systems or to collapse of the entire organism, e.g., coma,multiple organ failure [32, 33]. Thus, in
addition to the traditional approach in physiology that defines health and disease through structural, dynamical
and regulatory changes in individual physiological systems, the new conceptual framework of network
physiology focuses on the coordination and network interactions among diverse organ systems as a hallmark of
physiologic state and function.

Novel computational tools and analytic formalism developed in the field of network physiology have added
new rich dimensions to our understanding of physiologic states and functions. The network physiology
perspective has redefined physiologic states frompoint of view of dynamic networks of organ interactions. This
has helped establishing first associations of distinct physiologic states and conditionswith network topology and
with the temporal characteristics of organ interactions (network links) evenwhen network topology remains
unchanged [30, 31]. It was discovered that brain-organ interactions have preferred channels of communication
(frequency bands) that are specific for each organ [34] and recent efforts in the community by physicists and
physiologists that focused on networks of brain–heart interactions identified new aspects of coupling and
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feedbackmechanisms [35]. By developing the theoretical framework necessary to uncover basic principles of (i)
integration among diverse physiologic systems that leads to complex physiologic functions at the organism level,
and (ii) hierarchical reorganization of physiological networks and their evolution across states and conditions,
investigations in thefield of network physiology provide the building blocks of afirst atlas of dynamic organ
interactions.

Although the interdisciplinary research in both network physiology and networkmedicine takes advantage
of the rapid development in complex networks theory, it is important to note the different focus, philosophy and
theoretical problems in these newfields. In general, links in networkmedicine focus on characterizing statistical
correlation and dependency, and research is focused on the global consequences of network topology and
structure for identifying the specific role of genomic and proteomic factors in expression of disease phenotypes
[11]. In contrast, in network physiology, links represent dynamical coordination between diverse systems and
subsystemswith transient characteristics, and a fundamental question is howphysiologic states and functions
emerge out of the collective dynamics of integrated physiological systems [34, 36].Moreover,markedly different
global behaviors can emerge from the same network topology due tominor temporal changes in the functional
formof physiologic interactions. This poses new challenges to further develop generalizedmethodology
adequate to quantify complex dynamics of networkswhere nodes are not identical but represent diverse
dynamical systemswith diverse forms of couplingwhich continuously change in time. Because of the new type
of problems, the specificity of related challenges and the necessity of new theoretical framework and
interdisciplinary efforts, network physiology has developed into a newfield of research.

Network physiology and networkmedicine are not simply an application of established concepts and
approaches in complex networks theory to existingfields of biomedical research. Their scope extends far beyond
applying knowledge fromonefield (physics and appliedmathematics) to solve problems in another (systems
biology, physiology andmedicine), and require new computational and analytical approaches to extract
information from complex data, to infer transient interactions between dynamically changing systems, and to
quantify global behavior at the organism level generated by networks of interactions that are function of time. In
fact, in recent years, we have alreadywitnessed the broad impact of introducing novel concepts andmethods
derived frommodern statistical physics and network theory to biology andmedicine, shifting the paradigm
from reductionism to a new integrative framework essential to address fundamentally new problems in systems
biology, neuroscience, physiology, clinicalmedicine [37] and even drug discovery [38]. A central focus of
researchwithin this integrative framework is the interplay between structural connectivity and functional
dependency, a key problem in neuroscience and brain research [27, 29]. As a result, new physicalmodels have
beenmotivated and proposed to investigate the dynamical consequences of networks [39–44], which in turn
triggermore theoretical questions for statistical physicists. These synergetic effects certainly establish network
medicine and network physiology as newfields in the landscape of contemporary biomedical research.
Understanding the relationship, conceptual difference, the broad horizon and impact of network physiology
and networkmedicine is important to facilitate an active and productive dialog among physicists, biologists,
physiologists, neuroscientists and clinicians, which is the central focus of this special issue.

In recent years, physicists havemade significant contributions in bothfields of research that led to
discoveries with potential for broad clinical applications. This focus issue is a collection of interdisciplinary
contributions highlighting newdevelopments at the interface between physics, physiology andmedicine,
including: novel applications of complex networks theory to ask newquestions in systems biology; human
disease networks; newphysics of synchronization phenomena in networks of oscillators; new insights in neural
networks and brain structural and functional connectivity; innovativemethods to probe physiological time
series from individual systems and the impact of individual systems on the dynamics of the entire physiologic
network; dynamical networks of organ systems and functional forms of coupling; and clinical applications
derived fromnetworks of physiologic interactions.

2.Networkmedicine

2.1. Newperspectives on systems biology
In contrast to the traditional reductionist approach in systems biology, where focus of investigation is to identify
and quantify the role of singlemolecules, individual genes and separate cellular components, recent advances in
complex networks theory allow for amore holistic approach through studies of networks of interacting cellular
components acrossmultiple levels, from singlemolecules, genes and proteins to signaling pathways and
functionalmodules across cells and tissues.

Investigating the chromatin interaction network, Boulos et al [45] took advantage of a graphical theoretical
approach to uncover ‘master’ replication initiation zones organized at theN/U-domain borders that play key
role in the 3Dorganization of the humanDNA.Utilizing a thermodynamic out-of-equilibrium variational
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principle approach to cellularmetabolic networks, DeMartino et al [46] identify intracellular flux patterns from
extracellularmetabolic interactions and the role of non-equilibrium steady states for the function ofmetabolic
networks. Lin et al [47] develop a Boolean network framework to investigate the dynamics and function of the
p53 regulatory network and the role of this network in tumor suppression, identifying two-phase dynamics in
response toDNAdamage and oncogene activation. Elucidating the signaling network for a two-cell system, Jolly
et al [48] providefirst insights on the operating principles and communicationmechanisms that govern
evolutionary processes of cell development and tumor progression. Extending two dimensional elastic springs
networkmodels of lung tissue, Oliveira et al [49] investigate the formation and growth of isolated regions of
collagen deposition in the lung cell network that increase lung tissue stiffness and lead to the progression of
pulmonaryfibrosis.With a new focus on themesoscale, Klimm et al [50] propose a framework based on a set of
graph descriptors to characterize the position that each individual node takes within themodular and
hierarchical architecture of complex networks to assess the influence of individual nodes to the global dynamics
of the network.

2.2. Towards the humandisease network
Network studies in systems biology have initially focused on deriving information from singlemolecular
networks, protein interaction networks,metabolic and regulatory networks. Advances in network theorywithin
the framework of networkmedicinemake it possible to gain new insights into the properties of biological
networksmore generally. Since cellular signaling processes can spread the effect of a specific genetic abnormality
along the network of links by altering the activity of other gene products that carry no defects, disease phenotype
is rarely a consequence of an abnormality of a single gene product but reflects a broad range of biological
processes that interact in a complex network. Relying on new emerging tools fromnetwork and graph theory,
recent investigations in networkmedicine aim to quantify the complex interdependencies among cellular
components that lead to functional and causal relationships among distinct disease phenotypes. To address the
question of how various human genes associate with different diseases, studies have focused on quantifying
network characteristics that distinguish disease genes fromothers, on detecting correlations between gene
network location and local network topology, and on identifying diseasemodules based on network clustering
of disease genes.

Investigating cell regulatory pathways related to hypoxia genes that are responsible for increasing oxygen
supply and optimizing cellularmetabolismunder limited oxygen supply,Wang et al [51] employ the network
medicine framework to identifymodules of hypoxia and cardiovascular disease genes within the humanprotein
interactome. Thework leads to new insights on the relationship between hypoxia and cardiovascular diseases
and to improved prediction of novel genes thatmay be associatedwith cardiovascular disease. Another line of
investigations focuses on co-controllability of networks, identifying theminimal set of driver nodes that control
an entire network and quantifyingmutual control characteristics ofmultiple networks as encountered in the
human interactome. A study by Sun [52] considers a drug–disease–gene network that consist of gene-gene,
disease-disease and drug–drug networks to investigate co-controllability among these networks, and to uncover
underlyingmechanisms of the drug–disease–gene networkwith applications to disease treatment and drug
design.

These works are great examples of the utility of the networkmedicine frameworkwhere a number of
questions about signaling pathways,metabolic interactions, regulatory networks and cell/tissue
communications can be formulated and investigated in a systematic and integrative way.Moving forward from a
single network to interdependent networks (multiplex)while shifting the focus fromquantifying structural
properties to exploring basic principles of controllability of these networks opens new questions in systems
biology that will lead to new theoretical developments in complex networks.

3.Network physiology

3.1. Unique challenges
Adifferent kind of network problems arise when considering the complex dynamics and network interactions
among integrated physiological organ systems and sub-systems, which is a focus of investigations in the field of
network physiology. Physiological systems under neural regulation exhibit non-stationary, intermittent, scale-
invariant and nonlinear behaviors. Their output dynamics transiently change in timewith different physiologic
states and under pathologic conditions, in response to changes in the underlying controlmechanisms. This
complexity is further compounded by various coupling and feedback interactions among different systems, the
nature of which is not understood. Quantifying these physiologic interactions is amajor challenge as (i) the
structural and neural control networks that underlie each physiologic organ system includemany individual
components, connected through nonlinear interactions that lead to high degree of complexity; and (ii) each
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integrated physiological system exhibitsmultiple simultaneous interactions and forms of couplingwith other
systems, thus forming a network of distinct physiologic networks.

Recent research efforts have focused on temporal networks [53], where traditional graph approaches to static
network topology are extended to time-dependent structures, and are employed to investigate new phenomena
related to changes in fundamental properties of networks, including the loss of transitivity and the emergence of
time ordering of links [53]. However, the inherent complexity of physiological systems and the problems that
arise fromnetwork physiology are beyond the scope of the current-state-of-the-art in temporal networks.
Specifically, current approaches to temporal networks do not account for the complex dynamics of individual
physiological systems (network nodes) and for the heterogeneity of physiological networks comprised of diverse
systemswhere coupling forms (individual network links) vary in time.Moreover, the formalism employed in
temporal networks requires a well-defined time-scale, which is not adequate for physiologic networkswhere
scale-invariant dynamics and temporal feedbacks over a broad range of time scales are well-knownhallmarks of
integrated physiological systems. Currently, there is no established analytic instrumentarium and theoretical
framework suitable to probe networks comprised of diverse systemswith different output dynamics, operating
on different time scales, and to quantify dynamic networks of organ interactions from continuous streams of
noisy and transient signals.

3.2. Newphysics in network physiology
Todevelop adequate tools for network physiology and to probe howphysiologic states and functions emerge out
of coordinated networked interactions among physiological systems and sub-systems, recent efforts focus on
understanding global network behavior and functionwhere network nodes are dynamical in nature and links
strength changes in time. Theoretical investigations on networks of nonlinear oscillators provide new insights
on emergent synchronization and de-synchronization phenomena, the role of individual node output dynamics
on the global behavior of the network, emergence of network sub-clusters with different dynamical behaviors,
and effects of noise and perturbations on the state of global network dynamics. In that context, Rothkegel and
Lehnertz [54] investigate small-world networks of pulse-coupled integrate-and-fire oscillators to generate global
network dynamics characterized by irregular behaviors, and by the formation of separate coexisting and self-
organized subnetworks with coordinated patterns of alternating synchronization and de-synchronization, as
observed in brain neuronal populations and in organ systems interactions. Combing a theoreticalmodel based
onGranger causality with electrophysiology data from epileptic brain and gene expression time series,
Stramaglia et al [55] investigate the effects of synergy and redundancy in the inference of information flow that
characterize interactions in dynamical networks of physiological systems. Traxl et al [56] study the effects of
noise and global coupling strength on the synchronization patterns in dynamical networks of coupled oscillators
with different topologies, and report a general scaling law for the synchronizability of such networks. Adopting
the complexitymatching principle to coupled networks,Mafahim et al [57] investigate critical behavior in
networkswhere nodes are presented by integrate-and-firemodels, and highlight the role of inhibitory links in
controlling global network dynamics. Employing a dynamical Bayesian inference approach, Stankovski et al [58]
develop amethod suitable to detect and reconstruct effective connectivity of oscillator networkswith time-
evolving coupling in the presence of noise. Incorporating network dynamics of the decision-makingmodel with
a subornation process,West et al [59] demonstrate the utility of fractional calculus in describing the dynamics of
individual elements in complex networks.

3.3. New approaches and insights to neuroscience
Within the conceptual framework of network physiology, the traditional research paradigms of neural networks
andmaps that focus on structural and functional brain connectivity are now extended to the dynamical interplay
between global network topology and emergent network dynamics to better understand physiologic states and
functions as emergent phenomena of integration across space and time scales, from a single neuron to the brain
system level. By investigating the structure of neural graphs derived from the brain and the neural systems of
different species,Muller et al [60] discover that instead of being characterized bymaximally small-world
topology, neural graphs derived from real systems reside at the borderline regime of small-worldness, close to
randomgraph topology. In the context of spike activity of neural networks,Huang et al [61] uncover that spike-
timing dependent plasticity facilitates sequence learning, and investigate the key relationship between training
and retrieval speed in neural networks. Introducing stochastic delay to a class ofWilson–Cowanmodels,
Goychuk andGoychuk [62] investigate critical avalanche dynamics emerging froma balanced feed-forwarded
network of excitatory and inhibitory neurons. Such theoretical approaches provide newmechanistic insights to
critical avalanches and self-organized criticality type behavior recently reported in sleep dynamics [63–66] as
well as for in vitroneuronal groups [67–69]. Employing a networkmodel of three different neuronal
populations,Mosqueiro et al [70] demonstrate how integrated sleep-wake dynamics and brain communications
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can be controlled by orthogonal (e.g. excitatory versus inhibitory)mechanisms of neural transmission, while at
the same time reproducing the distinct firing rates of the different neuronal populations. Thework opens a new
direction to investigate the origin of distinct brain rhythms, and the role of specialized neuronal populations in
sleep regulation.

3.4. Newdata sciencemethodology to probe physiologic interactions
Establishing various forms of dynamical coupling and themechanisms underlying interactions between pairs of
organ systems and their respective structural and regulatory networks is an essential building block in network
physiology to investigate how coordinated communications amongmultiple organ systems integrated as a
network lead to distinct physiologic states and conditions. Utilizing phase-dynamics reconstruction analysis on
triplets of network nodes, Kralemann et al [71] propose a novel approach to detect and quantify directional
connectivity in dynamical networks of nonlinear oscillators frommultivariate time series data. To probe the
network of interaction between the brain and the heart, Faes et al [72] propose an information dynamics
framework and entropy-basedmeasures to investigate flows of information between these two systems
compared to the information stored by each system separately, in order to explore changes in neural regulation
across different sleep stages. Time-variant coherence analysis is applied by Piper et al [73] to explore the
dynamics of the central autonomic network that controls the cardiovascular and cardiorespiratory systems and
their interactions with the brain in epileptic patients to quantify the role of epileptic neural networks on
sympathetic cardiac control. Advanced signal and image-processingmethods to quantify various aspects of
brain–heart network interactionswithin the framework ofNetwork Physiology have been further extended [35]
following this focus issue on networkmedicine and network physiology. Another important question in this line
of research is how temporal dynamics of individual network components contribute to global network behavior
at the system level. Investigating bursts of activity in networks of neurons, Ferrari et al [74] propose a novel
approach to determinewhether bursting dynamics arise from inherent node properties or emerge as a
consequence of integrated network interactions.

4.New clinical applications

The studies discussed above present first steps in adapting and developing data analysismethods andmodels
necessary to address fundamental questions in network physiology andmedicine. These pioneering works open
newpossibilities for broad clinical applications. The networkmedicine framework is extended tomultiplex
networks byChmiel et al [75] to build a co-morbidity network of human diseases, and to track the dramatic
structural changes this network undergoes across the life time of patients, associatedwith formation of new
disease clusters and hubswithin the co-morbidity network. Scala et al [76] demonstrate the utility of the novel
physiologic network approach to dentistry, and how it can facilitate and improve current diagnostic and dental
surgical procedures by deriving network information from interacting co-dependent skeletal and dentoalveolar
components. Identifying influential nodes in awound healing-related network of biological processes using
meanfirst-passage time, Arodz andBonchev [77] show that the networkmedicine paradigm can be useful to
explore the cell signaling pathways and protein networks involved in the healing of skinwounds. Another
clinical application of network physiology is a novel ‘fingerprinting’method, developed by Fernandes et al [78],
that combinedwithwhole-brain anatomical parcellation provides a detailed quantitative assessment of deep
brain stimulationwith implications for Parkinsonʼs disease and other neurological disorders.

5. Summary and outlook

The interdisciplinary works contributed to this focus issue by leading experts highlight new exciting
developments in the emerging fields of networkmedicine and network physiology. Applications of analytical
tools derived from established network theory enable new discoveries in networkmedicine in relation to the
human genome, proteome andmetabolome to construct disease networks and track the evolution of co-
morbidity associationswith aging. In network physiology, novel theoretical works combining nonlinear
dynamical systemswith distinct forms of time-varying interactions under different network topologies uncover
newphysics thatmimics (i) the complex dynamics observed inmany individual organ systems, as well as (ii)
emerging global behaviors and integrated functions at the organism level. Both fields show great promise in
addressing new challenges arising from rapidly accumulating data and increasing complexity. It is also
important to note current limitations, when one explores uncharted territory through the perspectives of these
newfields. On one hand, despitemany recent advances in networkmedicine, as presented also in this focus
issue, the progress towards a reliable network-based approach to disease is still limited by the incompleteness of
the available data on protein–protein interactions,metabolic networks and information of biological regulatory
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pathways that are heavily relying on large scale biomedical experiments [11].Meanwhile, as networkmedicine
moves towards the dynamic interactome [79], it would certainly require new advances in temporal and adaptive
networks to probe temporal variations in network topology and function.On the other hand, network
physiology is still at an early stage (network building phase), where broad-scale empirical investigations are
needed to establish a general framework to identify and define dynamical links among physiological systems,
and to construct the specific physiological networks that dictate particular integrative functions. Since
physiological systems communicate via complexmechanismsmanifested through various functional forms of
coupling, there is an urgent need to integrate distinct forms of pair-wise physiologic interactions into a general
framework.Overcoming these limitations is challenging but also highly rewarding—uncovering fundamental
principles of hierarchical organization, coordination and evolution in networks of physiologic interactions
across different levels of integration (from sub-cellular to organism level)will in turn stimulate the development
of newdata-sciencemethodology to probe complex physiologic dynamics with broad impact on both basic
biomedical research and clinical practice.

In summary, the unique challenges, interdisciplinary nature and the complexity involved in these new areas
demand physicists withmulti-disciplinary background, able to identify unique, specific and physiologically
relevant problems, and to introduce adequate computational and analytic formalism. Equippedwith the ability
to proposeminimalmodels and generalmechanisms to generate a variety of emergentmacroscopic phenomena
frommicroscopic interactions, physicists have an essential role to play in laying the groundwork and building
the theoretical framework of network physiology and networkmedicine.
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Entropy measures are widely applied to quantify the complexity of dynamical systems in diverse fields.
However, the practical application of entropy methods is challenging, due to the variety of entropy measures and
estimators and the complexity of real-world time series, including nonstationarities and long-range correlations
(LRC). We conduct a systematic study on the performance, bias, and limitations of three basic measures (entropy,
conditional entropy, information storage) and three traditionally used estimators (linear, kernel, nearest neighbor).
We investigate the dependence of entropy measures on estimator- and process-specific parameters, and we show
the effects of three types of nonstationarities due to artifacts (trends, spikes, local variance change) in simulations
of stochastic autoregressive processes. We also analyze the impact of LRC on the theoretical and estimated
values of entropy measures. Finally, we apply entropy methods on heart rate variability data from subjects
in different physiological states and clinical conditions. We find that entropy measures can only differentiate
changes of specific types in cardiac dynamics and that appropriate preprocessing is vital for correct estimation
and interpretation. Demonstrating the limitations of entropy methods and shedding light on how to mitigate bias
and provide correct interpretations of results, this work can serve as a comprehensive reference for the application
of entropy methods and the evaluation of existing studies.

DOI: 10.1103/PhysRevE.95.062114

I. INTRODUCTION

The growing awareness that many real-world systems
exhibit complex dynamics that are challenging to quantify
has initiated extensive interest in developing measures and ap-
proaches for time series analysis to characterize these systems.
In this context, the utilization of tools taken from information
theory has become extremely popular for the assessment of the
degree of complexity of physical, biological, physiological,
social, and econometric systems. A variety of measures rooted
in the concept of entropy and implemented according to
several estimation approaches have been proposed, including
approximate entropy [1], sample entropy [2], corrected condi-
tional entropy [3], fuzzy entropy [4], compression entropy [5],
permutation entropy [6,7], distribution entropy [8], multiscale
entropy [9–12], self entropy and information storage [13,14].
These measures have emerged as a less ambitious but more
practical alternative to classical techniques for the analysis of
nonlinear dynamical systems, like correlation dimension [15],
Lyapunov exponents [16], and nonlinear prediction methods
[17,18]. In fact, the popularity of entropy measures stems
from their applicability to short and noisy processes with
important stochastic components such as those describing
the dynamical activity of real-world systems. These measures
have been applied with great success to numerous research
fields, including heart rate variability [3,19–23], cardiovas-
cular control [3,24–26], cerebrovascular dynamics [27,28],
cardiac arrhythmias [29], financial time series analysis [30,31],
gait and posture [32–36], climatology [37], earth sciences

*plamen@buphy.bu.edu

[38], cellular automata [39,40], electromyography [41], elec-
troencephalography [42–44], magnetoencephalography [45],
functional neuroimaging [14,46,47], and others [48–51].

Despite the broad relevance and application of entropy
measures for various systems and fields of science, a number
of theoretical, computational, and practical issues exist that
often prevent a fair evaluation of the performance of these
measures, as well as a correct interpretation of the measured
complexity of the observed dynamics.

First, since there are many entropy measures with a variety
of entropy estimators that are not always independent of each
other, it is not straightforward to associate a given measure
to the complexity of the dynamical system under analysis
and to compare the variety of entropy measures obtained by
different estimators. In addition, the crucial but often elusive
term of “complexity” is also related to several other concepts in
physics and biology, such as the existence of long-range cor-
relations [52–56], nonlinear multifractal properties [57–61],
and/or chaotic dynamics [15,16], which are not univocally
linked to the signal features reflected by entropy measures [62];
even within the family of entropy measures, different working
definitions of complexity have been proposed, e.g., in terms
of “randomness” [63], “unpredictability” [3], or “regularity”
[64].

Second, given that the practical computation of
information-theoretic measures from real-world time series
is not a trivial task, several approaches exist for the estimation
of these measures [65]. Entropy estimators differ in the
assumptions made about the properties of the investigated
process and follow different approaches to approximate the
probability density function utilized in the computation of
entropy measures. Thus, entropy estimates are often highly

2470-0045/2017/95(6)/062114(37) 062114-1 ©2017 American Physical Society

https://doi.org/10.1103/PhysRevE.95.062114


WANTING XIONG, LUCA FAES, AND PLAMEN CH. IVANOV PHYSICAL REVIEW E 95, 062114 (2017)

dependent on method-specific parameters. In the absence of a
comparative evaluation of the different estimators, assessing
their performances and interpreting results obtained using
different estimation strategies has become a subjective task.
Furthermore, an incorrect or unaware setting of the estimation
parameters may easily lead to wrong inference about the
properties of the observed dynamics.

Third, even though stationarity of time series is a pre-
requisite for the estimation of entropy measures for the
target dynamical system, entropy estimators are often blindly
applied without checking the fulfillment of this prerequisite.
The presence of nonstationarity is often due to artifacts
of various nature and exists in diversified forms such as
trends, spikes, and changes in local variance. Due to the
differences in entropy measures and estimators, the effects
of nonstationarity vary for different entropy measures and for
different estimation approaches. Therefore, a comprehensive
investigation of the limitations and biases of entropy-based
methods in the presence of nonstationarity is not only vital for
reducing the biases in the estimation of entropy measures, but
also important for the evaluation and comparison of results
from different studies.

Fourth, an unaddressed issue with the computation of
entropy measures is the effect of long-range correlations. It
is well known that a broad class of dynamic processes in
physics, biology, and econometrics exhibit long-range power-
law correlations that result in scaling properties observed
across multiple temporal scales [53,55,57,58,66–74]. Despite
the fact that these intrinsic properties of dynamic processes
are manifested even at the shorter scales and within the shorter
time windows typically used in the assessment of information
theoretic measures, their effects on the estimated values of
entropy measures are not comprehensively investigated and
not taken into account in the majority of empirical studies.

Due to the theoretical and practical issues related to the
variety of entropy measures, entropy estimators, and the
complexity of real-world time series mentioned above, it
is therefore difficult to compare and evaluate the results
from existing literature, which are often not consistent or
even contradicting because different studies are based on
data with different types of nonstationarity and long-range
correlations, and researchers adopt different entropy measures
and estimators as well as different data preprocessing and
filtering procedures, which affect the outcome of information
theoretic analyses.

To address the problems and challenges mentioned above,
here we present a systematic study on the performance
of entropy measures and estimators in various situations
with both simulated and empirical time series. We aim to
answer three questions: (1) to what extent entropy measures
adequately characterize the dynamics of complex systems;
(2) what are the limitations and biases of entropy estimators
in approximating entropy measures from time series with
various types of nonstationarity and presence of long-range
correlations; (3) how to perform credible estimations and
provide appropriate interpretations.

We present a unifying framework for the definition of
entropy measures and corresponding estimation methods from
time series data, which serves to clarify their theoretical mean-
ings and assess their practical significance in the evaluation of

the complexity of dynamic processes measured from physical
systems. We show that a range of information theoretic
measures can be subsumed by the three basic measures of
entropy, conditional entropy, and information storage, and
three of most widely used approaches for the quantification
of these measures—linear estimator, kernel estimator, and
nearest-neighbor estimator.

Further, we provide a detailed systematic analysis of
the most basic frequently encountered dynamic processes
and perform a comparative assessment of entropy measures
and entropy estimators on multiple realizations of these
processes. We study the dependence of entropy measures on
estimator-specific parameters, as well as the effects of three
types of nonstationarities due to artifacts that are commonly
encountered in real data (i.e., slow trends, random spikes,
and local variance changes). Importantly, we present for the
first time a systematic quantitative assessment of the impact
on entropy measures of trends originating from the intrinsic
dynamics of systems exhibiting multifractal scaling properties,
both in the case of long-range power-law correlations and in the
more complicated and realistic situation in which long-range
correlations and short-term autoregression coexist.

Finally, we consider a practical case of study that subsumes
all the issues treated in the simulations, i.e., the study of
human heartbeat fluctuations in different physiological states
(wake and sleep) and pathological conditions (healthy and
congestive heart failure). These analyses evidence advantages
and pitfalls of entropy measures and estimators, as well
as provide indications for their optimal use in the study
of real-world time series, including recommendations about
which measure to adopt depending on the purpose of the
analysis, which estimator to implement in different conditions,
how to deal with nonstationarities and artifacts, and how
to interpret the values obtained from complex systems with
different coexisting types of dynamics.

II. METHODS

A. Entropy measures

In the analysis of dynamical systems, entropy measures
are used to characterize the temporal statistical structure
of a system evolving in time. In an information-theoretic
framework, the “information” contained in a dynamical system
varies at each time step. When the system transits from past
states to a new state, new information is produced in addition
to the information that is already carried by the past states. This
process is reflected by entropy measures: the entropy quantifies
the information carried by the present state of the system, the
conditional entropy quantifies the new information contained
in the present but not in the past, and the information storage
quantifies the amount of information carried by the present
that can be explained by the past history of the system.

To introduce the notation, we consider a dynamical system
X and assume that the states visited by this system are
described by the stochastic process X. Let us further denote
Xn as the random variable obtained by sampling the process
X at the present time n, and X−

n = [X1, . . . ,Xn−2,Xn−1]
as the vector variable describing the past of X. The
probability distribution for an individual variable Xi,i =

062114-2



ENTROPY MEASURES, ENTROPY ESTIMATORS, AND . . . PHYSICAL REVIEW E 95, 062114 (2017)

1, . . . ,n, is p(xi) = Pr{Xi = xi},xi ∈ Ai , where Ai is the
set of all possible values that may be taken by Xi . Then,
the process X is fully characterized by the joint prob-
ability distributions p(x1, . . . ,xn) = Pr{X1 = x1, . . . ,Xn =
xn},∀n � 1, with (x1, . . . ,xn) ∈ A1 × · · · × An. An impor-
tant property of dynamic processes is stationarity, which
defines the time-invariance of the joint probabilities extracted
from the process: Pr{X1 = x1, . . . ,Xn = xn} = Pr{X1+m =
x1, . . . ,Xn+m = xn} = p(x1, . . . ,xn),∀n,m � 1. Note that all
random variables that can be obtained sampling a stationary
process take values inside the same set, i.e., Ai = A ∀i � 1.

In the following, we provide definitions and illustrations
of entropy, conditional entropy, and information storage com-
puted for a stationary stochastic process. Note that the present
study considers exclusively univariate stochastic processes
describing the activity of individual dynamical systems; the
reader is referred to the abundant literature in the field
[13,75–78] for an extension to multivariate analysis.

1. Entropy

The central concept for the derivation of entropy measures
is the definition of the Shannon information content of a
random variable V [63]: the information contained in a specific
outcome v of a random variable V is the quantity h(v) =
− log p(v), where p(v) = Pr{V = v} is the probability that V

takes the value v. The units of information depend on the base
of the logarithm, being usually bits (base 2) for discrete random
variables, and nats for continuous variables where the natural
logarithm is used. According to this definition, the information
content will be low for highly probable outcomes of the
observed random variable and high for unlikely outcomes.
Then, if the variable is continuous, the differential entropy
expresses the amount of information carried by V intended as
its average information content:

H (V ) = −
∫
A

p(v) log p(v)dv, (1)

where the integral is computed over a continuous range of
values A. When the probability p(v) is discrete rather than
continuous, the entropy of the variable is defined as

H (V ) = −
∑
v∈A

p(v) log p(v), (2)

where A is in this case the finite alphabet of values that can
be taken by V . Using a notation that subsumes both Eqs. (1)
and (2), entropy can be defined as the expected value of the
Shannon information content:

H (V ) = E[h(v)] = −E[log p(v)], (3)

where E[·] is the expectation operator. Entropy quantifies
information as the average uncertainty about the outcomes
of the variable: if all observations of the variable take the same
value, there is no uncertainty and the entropy is zero; if, on the
contrary, the variable takes different values all with the same
probability of occurrence, the entropy is maximum and reflects
maximum uncertainty. The concept of entropy above defined
relies on the seminal work of Shannon performed in the field
of communication theory [63]. The relevant measure has been
extended to the definition of many alternative measures of

information such as the Renyi entropy [79] and the Tsallis
entropy [80], of which the Shannon entropy constitutes a
limiting case that possesses all the desired properties of
an information measure. Moreover, there are close parallels
between these information-theoretic entropy measures and
the fundamental thermodynamic entropy investigations of
Boltzmann and Gibbs [81,82].

The entropies defined in Eqs. (1) and (2) are “static”
measures, in the sense that they do not take any temporal
information into account when describing an observed prob-
ability distribution. “dynamic” measures of entropy can be
introduced by studying the information content of a stochastic
process that represents the activity of a system evolving in time
such as conditional entropy and information storage explained
below. Specifically, the entropy of the process X is defined as
the average information contained in its present state:

E(X) = H (Xn) = −E[log p(xn)], (4)

where xn is the value taken by the process X at the present
time n. Equation (4) presupposes stationarity of the process, so
that it carries the same entropy at all times and dependence on
time is dropped in the definition of E(X). The past information
contained in the system up to time n − 1 is defined as the joint
entropy of the past variables X−

n :

H (X−
n ) = H (X1, . . . ,Xn−1) = −E[log p(x1, . . . ,xn−1)].

(5)

Likewise, the total information contained the the system up to
time n is the joint entropy of the present and past variables, as
given by

H (X−
n ,Xn) = H (X1, . . . ,Xn) = −E[log p(x1, . . . ,xn)]. (6)

The simple ideas of separating the present from the past and
of incorporating the temporal information into the definition
of entropy as done in Eqs. (4)–(6) form the basis of the studies
of Kolmogorov [83] and Sinai [84], who first formalized
information-theoretic concepts for the analysis of dynamical
systems. As further studied by Ebeling [85] and discussed in
the next subsections, dynamic entropies are closely related to
the notion of predictability defined for a dynamical system
evolving in time.

2. Conditional entropy

In general, the present state of the observed process is
partially determined by its past history, but also carries a certain
amount of new information that cannot be inferred from the
past. The average rate of creation of new information is given
by the conditional entropy, also known as the Kolmogorov-
Sinai entropy [86]:

C(X) = H (Xn|X−
n ) = H (X−

n ,Xn) − H (X−
n )

= −E[log p(xn|x1, . . . ,xn−1)], (7)

where p(xn|x1, . . . ,xn−1) is the conditional probability that
X takes the value xn at time n given that the values taken
previously were x1, . . . ,xn−1.

Thus, the conditional entropy quantifies the amount of
information contained in the present of the process that
cannot be explained by its past history: if the process is fully

062114-3



WANTING XIONG, LUCA FAES, AND PLAMEN CH. IVANOV PHYSICAL REVIEW E 95, 062114 (2017)

random, the system produces information at the maximum rate,
yielding maximum conditional entropy; if, on the contrary, the
process is fully predictable, the system does not produce new
information and the conditional entropy is zero. When the
process is stationary, the system produces new information at
a constant rate; i.e., the conditional entropy does not change
over time.

The notion of conditional entropy subsumes a wide range
of entropy measures and estimates that have been proposed in
the recent past to quantify the complexity of a time series
intended as the degree of predictability of the underlying
process. These measures, which include approximate en-
tropy [1], sample entropy [2], fuzzy entropy [4], corrected
conditional entropy [3], and permutation entropy [6], are
extremely popular for the estimation of conditional entropy in
several fields ranging from applied physics to neuroscience,
physiology, econometrics, climatology, earth sciences, and
others [24,25,29–32,37,38,87,88].

3. Information storage

Another relevant entropy measure is the so-called infor-
mation storage, which quantifies the amount of information
shared between the present and the past observations of the
considered stochastic process. For a generic process X, the
information storage is defined as

S(X) = I (Xn; X−
n ) = E

[
log

p(x1, . . . ,xn)

p(x1, . . . ,xn−1)p(xn)

]
, (8)

where I (Xn; X−
n ) denotes the mutual information between Xn

and X−
n .

The information storage reflects the degree to which
information is preserved in a time-evolving system [14]. As
such, it measures how much of the uncertainty about the
present can be resolved by knowing the past: if the process is
fully random, the past gives no knowledge about the present,
so that the information storage is zero; if, on the contrary, the
process is fully predictable, the present can be fully predicted
from the past, which results in maximum information storage.
If the process X is stationary, the information shared between
the present and the past is constant.

Although information storage has been long recognized as
an important aspect of the dynamics of many physical and
biological processes, it has been formalized only recently
as in Eq. (8) as the information contained in the past of
a process that can be used to predict its future [39]. This
quantitative definition is gaining more and more relevance and
has been used with great success to analyze complex dynamics
in physiology [26,27,89], neuroscience [90,91], collective
behaviors [92], and artificial systems [40,93].

To summarize, the entropy of a dynamical system measures
the information contained in its present state. The information
of the present state can then be decomposed into two parts: the
new information that cannot be inferred from the past, which
is measured by the conditional entropy and the information
that can be explained by its past, which is measured by
the information storage. Consequently, entropy, conditional
entropy, and information storage are related to each other by
the equation S(X) = E(X) − C(X).

4. Illustrative example

In this section we demonstrate the properties of the entropy
measures defined above using an exemplary stationary binary
Markov process of order one as depicted in Fig. 1. The binary
process takes values in the alphabet A = {0,1} and is defined
in a way such that the two outcomes are equiprobable; i.e.,
p(Xn = 0) = p(Xn = 1) = 0.5. Moreover, according to the
Markov property, the present state of the process depends on
the past at only one time lag: p(xn|x1, . . . ,xn−1) = p(xn|xn−1).
We further assume that the conditional probability for the
process to take the same value at times n − 1 and n, Pr{Xn =
x|Xn−1 = x}, is inversely modulated by a parameter δ ∈ [0,1]
in a way such that δ quantifies the strength of the internal
dynamics in the system: the higher δ is, the more the present
state is dependent on the past states [Fig. 1(a)].

The exact theoretical values of entropy, conditional entropy
and information storage computed as a function of δ are
reported in the bottom panel of Fig. 1(a), while the remaining
panels depict exemplary realizations of the process and values
of the entropy measures for the cases of fully random
dynamics [δ = 0, Fig. 1(b)], fully predictable dynamics [δ=1,
Fig. 1(c)] and partially predictable dynamics [δ = 0.5,
Fig. 1(d)]. As seen in Fig. 1(a), the entropy of the process
is constant and equal to 1 bit, because it only depends
on the marginal probabilities, which do not change with
δ (p(Xn = 0) = p(Xn = 1) = 0.5). When δ moves from 0
to 1, the conditional entropy decreases and the information
storage increases, reflecting the increasing predictability of
the process. The entropy measures the present information
contained the dynamic system, H (Xn) = E(X), represented
by the solid line with triangle or the red oval. The conditional
entropy measures the rate of increase of the total information
of the system, which is represented by the slope of the solid
line with squares or the part of the red oval not overlapped with
the blue. The information storage measures the shared amount
of the present information H (Xn) and the past information
H (X−

n ), which is represented by the overlap of the red and
blue ovals. The fully random dynamical system described
in Fig. 1(b) produces new information at the maximum rate,
yielding C(X) = E(X) and S(X) = 0 (no overlap of the red
and blue ovals). The fully predictable system in Fig. 1(c)
produces no new information at any time, yielding C(X) = 0
and S(X) = E(X) (superimposition of the red and blue ovals).
The partially predictable system in Fig. 1(d) produces new
information but also maintains past information, yielding
C(X) ∈ (0,E(X)) and S(X) ∈ (0,E(X)) (partial overlap of the
red and blue ovals).

B. Entropy estimators

In practical analysis, entropy measures are computed from
realizations of the observed process that are available in
the form of time series data. In general, the estimation of
information-theoretic measures from time series is a difficult
task. A major issue is the so-called “curse of dimensionality”
[94], which refers to the fact that numerical computation
is possible only for entropies of finite order. Specifically,
when the dimension of the observed variables increases, the
conditional entropy estimated from time series of finite length
decays towards zero [3]. Therefore, in the practice of short time
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FIG. 1. Computation of entropy measures for a stationary binary order-1 Markov process. Since this process takes discrete values, entropies
are computed using the base 2 logarithm and measured in bits. (a) Dependence of the transition probabilities and the entropy measures
on the internal coupling parameter δ. When δ rises from 0 to 1, the probability that a state transition keeps the process in the same state
(p(Xn = x|Xn−1 = x)) moves from 1/2 to 0; accordingly, conditional entropy decreases from 1 to 0 (green dotted line with diamond) and
information storage increases from 0 to 1 (purple dashed line with down-triangle); note that, since for this process the marginal probabilities are
unaffected by δ, the entropy of the process does not change (red solid line with up-triangle). The values of entropy measures for δ = 0,0.5,1
are marked with full symbols. (b), (c), (d) Entropy analysis for representative parameter values, showing a realization of the process (solid
line with full circles), the total and present system information as a function of time, and the Venn diagram of the entropy measures (present
information, red oval; past information, blue oval). For this stationary process, the present information is the same at all times and measures the
entropy of the process (E), while the total information increases at a constant rate measured by the conditional entropy (C); the information
storage (S) is the information shared between the present and the past (overlap of ovals), while the C is the part of the present information
not shared with the past. When the process is fully random (δ = 0), the total information increases at the maximum rate (C = 1) and there is
no stored information (S = 0). On the contrary, a fully predictable process (δ = 1) does not produce new information (C = 0) and stores the
whole information contained in its present state (S = 1). Any intermediate parameter configuration (0 < δ < 1) yields a partially predictable
process with presence of both information production and information storage (0 < S < 1, 0 < C < 1).

series analysis, conditional entropy and information storage
are estimated using a finite number of samples in the past, i.e.,
X−

n is approximated by Xm
n = [Xn−1,Xn−2, . . . ,Xn−m] when

computing H (Xn|X−
n ) and I (Xn; X−

n ). While optimization

techniques such as graphical models [94] or nonuniform
embedding [89,95] exist to limit the detrimental effects of
the curse of dimensionality, yet in this study we stick to
the uniform embedding scheme, which selects m consecutive
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past samples, so as to compare the performances of different
estimators under the “standard” conditions that are commonly
studied in the existing literature.

Various entropy estimators that follow different approaches
to compute the probability distribution are available in the
literature [75]. The estimators can be categorized into two
groups: model-based estimators and model-free estimators.
If the probability distribution of the data can be faithfully
represented by a known parametric distribution (e.g., Gaus-
sian), entropy measures can be computed using model-based
estimators as functions of the parameters of the presumed
probability distribution [13,75,96]. On the other hand, when
no assumptions can be made about the data distribution,
model-free approaches which approximate the probability
distribution directly from the data should be followed. The
most intuitive method is to build the histogram distribution of
the quantized time series amplitudes. However, this method
is proved to have serious bias problems and its estimates
are strongly dependent on the size of the quantization levels
[97,98]. This situation can be improved to some extent by
using binless density estimators such as the kernels estimator
[2,30,99] or the nearest neighbor estimator [100,101]. In this
paper, we consider the linear model-based estimation method
and the two model-free methods which employ kernel and
nearest-neighbor entropy estimators. Details of these three
estimators are presented in the following.

1. Linear estimator

The linear estimator is a model-based approach for the
estimation of entropy measures. It adopts the assumption
of a joint Gaussian distribution for the observed variables
and exploits the exact expressions that hold in this case for
the entropy measures. Specifically, the assumed Gaussian
probability distribution is given by

p(xn) = 1√
2πσ 2

X

e

−x2
n

σ2
X , (9)

where σ 2
X is the variance of Xn. Then, by plugging Eq. (9) into

Eq. (3), the entropy of the present state of the observed process
is obtained as

E(X) = H (Xn) = 1
2 ln 2πeσ 2

X. (10)

Note that the entropy of a stationary Gaussian process is a
function of its variance only.

Moreover, the linear method estimates the conditional
entropy from the variance of the prediction error of the linear
regression of the present of the process on its past [96].
Specifically, the linear regression of the present Xn on the
past Xm

n = [Xn−1, . . . ,Xn−m] is performed as

Xn =
m∑

i=1

aiXn−i + Un, (11)

where m is the order of the regression, ai,i = 1, . . . ,m, are the
regression coefficients, and Un is a zero-mean white Gaussian
noise. A paradigmatic example for the linear regression of Xn

on Xn−1 is given in Fig. 2. Then, the linear estimate of the
conditional entropy is obtained from the variance of Un, σ 2

U ,

FIG. 2. Schematic illustration of the linear estimation of entropy
measures. In this paradigmatic example in which a time series
{x1, . . . ,x8} is considered as a realization of the process X, and the
past of the process is approximated with m = 1 lags (X−

n ≈ Xm
n =

Xn−1), seven realizations of (Xn,Xn−1) are found and used to fill a
two-dimensional space. Then, the linear regression of Xn on Xn−1 is
performed yielding the regression line Xn = aXn−1 (red line) and, for
a given observation xn of Xn, the prediction error un is taken as the
difference between the true and the predicted value, un = xn − axn−1.
The estimates {u2, . . . ,u8} are finally used to compute the variance
of Un and the conditional entropy according to Eq. (12).

as follows:

C(X) = H
(
Xn|Xm

n

) = 1
2 ln 2πeσ 2

U . (12)

Subtracting Eq. (12) from Eq. (10), the estimation of
information storage is obtained as

S(X) = I
(
Xn; Xm

n

) = 1

2
ln

σ 2
X

σ 2
U

. (13)

Hence, under the assumption of Gaussianity, the information
storage is determined by the ratio of the variance of the present
state of the process to the partial variance of the present given
the past.

The formulations above exploit a central result relating the
conditional entropy to the prediction error of a multivariate
regression [96], which is here adapted to univariate regression
and extended to the computation of information storage as
proposed recently in both theoretical and empirical studies
[13,25,25]. Note that, while the formulation presented here
holds exactly only for Gaussian processes for which the linear
representation captures the whole the entropy variations in
the system, it may be extended in a straightforward way
to nonlinear representations when non-Gaussian parametric
distributions are assigned [75].

2. Kernel estimator

The Kernel entropy estimator is a model-free approach
which reconstructs the probability distribution of an observed
variable by centering kernel functions at each outcome of the
variable and then exploits the estimated probabilities to derive
the relevant entropy measures. Kernels are used to weight the
distance of each point in the time series to the reference point
depending on the kernel function. For instance, the entropy of
the present state of the process X is estimated, starting from
a realization of length N available in the form of the time
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series {x1,x2, . . . ,xN }, first computing the kernel estimate of
the probability distribution:

p(xn) = 1

N

N∑
i=1

K(‖xn − xi‖), (14)

where K is the kernel function and ‖ · ‖ is an appropriate norm,
and then plugging Eq. (14) into Eq. (4):

E(X) = H (Xn) = − ln〈p(xn)〉, (15)

where 〈·〉 denotes the average taken over all possible xn.
Similarly, Eq. (14) can be used to estimate the joint probability
distributions p(xm

n ) = p(xn−1, . . . ,xn−m) and p(xn,x
m
n ) in

the m-dimensional and (m + 1)-dimensional spaces spanned
by the realizations of Xm

n and (Xn,X
m
n ), from which the

conditional entropy is obtained as

C(X) = H
(
Xn|Xm

n

) = − ln

〈
p
(
xn,x

m
n

)〉
〈
p
(
xm

n

)〉 . (16)

Given the expressions of Eqs. (15) and (16) for the kernel
estimates of entropy and conditional entropy, the kernel
estimate of the information storage is then obtained as follows:

S(X) = I
(
Xn; Xm

n

) = ln

〈
p
(
xn,x

m
n

)〉
〈
p(xn)p

(
xm

n

)〉 . (17)

The most common metric to compute distances using
the kernel estimator, which is adopted also in this study, is
the so-called Chebyshev distance or maximum norm, which
is obtained as the maximum of the absolute differences
between scalar components, i.e., ‖xn − xi‖ = |xn − xi | and
‖xm

n − xm
i ‖ = max

1�k�m
|xn−k − xi−k|. As to the kernel function,

the most popular is the Heaviside kernel, which sets a threshold
r to weight the distance of each point to the reference point.
Its expression is

K = �(‖xn − xi‖) =
{

1, ‖xn − xi‖ � r

0, ‖xn − xi‖ > r
. (18)

Substituting Eq. (18) into Eq. (14), one can see that
the Heaviside Kernel estimator approximates the probability
density at the reference point xn with the fraction of time
series points that falls within the distance r from xn. The
threshold r is the width of the Heaviside kernel function,
which controls the precision of the density estimation: smaller
values of r give more detailed estimates yet requiring more
data points to be accurate, while too large values of r yield
very coarse probability estimates because too many points
are included in the neighborhood of the reference point. In
practical computation, the threshold r is usually set to be a
fraction of the data variance so as to remove the dependence
of entropy measures on the amplitude of the observed process
[1,2]. An illustrative example is depicted in Fig. 3 for the
estimation of the probabilities p(xn,xn−1) and p(xn−1) in a
paradigmatic case (m = 1).

The kernel estimation for conditional entropy defined in
Eq. (16), when implemented applying the heaviside kernel
function and using the maximum norm to compute distances, is
equivalent to the sample entropy (SampEn) [2], a well-known
measure of dynamical complexity proposed to reduce the bias

FIG. 3. Schematic illustration of the kernel estimation of entropy
measures. In this example, the past of the process X is approximated
using m = 1 samples, and the Heaviside kernel with fixed threshold r

is used. In the (m + 1)-dimensional space spanned by the realizations
of (Xn,Xn−1), the probability of a given reference point (xn,xn−1)
(red dot) is estimated as the fraction of points whose distance are
less than r (gray dots) from it: p(xn,xn−1) = 2/7. The distance
between two points is computed as the maximum between the
horizontal and the vertical distance between the two points. Similarly,
in the m-dimensional space spanned by the realizations of Xn−1,
the probability of xn−1 is approximated using the same threshold
r , yielding p(xn−1) = 3/7. This procedure is repeated varying the
reference point and the conditional entropy is estimated by Eq. (16).

of the first introduced kernel-based measure of conditional
entropy, i.e., the approximate entropy (ApEn) [1]. These
measures, and more generally all kernel-based estimators of
conditional entropy and information storage, are ubiquitously
used to assess the dynamical complexity of time series in
several fields ranging from physics to engineering, biology, and
medicine [25,29–31,33,37,102,103]. Therefore, it is of utmost
importance to investigate how these estimates behave in the
conditions typical of real-world time series analysis, as well
as to understand their range of applicability and limitations.

3. Nearest-neighbor estimator

The k-nearest-neighbor estimator (knn) is another model-
free approach that approximates the probability distribution
from multiple observed realizations of the considered variable,
and then plugs this probability into the entropy definition to
yield the entropy estimate. The knn estimator approximates
the probability distribution from the statistics of the distances
between neighboring points in the multidimensional spaces
spanned by the observed variables [100]. Compared to the
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kernel estimator, which fixes the neighborhood size for the
reference point according to a given threshold distance, the
knn estimator fixes the number of neighbors of the reference
point and quantifies the neighborhood size by computing
the distance between the reference point and its kth nearest
neighbor. Specifically, the method builds on the central
results, published in Refs. [100,101], stating that the average
Shannon information content of a generic d-dimensional
random variable V can be estimated from a set of realizations
{v1,v2, . . . ,vN } of the variable as

−E[ln p(vn)] = ψ(N ) − ψ(k) + dE[ln εn], (19)

where ψ is the digamma function and εn is twice the distance
between the outcome vn and its kth nearest neighbor computed
according to the maximum norm (i.e., taking the maximum
distance of the scalar components).

Exploiting Eq. (19), one can easily derive the expression
for the knn estimate of the entropy of the present state of the
process X computed for the time series {x1,x2, . . . ,xN }:

E(X) = H (Xn) = ψ(N ) − ψ(k) + 〈ln εn〉. (20)

Then, according to Eq. (7), the conditional entropy can be
computed as the difference between the joint entropy of the
present and the past, H (Xm

n ,Xn), and that of only the past of
the process, H (Xm

n ). The information storage can be computed
as the difference between entropy and conditional entropy.
However, since H (Xn),H (Xm

n ),H (Xm
n ,Xn) are computed in

spaces with different dimensions (respectively, 1, m and m +
1), the naive application of the same neighbor search procedure
in all spaces would result in different distance lengths when
approximating the probability density in different dimensions,
which would introduce different estimation biases that cannot
be compensated by taking the entropy differences. Therefore,
in order to keep the same distance length in all explored
spaces, we adopt the solution [101] of performing a neighbor
search only in the highest-dimensional space and projecting the
distances found in this space to the lower-dimensional spaces,
keeping these distances as the range within which neighbors
are counted. An example is depicted Fig. 4 for the paradigmatic
case of m = 1. Specifically, the knn estimate of H (Xm

n ,Xn) is
computed through the neighbor search:

H
(
Xn,X

m
n

) = ψ(N ) − ψ(k) + (m + 1)〈ln εn〉, (21)

where εn is twice the distance from (xn,x
m
n ) to its kth nearest

neighbor, and then, given the distances εn, the entropies in
the lower-dimensional spaces are estimated through a range
search:

H (Xm
n ) = ψ(N ) − 〈

ψ
(
NXm

n

)〉 + m〈ln εn〉, (22)

H (Xn) = ψ(N ) − 〈
ψ

(
NXn

)〉 + 〈ln εn〉, (23)

where NXn
and NXm

n
are the number of points whose dis-

tance from Xn and Xm
n , respectively, is smaller than εn/2.

Finally, the conditional entropy is obtained by subtracting

FIG. 4. Schematic illustration of the knn estimation of entropy
measures. In this example, the past of the process X is approximated
with m = 1 samples and k = 2 neighbors are used in the search
for neighbors. In the (m + 1)-dimensional space spanned by the
realizations of (Xn,Xn−1), a neighbor search is performed using
the maximum norm to find the kth nearest neighbor (blue dot)
of the assigned reference point (red dot). Then, the distance between
these two points, 0.5εn is used in the projected one-dimensional space
spanned by the realizations of of X1

n = Xn−1 as threshold distance
to find the neighbors of the reference point xn−1; in this example,
NX1

n
= 3 neighbors are counted. This procedure is repeated varying

the reference point and the obtained values of εn and NX1
n

are then
used in Eq. (24) to compute the conditional entropy.

Eq. (22) from Eq. (21):

C(X) = H
(
Xn|Xm

n

) = −ψ(k) + 〈
ψ

(
NXm

n

)〉 + 〈ln εn〉, (24)

and the information storage is obtained subtracting Eq. (21)
from the sum of Eqs. (22) and (23) [26]:

S(X) = I
(
Xn; Xm

n

)
= ψ(N ) + ψ(k) − 〈

ψ
(
NXm

n

)〉 − 〈
ψ

(
NXn

)〉
. (25)

Since the nearest-neighbor technique results in an adaptive
resolution as it changes the distance scale according to the
underlying probability distribution [97,99], and may also
achieve bias compensation when implemented through dis-
tance projection [101], this approach has gained in recent years
increasing popularity for the estimation of entropy measures
in time series analysis. While the utilization of this estimator
has been directed up to now mostly to the computation of
entropy measures for multivariate time series where the issue
of dimensionality is more serious [14,25,104–106], in this
study we consider its implementation for the computation of
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entropy measures for individual time series, as first proposed
in [106].

C. Simulation model of stochastic processes

In this section, we introduce the models to simulate four
different types of stochastic processes: stationary autoregres-
sive process, autoregressive process with nonstationarities,
fractionally correlated process, and fractionally integrated
autoregressive process.

We start with the stationary autoregressive process (AR
process), which constitutes the basic process on which entropy
measures can be applied. For this type of process, techniques
to compute the exact theoretical values of the various entropy
measures are available [13] and are here reviewed in the
Appendix. We use these theoretical values as a reference
to evaluate the performance of different entropy estimators.
Results of this basic process will serve as a baseline for more
complicated processes that are studied later.

Second, we superimpose three types of nonstationarities
(i.e., sinusoidal trends, spikes, and local variance changes) on
the stationary AR signal. These nonstationarities are selected
as they are commonly encountered in real-world time series
as factors corrupting the underlying dynamics [57,58,107–
110]. In our simulations, by comparing the estimated values
of entropy measures for AR signals with nonstationarity and
their corresponding theoretical values for original stationary
AR signals, we aim to understand the effects of nonstationarity
on entropy estimation and figure out potential solutions to
mitigate or remove consequent biases.

In addition to the autoregressive process, we also investigate
processes with long-range power-law correlations, a property
exhibited by many empirical time series such as the human
heart rate or the price index of the stock market [58,109].
Unlike the autoregressive process which is considered to
be short memory, these processes, usually referred to as
fractionally integrated processes, often exhibit long-range or
medium-range dependence [111]. In other words, a frac-
tionally integrated process has an autocorrelation function
that damps hyperbolically, more slowly than the geometric
damping of an autoregressive process. Despite the fact that
entropy measures are typically applied to time series with long-
range power-law correlation [2,3,24,27,30,30,31,37,89,106], it
is not well understood how these measures relate to this type
of long-memory dynamics and how their estimation is affected
by properties of correlations including its sign and strength.
To fill in this knowledge gap, we first extend the approach
used in Ref. [13] to compute the theoretical values of entropy
measures from given simulation parameters for fractionally
integrated processes, as shown in the Appendix. In addition,
we compare these theoretical values with the estimated values
of different entropy measures and estimators to evaluate their
estimation bias. In this way, our work provides a reference
for the application of entropy measures and estimators to
power-law long-range correlated processes.

Last, we consider more general cases of processes with
both autoregression and power-law long-range correlations
and follow the same procedures to evaluate the performance of
entropy measures and estimators by computing and comparing
their estimates with the corresponding theoretical values.

1. Stationary AR process

The AR process is simulated as the output process of a linear
univariate AR model driven by a stochastic uncorrelated noise.
Using the polynominal notation, an autoregressive process of
order p can be expressed as

A(L)Xn = Un, (26)

where A(L) = 1 − ∑m
i=1 AiL

i is an autoregressive polyno-
mial of order m, L is the backward shift operator (LiXn =
Xn−i), and U is a white Gaussian innovation process with zero
mean and unit variance.

In this study we simulate an AR process of order m = 2 by
placing two complex-conjugate poles [roots of A(L)] in the
complex plane, with modulus ρ and phase ±2πf , in a way
such that the coefficients of the AR polynomial become

A1 = 2ρ cos(2πf ), A2 = −ρ2. (27)

With this setting, the parameters ρ and f determine, respec-
tively, the amplitude and frequency of a stochastic oscillation
that is imposed for the process. Note that the process is
stationary when ρ ∈ [0,1) and that the AR amplitude ρ

determines the regularity of the stochastic oscillation: the
process is a fully unpredictable white noise when ρ = 0, and
becomes a highly predictable stochastic process exhibiting a
marked oscillatory behavior around the frequency f when ρ

approaches 1.
Stationary realizations of the AR process described above,

generated with different values set for the AR amplitude ρ and
frequency f , are given in Fig. 5. Comparing Figs. 5(a)–5(c)
by column one can see that, for an assigned frequency f , the
process is more regular for higher values of ρ, confirming
the expected increase in the predictability of the process
with the AR amplitude. On the other hand, variations in the
predictability of the process are more difficult to appreciate
when f is varied by keeping fixed the AR amplitude ρ. To
investigate this dependence in more detail, Figs. 5(d) and 5(e)
report, respectively, the autocorrelation function of the process,
and the two-dimensional (2D) and three-dimensional (3D)
phase plots of the temporal relation between the present and
the two past samples (Xn versus Xn−1,Xn−2), computed for the
realizations of Fig. 5(c). These plots indicate that the process
exhibits longer memory, as well as a much stronger linear
dependence of the present on the past values, when the AR
frequency is very low (f = 0.01) or very high (f = 0.49)
compared to the intermediate value (f = 0.25). This suggests
that, besides the pole modulus ρ, also the frequency f of
the stochastic oscillation of an AR process plays a role in
determining its degree of regularity.

2. AR process with nonstationarity

Stationarity is a prerequisite for the computation of the
entropy measures from an individual realization of the process
under investigation. In fact, if the process is nonstationary,
the joint probability distribution of its present and past values
changes over time, which precludes the possibility of pooling
observations across time for estimating of such probabilities.
If observations are pooled across time in the presence of
nonstationarities, the estimated probability distribution is
unreliable and the resulting entropy measures deviate from
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FIG. 5. Autoregressive processes: characterization of a stationary order-2 AR process for different values of the AR amplitude ρ and
frequency f . (a)–(c) Exemplary realizations of the process obtained varying ρ (columns) and f (rows). Results: When f is fixed, the process
appears more regular for higher values of ρ. (d) Autocorrelation of the process as a function of the lag τ for the realizations in (c). (e) 2D phase
plots of (Xn,Xn−1) and (Xn,Xn−2), and 3D phase plots of (Xn,Xn−1,Xn−2), for the realizations in (c). When ρ is fixed, the process exhibits
shorter memory and weaker dependence of the present on the past for intermediate frequency f .

the value assumed for a stationary distribution to an extent
depending on the type and strength of the nonstationary
behavior.

Here we study the effects of three types of nonstationarities
due to common artifacts, including trends, spikes, and local
changes in the signal variance, on the entropy, conditional
entropy, and information storage of the AR process of
order 2 described above. To reproduce these situations, we
superimpose the chosen type of nonstationary behavior to
stationary realizations of the AR process generated according
to Eqs. (26) and (27). Nonstationary AR signals with sinusoidal
trends are obtained by adding to the original stationary AR
signals a sine wave of period T and amplitude A. Signals
with random spikes with amplitude A and percentage P %
are generated by replacing random points of the original
time series with random numbers uniformly distributed in the

interval(−Aσ 2
X,Aσ 2

X), where σ 2
X is the variance of the original

signal. To simulate local changes in variance, we choose
random segments from the original time series and inflate these
segments by multiplying their original values by a factor of σ .
Each inflated segment contains 20 points and the total number
of inflated points covers P % of the original signal length. The
resulting realizations of the AR process with superimposed
nonstationary behavior were always normalized to zero mean
and unit variance before computing the entropy measures.
Exemplary realizations of the analyzed nonstationary AR
processes are depicted in Figs. 11, 13, and 15.

3. Fractionally integrated white noise process

Stochastic processes with power-law long-range correla-
tions are generated as fractionally integrated white noise [112],
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FIG. 6. Processes with long-range correlations: characterization of a fractionally integrated process with long-range power-law correlations
for different values of the differencing parameter d , which controls the correlations. (a) Exemplary realizations of the process with d =
−0.5,0,0.5. (b) Results of detrended fluctuation analysis (DFA) applied to longer realizations (220 data points) of the process in (a). For
d ∈ [−0.5,0.5], the DFA exponent is α = (2d + 1)/2. (c) 2D phase plots of (Xn,Xn−1) and (Xn,Xn−2), and 3D phase plots of (Xn,Xn−1,Xn−2),
for the realizations in (a). Results: For fixed modulus of the differencing parameter, positively correlated processes exhibits stronger dependence
of the present on the past than anti-correlated processes.

defined by

(1 − L)dXn = Un, (28)

where U is a Gaussian white noise with zero mean and unit
variance, d � 0 is the so-called differencing parameter and
(1 − L)d is the fractional differencing operator defined by

(1 − L)d =
∞∑

k=0

�(k − d)Lk

�(−d)�(k + 1)
, (29)

with �(·) denoting the gamma (generalized factorial) function.
In this study, computation of Eq. (29) is approximated by
(1 − L)d = ∑100

k=0
�(k−d)Lk

�(−d)�(k+1) . The differencing parameter d

controls the sign and degree of the correlations imposed in the
process. It is related to the Hurst exponent, α, by the relation
α = (2d + 1)/2,d ∈ [−0.5,0.5] [113]. Within this range of
values for d, the fractionally integrated process is considered

as stationary [112]. For d ∈ (0,0.5], the process is long-range
correlated, showing long-range positive dependence, while
for d ∈ [−0.5,0), it is anti-correlated, showing long-range
negative dependence. The case d = 0 reduces to uncorrelated
white noise.

Figure 6(a) shows exemplary realizations of fractionally
integrated white noise with differencing parameter set to
d = −0.5, d = 0, and d = 0.5. The corresponding multifractal
behavior obtained through detrended fluctuation analysis
is depicted Fig. 6(b), confirming the relation between the
fractional differencing parameter d and the Hurst exponent
α. Figure 6(c) depicts the two-dimensional phase plots
of (Xn,Xn−1) and (Xn,Xn−2) and three-dimensional phase
plots of (Xn,Xn−1,Xn−2) for anticorrelated, uncorrelated,
and positively correlated time series. The plots evidence a
cloud distribution of the points reflecting the absence of a
dependence of the present on the past for the uncorrelated
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FIG. 7. Autoregressive processes with long-range correlations: characterization of a stationary fractionally integrated AR process with both
autoregression and power-law long-range correlations for different values of the differencing (correlation) parameter d and fixed values of the
AR parameters ρ and f . (a) Exemplary realizations of the process with d = −0.5,0,0.5 and fixed ρ = 0.8,f = 0.25. (b) 2D phase plots of
(Xn,Xn−1) and (Xn,Xn−2), and 3D phase plots of (Xn,Xn−1,Xn−2) for the realizations in (a). Results: The fractionally integrated AR process
displays weaker dependence of the present on the past than the corresponding pure autoregressive process with the same AR parameters in the
presence of positive long-range correlations and stronger dependence in the presence of negative long-range correlations.

case (middle); moreover, when the degree of correlation is the
same, a much stronger dependence of the present on the past
is exhibited for a process with positive correlation (right) than
for a process with anticorrelation (left).

4. Fractionally integrated AR process

The combination of the autoregressive process and the
fractionally integrated processes defined in Eqs. (26) and
(28) results in a more general univariate process exhibiting
both stochastic oscillations and long memory. The resulting
process, which belongs to the class of fractionally integrated
autoregressive moving average processes (ARFIMA) [112], is
defined as follows:

A(L)(1 − L)dXn = Un. (30)

Figure 7 shows exemplary realizations and phase plots of
this fractionally integrated autoregressive process with fixed
AR amplitude ρ = 0.8 and varying differencing parameter
d = −0.5,0,0.5. Compared with the case in which the pro-
cess is not long-range correlated but purely autoregressive
[Fig. 7(a), middle, ρ = 0.8, d = 0], the combination of the AR
stochastic oscillations with positive long-range correlations
[Fig. 7(a), right, ρ = 0.8, d = 0.5] seems to slightly reduce
the dependence of the present of the process on its past, while
the opposite seems to occur when AR stochastic oscillations
are combined with negative long-range correlations [Fig. 7(a),

left, ρ = 0.8, d = −0.5]. The same effect, i.e., a decrease of
the predictability of the present given the past for positive long-
range correlations and an increase of this predictability for neg-
ative long-range correlations, is observed comparing the case
of mixed AR and fractionally integrated processes [Fig. 7(a)]
with the pure fractionally integrated process [Fig. 6(a)]. Thus, a
process with both AR short-term dependencies and long-range
correlations results less predictable than its pure autoregressive
or pure fractionally integrated counterparts in the case of
positive long-range correlations and more predictable in the
case of anticorrelations.

III. RESULTS

This section provides the results for the application of the
three entropy measures defined in Sec. II A (i.e., entropy,
conditional entropy, and information storage) computed using
the three entropy estimators presented in Sec. II B (i.e., linear,
kernel, and knn) on the four types of stochastic processes
discussed in Sec. II C (i.e., stationary AR processes, AR
processes with different types of nonstationarity, power-law
long-range correlated processes, and process with both AR
structure and long-range correlation). For each type of process,
we first theoretically obtain the true values of all three entropy
measures through analytical derivations starting from the
assigned model parameters. Then, using the same simulation
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model and model parameters, we compute the estimated
values of entropy measures using all three estimators for 100
realizations of the target process. Each realization typically
lasts 300 points. All the analyzed processes have zero mean
and are reduced to unit variance prior to the computation
of entropy measures. All entropy estimations are performed
using m = 2 lagged components to approximate the past of the
process (i.e., Xm

n = [Xn−1,Xn−2]); this setting corresponds to
choosing the true order of the simulated AR process, so as to
make the interpretation of results free from issues related to
an inappropriate selection of the embedding dimension.

A. Performance of entropy estimators and entropy measures
for stationary AR processes

Figure 8 reports the characterization of entropy measures
and entropy estimators for the case of a stationary AR process.
For this process, the exact behavior of the entropy measures in
response to changes in the analysis parameters can be studied
by looking at the theoretical values (black solid lines), and
can be compared with the distributions of values obtained
applying the different estimators to multiple realizations of
the process generated from setting specific values for the
parameters (symbols and error bars).

The theoretical values of all entropy measures are obviously
the same for different lengths of the generated realizations
[Figs. 8(d), 8(e), and 8(f)]. Moreover, since this example deals
with normalized Gaussian processes with zero mean and unit
variance, the entropy of the process is constant at varying the
AR parameters ρ and f [Figs. 8(g) and 8(j)]. On the other
hand, when f is fixed and ρ increases, the theoretical value of
conditional entropy decreases and that of information storage
increases. When ρ is fixed and f increases, the theoretical
value of conditional entropy increases for f ∈ (0,0.25] and
decreases for f ∈ (0.25,0.5). The theoretical behavior of infor-
mation storage is the opposite. The dependence of the measures
of dynamical complexity on the AR amplitude is expected: a
process with higher ρ exhibits a stronger dependence of the
present on the past, and this better predictability is reflected
by lower conditional entropy and higher information storage.
On the other hand, the dependence of the entropy measures
on the AR frequency, documented in Figs. 8(k) and 8(l) and
in more cases in Fig. 10, is a less expected behavior, which
indicates the existence of a complex relation between the
statistical structure of a dynamic process and its information
content.

Turning to the analysis of the entropy estimates first, we
see that, as one may expect, the estimated values exhibit
lower variability while increasing the time series length.
This behavior is particularly evident for the kernel estimator,
confirming the findings of previous studies [11,12]. The kernel
estimator also shows a substantially higher variance compared
to that of the linear and knn estimators [Figs. 8(e) and 8(f)].
In addition, we find that the kernel estimates of entropy and
conditional entropy are strongly biased for all values of the
analysis parameters [Figs. 8(d), 8(e), 8(g), 8(h), 8(j), and 8(k)].
The bias is less evident for the kernel estimates of information
storage, and is generally low or negligible for the linear and
knn estimates of all measures.

In Fig. 9 we investigate how the estimates of the different
entropy measures are affected by the choice of the analysis
parameters. The linear estimation approach has no free param-
eters and, for this case in which the amplitude distribution of
the simulated process matches the assumption of Gaussianity
made by the estimator, it returns very precise estimates for
all measures [Figs. 9(a)–9(c)]. The kernel estimator turns out
to be very sensitive to the choice of its free parameter, the
threshold r . Specifically, as shown in Figs. 9(d) and 9(e),
when r decreases from 0.5 to 0.2 and 0.1, we observe that
the estimates of entropy and conditional entropy are higher
and exhibit larger variability. Such sensitive dependence on
the threshold r results from the partition rule of the state space
used by the kernel estimator. The threshold r is the width of
the Heaviside kernel function and determines the size of the
cells used for probability estimation: when r decreases, less
points are included in the cell used to estimate probabilities;
as a result, the estimated probabilities are lower, leading to
higher entropy estimates regardless of the true underlying
value. On the contrary, when r increases, more points are
included in the neighborhood of any reference point, increasing
the estimated probability and thus leading to a lower entropy
estimate. This holds regardless of the type of kernel function
used for entropy estimation, and determines a substantial
unreliability for the absolute values of entropy and conditional
entropy estimated with the kernel method. The bias (but not
the variance) is compensated for the estimates of information
storage [Figs. 9(d)–9(f)]. On the contrary, results from the knn
estimator are more accurate for the estimation of all entropy
measures and much less dependent on the choice of its free
parameter k denoting the number of neighboring points used
for probability estimation.

Figure 10 provides a more detailed analysis of the depen-
dence of entropy measures on the parameters of a stationary
AR process. In this case, where both the AR amplitude ρ

and the AR frequency f are varied, we see that the entropy
measures reflect the signal properties observed in Fig. 5:
increasing ρ with constant f , or moving f away from 0.25
with constant ρ, yields a decrease of conditional entropy
and an increase of information storage that indicate lower
complexity and higher regularity of the dynamics. Moreover,
by comparing the theoretical and estimated values for the
different estimators we found that—despite the bias in the
kernel estimation of entropy and conditional entropy—all of
the estimators can follow the changes in entropy measures
when the internal dynamics of the stationary AR process
changes. However, unlike the linear estimator which makes
an accurate approximation of all entropy measures for all
combinations of AR parameters, the kernel and knn estimators
exhibit a bias when the AR amplitude is high (ρ � 0.8) and the
AR frequency is very low (f < 0.1) or very high (f > 0.4).

In summary, the simulations reported in this section indicate
that the assessment of entropy measures is not an easy task even
for the simple case of stationary AR processes. Theoretically,
the expected values of conditional entropy and information
storage are dependent on the features of the process in a
way that is not always straightforward. Moreover, the practical
estimation of these measures is not an easy task: while for the
linear estimator computation is accurate thanks to the close
correspondence between model assumptions and properties
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FIG. 8. Performance of entropy estimators and entropy measures for stationary AR processes. (a)–(c) Exemplary realizations of AR
processes generated with fixed f = 0.25 and varying ρ = 0,0.6,0.9, with corresponding probability distributions reported on the right; note
that if ρ = 0 the process is a white noise ∀f . (d)–(f) Dependence of entropy measures and entropy estimates, obtained for AR processes with
fixed amplitude and frequency (ρ = 0.6,f = 0.25), on the length N of the time series generated as process realizations. (g)–(i) Dependence
of entropy measures and entropy estimates on the AR amplitude ρ with fixed AR frequency (f = 0.25) and time series length (N = 300).
(j)–(l) Dependence of entropy measures and entropy estimates on the AR frequency with fixed AR amplitude ρ = 0.6 and time series length
(N = 300). Panels (d)–(l) report the theoretical values (black solid line) and the estimated distributions (mean and 25%–75% percentiles
over 100 realizations) of entropy (d), (g), (j), conditional entropy (e), (h), (k), and information storage (f), (i), (l) obtained with the linear
estimator (green squares), the kernel estimator implemented with threshold r = 0.2 (red circles), and the knn estimator implemented with
k = 10 neighbors (blue triangles). Results: The expected values of all entropy measures do not change with the realization length N . Moreover,
for these normalized time series the theoretical values of entropy are unaffected by the AR parameters. The conditional entropy decreases with
the increase of ρ when f is fixed, and increases with increasing f for f ∈ (0,0.25] and decreases for f ∈ (0.25,0.5) when ρ is fixed. The
theoretical behavior of information storage is the opposite of that of the conditional entropy. The estimates obtained with the linear and knn
estimators are close to the theoretical values for all entropy measures, while the estimates of entropy and conditional entropy obtained with the
kernel estimator are strongly biased and exhibit high variance for short time series.
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